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Abstract. We discuss finite temperature lattice Yang-Mills theory with special
attention to the confinement problem. The relationship between the confine-
ment criteria of Wilson, Polyakov, and ’t Hooft is clarified by establishing a
string of inequalities between the corresponding string tensions.

The close connection between finite temperature Yang-Mills models and
spin models is exploited to obtain new and rather sharp upper bounds for the
critical coupling constant above which there is confinement. This same analogy
also allows us to establish infrared bounds for the gauge models that yield a
lower bound for this critical coupling and thereby show the existence of a weak
coupling regime without confinement at nonzero temperature in three or more
space dimensions.

Finally we discuss extension of our results to other forms of the lattice
action, the Hamiltonian lattice models of Kogut and Susskind and ’t Hooft’s
N— oo limit.

1. Introduction

One of the outstanding problems of quantum field theory is to understand the so-
called confinement of quarks. In the most general sense this means the question
why the particle content of quantum chromodynamics (QCD) consists only of
hadrons but not of anything like quarks or gluons (not even in bleached form).
Since this is an almost intractable problem, at least for the moment, one normally
considers some simplified version of it.

First of all, since (continuum) QCD has not been constructed so far, one uses
the device of replacing space-time or at least space by a lattice ; together with some
more or less well-founded scaling hypotheses this still allows one to gain insight
into the properties of the continuum theory. On the other hand the well-developed
machinery of lattice statistical mechanics becomes available for the analysis.

The next drastic step that is conventionally employed consists of eliminating
the quarks from the theory and only considering “quark test charges” or “infinitely
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heavy quark sources” as probes to test the properties of the “glue” that is supposed
to keep the quarks together. This leads to the well-known Wilson criterion for
confinement [61].

So far even this reduced problem has not been settled completely but both
numerical [9] and analytical work [8, 25, 34, 36, 55] make it plausible that in four
spacetime dimensions nonabelian lattice gauge theories in the usual “compact”
form show indeed “permanent confinement of quarks” (attempts to see signs of
confinement in “noncompact” lattice versions of QCD have produced negative
results [39, 48]).

The problem of confinement in this restricted sense can also be posed in a
slightly different form: one may ask whether the (free) energy per unit length of a
chromo-electric flux tube goes to zero if the tube is allowed infinite room in the
transverse directions or if it tends to a nonzero limit.

Or one may ask whether the minimal energy of a pair of quark sources grows
indefinitely with their separation, or levels off. This last question is most naturally
first asked in the framework of quantum field theory at finite temperature with
“energy” replaced by “free energy”, as Polyakov pointed out some years ago [40].

This is also an interesting question in its own right. QCD at finite temperature
is relevant both for the very early universe and possibly for superdense stars; one
might argue that even present day experiments do not work at temperature zero
but at 2.7 K, the temperature of the cosmic microwave background.

In this paper we first give a systematic discussion of finite temperature lattice
Yang-Mills theory (Sect. II), in particular we discuss the introduction of external
sources in this framework in some detail. While these concepts have been
occurring in the physics literature for some time, we feel that a completely
satisfactory derivation of the formulae which are employed is missing so far (this
might also be the reason why the usual formulae are not absolutely correct). This is
why we include this rather elementary section. We also include a careful treatment
of the so-called t-continuum limit that removes the lattice cutoff in the time
direction and leads to the Hamiltonian formulation of lattice gauge theories due to
Kogut and Susskind [26]. Some rather tedious technical details of this limit are
banished to an appendix.

We then introduce the three concepts of confinement (Wilson, Polyakov,
't Hooft) and prove inequalities between the associated string tensions. It turns out
that confinement a la ’t Hooft implies all other types of confinement and
confinement a la Polyakov implies confinement in Wilson’s sense.

We then adapt the formalism of Durhuus and Frohlich [15] linking Yang-
Mills theories in d+ 1 dimensions to spin models in d dimensions to the problem
considered here. By combining this formalism with the random walk methods for
spin systems of the same authors, we obtain a new and sharper lower bound
for a possible critical coupling of a deconfining transition.

Section III is devoted to the proof and application of infrared bounds in the
sense of Frohlich et al. [18] adapted to the case of lattice gauge theories. They lead
to a rigorous proof of the existence of a weak coupling regime without confine-
ment at finite temperature in any lattice gauge model in at least four space-time
dimensions. This has been expected on the basis of heuristic arguments [40, 41, 52,
60] and numerical studies [16, 27, 33].
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It turns out that the high temperature, weak coupling regime of lattice gauge
theories resembles a ferromagnet at low temperature and breakdown of confine-
ment corresponds to the existence of spontaneous magnetization in the fer-
romagnetic analog.

In Sect. 11 we first show how deconfinement is proven for the highest possible
temperature on the lattice since this is technically easier. After that we treat the
general case; our bounds are strong enough to carry over to the t-continuum limit
and to 't Hooft’s N— oo limit [¢?N fixed; N refers to the gauge group U(N) or
SU(N)].

Finally in Sect. IV we describe various modifications of the model that can also
be treated and we discuss some open questions such as Debye screening in the
gluon plasma and the behavior of full QCD with dynamical quarks.

Section III is based to a large extent on [2]; a brief description of the results
appeared in [3].

II. Lattice Gauge Theories at Positive Temperature

We assume that the reader has some familiarity with the general formalism of
lattice gauge theories (see for instance [45]).

In the general formalism [38, 45] reflection (= physical) positivity is used to
construct a quantum mechanical Hilbert space and a transfer matrix
(~Hamiltonian) in a rather abstract fashion. The fact that the lattice action
couples only neighboring sites or links (essentially a Markov property) then allows
us to go to a simpler and more explicit description of the Hilbert space and the
transfer matrix which is more suitable for our investigation. We start with this
description and leave it to the reader to establish the almost obvious relation to
the general formalism. Everything is formulated in a finite volume ; the thermody-
namic limit will be taken when needed.

1. Hilbert Space

We consider a spatial box A4, CZ‘. We may think of this as the time zero slice of a
space-time lattice A, x TZ. We pick a positive orientation for all p-cells (sites, links,
plaquettes etc.) of 4, and A, x 7Z.

The classical configuration space consists of all maps from the positively
oriented nearest neighbor links {xy)eA, into a compact group G, the gauge
group [which in most applications will be U(N) or SU(N)]. If {(xy) is positively
oriented we define g,, =g.,'. Our Hilbert space #, is simply the L* space over
this configuration space with respect to Haar measure:

Hp,=L2({g,, ) =L2(g).

2. Transfer Matrix

The transfer matrix J~ is a positive trace class operator on #, , which sometimes
will be written as 7 =exp(— tH) and corresponds to translation by one lattice unit
7 in the time direction. (The general formalism provides such a J if the model
possesses reflection positivity with respect to reflection both in lattice planes and



332 C. Borgs and E. Seiler

in planes lying half-way between lattice planes.) 7 is of the form
=MT,M, (IL1)

where M is multiplication by a positive function and T;, is a positive convolution
operator. The precise form of M and T, depends on the version of lattice gauge
theory considered.

For instance for the lattice gauge theory of (Wegner [59] and) Wilson [61]

M:MW({gxy})zexp%JM ; Re(x(gop) — 2(1)), (IL.2)

where the sum is over all positively oriented plaquettes of A, and y is a faithful

character of G; g,p stands as usual for the ordered product . f)IaP g,, (the starting
xy)e
point is arbitrary). Furthermore T is given by convolution with

TW(g)=eXp{J D Re(x(gxy)—x(ﬂ))}, (IL3)
{xy)
where the sum is now over all positively oriented links. (The subscripts E and M
refer to “electric” versus “magnetic”.)
Contact with the usual euclidean formulation is made by setting
27 g3 2e 473
Jy=——— =— . 11.4
M e gz ’ J E T gz ( )
[For G=U(1) one conventionally replaces 2/g* by 1/e*.] To sum up: The Wilson
transfer matrix has the kernel
Tw(g,h)=exp {J E X Re(x(gxyh;y‘)—x(ﬂ))}
{xv>
exp { Tut Z Re(1(gap) + 2(hap) 2%(11)} (ILS)

Our notation is motivated by the z-continuum limit. Sending 7 to zero we
obtain as will be seen below:

H=lim (0= 7,)= — 2 To'* Relalgo) - )-L 5 e, e
= 2 &5

where 4, is the Laplace-Beltrami operator on G and corresponds to E* (the
square of the electric field) whereas the first term corresponds to B? (the square of
the magnetic field in the classical continuum Hamiltonian % [ (E? + B?).)

Other lattice gauge models have different functions M and T ; for us it is
essential that

(1) M and T, are positive definite, positive and

(2) for g2—0, become concentrated more and more at the unit element of the
group. One other choice that is of interest is the so-called heat kernel or Villain
action:

M?*=Mj(g) = H(epr 14)(gap) s (IL7)

Ty =Tylg)= <l_[> (€xpJ g 1 4) (G syy) - (IL8)
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But it is also possible to make different choices for T, and M, for instance to
choose T= T, and M =M. A simple fact is the following

Lemma IL1. Let T,=T, or T, M=My or M. Then the transfer matrix is
bounded and strictly positive.

Proof. Only J >0 is not completely trivial (see [29] for a proof for a special case).
Since obviously -M >0 and T, >0, we only have to show T, >0. Since T;, is a
tensor product over links, it suffices to show that the operator ¢ given by
convolution with the function

t(g)=expJ Rey(g)

is strictly positive.
Using the Peter-Weyl theorem [24] one gets for the eigenvalues of ¢
1 N
—=-1dg x(9)exp(J Rex(g))
% (11)j

T

mt=

_ 1 (l)nwLm 1 .
D), 50\2 nlm! S
with
ctn=1[dg x{9x(g)'x(9)" 20.

7 is a label for the irreductible representations of G. Since y was assumed to be
faithful, Rey(g) <x(1) if g1 and for J— o0, expJ Rex(g) becomes very sharply
peaked around 1. Therefore

T

Mg

-1 as J—oo,

and thus for each 7 at least one c,,>0 which implies m_ >0 for all J>0.

Remark. Liischer [29] proved 7 >0 for the case G=U(1) or SU(N).
The lemma allows us to define a self-adjoint semi-bounded Hamiltonian H, by

1
H =—-logJ.
T
Theorem I1.2. Let G be a compact Lie group
V= ! logM
=T
uniformly Lipschitz continuous and
2
H=—e24Y %4 +v.
27
{xy>

Then for Ty=Ty or Ty,

T =g ey o0



334 C. Borgs and E. Seiler

in all J, norms (p=1) (J, is the space of all compact operators A such that
lA]l,=(Tr(4*4)"?)'"" < o).

Proof. This requires some rather technical considerations which we describe in
Appendix A.

Remarks. 1. Strong convergence has been proven by Gawedzki [19]. See also [10].
2. Note that the theorem involves a choice of normalization for the generators
iL* of the group G which is given by
w(L*Lh)=%6,,.
In the abelian case one normally drops the factor 1 which leads to a change from

g*/2 to g*/4 in the Hamiltonian ; with g? = 2e? we obtain again the standard form,
but with e* in place of g2

3. External Charges, Gauss’s Law, Confinement

A4, is not gauge invariant. If we transform

{9 {g 3t =1{h, g0} (1L9)
(where h is a function from 4, into G) this induces a unitary map U(h) on #, :
(Un?) ({g.,1)=P{g,}H)- (11.10)

U(h) defines a unitary representation of 4= X G on #, ; we may decompose
xedo

H,, according to the irreducible representations {t } ., of ¥:
H =D A, (IL.11)
The projection on J#, , we denote by
P.,= 11 P... (IL.12)
xeAop

It is easy to see by the Peter-Weyl theorem [24] that
P, g, N=d. 1. W¥P({g,,} )dh, (IL13)

where f is the map

1 (x+x,)

xih,= {h (x=x,).

and dtx0 is the dimension of . (cf. [45]).

We say that #_, is the subspace having (external) charges {z }; if 7,=1 (the
trivial representation), we say that there is no charge at x.

Clearly

[7, P, ]=0 (IL14)

etc,, so these charges do not move; for that reason they are called infinitely heavy.

The subspaces #, , may be considered as different superselection sectors.
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There is a slightly different way of looking at these sectors based on a lattice
version of Gauss’s law: Let G now be a compact Lie group, assume that for each
link a direction has been selected, choose a basis {L,}"_, of g, the Lie algebra of G.
Then we define (in a slightly arbitrary fashion) the operator of the electric field
Efoyo bY

(2, %) (g)=lim _ (¥(g)~ ¥(g), (1115)

where

(g ) — {gxy (<XY>:'=<x0yo>)
S N (G2 DR X E NI

Furthermore let ¢} be defined as the operator of an infinitesimal gauge
transformation at x,:

1
(@2, %) (g)=lim - (¥(g")— (g)), (IL16)
where now
— 1 (x+x)
(o) = {exp eL, (x=Xx,).

It can then be checked that
(D-E);,=05%,> (11.17)

where (D E), is some kind of covariant divergence of E at x,:

DEf= Y E,— Y (45'Engy) (IL18)
{xy>:ix=xo0 {xy>:y=xo
in obvious notation.

By Stone’s theorem gf_ is an antiselfadjoint operator; the set {¢% };-, spans a
representation of the Lie algebra g of G and the decomposition (I1.11) corresponds
to the decomposition of this representation into irreducible components.

To say that at point x there is an external charge 7, means therefore that the
“charge densities” ¢} act according to the irreducible representation 7. This is the
appropriate generalization of the statement (that makes sense only for abelian G)
that g, has eigenvalue 7..

We can now define partition functions and free energies corresponding to
inverse temperature  and external charges {7 .} by

Zy =e M= TrP{tx}e_ﬁH’ =TrP{tx}<7’”’. (IL.19)

At this point we can make contact with the usual euclidean lattice formulation
of gauge theories. There one starts with an action

S= ; Sp(gap) (11.20)
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where the sum is over all plaquettes in a space-time lattice A which we assume to
be of the form

A=Ay x{1,27,....,f=Lyt}.

We impose periodic boundary conditions in time, i.e. we identify f+¢ with ¢.
For Wilson’s model we specify furthermore Sy, =3 S; , with
P

S Ju Rexlg,p): P spatial
P-WJpReylg,p): P contains the time direction,

where y is as before a faithful character of G. Then we have

Lemma I1.3.
[e 5wdg=Z,=TrP,7"",
where P, is the projection operator onto the chargeless subspace.

Proof (cf. also [7] for a special case). This is just a computation. Gauge invariance
may be used to freeze all links in time direction except in one time layer in
fe™7dg. These remaining link variables may be identified with the gauge
variables } in the definition of P (recall that

(PoT) ({9} 19D =1 T1dhT ({h g} {g,}) . O

Lemma I1.4. Let L, denote a closed loop in time direction (closed because of the
periodic boundary conditions), g, the corresponding ordered product of link
variables (with arbitrary starting point), y._the character of the representation ..
Then

k
fe™ 1@ . (9. )=2., . =TcP T4,

i=1
where © =t if x=x; and t,=1 otherwise.
Proof. This is almost the same computation as before. []

Remarks. 1. x, (g, ) is variously called a Polyakov loop, thermal Wilson loop,
Wilson line, etc. .... Its relevance was first pointed out by Polyakov [40].
2. The formulae hold just as well for other actions than Wilson’s.

1 L
3. Z, ,and F ;= — B—logZ(tx} have a finite limit as t—0;

limZ,, ,=TrP, e "". This is an obvious consequence of Theorem II.2.

=0

These facts suggest the following definition: Let

1
Fb=— ElogZO,
F? llogZ

g = [ a(x)am
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be the free energies with and without external quark sources [¢ stands for the
fundamental representation of G=SU(N) or U(N)]; g is its conjugate
representation.

We then define a (temperature dependent) quark-antiquark potential V

by q(x)q(y)
Viwan =V, =F, Fi—— L1 a2 121
wao) = Yad*¥ =Y = Fiozp) — =7 g 0g(G(x—y)dy) (IL.21)

where
Glx—y)= —I e 19 )7,91,) (I1.22)

(we assumed translation invariance, as guaranteed for instance by periodic b.c. in
writing G as a function of x— y). (Linear) confinement is then understood to mean
that in the thermodynamic limit AOZ‘sZ"

im x—1y)>0, 11.23
Jm Ix "=y Valx—y) (I11.23)
which is equivalent to exponential decay of G(x — y), whereas long range order of G

[ie. limG(x)+0] clearly means absence of confinement.

Remark. This way of looking at the confinement problem is due to Polyakov [40].
We mention some simple general properties of V.

Lemma IL5 (cf. [44]). Assume that the thermodynamic limit has been taken at least
in the 1-direction, and let &, be the unit vector in that direction. Then V_(Lé,) grows

L
with L, is concave and __(_%—A falls with L.
Remark. This says that the quark-antiquark potential is always attractive but the
force decreases with growing distance.

Proof. The first two statements follow from the existence of a positive transfer
matrix & for translations in the 1-direction and the spectral theorem:

G(Lé,)={du(w)e™ “L,

with some positive measure du because we can express G(Lé,) as (¥, 7 “¥). The
last statement is an easy consequence of the first two. []

There is a slightly different way of looking at the confinement problem that
consists of studying the free energy of an electric flux tube impressed on a periodic
box; this concept is due to 't Hooft [54].

We want to describe it here from our point of view and establish some
connections to the previously defined concept of confinement. The following
discussion uses some elementary notions and facts of lattice (co)-homology: we
refer to [58] or the excellent review [14] for details.

Let w be an element of C(G), the center of G. We define the operator of the

“central electric field” E® by

(Exyo D) (g)= ¥ (gw), (I1.24)



338 C. Borgs and E. Seiler

where

1 ({xoyo) FLxy> *+ {YoXo)
(@), =70  Kxy)=<{x¢)0,)
o™t (x> =<{YeXe))-

Because this “electric field” is now abelian, it allows us to define a “central electric
flux” @“(X) through a closed 2-surface =X on the dual lattice. More generally let %
be a 1 co-cycle on the original lattice, that means X is a function from the oriented
links {xy) into the integers obeying

Z(yxd)=—2Z({xy), (IL.25)
and
< g@ Z({xy»)=0, (11.26)

where the sum is over all links {xy) contained in the boundary dp of a plaquette p
with positive orientation. Then

o°(2)= [ (EZ)* ™, (11.27)
Xy
where the product [ [ is over all positively oriented links.

A “central charge” ¢ at a point x, may then be defined by the central electric
flux through the elementary cube of the dual lattice enclosing x,, i.e.

02 =11 E2,. (I1.28)
{xy)

X=x0

It is then clear that the spectrum of EY, ®“(2), ¢y lies on the unit circle

xy?

(because all these operators are unitary); furthermore it is discrete: E, , ®“(X), o5,
have the possible eigenvalues ))C(t((?l))) =7%{w), where 7 is the irreducible repre-

sentation of C(G) induced by the representation t of G and J; is the corresponding
character of C(G). This means that the eigenvalues of E7,, ®“(2), ¢y, will lie in C(G),
the dual of the center of G.

Note that EJ,, 0%, #“(2) commute with all gauge transformations and with the
convolution part of the transfer matrix. ¢ commutes with the full transfer matrix
because it is a gauge transformation. Furthermore

[7,2°(2)]1=0. (I1.29)

because the multiplication operator M is only a function of g,, and X' is coclosed
[Eq. (11.26)].

There is also a Stokes’ formula: Let *Q be a set of elementary cubes of the dual
lattice (or more generally Q a 0-cochain of the original lattice) and *X =0=Q its
boundary (properly oriented), i.e. X its coboundary. Then obviously

°(X)=[] ¢? (IL.30)

xex
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(again the product [] goes only over the x contained in Q with positive
orientation) or more generally

°(2) =T (@2)?. (IL31)

Let now y,e C(G). The corresponding eigenprojection Q¥(X) for the electric flux
through X is then
Q)= | (D (w)do,
C(G)
where dw is the normalized Haar measure on C(G).

We are now ready to define the relative free energy of central electric flux in a
periodic box A, of lengths L, L,, L, by

1
B

where 2, is a direct product of fundamental 1-cycles in the 2- and 3-directions of
A, and Qtis the projection corresponding to the trivial representation. Note that
P, and Q° commute.

By (I1.29) ¥,, may be deformed into a homotopic 2-cycle without changing
anything, because there are no external charges around (P, = P, because g} is a
gauge transformation).

Let now

AF{(23)= — — {log TrP,Q%(2, )e P —log TrP,0Y(Z,,)e #H},  (1132)

Zhti101, =TT PGQ(Z55)e P (11.33)

be the partition function in the presence of electric flux. It has an important
symmetry property:

Lemma IL.6.
T 7T — 7T
ZﬂLx;LzLa - ZLxﬂ;Lst - ZﬂLx;Lst :

Proof. The second equality is obvious. To see the first one note that
Tr®“(2,,)Pye” "M is obtained from

TrPye P =TroY(2,,)Pye P
by replacing S, by y(w)x(1) 'S, for one plaquette in each 01-plane. This is clearly

symmetric under interchange of the 0- and 1-directions.
Next we note some commutation relations:

Lemma IL1.7. Let C be a closed loop in Ay, gc the corresponding ordered product
of link variables (“Wilson loop”). Then

pa(@)
1)

where X(C) is the 1-cocycle X evaluated on the 1-cycle C. Furthermore

Q" (D190 =190)Q° (%), (IL35)

3(C)
(2 lgc)= ( ) 19D (2), (I1.34)
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where we used the label t both for an irreducible representation of G and the element
of C(G) induced by it.

Remark. (11.35) can be stated verbally as follows:

“Wilson loops create electric flux.”

The proof of Lemma I1.6 is an elementary computation.

Finally we want to prove some inequalities between the various quantities
introduced :

Lemma IL.8. Let é, be the unit lattice vector in 1-direction and y=x+ L eé,. Then
F qﬂ(x)é(y) is increasing in f, that is

Ff_ < FF (11.36)

a(x)g(y) = = a(x)a(y) >
if BSP and

Gle=y) lim (Zf;, 1,0 ) S A3 230 o (IL37)

where G is to be taken in a box that is infinite in the 1-direction and periodic of
lengths L,, Ly in the 2- and 3-directions.

Proof. (11.36) follows from the definition of the free energy and the standard fact
that for 4 =0 (Tr A")*"* is decreasing in .

To see (I1.37) we have to interchange the rdles of the 0- and 1-directions. The
right hand side is clearly symmetric in f and L, (by Lemma IL.6). The left hand
side can be rewritten as

lim (TrPy 7 “ " M*T M) (Tr Py T )~ 1 LVL, (I1.38)
0 0

L- o0

where J is now the transfer matrix in 1-direction and M is the multiplication
operator corresponding to the insertion of y(g,), M* its adjoint.

Denote by e “fo=| 7 P,| the largest eigenvalue of 7P, and by Q the
corresponding eigenvector (which is unique by the Perron-Frobenius theorem
[43]). Then (I1.38) becomes

(QM*THMQ). (IL.39)

By the Perron-Frobenius theorem Q may be chosen to be a positive function in L*
(see [43]) and therefore it does not contain electric flux:

01(Z,,)Q=0Q (I1.40)

[because Q7(Z,,) commutes with 77, Q has to be an eigenvector of it, but because
of varying phases the eigenvalue cannot be 1 for t#1, hence it has to be zero].
Thus by (I1.35)

04X, MQ=MQ, (11.41)
and
(@ M*THMQ) S Tr(PoQ4E,,)7 )M,
= Z%L;;Lngdz? , (I1.42)
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where in the last step we used the symmetry (Lemma I1.6) once more. This proves
(IL37). O

If we rewrite (I1.37) as follows

Zl!
G(x—y)SdZ ﬂL1 LaLs i BLy;LaL3 7> (H.43)
¢ Z[%Ll LyoLs hn;lo (Zl]}L;Lsz)L "

we can look at the behavior for [x—y|=L,— 0. The second factor on the right
hand side of (I11.43) goes to 1 and we obtain

logG(x—y)= lim -~BAF,ng LoLs (I1.44)

lx=yl=o0 [x— | Limeo L

Now we use the monotonicity of

! I 1. Glx—y)
X VE0)=— —lo
et (= Va0 = = R G
(see Lemma IL5) to obtain from (IL44)
1
!x yl qq(x }7) <Lll£noo fAFﬂLx LaLs (1145)

This is true for all L,, L, x, y with y=x+Lé,, so in particular we can first send
L,,Ly— 00 and then |[x— y|—00.

From (I1.45) one can infer an inequality between string tensions defined in
different ways:

Let ’t Hooft’s string tension be

— 1
o.uf)= lim  lim L—AF,,Ll L,Ls (IL46)

L, L3—00 Li— 1

and Polyakov’s string tension

1
= I — V. vz 11.47
O-P(ﬂ) [x—lyrllloc |x__y| q(x)q(y) ( )

(where V2., is to be taken in the thermodynamic limit).
Thus (IL.45) implies

o.u(B)=au(pB). (11.48)

For the sake of completeness let us note one more (trivial) inequality for string
tensions at zero temperature: If W, ;. is a rectangular Wilson loop of sides L and T,
Wilson’s string tension is defined as

1
= lim —log{W,;). 11
ow=- bm Trloer (1L49)

It is then easy to see that

op(00) <0y (11.50)
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(this follows from the fact that (W, > =(¥,, 7 "*¥,) with a suitable vector ¥, (cf.
[44,45] and the fact that the trace of a positive operator dominates any
diagonal matrix element). We conjecture o,(00) =0y, =0, 4(0), which follows in
the region of convergence of the strong coupling expansion from Miinster’s work
[35].

The string of inequalities (I1.48) and (II.50) shows that it suffices to prove
confinement in the sense of ’t Hooft; this is the route followed by Tomboulis [55]
in his approach to the confinement problem. We also see that it suffices to prove
deconfinement in the sense of Polyakov since o, =0 implies o, ;=0. To prove
op,=0 at weak coupling is the subject of Sect. II1.

4. Connection to G x G Spin Systems

Durhuus and Frohlich in a very interesting paper [15] stressed and used the
connection between d+1 dimensional lattice Yang-Mills theories and
d-dimensional G x G spin models with fluctuating coupling constants. This is
analogous to the well known classical relation between (static) (d + 1)-dimensional
Yang-Mills- fields and d dimensional Yang-Mills-Higgs systems.

In our context this spin interpretation is both natural and very useful.

It is convenient, also in view of the later sections, to modify our notation. We
label spatial points by x, y etc. and time layers by m, n etc. A spatial link is now
given by {(x,m; y,m); we denote the corresponding gauge field by v},. A temporal
link is given by {x,m; x,m+ 1) ; we denote the corresponding gauge field by u}.
These temporal gauge fields will now be considered as G-valued spins. Their
coupling in the action would be of the usual ferromagnetic nature if the spatial
gauge fields v were equal to the unit element; if v}, is a pure gauge Ry (Hy)™* the
coupling between the u’s

— Sp=Jp Rey (i ()™ ) R )

simply would tend to make the gauge transformed w’s, i.e. (h7)”'uh?*! and
(W 1)~ 'ul'hy equal. In general the v's will fluctuate away from pure gauge
configurations but the spatial plaquettes will still favour v’s that are close to a pure
gauge (i.e. will tend to suppress large magnetic fields).

It is now easy to see that we will have confinement provided the u-spins show
exponential clustering uniformly in the random coupling field v (see [15]):

Let

Zw)=[[ldu I e 52, (IL.51)
P in time dir.
1
=—{-11d _SP(U,Q). IL52
>E Z(Q)j ]._I ! Pin tli_nle dir. ¢ ( )
Then
<Xq(uLx)Xq(uLy)>
= ~I [Tdvu) i u)>, 2@ T e 52, (IL53)

P spatial
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and therefore

Kt ) x(up DI = sup () ety ) g NG (IL54)
Durhuus and Frohlich [15] also show how a well known expansion [5] of
Citguy,p, in random paths leads to an expansion of the Wilson loop in random
surfaces spanned into the loop. Here we obtain an expansion of G(x— y) in random
surfaces spanned between the two Polyakov loops L, L,.
For completeness we give a simple derivation of this expansion in Appendix B.
We finally note that this expansion can be used to obtain very good lower
bounds on the critical coupling J, provided G is U(1) or SU(2) (see Appendix B).
Irrespective of J,, and temperature we are sure to have confinement for J,<J,
where

- 8d—Z 2
Jo=" 2 =@="" for SU), (IL.55)
N Ed—z 1
J="— == for UW. (IL.56)

These bounds are substantially better than the ones obtained by the standard
strong coupling cluster expansion even in the refined form of Guerra et al. [22]
[his bound for SU(2) is J, =2 z(d+1)"'].

It is noteworthy that the Monte Carlo result of [27] for one time layer and
d=3

J,=0.31+0.04

is just barely compatible with (IL.55) (which gives J,=0.353). If one accepts
furthermore the estimated transition temperature of the O(4) classical Heisenberg
model [ =SU(2) x SU(2) spin model] [3]

JOW =047+001

as an estimate for J, — which seems reasonable — the value of [27] and even the
value J,=0.375+7 given in [33] seem hard to accept. This is probably an
indication that finite size effects still play an important role for lattice sizes like 83
to 10* which were used in those Monte Carlo computations.

This makes it more desirable to give a proof that the deconfining transition
actually occurs. This is done in the following section.

II1. Breakdown of Confinement at High Temperature and Weak Coupling
1. One Time Layer

The interpretation of lattice Yang-Mills theory as a G x G spin system becomes
most obvious in the case of the highest possible temperature which corresponds to
a lattice consisting of only one time layer. The infrared bounds of Frohlich et al.
[18] are easily transcribed to this model and yield a rather sharp lower bound for
the critical coupling for the deconfining transition.
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The “Polyakov loops” consist now simply of single links in time direction
biting their own tail; we label them by their spatial locations x, y etc. and denote
the corresponding gauge fields by u,, u, etc. Spatial links are now simply labelled
by pairs {xyy and the corresponding gauge fields by v, .

The “electric” part of the action is

=Sy v)=J; Y Rex(uwu, ‘v, (I11.1)

X“Xy’y Xy
{xy)
and the “magnetic” part is

—SuW)=Jy ; Rey(v,p), (I1L.2)

where the sum runs over all spatial plaquettes.

For y we take as usual a faithful character of the compact Lie group G ; we may
then also identify the group elements with the unitary matrices of the correspond-
ing representation. Then (IIL.1) can be rewritten as

= Sp,v)=—3J5 Y, (D) |I* +2d|4,]J (1)
xy)

== 3T 3 (uy, (A,0),) +2d| A (D), (I1L3)

where the scalar product (-,-) is the usual Hilbert-Schmidt scalar product, i.e.
(u,w)=Tru*u (u,u’ are unitary matrices!), D, is a covariant finite difference
operator:

(D) = Uy Uy Uy — Uy 5

(I11.4)

and 4,=D}D, a covariant finite difference Laplacian.

After these preparations the proof of an infrared bound can to a large extent be
taken over from [18], but for the benefit of the reader we give the complete
argument here.

First we define a perturbed partition function Z({h_}) by replacing in IIL1 or
L3 all u, by u,—h,-1 (h e ). The following bound holds:

Lemma III.1.
|Z({h )= Z({0}).

Proof. The essential ingredient is the existence of a transfer matrix in space
direction. We will first consider the 1-direction and then the other space directions.
First note that (in close analogy to Lemma II.1) we have

Ly
Z(thy)=Tr Py [ 75, (1IL5)
j=1
where the operators Py, 7,...,7; now act on the Hilbert space of square-
integrable functions of the link variables corresponding to the “transverse”
directions 2,3,...,d.

The transfer matrices .7; depend on the perturbations h, with x, =¢j and are
again of the form

T,=MTM,,,, (IIL6)
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where M ; is multiplication by a positive function and T; is a convolution operator
with kernel

J
Hexp(— ?EHuxl —u, —h ., 11“2)

11 exp(— JTM [0, 5 = Vi ye Hz) , (I11.7)

XL YL

where the products are over the sites x, and links x, y , respectively, of the
“transverse” lattice (x, fixed) and h,;, x, is an obvious relabelling of A,.
An elementary though crucial fact is contained in

Proposition IIL.2. P, commutes with f/'j(i= 1,...,L,).

Proof. P, averages over (x, independent) gauge transformations. So it obviously
commutes with the second (magnetic) factor of II1.7 as well as the corresponding
magnetic part of M. Gauge transformations also commute with the first (electric)
factor of (II1.7) because

19y, the, gt = u, —h-1)|?
= llu,, —g;fu;lgxl ~h-1]2. (I11.8)
They also commute with the electric part of M because
ng X1 xin.gh gx_LUx_LyJ.um gh
‘hxlgn xiy;gy:l__hhgn xLylgy—l I
=|(u, —h, Do, , —v,, @, ~h, -2, (IT1.9)

From this the proposition follows. [J

We can rewrite (IIL.5) as follows:

Ly
Z(th)=TeP, [1 7,

Ly
=TrP, [ [M,T(Ty 2 T,T; VAT M, ], (II1.10)
i=1

where Ty =T}, _.
Applying now Holder’s inequality for operators we obtain

Ly Ly
Z({h 3 = H 1PoM; T3, 1—[ 1Ty 'PTT5 Y2,

u:h T

TrP0 (M Ty M )=yt H |IT“”2TT_”2H (ITL.11)

j=1

Here we used Proposition II1.2 to move P, back and forth between the various
factors; || - ||, =1l |l is the operator norm.
To proceed we need another fact that can essentially be transferred from [18]:
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Proposition IIL.3. Let Ty =T, _,. Then | T, "> T,T; | <1.

Proof. Tt suffices to prove this for the simpler case where T} is an operator on
. J . . .

L*(G,dg) with kernel exp(— zllu—u’—hj-]lllz) and T, is obtained from it by

deleting ;. Then one can use the imbedding of G in a suitable C" to essentially
diagonalize T, T, by Fourier transformation (the constraining é-functions do not
cause any trouble). In Fourier space the shift by h; becomes multiplication by a
phase factor so that Proposition I11.3 becomes obvious. See [18] for more details.

This proposition eliminates the second factor in (I11.9), i.e. it bounds Z({h,}) in
terms of partition functions where all the k’s have been deleted from links in the
J-direction. Repeating the argument with the 2,...,d-directions in place of the

1-direction completes the proof of Lemma II.1. [

Lemma IIL.1 implies an infrared bound in the standard way: Expanding the
inequality to second order in the perturbation i we obtain (because the 0" orders
cancel and the first order term vanishes by translation invariance)

LI2(Re(u, 4,007 = 57,<(h, 4, 0. (IIL12)
Because h is proportional to the unit matrix the subscript v on 4, can be dropped
and we obtain .
((Re(w, 1)) < (. Ah). (IIL13)
E
Replacing h by ih gives
1
((m(w A0 < (b Ah), (I1L.14)
E

and combining (II1.13) and (I11.14) we get the result
2
U, An))?> = 5 (B Ah). (I11.15)
E

Remark. For G=SU(2) or G=0(n) (more generally whenever G can be imbedded
into a real euclidean space instead of a complex unitary space) we can obviously
improve (II1.15) by a factor of 2.

We write out explicitly the infrared bound we have obtained.

Theorem I11.4. Let G(x—y)={Tru,Tru,) and
G(p)= Y. ¢™G(x),

its Fourier transform. Then for any compact Lie group

d
Y. (1—cosp,)-G(p) = éﬂ) (I1L16)
i=1 E
and for G=SU(2) or O(n)
i (1—cosp,)-G(p) = 8), (IIL17)

27,

I
-
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Proof. This follows from (II1.15) by setting 4'*h=g. [

To draw any conclusions about deconfinement from the infrared bound we
have to assume in addition that the expectation value of a single Polyakov loop
vanishes in a periodic box. For G=U(N) or SU(N) and x =y, (the fundamental
character) this is so because of the global invariance

91> = 2y(wg >, (I1L.18)

where we C(G) (the center of G). So we state the following result only for this
physically relevant situation.

Corollary II1.5. In the U(N) or SU(N) lattice Yang-Mills model with Wilson’s action
and maximal lattice temperature external “quarks™ are liberated for

Jg=NI(d) (any N) (I11.19)
Jp=I(d (U() or SUQ2)). (I11.20)
d—2
In terms of the coupling constant g* = . this means deconfinement for
E
22T N (I11.21)
T="Nt 1@ Y ‘
227 L Gy o SUQ)) (111.22)
I =70 1) ' '

(Here 1(d) is the integral

—_ 1 =1 3d
I(d)—(zn)dj<;(l cosp;,) dp),
which has the value
0.5054620197 for d=3[18].)

Proof. The bounds (I11.16) and (I11.17) can be transferred to the thermodynamic
limit. We need the easy bound

G0)=1, (I11.23)
ie.
[ Gp)dip = (2n)’ (I11.24)

[remember that é(p)go because G is clearly positive definite].
Equation (I11.18) follows from the Clebsch-Gordan decomposition

[Trul®>=1+ Z cixu), (ITL.25Y

where ¢; 20 and y; are some irreducible characters, and the fact that by reflection
positivity {y,(u)) =0.

Since G(p)go it is the density of a measure and (IIL.16), (II1.17) say that it is
absolutely continuous with respect to Lebesgue measure everywhere except



348 C. Borgs and E. Seiler

possibly at p=0, where it may have a discrete contribution ¢d(p). In d=3 (II1.16),
(IIL.17) are compatible with (II1.24) only if ¢>0 for sufficiently large J. ¢>0
implies long range order, that is

c
lim G(x)=—— *0. 111.26
dim_G(x) onf (I1.26)

According to our discussion in Sect. 2 this means absence of confinement. []

Note that for d=3 and G=U(1) or SU(2) the upper bounds (I1L.19), (I11.20) are
not too far from the lower bounds (I1.55), (I11.56).

0.353<J,(SU(2))<0.505
0.364<J (U(1))<0.505.

This concludes our discussion of the simple one layer model.

2. Many Time Layers, Hamiltonian Limit

Unfortunately we do not see a way to extend the simple infrared bound of the
previous section to the general case. The main reason is that the basic variables we
are interested in are the Polyakov loops which are now complicated nonlinear
functions of the basic link variables occurring in the action.

Frohlich et al. [18] give, however, a less elegant but more basic proof of a
slightly weaker infrared bound in their appendix. It is based on the obvious fact
that the transfer matrix in space direction becomes a multiple of the identity for
infinite coupling between the spins. This is still true in our system and actually it is
possible (with some sweat) to adapt that proof to our situation.

We again denote by .7 the transfer matrix in the 1-direction. Furthermore we
have to consider a two point function that is smeared in the transverse directions

G)= Y h(x)Glej,x, —y)h(vL), (eZ), (I11.27)

XiYy

and its Fourier transform

Ly
G,(p,)= 'Z PG, (j). (I11.28)

The main technical result will be

Lemma II1.6. There is a function f(Jy) that falls monotonically to O as J— oo such
that

(1—cosp,)Gyp,) < f(U ) X Ih(x )2, (111.29)

XL

or equivalently
(1—cosp)GR)= S ) (II1.30)

f(J) may be chosen to be (1+2J; 'y(1))*—1.
The cubic symmetry of the lattice then gives the obvious:
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Corollary IIL.7.

Edl(l cosp)G(p) S df(J ), (II1.31)

i=1

1
which is the desired infrared bound implying deconfinement for J,= f ™1 (El(—d))

To prove (I11.29) we will make use of a lemma proven by Frohlich et al. [18]
that follows from the existence of a non-negative transfer matrix in 1-direction:

Lemma IIL.8.
(1=cosp,)Gy(p,) £ = Gy(—= 1) +2G,(0)~ G,(1). (ITL.32)

The right hand side of (IIL.32) is the expectation value of a double
commutator :

-G (= 1)+2G,0)—-G,(1)=Tr P [ L(h L(h),[L(h), 11T 1, (IIL33)

where 7 is normalized in such a way that TrP,7 * =1 and

L= Y h(x)L,, (L =x9L.)) (I1.34)

is a “smeared Polyakov loop.” Our job will be to estimate this double commutator.
It seems obvious that it will vanish as J,— co, but we will prove a more precise
statement.

The transfer matrix 7 is again of the form

T =MIM (111.35)

with a multiplication operator M and a convolution operator 7. T'is a product of a
“magnetic” part involving only the v variables (spatial plaquettes) and an “electric”
part T, coupling the u and v variables (timelike plaquettes; see Sect. IL.4). T, is a
tensor product:

T,=QXT, . (I11.36)
where T, has the kernel
J
T, (uy,, u;L)=eXp<— ?E lu,, —u, HZ). (I11.37)
So clearly
LT, (9., )1=0 (I11.38)
for x, #y,.

Since everything else commutes the double commutator in (II1.33) really only
involves the double commutator

CL(h), [L(R), T,]]. (111.39)
By (ITL.38) for x, £y,
(L..[L,.T1=—[L,. T, 1T 'TT; '[T,,L,]. (I11.40)
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Therefore
(L), [L(h), T,1]
=— Y hx)Dh(y)[L,. T, 1T ' T,T, \[T,,L,]

X1, VL

+ Z [h(x )I? {Tsz—l Ty lel T,—L,, TEl:} >
which implies

(L. [L(h), T < Y hGe JPATL, Ty 'L, Ty~ L, T,L ). (IL41)
[The fact that the unbounded operator T; ' occurs requires (IIL41) to be
interpreted as a form inequality on a suitable dense domain.]
Now notice that Ty is also a tensor product over time layers:

= (L>§ T,= X @ - (111.42)

xy m=1

mym+ 1

If we identify u}
representation with character §> We can write

with the unitary matrix (u%*"+!) corresponding to a

mx,

T,L. Ty 'L, T,— L, T,L,

— Z {1—[ Tuamam+1T lubmbm+1T

mx, mxy
{am, bm}
Lo
_ 1—[ us;;ljm+ T ufn"rlfm+ 1} . (11143)
m=

Actually we could use the factorization

1= QT (I11.44)

to pull out all factors T,,, (y, #x,) in (I11.43) because they commute with u,,
(always regarded as a multiplication operator).

What remains is a sum of products of expressions of the form

w9t W or ub (I11.45)

tu u

with t given by its kernel

tu, u’):exp(— i; Hu—u']lz). (I11.46)

We can shift our point of view concerning this whole computation following
Eq. (II1.37) by imbedding the unitary matrices in C°; this means that the Hilbert
space on which our operators act will consist now of functions of
@N? x (pumberoflinks) sqyare-integrable with respect to a 5-measure that restricts CV*
back to U(N) or SU(N). But we can also regard the kernels like (II1.46) as kernels
of operators on the L? with respect to Lebesgue measure. All our inequalities
remain true in this interpretation, but the meaning of the symbol T~ !, for instance,
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is changed. By multiplying inequalities like (I11.41) in this new interpretation from
both sides with density functions that are square roots of suitable approximate
o-functions we obtain — taking limits — inequalities that refer again to our original
Hilbert space.

The imbedding allows us to use a Fourier transformation to compute (I11.45): ¢

T 1
becomes then multiplication by exp<— FNMIZ) and u® gets replaced by the
E

20 1/ @ o
SR ' . 11147
ok, (a Rek, ' 8Imkab> (IL47)

differential operator

This produces the identity
—, , L2
Wt P =P " + J—éabéa,b,t; (I11.48)
E

(I11.48) can now be used to expand (I11.43) in powers of J; . The expansion has no
constant term and terminates:

_ - Lo 2 k
T,L, T; 'L, T,— L, T,L. =) (}—> A,. (I11.49)
k=1 E
A, can be described as follows: let
Lo
AOELxl TEZ‘:= Z H ufn’;ljm“’]:nufny;ferl (IIISO)

{am, bm} m=0

Then A, arises from A, by replacing k of the factors u

2

T ambm am+1bm+le >
E

bmbm + 1 T uamam 1 by

mx

. . o L
and summing over the different such possibilities [there are ( /O) of them].
<

It is a little easier to see what this means if we reinsert this in the trace (I11.33)
after using the inequality

[L(), [L(h), 7S Y Ihx )H{T L, 7 'L, T—L TL_}, (LL51)

X1 X1

which is a trivial consequence of (IIL41). It is also convenient to rewrite the
expansion (I1L.49) with the full transfer matrix instead of just Tj:

o Lo 2 k
JL. T 'L . T—-L . ITL =) <—> B,. (ITL.52)

Xy X1 XL XL
k=1 JE

We obtain thus from (IIL33), (I11.51), and (I11.52)

G,(—1)=2G,(0)+G,(1)
<NTrP(TL T 'L, T—L TL_ )T !

XL

_Z Z TI‘(PO gLi- 1)(_
E

x k=1

~lro
S
=

(111.53)
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U —

Fig. 1. Breakup of a pair of Polyakov loops into Wilson loops

where the trace now is to be understood again in the original sense, i.e. without
imbedding in €.
The terms in this last expansion can be described in a simple way: Let

By=L, JL, . (I11.54)

Then
TrP,B,7 "~} (ITL.55)

is the expectation value of a pair of Polyakov loops separated by one lattice
spacing in 1-direction.

TrP BT ™1 (IT1.56)

arises from (II1.55) by breaking up the pair of Polyakov loops into Wilson loops by
replacing in all possible ways k pairs of vertical links by pairs of horizontal links
(in the 1-direction). The presence of the projector P, in (IIL.56) is crucial for
making this interpretation because it restores the horizontal link variables (sec
Sect. II).

So we obtain the following inequality from Lemma I1.6:

(1—cosp,)G,(p,)

Lo k
= Yl )P ) (3) Y AW(C,)... W(C)). (11L.57)

k=1 JE Ciy.onns Cr

L . .
Here the last sum is over all ( k0> sets of Wilson loops {C;...C,} that arise from a

pair of Polyakov loops separated by one lattice unit in the 1-direction by applying
the breakup procedure described above (see Fig. 1). Because of translation
invariance we can ignore the positions x, of those loops.

If we now apply the trivial bound |W(C)| = y(1), we obtain from (IT1.57)

(1 —Cosp1)éh(p1)
Lo 2 k

< VIR S (J—) YAl
X1 k=1 E/ Cy,...,Ck

B Lo 2 k LO

= T 3 (J—) x(ﬂ)"< k)

= Tlte. )P [(:11+ 2?;2”)“ - 1].

(111.58)
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So we have proven Lemma I11.6 in the form

(1—cosp,)G(p) < Kl + 2§(ﬂ)>LO - 1}, (I11.59)

E

and Corollary II1.7 in the form

2X(ﬂ))L° - 1}. (I1L60)

z(l—cospi)é(p)y[(l +5

If we specialize to L, =1 we realize that we have lost a factor 2d in comparison
with (II1.16). This same factor also occurred in [18] and is typical for this “double
commutator proof.” Presumably an inequality

(1 + 2)§(ﬂ) )LO - 1} (ITL61)

Y1 -cosp)6)S

is true for all L, but we have no proof for it. Certain improvements are again
possible if there are reality properties:

If the representation to which y belongs is real orthogonal, we may use an
imbedding of our variables in RY instead of €Y (N = y(1)). This will lead to the
replacement of J, by 2J in (111.48) and all bounds. Again this remark is somewhat
academic because it does not apply in the cases of physical interest [G=U(N) or
SU(N), x the fundamental character].

Another improvement is possible for G=SU(2) (or more generally whenever y
is real): We split the u-variables in (I11.43) etc. in their real and imaginary parts.
This splits each term in the sum into 22%° new terms, but due to the reality of the

trace only the terms contribute in which for each [ | (Reu,, +ilmu,) we pick the

m

imaginary part an even number of times. Compared with the general case in which
only the whole expression, not the individual loops are real, we gain a factor of two
in the infrared bound (II1.59) (see [2]).

Let us write out explicitly what we can learn about deconfinement from
Lemma II1.6 and these remarks:

Theorem IIL.7. In the U(N) or SU(N) lattice Yang-Mills theory with Wilson’s action
and temperature T (i.e. Ly=(tT)~! time layers) external “quarks” are liberated if

JEEZN[(H—%@)IT —1}_1 (any N), i (I11.62)
2 T -1
JE24[<I+W) —1} (G=SU(2)). (I11.63)

In terms of the coupling constant this means deconfinement for

8d—2 1 T
2< TP
927N K +d1(d))

5 8d—2 2 T
g°= Kl+—) ——1} (G=SU(2)). (I11.65)

(any N), (I11.64)
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Proof. This is essentially the same as the proof of Corollary IILS.

It is a gratifying fact that the bounds stay nontrivial in the Hamiltonian limit
7—0. We have

Corollary I11.8. In the Hamiltonian lattice gauge model of Kogut and Susskind (i.e.
the limit 1—0 of Wilson’s model) with gauge group U(N) or SU(N) quarks are
liberated for

d—2

g’ NTlog(l-I— %@) (any N), (I1L.66)
d—2

Pt 5 Tlog(1+ %@l)) (G=SU(Q2)). (IIL67)

Proof. This is trivial if one notices that the infrared bound (III.59) has a limit as
0. O

We can also say something about ’t Hooft’s N—oco limit with §*=g*N fixed:

Corollary I11.9. In 't Hooft's N— oo limit quarks are liberated for

2t [<1+ —L)” - 1} (I1L68)
9= dI(d) ' '

Proof. Obvious. []

This concludes our discussion of the general case. In the next section we will
discuss abelian models in some more detail.

3. Some Further Results for Abelian Models

For abelian models there is a way of proving the infrared bounds (actually a
slightly stronger version of it) in a more “natural” way that does not rely on the
imbedding of the group in a matrix space.

An additional advantage of this procedure is that it allows more general forms
of the action, such as the so-called Villain action which is considered frequently
[13,57].

We consider gauge groups U(1) (or Z,; direct products of such groups can be
handled just as well but they would pollute our notation too much) and actions
characterized by an electric plaquette coupling

e S0 = N m (J )1 (op) - (I11.69)
‘CEG
Here
Gop=uyviy (1) 107, (111.70)

for a plaquette p with corners (x,m), (x,m+ 1), (y, m+ 1), (y, m). The sum in (I11.69)
is over the irreducible characters t of G, the coefficients m_ and e 7 are assumed to
be =0 and we assume

lim m(J;)=1. (111.71)

JE—©
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The magnetic coupling will be of the same form as (II1.69), but the coefficients
m, may be different from the ones in (I11.69). We only need that they (as well as
e~ 57) are nonnegative to assure the existence of a nonnegative transfer matrix in
space direction.

Typical examples for (II1.69) are the Villain action for G=U(1)

mJ(J ) =exp ( - Jirz) (I11.72)
E

(here 7 is an integer) and Wilson’s action which for G=U(1) is characterized by
m(J ) =1.J ) (IT1.73)
(I, is the modified Bessel function of order 7).
We proceed as in the previous section up to Eq. (II1.41) which said
[L(h), [L(h), T,1]
<Y Ihx )H{T,L T, 'L, T,—L, T,L,}. (I11.74)

X1

The right hand side can of course again be factored over time layers:

TEL: TE_ ! in TE - LxL TEL_;Q

Lo Lo
=11 T, Ty “thye, o= 11 v, Tl - (I11.75)

mxy Tmmxy
m=1 m=1

The point is now that the right hand side of (IIL.75) is again a convolution
operator; this can be seen by using Fourier transformation which diagonalizes
everything. Again [as in (II1.45)] we have to deal with sums of products of
expressions of the form

tut ‘ut or utu, (I11.76)

where u is multiplication by e and t is convolution by

t{p)= Z me"?. (I11.77)

Therefore ruat ™ 'ut is convolution by

and utii is convolution by

Yom,_ e,
Therefore
tutut=utu+r, (IIL.78)
where r is convolution by
m?
r(p)= ; m._, (m - 1) . (111.79)
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So clearly r obeys the form inequality

r<g(Jputi (IT1.80)
with
m2
(Jz)=sup (—T—— - 1). (IIL.81)
g £ T mt + lmr— 1

We can now expand (II1.75) in powers of r. Using the inequality (I11.81) in each
term we can resum to obtain

sz TE_ lel TE - Ln TEL'_M

S[(U+gUp)o—1]L, T,L_, (111.82)
and
(L(R), [L(R), T,IT1< Y 1h(x )1 2L(R) T, L{R)
T +gp)e—1]. (I11.83)

As in the previous section this yields an infrared bound:

Lemma II1.9. For an abelian model characterized by the electric coupling function
(IIL.69) an infrared bound of the following form holds:

M=

(1—cosp)G(p) S df(J ) =d[(1 +g(J ) —1], (111.84)

Il

i=1

where

o) =sup (—ﬁ-— -1)

A\ My

Of course this result is useful only if g(J;)—0 as J,— co. We check this for the
Villain action. There

1
g(Jg)=exp——1, (IT1.85)
JE
and hence
LO
fJg)=exp— —1. (I11.86)
JE

This clearly implies deconfinement for

L) A
Jzf (d-nd—)>_lmog<1+dl(d)>] . (I1L87)

For the Wilson action

g(Jp)= (f"gﬂ)z -1, (I11.88)
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and hence
_ IO(JE))ZLO 4
SUp) (ﬂU;

_Lo +O(J 2). (I11.89)

The proof of (II1.88) requires some gymnastics with Bessel functions and is
given in Appendix C. (IIL.89) is slightly stronger than (II1.60), at least for large J .

We refrain from giving the resulting bound for the deconfining transition
because it would look somewhat messy.

1V. Concluding Remarks

Let us try to put into perspective what has been proven and point out some
important open questions.

We have shown that lattice Yang-Mills theory with Wilson’s action in space
dimension three (or more) will possess, as soon as a non-zero temperature is
turned on, a weak coupling phase without confinement in addition to the well
known confining strong coupling phase.

The situation is slightly different for the Kogut-Susskind Hamiltonian model:
There we have shown that confinement will disappear for any coupling provided
the temperature is high enough [cf (IIL66) and (II1.67)]. Convergence of the
strong coupling expansion sketched by Kogut and Susskind [26] has not been
established rigorously; we have no doubt that one could do this however, and
prov1de a proof that the string tension ¢, does not vanish for g* > gz(T) (obviously
g* cannot be independent of T here).

It is expected that the unconfining phase behaves like a “gluon plasma” and
shows Debye screening (i.e. exponential clustering) at high enough temperature;
the technology to establish this has been provided by Brydges and Federbush [6],
but some work is needed to adapt their methods to this problem; the nonlocal
effective coupling between the Polyakov loops will not make this task easier.

In [3] we pointed out that there is even the possibility of two phase transitions:
First from the confining to a Coulombic phase and then to a Debye screened
plasma. For SU(N) with N large this would not seem implausible because of the
analogy with Z, models [53]. But most physicists seem to regard it as unlikely for
N =2,3. In fact Svetitsky and Yaffe [53] argue by analogy with the Ising or Potts
models, respectively, that for N =2 there should be one second order and for N=3
one first order deconfining transition.

Our inequality (I1.48) shows that at positive temperature and small enough
coupling also "t Hooft’s string tension vanishes; this might have been difficult to
show directly.

Our proofin Sect. II1.2 made use of the explicit form of Wilson’s action, at least
for the “electric” coupling. So one might wonder how model dependent the results
are. But one should note that first of all the form of the magnetic coupling was
fairly arbitrary; it only had to be compatible with reflection positivity, ie. a
positive transfer matrix in space direction.
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Secondly, the t-continuum (= Hamiltonian) limit will be largely independent
of the precise form of the electric coupling; for instance Theorem I1.2 shows that
the heat kernel (= Villain) action [13,57] will produce the same “electric” part in
the t-continuum limit as Wilson’s. But since we have an infrared bound for t=0, a
similar bound must hold already for t>0, t small enough. This shows that
deconfinement occurs for a wide class of lattice models.

To see the strengths and weaknesses of our bounds it is instructive to discuss the
limiting cases J,,—0 and J,,— co. The peculiar feature of our method is that it is
completely independent of J,,.

For J,,=0 we obtain the “ultralocal” model already discussed in [38] ; for =0
this is the strong coupling limit of the Kogut-Susskind model [26] around which a
strong coupling expansion has to be constructed. The ultralocal model shows
confinement at all couplings (and in any dimension!) at zero temperature. For
finite temperature it becomes structurally identical to a one time layer model ; this
is easiest to see for the heat kernel (Villain) action characterized by a transfer
matrix (in time direction) that is simply given by the heat kernel:

Tw.)=[] eg?"(u ) (IV.1)

Xy "Xy
xy>

(4 is the Laplace-Beltrami operator on the group G). So the ultralocal Villain
model will depend only on the product

g
L.g*="2-,
od tT

(Iv.2)
and we may put L,=1 and change g* accordingly.

For more general ultralocal actions we still have the structure of the one layer
model, but with a more complicated electric coupling arising from the L -fold
convolution of I with itself.

In any case these models can all be regarded as G x G spin models with some
random coupling provided by the v variables (cf Sect.IIl.1). The random
couplings might be expected to create disorder, thereby making deconfinement
harder. For abelian models this follows from Ginibre’s inequalities [20]. But for
nonabelian groups the random couplings reduce the symmetry from G to C(G) and
might actually thereby facilitate ordering. This certainly would be relevant for
d=2"'. We think that for d=3 the effect of the random couplings is not so
dramatic. Since the infrared bound gives excellent results for spin models without
random couplings we conjecture:

The infrared bound gives a bound on the transition point g* that is close (~ 10 %)
to the actual value for the ultralocal (J,;=0) models, if we either apply it to the
effective one layer version of that model or “steal back” the factor 2d lost in the
double commutator proof.

The other extreme case J,,— o0 is also easy to understand. In this limit the
“magnetic fields” v,, are frozen out, the v variables become a pure gauge and can
be gauged away. One is left with a stack of L, copies of the G X G spin model; the

1 We thank G. Mack for reminding us of this fact
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transition point g* becomes therefore independent of L, and will be close to the
infrared bound result for one layer:

The infrared bound for one layer gives a bound on the transition point §* that is
close (~10%) to the actual value for the J,,— oo limit of lattice Yang-Mills models.

It is now highly plausible that the true transition point will lie between the
values obtained for J,, =0 and J,,— co. For abelian models this is of course again
implied by Ginibre’s inequalities.

The conventional renormalization group philosophy predicts that all physical
quantities with the dimension of a mass should behave like

1
(92)—131/21306)( (_ )’
P 292ﬁ0

so in particular T, the critical temperature for deconfinement should go like

_ b 1
~(g?) 2bo -
@) ooxp( - g (1v3)

It is not surprising that our bounds completely fail to produce such a behavior.
To actually prove that a physical quantity shows the correct scaling behavior
would almost be equivalent to the construction of the continuum limit and is
clearly beyond the scope of this paper. If, on the other hand, we assume the correct
scaling behavior (the way it is normally done in the physics literature) and make
the somewhat bold assumption that even for only one layer we can be close to the
scaling region, it is possible to extract a physical value of the transition
temperature that is not unreasonable (a few hundred MeV); this is done by simply
pretending that the transition temperature expressed in units of the string tension
(at the same coupling but zero temperature) does not change much when we go to
the continuum limit.

We should maybe mention that it is not an inherent weakness of the infrared
bound technique but rather our inability to control the continuum limit that
prevents us from establishing deconfinement in the continuum. It should be
remembered that infrared bounds were first found and applied in a continuum
model [the (¢2)? model in d=3].

There is one more important open question : What becomes of the deconfining
transition when dynamical quarks (or maybe Higgs fields in the fundamental
representation) are included? Obviously the Polyakov loops will lose their
diagnostic value because, physically speaking, external quarks are shielded by
dynamical ones; mathematically speaking we lose the global symmetry that
assured {x(g,)> =0 in the pure Yang-Mills model. Since a fundamental Higgs field
(and probably dynamical quarks as well) has an effect on the system that is very
close to the effect of a magnetic field on a ferromagnet [46] one might expect that
there is no longer a transition. Of course we still expect qualitatively different
behavior at high and low temperatures but maybe not a sudden (nonanalytic)
change.

If our matter fields are Higgs fields in the adjoint representation (such as in
most grand unified theories) the Polyakov loops can still be used to test for
confinement and our methods can be extended to show the existence of a
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deconfining transition. Much less clear is the existence of the supposed first order
transition between a “Higgs phase” at low and a “symmetric phase” at high
temperature [12, 28] that has led to so much cosmological speculation [23, 51].

All this shows in our opinion that it is worth investigating the phase structure
of gauge theories at finite temperature in more detail and that it is also essential to
sharpen the diagnostic tools that should distinguish between the various phases.
This will hopefully lead to a better understanding of what is meant by “confine-
ment” in the full theory and what such terms as “Higgs phase” or phase with
“unbroken gauge symmetry” really mean. The (dis)order parameters proposed by
Mack and Meyer [30], Bricmont and Frohlich [4] as well as Fredenhagen [17]
might be useful steps in that direction.

To really understand what deconfinement means for the full theory would,
however, require the development of a precise (quasi-)particle concept for field
theories at finite temperature and the existence of tools to analyze concrete models
from this point of view.

Appendix A. The 7-Continuum Limit

In this appendix we give the proof of Theorem I1.2. For notational convenience we
set e=1 and g*=1 (it will become clear that this is not a significant loss of
generality). We also choose a basis {iL,} of the Lie algebra g of our gauge group G
with the orthonormality property

WL,L)=TrL,L,=d,, (A.1)

where y is the character used in the action and we denote by L, also the
representatives of the generators in the faithful representation belonging to y. L%
will denote the representative of the generator L, in the representation labelled by
q.

We first consider the easier case of the heat kernel (Villain) action and the
corresponding transfer matrix 7 =7,. We have to show that

T, T \B
eZAe ZV)

Tpe=(e 3" (A2)

goes to exp (34— V) as t—0in all J , norms (p=1). Without loss of generality we
will consider only p=1.

Strong convergence follows from the Trotter product formula [43] if t—0
through a sequence such that f/t is an integer. For the general case we write
p=nt+¢ with 0=<e<7t, nelN. Then

T =T ()T ()",

and strong convergence follows by a simple 3¢ argument:
1 -—
ey rapere— g
1 —
+ (f(r)ue"’(?“ V)) p

Lol (11— A V)) P (A.3)
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Each term in (A.3) goes to zero: Note that 7 (t)"*—>1 strongly because 7 (1)—1
strongly.

To obtain J, or more generally J, convergence we use Griimm’s theorem [21]
which says that strong convergence together with convergence of the J, norms of
the approximants to the J, norm of the limiting operator implies J, convergence
(see [49]) for a sharper version).

So it remains to prove

Lemma A.1. Let G be a compact Lie group and V be uniformly Lipschitz continuous
on G. Then

F(t)=TrJ (r)f"
=Tr(e ; e e 2 ) (A.4)

converges towards

Proof. A proof can be based on the Feynman-Kac formula for Brownian motion
on G (see [31]).

For completeness we give an independent proof that does not use the
Feynman-Kac formula (but is inspired by it). Expanding (A.4) in powers of V we
obtain (with N = /1)

k! N i,
F(t)= ), — ﬁTr I ((—‘EV k1g2 A); (A.5)
k RN N* i=1

Trexp (34— V) can be similarly expanded (the so-called Duhamel-Phillips expan-
sion [11, 47]).

1 —
Tee 54 y [ dr,...dy,
k20 0=t12... St <P
K1, Sl L
‘Trn(ezt’A(—V)e 2"A)e2" ‘) (A.6)

It is seen easily that the k'™ term of both (A.5) and (A.6) is bounded by
BV e
TTre2

2

so that both series converge absolutely and (A.5) converges uniformly in 7. So it
suffices to show convergence term by term. We rewrite the k' term of (A.5) as

N—-1

1 x k gd
i, Y ot Tr(T‘]—[l(—V(rli)))e

1...k=0

- %Edtl ...dtkTr<Ti]fIl (— V(r H))) o, (A7)

i=
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where we used the notation
t t

Vi=er Ve 2,
and [x] denotes the integer part of x. T is an ordering symbol saying that the
factors should be written with the “times” ¢, increasing from left to right. Similarly
the k™ term of (A.6) can be written as

18 k ﬂ
gl dg TeT [T (Ve (A8)

Equation (A.7) can be read as a Riemann sum approximation of (A.8). Since the
integrands of both (A.7) and (A.8) are bounded by

B
IV|% Trez”,

it suffices to show convergence of the integrands (by the dominated convergence
theorem).
So we have to estimate an expression of the form

k B

T[] (~V(t)-T f{ —V(s))|e2”, (A9)

where |t,—s;/ <t (i=1,...,k)and 0=¢,,...,1;, 5, ..., 5, = . Note that (A.9) depends
only on the differences t,—¢,,...,t,—t,_,, t; —t,+ B by the cyclicity of the trace.
Telescoping (A.9) and using cyclicity of the trace in a similar way we obtain k

terms of the form )

R(t,s)=Tr(V(t)— V(s)) H (A.10)

where [t—s|<7; 0=5¢, sSu, = ... Sy, 2P
Rewriting (A.10) in terms of integral kernels and using the positivity of the heat
kernel we obtain the bound

IR =NV dgdhlV(g)— V(b

1
Fle=sld - p=i=sha

(g, he*
Using the uniform Lipschitz property of V this implies

(h,g). (A.11)

1 -Ss
IR(t,5) < C| V| ! [ dgdhd(g. ez (g, h)

1
—|t—s|4

=C| VI fdgdig. De?” (g, 1), (A.12)

where d(g, h) is the geodesic distance between g and / and we estimated the second
heat kernel in (A.11) by a constant.

1
Now we need the well known fact that the heat kernel e? m(g, h) for small ¢

1
behaves like constt /2 exp(— Zd(g, @)2) or, more precisely, that

1 2
e’ (g h)<constt™P%e ~ ol , (A.13)
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where D is the dimension of the manifold Grumberoflinksindo apnd g <1 is some
constant (see for instance [32,42]). Inserting (A.13) in (A.12) shows

IR,(s, 1) =const |/ |t —s|

<const |/7. (A.14)

The proof of Lemma A.1 is now complete. []

To prove the analog of Lemma A.1 for the Wilson transfer matrix 7, it
suffices (again by Grilmm’s theorem) to show that

Tr T (1) = Tr 7,(1)! -0, (A.15)
where 7, is of the form
Tyt)=e 2 et 2" (A.16)

and e™* is a convolution operator with kernel

1 1
~—exp- ) Rex(g,,)
Nt T {(xy) '
and the normalization N_ is chosen to make jdge”‘f(g, h)=
We first want to show that it is enough to prove (A.15) for V 0. To this end we
expand in V as before:

4 ! k! 2 k, ,tA
Tr7, (T) T — ﬁ _k__Trn( — TV et
k=0 K si=K Kyt oo Kyt 1
1A k
S S S
hzo ™+ 0 i=1
Here
Vi) =€ ve . (A.18)

Assume that (A.15) holds for V=0. Then Tref“~ is bounded uniformly in 7 and the

k™ term of (A.17) can again be estimated by constf*||V|[* — (see above). So one

only has to prove convergence term by term and only for the difference of the
integrands of (A.17) and (A.7). This means we have to analyze terms of the form

k k 1
Tr [ Vet-—Tr [ Ve2 ™ (A.19)
i=1 i=1
with 0<s,,...,5, <, >.5;,=f. Expanding (A.19) in powers of

sA

R(s)=e*t—e2 ", (A.20)
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and using Holder’s inequality we obtain the bound

1
54
Blsi

Z ) IIV\I"HHR(S)H,;/S_

n=1 KC{l ok}
=n

k

) (’;) (m;xx ||R(sj)u/,,sj)"

n=1

1
<[ vk ez

=[VI% e

; {(mflx IRGs) gy, + 1)"— 1}, (A.21)

where in the first inequality we used that

I1
i¢K

si/B
1

1 1
—z—s,-A =p4

e

sif )| L
ﬂ | 2*

k
< H 15
1
because |e?

=1

By our assumption of convergence for V=0

1

—s4
el ysole? Ny (220)

”e Bls

and hence by Griimm’s theorem
[R($) 550

This shows that (A.21) goes to zero and therefore (A.15) holds in general if it holds
for V'=0.

We formulate as a theorem what remains to be proven because it seems to be a
slightly nontrivial fact:

Theorem A.2. Let G be a compact Lie group and let e**< be a convolution operator
on L*(G,dg) given by its kernel

1 Lrexgn1
e g, h)= —e° ,
(g9, h) N

T

(A.22)

where y is the character of a faithful representation of G and N,= [ dge**<(g, h).
Then

1
Tr(eﬂAr—e’f" A)—»o (z—0), (A.23)

where A is the Laplace-Beltrami operator on G corresponding to the metric induced
by x.

Remarks. 1. This theorem can be viewed as a strong version of a central limit
theorem for G-valued random variables. In fact some elements of the proof are
inspired by the proof of the local version of the central limit theorem (for real
valued random variables).
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2. By the Perron-Frobenius theorem [43] e*- has a unique positive eigenfunc-
tion ¥, to the eigenvalue |le**:. Since the function 1 is an eigenfunction with
eigenvalue 1 we conclude ¥, =1 and |[e**| =1.

3. To apply the theorem to our problem we may either interprete G in the
statement as the underlying gauge group because for V=0 all the links are
uncoupled and it suffices to prove (A.15) for one link or alternatively we may think
Of G as (gauge group)numberoflinksinAo.

Proof of Theorem A.2. We diagonalize exptA, and 4 jointly by Fourier transfor-
mation on G. Let g run through the inequivalent irreducible unitary repre-
sentations of G. Then expt4, has the eigenvalues 4,/4,, where

1
1= 1100 dg. (A.24)
q
with
1
X= :C_’ dq EXq(ﬂ) 5

%, is the character of the representation ¢ and the subscript O refers to the trivial
representation.
The eigenvalues of A are given by the (generalized) Casimir elements

C,=TrLOLY, (A.25)

where L@ is the representative of L in the representation ¢; as announced we will
drop the superscript ¢ in the representation that occurs in the action. To
appreciate (A.25) one should recall the orthonormality convention (A.1); the term
“generalized” refers to the fact that we are not necessarily using the Killing metric.

Next we want to explain our strategy to prove Theorem A.2. We first prove

. . T .
convergence of the eigenvalues of exptA, to the eigenvalues of expEA; this

amounts to showing strong convergence which was proven already by Gawedzki
[19], but we will actually need and prove a more detailed statement controlling the
speed of convergence (Lemma A.3). The key is, however, again the approximately
Gaussian behavior of (A.22) for small 7.

Then we have to control the “tails” in the following sense: Let S be some finite
set of irreducible representations of G. Then

AN —Lge AN —Lge
d2(_4> —e 2 “é d2(_q) —e 277
v ol v
2, Ly,
+Zd§<f) +Yde 2, (A.26)
q¢S 0 q¢8

We will need the following estimate for the last two terms: For any ¢ >0 we have
to be able to find a finite set S such that

Bx L
Zd;(l—q) + Y. dle g

q¢S 0 q¢S
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uniformly for large x. Since the decay properties of exp(— ng) are evident we
only have to deal with

Y. d? (lq)ﬂx (A.27)
q¢S e j'0
We find it necessary to break up the sum (A.27) into three regions:
) C,=x,

(I) x<C,=x'"* with some 0<e<1,

(Ill) C,>x*""

These three regions are controlled in rather different ways; the necessary
estimates are contained in Corollary A.4 and Lemmas A.5 and A.6.

But first let us study the convergence of the individual eigenvalues. By
Gaussian approximation 4,/4, will be approximated by

j Trcos L?t, du (t)
]R

I

a.|,_. &‘,_.

g Tre i du o), (A.28)
q re

where we used the summation convention L@, =Y L% ; du, is the normalized
Gaussian measure on R? with covariance t= l/x

12

du(t)=(2nt) " "2e 2z dpt ' (A.29)

and p is the dimension of G.
We will prove

Lemma A.3.
(1) o SconstC,x 2,
C ~ C C?
) 1--4<] S1— 44 4
@ 2x T YT 2x + 8x?

Proof. We first consider (2). We use the elementary inequalities

1
-3 (L9t )* <cosL9t,

<1- ;(L‘q’t )2+ I(L“”t *, (A.30)

which follow by the spectral theorem from the corresponding numerical in-
equalities (remember that the L% are self-adjoint matrices). If we insert (A.30) in
(A.28) the corresponding Gaussian integrals can be calculated. Using

TI‘L(‘I)qu)L(q)L;;D < Tr(L(q)L(q))Z =Tr CZ d C?

q7q°

one obtains (2).
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(1) is also easy: Using the coordinates given by the exponential map in a
neighborhood K, of the identity 1€ G we see that

1
= [ Troos L@t eTesLets g0
q K

+0(e™ ) eV, (A.31)

where 125 is the inverse image of K, under the exponential map and will be
assumed to be a ball of radius ¢. dg(t) is the pullback of the Haar measure and

dg(t)=(1+0(t|*) d’t.

Taylor’s formula with remainder allows us to write

x
xx(1) = 5t
ex TrcosLat, =e 2 eY(t)

=M 2 (1 + Y(t)} ds eSY“)) ,
where °
Y(6)=xTr(cosL,t,— 1)+ %mz
and
<Y()< :—!Tr(Lara)“

< S (Tr(Lyt)?) = %W.

Blx

Inserting this in (A.31) gives

1
do=Ag=— | Tr(1®—cosLt,)

q R(e)

1 2
'ex x(1) 2|t|)dpt+exx(n)(R1+O(e—cx))

.S
=21— | Tr(ﬂ“”—costf)ta)ex(X(ﬂ) ZW) Pt

q RP

+ e (R, +0(e™ ), (A.32)
where with A=1-2¢?/4!

IR,|< dl [ Tr(19—cos L)
RP
Ax

q
-(%Itl4+0(lt|2))e—_2—ltl dPt

Ax
—1tl2

<[ (e rou)e = e

C, _
< Nconst—fe ™1,
X
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where N= (e 3t * oot ¥ and we used (A.30) once more. Similarly one obtains

Ao=N (1 +0(i)) So we end up with

ﬁ_I:qu—N+0(g>

C
ol

=(Zq—1)(1+o<— "

=< | =
S~———
S——

S

~ ~ 1 C
=4,~1+(4,— 1)0(; + (;2“—)
~ C
iv0(G).
where in the last step we used the already proven fact (2). This proves (1). O

Lemma A.3 contains a bit more than strong convergence as can be seen by the
following corollary:

Corollary A4,
(1)
2) For C,=x

2

~Cal2¥ <const—£.
x?

3C, b
/lq/iogexp(— S—xq + —),

where b is some constant.
Proof. (1) is by now obvious. (2) can be seen as follows: By Lemma A.3, (1) and (2)

2

-4 giq +constC,x "2
A’O

const 3%

+e 8

3
SconstCx *+1— §qu“1§

3C const 3C
< 74 q
_exp( 8x)(1+ . exp 8x)

where b=constexp(3/8). [

Corollary A.4 allows us to control the sum (A.27) in region (I):

3[3Cq
2 Bb 2 8
Y d ( ) <Y dle
q: C;S<x q¢s

q
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This can be made arbitrarily small by choosing S large enough because

38
Zdjexp(~%ﬁ—cq)=e8 A(Il,]l)<oo.
q

So we now turn to region (II): x<Cq§x1”. We will use

Lemma A.5. For Cq >x

- 1

A l__<_ p(— —~Cq> +const—4
X

Proof. Recall that

1

[ du () Tre™

d, we

1 L(Q)t

— | dp,(t) Trcos

d, e l/;

We claim that
@)

L@z,

f du,(t) exp( a ) (A.33)
Vx

is a multiple of the unit matrix 1. This is a consequence of the O(p) invariance of

the measure du:

eisbL{’q)A e—isbLi‘l)
q
= [ du ot
IRP
= [ dup)e =4, (A.34)
RP

where O, is an orthogonal matrix (the adjoint action of G on g is orthogonal
because we chose an invariant metric on g). Because g is an irreducible
representation we conclude 4, =/ 19

This means that for any normalized vector ¥

A,=(P,A4,7). (A.35)

We will choose ¥ as follows: Because ). (L) =C,, there is at least one L, say
LY, such that

1
ILPIP =z -C,.
1 p q
We will choose ¥ such that
1
(7. (LP?P) = LP) =z ;Cq. (A.36)

Now note that

L8t (I—[ eiqu)z,,) GIOLD (A.37)
a
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where in the product the factors are ordered from left to right (the summation
convention is obviously lifted) and f; is independent of q.
The functions f,(t) are analytic in a disc

D;={teR?||t| <5},
and by the Baker-Campbell-Hausdorff formula
HO=0(4%, b=1,...p
(see [56] for a detailed discussion). This means that
e SPOLED _ (@) + B(q)(t) ,

where

| B(t)|| < const|e|* sup | LP| < const[t|*C}/>. (A.38)
Using (A.38) and (A.36) we obtain

=1 (2, ™0 @y dp (2)]

p
g j’(q;, Hl eiL‘(lq)lag/) dﬂt(t)

+constC} /2 [ ]¢]* dp (1)

('P ﬂ exp( 2(L(,;”)2> 'I’) +consttC,/?

ol

Lemma A.5 obviously implies that for C, <x' "* and x large enough there is a
constant ¢ <1 such that for C,>x

H/\
l\)' a

) +constC,/%t

as claimed. [

|1q|<@. (A.39)
Using Lemma A.3 we obtain in region (IT) (x<C,=x"'"%):
A ~ C C
£ <|A,|+const—f <g+const—£, (A.40)
j'0 X X

A =e <1 (A41)

in region (II). This will control region (II) because

p
L1+e¢
d; <constx? .

Xx<Cq=xl*e

(A.42)
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To see (A.42) note that
_p
Z dje“cq=e“‘(]1, D=0 2?), (A.43)

qeG

and therefore

2 < ptxtte —tCq J2
di<e Ze d;

Cqsxi+e 4G

_P
<constt 2¢>*'"°, (A.44)

Putting t=x"17° proves (A.42). From (A.41) and (A.42) we obtain
iq - 2 = Bex ~;i(lhﬁ)
. N dyse "x const—»0 (t—0). (A.45)
x<Co=xi+e\Ag
1+e

This leaves us with the region (III): C,>x""*, e<1. To control this region we
will exploit smoothness properties of the kernel of e*+ which will give decay
properties of the Fourier coefficients /.

Lemma A.6. (1) Let n=0 be an integer. Then
1
ol YA Cr <X Yy d2 Al
g q

with some constant c.
(2) Let t<c™ 1. Then

l /C 1

Proof. (2) is an easy consequence of (1). So we have to estimate

49 9

Zdzlzcnlz — jexRex(g)(_A)nlzexRex(g) dg.
q

— 4 can be expressed in terms of the standard left invariant vector fields X, defined
by

d

X N@=—f (ge"* )~ (A.46)
as
—4=YXX,. (A47)
Note the following simple facts
2k
[T &, Rex) (™) <(cltl?), (A.48)
i=1

I0X,, ... X, Rex) ()| S & (A.49)
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Using (A.48) in conjunction with (A.30) we obtain after the introduction of local
coordinates on G by the exponential map

2k
jezxkex(g) H (Xbi Rey)(g)dg

=1

éerx(n) j‘ dpte~,1x|tl2(clt|2)k
ltj<e

Sez::z(n) j‘ dpte—lxltlz(c‘t!Z)k
RP

’

§N(C;)k 2k—1)!1, (A.50)

where 4=1-—2¢2/4! and

N =conste?*1) [ grre~It?
1
=const [ e?*Rex¥ dg (1 +0 (-)) .
X

So we only have to analyze the possible terms arising from X, ...X e*Rex by

bk

Leibniz’s rule and estimate their number. There is one term of the form

2k
X2k H (Xbi Rex)exRex ,

i=1

which when inserted in (A.50) gives

N(c'x)F (2k—1)!1. (A.51)

Then there is a term of the form

chk—lexRex H (Xb,-ReX)7

2k 2k—=1
x2k—1exRexXb1<H (Xb‘ ReX))I é Z
i=2 =1

:
which after insertion in (A.50) gives
N(c'x)*(2k—1) (2k—3)!!
etc. Finally we reach
N(Ex)* Rk—k+ 1)1 2k+1-2k)!!. (A.52)

The other terms do not involve integrals other than the normalization N and can
be bounded collectively by

S (0f k=N () QIN S 3 e
1=k

(for k>0).
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Summing up the terms from (A.51) to (A.52) we obtain
k—1
N(c'x) Y. (2k—D'2k—1-=2D)!!
1=0
AN 4 N /K
S(Ex)(2k)INZ ?(20 x)*(2k)!
(for k>0).
So we finally end up with

j‘exRex(_A)kexRex dg

ai —ai

k
— J‘exRex n (X X .)exRexdg
i=1
1
< p*(const)* (2k)! [ e**Re*@ dg (1 +0 (;))
1
for k>0. We may absorb the 0(—) in (const)*; so (1) is proven for n=2k. For
) X
n=2k+1 the Schwarz inequality completes the job. []

Lemma A.6 can now be used to complete the proof of Theorem (A.2) by
estimating the “tail” (A.27) in region (II1): Chose some t>c¢~ ! and define ¢’ =¢/3.
Then for C,>x"'"*

) 17 \2 j‘erRez(g)dg
d; (i) <constexp(—3c' |/ Cq/x)m

<constx”?exp(—2¢'x"?)exp(—c'|/C,/x)
<c(e)exp(—c'x"*)exp(—c |/ C/x),

1+e

where c(e) is a constant depending on &. So for >0, x>x,(¢), C,>x""* we get

A 2

d? (—q) Se"'m,
q }‘O =

and therefore

2\~ .

Y dZ(—q) < Y emepves, (A.54)
Cq>xlte 4 )vo Cq>x1+e

If we recall that by (A.42) the number of representations g obeying K—1<C =K
is bounded by const K”/? we see that the right hand side of (A.54) goes to zero as
x—o0. This completes the control of the tails and Theorem A.2 is now
proven. [

Appendix B

In this appendix we want to adapt the random walk expansion of [15] to lattice
Yang-Mills theory at finite temperature. We first decompose our model of L, time
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layers into L, coupled nonlinear g-models in d dimensions:

Gx—y=- ) | Hdu,,,e [y s syl 1] (B.1)

Z{am bpm} m=1

where we used the notation

[-1.=1[-e""du, (B.2)
S, =—JRe <Zy> Aol u ). (B.3)

We first treat the case G=SU(2) and use the standard identification of SU(2) with
S,
u(s)=s,+is-o,

du(s)=9(s>— 1) d*s, (B.4)
o 3 0
= ‘a—;; + lkgl Oy a—Sk ,
where ¢, 7,, 05 are the Pauli matrices. Note that for any geSU(2)
dtru(s)*g=g.
Our first input is the following

Lemma B.1.
(i) u(s)d(s*—1)=—27 | (s>~ 1+A)dJ,
0

3 oo)bn ) B 0 n+1 - i .
(ii) u(s)iHO(sz—l—l—/l)d/{——ég(m—l)!é(s 1+24)dA.

Proof. This is a simple computation using
[o(s* =1+ dA=(1—=s7)",,
0

where
1—s?"; s2<1
(1—s2)1={( )
0; s2=1.

We use this to expand [u,ii,],. First we use (i) and the property Jtru*(s)g=g to
obtain

Tr(uz Lo uyoPptl)
jdu u | | of Trluz ToRyruyvy
XX
yix—y'l=e

fosi—Ddisauls) [ e/mrommmrssd

yilx—yl=e

z J j d)» 5(5 _1+) )(vm m+ 1)

xy Uy Uy
yilx—y=e

e.l Tr(us Wy uy ot 1)

yilx—yl=e



Lattice Yang-Mills at Nonzero Temperature 375

If we continue to integrate by parts using Lemma B.1 we obtain the following
expansion of [u i ], in a sum over all paths o from x to y:

kl U Icul ki l]
]m Z J co mUe -1 ,m+1
(A)x_’y

(B.5)

)nx(w) 1

- [ di ]_I wfduné — 1+ e 5.

AG(U

Here n,(w) is the number of times  hits x, |w|= ) n(w)—1,and v, ,,= [[ o7

xy
x {(xyyew
(ordered product, w ™! is obtained from reversing the orientation of w.

Changing variables in (B.5) we obtain

[ukl 1_/] Z wa|vkz lj

,m Ve~ Lm+1
wix—=y

) 'lx(w) 1

(2)
jd H(l’l( ) 1),”( =4 )Zm )

Xew

where Z@ is obtained from Z(®) = [e™ 5 dy by replacing the coupling constant J

for the link {xy) by
=)/1=2, )1=2,J. (B.6)

Note that all integrations over 4 can be restricted without loss to the interval [0, 1]
because §(s®>—1+A4)=0 for 1> 1. With the notation

nx(w) 1

F(ynt’yn1+l|w fdil_[ 1)| H(l_;“ Z,(,:)/Zﬁr?), (B7)

xXew

we get

kl ”]— Z lell)klm ij, 1m+1Z( )F(U Um+1|w) (B8)

~m>
wix—y
Inserting this in (B.1) we get our desired expansion of G(x— y) into a sum over
(“random”) surfaces consisting of vertical plaquettes and spanned between L and
L .

G(X'_‘y)= Z JlS|< H F~m’ym+llw ) (uC (S))> (Bg)

8:08 ={Lx, Ly} m=

where S is the path obtained from S by intersecting it with the m™ time layer,
C,(S) is the combined path

oyl ) ISI= Y lwjl

(note that we do not include horizontal parts in this “area”).
To see absolute and uniform convergence of this expansion let us apply
Holder’s inequality to

Lo - 1 Lo
< H Z%M)/Zir?)x(ugm(&)> = ’ZTr H Pog.mX(ucm(s)), (B.10)

m=1 m=1
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where 7, is the transfer matrix (in 1 direction) obtained by replacing J by J_,
accordmg to (B.6). Now note that

l7 =127, "2l <1, (B.11)

which follows by differentiating {¢|.7,,|¢) with respect to J_, and noting that the
result is nonnegative by reflection positivity. Applying (B.11) and Holder’s
inequality we obtain

Lo
Tr n Po(ﬁ-l/zx(ucmts))ﬂ'l/z) (T~ \2g g 12

m

Lo
Tr [] PoTx(uc,s)

m=1

m=1

Lo
= 1_[ ”Poy”zX(ucm(s))yl/z“Lo

m=1
a7,
and therefore [see (B.10)]

Lo - - 1
(1 26200 tue,s))| S 5 TeP T x W o= 0. (B2

m=1

Now we can bound (B.9), using the fact that the A-integrals contained in the F’s
[Eq. (B.7)] can be computed:

Lo
Gx—-n= Y IO [T 4, oy (B.13)
§:08 ={Lx, Ly} m=1
with
1 n—l 1
1—-A)di= . B.14
a,= (o (1= Adi= s (B.14)

To estimate the sum over random paths we consider all paths starting at x and
having at least length |x— y|. Note that then there are 2d possibilities to make a
path o’ of lengths |w|+ 1 from a path w of length |w| and at least one of them will
end in a point z with n_(w')= 2. Inserting this in (B.13) we obtain

2d—1 1 Lo
k.——_— [
Glx—y)= <k>,‘§ ylj<1+1 +1+2) X(ﬂ)) ’

which shows absolute convergence of the expansion and at the same time
confinement provided
2d—1  1\7! 1\t
<|\—+=] =ld—=] .
1<[*5 ) =Ly

Let us now turn to U(1): Here we may represent the elements of U(1) as unit
vectors in IR? and we obtain an expansion like (B.9) but with J replaced by J/2 and
1— 4 replaced by 1 in the definition of F(...|w) because the change of variables in
(B.5) involves one less power of 1—A. We obtain confinement for

2d—1 1\7! A
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Let us finally remark that (B.13) can be improved for L,>1. For notational
convenience assume L,=2N,, N,eZ . Then

”Poyl/ZX(ucm(s))g—l/Z“Lo
becomes

(Tr(P0X(ucm(s)) y%(ucm(s))y)No)l/Lo

No 1/Lo
= Z< [T xwe, ) X(“g;<18>)>

=Zo(C,(9)),

which leads to

Lo Lo 1
<H1 Flty s 1 |055) x(u'e'm<s>>>j < 1] [( I W) Q<cm<S)>}. (B.14)

m= m=1 L\xed

One could now use the perimeter decay of 9(C,(S)) to sharpen the bounds on J (see
[15]) for details.

Appendix C
The purpose of this appendix is to prove Eq. (IIL88):
I 2 2
i) =) v
Here . . 2k
I(J)= k;om(i) (C.2)

is the n'™ modified Bessel function. Let us first expand the product of two such
functions:

L ILWD= Y >

© (J)2k+n+m k 1

K=0\2 p=o P! (k—p)(p+m)! (n+k—p)!
B ) (£)21c+n+m (2k+n+m)! (C 3)
=o\2 Kl(n+k)!m+k)!(m+n+k)! '

The last equality was obtained by expanding (1+z)**"™*" and comparing

coefficients with the product of the expansions of (1+z)*"™ and (1+z)**"
Equation (C.1) will now follow from

Lemma C.1.

Proof. We have to show that

a (=11, 1, —1112=20.

n—1
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For this we use (C.3) to obtain

w3 (27§ S Bpeanc I nte
T w0\2 Sop!n+p) 2 2n+p) (m—p)* ntp+1
m=0\2 S=op!(n+p) 2 2n+p)(m+1-p)* m—p+2
N i({)bwn m (2p+2n)! (2m—2p)! ( n+tp  m—p )
='"=0 2 p=0p!(n+p)!2(2n+P)!(m_P)!4 n+p+1 m—p+1 ’
(C.3)
where in the sum corresponding to I2I? we changed m to m— 1. Note that the last
nt1

bracket in (C.3) is positive for n+ p=m— p. We may therefore restrict the sum over
m to m=n and the sum over p to p<m—n and thus bound (C.3) by

& (J\FmE2m o (Qp + 2m)! (2m—2p)!
mgn(ﬁ) 5o (n+p)(m—p)P?
1 n+p m—p
'p!(2n—l—p)!(m—p)!2(n+p+1_m—p-l-l)'

If we change the summation index p in the second term to m—n— p we see that we
only have to show that for 2p<m—n

1 1
<
p!Cu+p)lm—p)'* =~ m—n—p)m+n-+p)(n+p)!*’

because the positive term then dominates the negative one and thus «,(J)=0.
So we just need

m—n

Lemma C.2. For 0=5p=

1 1
p!@n+p)l((m—p))? é(m—n—p)!(n+m—p)!((n+p)!)2'

Proof. We proceed inductively. First put p= [?1—;—’—1—} Then the lemma holds

because then p+n=m—p (for even p) or p+n=m—p—1 (for odd p). Replacing
now p by p—1 the right hand side picks up a factor

(n+p)? _n’+2pn+p?
(m—n—p)(n+m—p) (m—p)>—n*’

whereas the left hand side picks up the smaller factor

p(2n+p)

m—pry O
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