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Abstract. For quantum fields with trigonometric interaction in arbitrary space
dimension we construct a representation of the Lorentz group by automor-
phisms on a Banach space generated by the Weyl algebra.

1. Introduction

It is well known that for systems with infinitely many degrees of freedom the
problem of the formulation of the dynamics is intimately connected with the
“kinematical problem” of finding a suitable representation of the basic operators
of the theory. The problem as stated above has been discussed both in physical
and mathematical works, see e.g. the basic early work [20, 21, 23, 24, 29, 34]. From
a mathematical point of view the problem has been seen as the one connected with
the phenomenon of equivalence versus singularity of measures on function space,
and has been discussed extensively in this way, see e.g. [26, 45, 48]. Nevertheless,
despite this basic physical and mathematical problem, since the very beginnings of
quantum field theory, the canonical formalism has been for a long time the most
fascinating point of reference (see e.g. Dirac [18] and especially Heisenberg and
Pauli [28] but also Wentzel [46]). It is certainly the most ambitious program for
field quantization in as much as it is an attempt to give a direct extension of the
quantum mechanics of finitely many degrees of freedom to the case of systems of
infinitely many degrees of freedom. The canonical program was pursued further in
the late fifties especially by Coester and Haag [12], Araki [8], Klauder [31],
Streater [42], and Segal [38]. The difficulties of the canonical formalism (Haag’s
theorem [27, 437, which prevents the free and interacting fields to be in the same
representation of the canonical commutation relations) are well known and have
to be bypassed, when starting in Fock space, by suitable limit procedures. Only in
the sixties and in the last decade models satisfying the basic postulates of locality
and relativistic invariance have been constructed (see any of an excellent series of
surveys on constructive quantum field e.g. [41,25]), and indeed the basic
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postulates of the canonical formalism have been verified in some of these two
space-time dimensional models starting with the one with trigonometric in-
teraction [3]. On the other hand nothing of this kind is at the present time
available in higher dimensions, although Wightman models have been constructed
for space-time dimension three (see e.g. [19, 32] and references therein). For other
approachs see e.g. [9, 35, 38, 40]. The construction of canonical operators in the
Weyl form is the problem of finding unitary operators which commute up to a
factor of modulus one, hence suggests connection with the representation theory of
abelian groups [47, 8, 10].

In the present paper, our approach to the construction of quantum fields is
based on the following observation. Let HY defined by:

Hi= {dug)W4g) (1.1)

be an interaction Hamiltonian, where W%g) is a measurable projective unitary
representation of a group G, on a Hilbert space #. Here du,(¢g) is a bounded
measure on G which depends on a positive parameter « (the “cut-off”). Let H, be
the infinitesimal generator of a strongly continuous group of unitaries, which
implements on # the one parameter group of automorphisms t—a’ of G

t—WHa(g)) =exp {itH,} W¥(g) exp{—itH,} . (1.2)

We assume, and this is satisfied in the applications, that in the presence of the cut-
off the interaction picture is valid in the sense that one has for all @ and ¥ in H:

(@, exp {iH*t}Wg) exp { —iH"t}¥)
=(®, exp {itH*} exp {itH,} W2 (g))
-exp{itH,} exp{—itH"} ¥), (1.3)

where H*=H,+ H} is the total Hamiltonian. The special form (I.1) of the
interaction Hf allows to rewrite the matrix element (1.3) as the expectation value
of a functional of the time zero matrix elements with respect to a Poisson measure
through a Feynman path formula. Furthermore this expression extends quite
naturally to a suitable linear space of bounded functionals on G, which are no
longer necessarily of the form (1.3), i.e. they are not necessarily matrix elements of a
unitary projective representation of G on a Hilbert space #, and defines a one
parameter group of automorphisms (flow) o associated with the interaction H*.

A central result of this paper is that the limit for k— o0 of the flow & exists, in
the case where H stands for an ultraviolet cut-off relativistic local interaction, on
a dense subset of bounded functionals. More precisely we construct a simul-
tancous representation on a Banach space of the Weyl canonical commutation
relations and of the Poincaré group in all space dimensions for models in which
the interaction (like in the sine-Gordon model) is of the type

H,=) | dxf dv(@)cos(ap(x)+0), 0=<60=2r, (1.4)
R* R

where s is the number of space dimensions, dv is an arbitrary bounded measure on
R and 4 a real constant. Hence we get time zero fields and canonical conjugate
momenta as well as a natural dynamics acting on them in the sense of
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automorphisms. This theory is a nontrivial partial solution of both the kinematical
and dynamical problems alluded above. Introducing the usual renormalization
procedure, it is possible to show that for s=1, m=0 and £ sufficiently small, our
construction coincides with the one obtained before by other means (see e.g.
[16,22]), when interpreted in the underlying Hilbert space. We also give a solution
of the Schrodinger equation, first discussed by Symanzik (see e.g. [44]) for
trigonometric models. Interactions of the above form with ultra-violet cut-off have
been discussed before in [1, 2, 5, 15, 30]. A Schrodinger equation for them was
shortly pointed out in [6], but in a different form from the present one, using the
definitions of Feynman path integral by normalized oscillatory integrals given in
[5].

This paper is organized as follows: in Sect. 2, we study both left and right
regular projective representations of a group G by isometric operators on the
Banach space B(G) of bounded functionals on G (Proposition 2.1). This space
contains the subspace of matrix elements (1.3) of unitary projective representations
of the group G as well as the dense subset generated by the characters of G. It is a
natural space for looking at solutions of Schrddinger-like equations for the time
translated matrix elements of exponentials of the field operators, which for
trigonometric interactions can be expressed as Poisson expectation values
(Theorem 2.5). We then define a flow on the Banach space B(G) which represents
the perturbed evolution in the Schrédinger picture.

In Sect. 3 we give the definition of the trigonometric interaction [30] and we
derive the Schrddinger equation satisfied by the time translated functionals. We
then remove the ultraviolet cut-off and the space cut-off from the solution of these
equations for any space time dimension. Let us observe finally that if there existed
relativistic quantum field models in higher dimensions satisfying all the Wightman
axioms, and in addition some suitable technical assumptions, they would appear
in our representation. For smooth initial conditions with compact support, i.e. in
2(R%), we then get a relativistic flow on a dense set of functionals in the infinite
volume limit, associated with time translations. We also discuss the case of initial
conditions in Z(R®), using methods of classical statistical mechanics (see [1, 2]),
obtaining the existence of the infinite volume limit for small times. We also discuss
the asymptotic behaviour in time.

2. Time Translation Automorphisms Associated
with Projective Representations of a Group

Let G be a (topological) group and { a multiplier on G, i.e. a (continuous) function
from G x G to the one dimensional torus such that

{91,989, 95,95 =091,9295)((92, 95)
le,0)=L(g,9™ ")=1, VgeG.

Let B(G) be the Banach space of complex-valued bounded Borel functions on G
equipped with the sup-norm. We define R® and L* to be the isometric projective
representations of G on B(G) given by

(2.1)
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(R¥(g)F) (W) ={(h, g)F(hg),
(LXg)F) (=g, W)F(g~'h),g,heG. (2.2)

These representations commute and moreover they allow us to implement
automorphisms of G

UJRYg)(U) ™! =R¥a(9)), (2.3)
where
(UZF)()=F(o~'(h), 2.4)
for any automorphism ¢ of G which leaves { invariant. Similar formulas hold for
L~

Let B,(G) be the subspace of B(G) generated by the finite linear combinations
of the functions
h—Fly W(h)=(D, W h)¥), (2.5)
where W* is a projective unitary representation of G in a Hilbert space # with
scalar product (,) and @, ¥ are vectors in #. B,(G) is stable with respect to both R®
and L% Let t—a, be a one parameter group of automorphisms of G leaving {
invariant (this is going to represent the free evolution, in the application below).
We define B,,(G) to be the subspace of B(G) of those functions F such that

teR—F(g,0(9,)9;), ¢,€G, i=1273.

is Lebesgue measurable. It is clear that B, B,, and B,,, are invariant subspaces with
respect to both R® and L.

Given any bounded complex measure u on G we define on B(G) the following
operators

Hf =2 (f; du(g)Rg), (2.6)
b=1fd (g)LYg) (2.7)
G

where 4 is a complex parameter and /i denotes the complex conjugate measure to
u, ie. A(f)=pu(f) for any function f. To the one parameter group t—o, there
corresponds an isometric operator UJ=U] on B(G), defined by
(U°F)(h)=F(«, '(h)), and we want to find in B(G) two functions F,*(g) and F?(g)
solutions of the differential equations

6
at

with the initial condition

—F¥g)=(U°,H}UFf)(g), ¢€G, (2.8)

limn F F9)=Fy(9), (2.9)

and similar equations for F’.
In what follows we shall discuss F,*, the considerations for F” being entirely
similar. This Cauchy problem uniquely defines F;* as a one cocycle

F* =U° (U°F*),, tseR, see [8]. (2.10)
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Note that UCF,_ is the solution of (2.8) with ¢ replaced by s and with initial
condition UPF,, \_,=U?F, It is very useful to describe the solution F* in a
compact way with the help of a Feynman path integral using a Poisson measure
P, along the lines of e.g. [12, 14, 16]. We recall here only that P, is the Poisson
measure for a Poisson process running in time ¢t on G with intensity measure the
positive bounded measure dy on G i.e., for any f bounded Borel on [0, t]x G

Fexp(i ] S6guNt9)dP@)=exp( | (/0= Didndu(g)), @11

[0,t]1X G [0,t1x G

where N is the counting measure on countable subsets of [0, ] x G. A realisation
of P (w) is as follows. Let Q be the disjoint union of £,, where n runs over the
integers {0} UN, @, being an arbitrary one element set Q, = {w,}, and Q, for neN
being the set of all n-tuples w of the form

w={n,t,,9,),....(nt,9,)}, with 0<z <..<t,<t, g¢,€G, IeN.

Let g; be Lebesgue measurable subsets of [0, ] with a,na =0, B; be Borel subsets
of G, ieN, and define

Vi ={weQ |lo={(n1,g),0<t, ... <t,<t,t€a,g,€B,i=1,...,n}.
For any positive bounded measure p on G, P, is then characterized by

P(Qy)=1, P,(V5)= H la;|u(B;),

where |a, is the Lebesgue measure of a,. Equivalently, for any Fe Ll(Pu), we have
the following interpretation of above formula (2.11):

f F(w)dP (w)= Z (f) 5 dt, f du(g,) .. I du(g,)

0
F({(n,t1,9,), (0, 1,,9,)}).

We refer to the papers quoted above for more details. Thus we have the theorem:

IIV

Theorem 2.1. Let p be a complex measure on a topological group G. The solution of
the evolution equation (2.8), with initial condition F € B,,(G) and with H, given by
(2.6) is given by

9)=] Py;,(dow) exp {i®(cw)} exp {iSy(w)} Fo(9Go(w)),

and similarly the solution of the evolution equation (2.8) with initial condition
F.,eB,,(G) is given by

F2(g) = Py .(dw) exp {— i®™ ()} exp {iS5(w)} F o(G4(w)g),
where

exp{id(n, 1, g)} =(— iA/\A))" exp {i > ¢(g,-)} ,

¢ being defined by
du(g)=exp(i¢(g)dlul (9).
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Moreover "
exp{iSo(n, 1, 9,)} = H (g0 (G %y (G- y)
: ((gs —ty.(gn) a—zl(gl)) s
and
G:)(n’ ti) gi)EO‘ﬂn(gn) a—“(gl) >
whereas
du*(g)=dn(g™"),
n—1
exp{iSo(n,t;,9)} = ﬂ S (g0, (v r) -0y (9,)
.g(a—u(gl) a—zn(gn)7 g)’
and

Gt(‘l)(n’ tia gi)E(x—tl(gl) et a—tn(gn) .

The solutions are entire functions of A. [ The suffixes r and a stand for retarded
(respectively, advanced) ].

Corollary 2.2. Let QF be defined by
(QFFo)(9)=F(9),

where F is the solution of (2.8) given by Theorem 2.1. Then Q is a linear map of
B,,.(G) into itself, with norm bounded as follows

197 Sexp{tl2Iul (G)} .
Define correspondly Q0 by Q°F,=F", then Q°Qf =Q"Q for all t and t'. One has
Qt+s= U?QSU?Qt :
and U =U2QF, U'=U?Q are groups of bounded operators on B,,(G), teR.

Proof. For the bounds one uses the boundedness of H,*. The group property
follows easily from the cocyle relation (2.10). [

We make now a remark concerning the ordering problem for Weyl
quantization.

Lemma 2.3. Let { and £ be two equivalent multipliers on G, i.e. such that there exists
a function A from G to the one dimensional torus such that:

C(gp gz)=)-(gl))-(gz)z(glgz)é(g17gz)’ 91,92€ G.

Then we have

ﬂ oy (Gn) -0, (G0, (gh— D (g) o, (g,) -0, (g,))
=[] & (9) -2 (g0 (G a0 (g) 2 (G,) - -1, (g1))

T A (g Ve (VI (0 (g) (0]

=1
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Remark. 1t follows from this that the functions S, Sf defined in Theorem 2.1
depend trivially on { within a cohomology class. The following lemma is
immediate

Lemma 2.4. If { is an a,-invariant bicharacter of G, i.e.

g(glagz‘g3)=C(glﬂg2)C(g2ag3)> glagzag3€G7

and

{9, 92,93)=091,9,)(95.95)
then

n

1_[ —tn(gn —tk(gk)’a—tk_l(gk—l))

= 1—[ C gi’at;—tj(gj))'

i>j

Remark. Let g—W?¥g) be a unitary projective representation of the canonical
commutation relations on a Hilbert space #, where t—u, is unitarily implemen-
ted by a strongly continuous unitary group t—exp(iHyt). Let H,; be the bounded
operator on S given by

H,=1[ dv(gWg),

with v a complex bounded measure on G. Then for any @, VY e#, with F g” f}, defined
by (2.5),

(QF Fg'w)(9)=(D, WHg)exp(itH o) exp(—i(Hy + H 1) P),
is not a group operation with respect to ¢, but a one cocyle. On the other hand
(U Fg ') (9) = (@, exp(itH ) WH(g) exp(— i(Ho + H ) ¥)

is a group operation with respect to ¢. Similar formulae hold for Q° and U?.
Now we are in position to state a theorem which gives the perturbed free

evolution in the Schrodinger picture [see formula (1.1) in the introduction]. We

call 2 the cone consisting of functions Fe B, (G) of {-positive type, i.e. such that

Z 22 g97 ' 9)F (997 =0

for any choice of 4,€C, ¢,€G, i,j=1,...,N, NeN.
Theorem 2.5. Let off be defined by
= UtOQt# Qf s

where UP(h)=F(a, '(h)), FEB(G), o, being a one-parameter automorphism and
QF, Qb being defined in Corollary 2.2. Then o is a one parameter continuous
subgroup of bounded operators on B,,(G) leaving invariant the cone X.

Proof. The proof follows easily from Theorem 2.1 and Corollary 2.2. [
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Remark. o can be explicitly computed. We give its expression in the most useful
case where A is real and p=u*, which corresponds to a real potential

t 52 t t2
@HF) ()= Y (=it (ds,, ... [ ds, [dt,... | dt,
0 0 0 0

m,n=0
Jdulg,) ... [ dulg,) | du(h,) ... | du(h,)
G G G G

: I__I C(O‘—s,(g1) OC_Sk(gk),OC_sk_ l(gk— 1))

T8 (s o fl) oo ()

Lo (gy) oy () x-[(9)
Loy (gy) oy (go_[g)o_, (h,) ..., (hy)
Fla_g(gy) . o_g (g e (g, (h,)...o_, (hy)).

3
-

™

The next proposition gives a Schrodinger equation for «, in the sense that it gives
an affine, one parameter group of transformations of the set of states. This
equation will enter as an essential tool in Sect. 4 to prove the existence of a
thermodynamical limit for relativistic quantum field models. Let H, be the
infinitesimal generator of U defined on a dense domain D(H,) in B,,(G).

Theorem 2.6. If G is an abelian group,for any F in D(H,) the following equation
holds :

0
ia—t(a{’F )(9)=(HF)(9)+4 (I; dp(h) (L(g, ) — L(h, 9)) (o' F) (gh).

Proof. This follows easily from Theorem 2.1. [

3. Field Theory with Trigonometric Interaction and Cut-Offs

This section is an application of the previous results to a model for quantum field
theory, the trigonometric interaction in s+ 1 dimensional space time, with
ultraviolet and space cut-offs.

Let SR(R%) =S, (respectively, Z (R*)=%;) be the Schwartz space of real
C*”-functions of rapid decrease (respectively with compact support). They are
abelian groups under pointwise addition. We look at:

G=Fy x Py, (respectively, DX D), (3.1)

as the space of initial conditions of a relativistic neutral scalar Bose field in s+ 1
space-time dimensions.

Corresponding to the equal time commutation relations of such a field there is
a central extension of G which is given, choosing units such that #=1, by a
multiplier {, where
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{(f9h (] g =exp {% Js dx{ f"(x)g(x)—f (x)g'(X)}} ; (3.2)

for all (f,9), (f".9)€G.
Consider a projective representation of the C.C.R. in a Hilbert space # with

multiplier {, and let ¢(f) be the field operator (at time zero) and II(g) its canonical
conjugate momentum with f, ge ;. Provided that le R— Wff, gand peR->w,
are continuous, the Weyl operators are defined as the unitary operators

o A We have. W =explilT(g) = #(/)} (33)
We We =L ([ gDy i oo (3.4)

for all (f,g), (f',¢')€ G. For all @ in # the map
(£9)€ G~ (2, W, ;P) (3.5)

belongs to the space B(G) of bounded complex functionals on G.
As discussed in Sect. 2, B(G) carries two isometric projective representations R®
and L° of G given by (2.2), i.e.

(R QF) by ) =exp {5 [ xS0~ gm0} U+ 1), 36

{LAf,9)F} (hy, hy) CXP{ fdx{f(X)hz(x g(X)hl(X)}}F(hrﬁhz-g), (3.7)

for all f,g,h , h,e FR(IRY).

Now we shall define a group of automorphlsms o, of G, leaving { invariant, and
consider as in Sect. 2 the fourtuple (B,«, R%, L%). o, corresponds to the free field
time evolution, usually defined for free quantum ﬁelds in Fock space. We define «,
as the map of G in itself given by

w(f,9)=(f9)> (3.8)
where f, and g, are defined by their Fourier transform as follows:
Jp)=cos(@(p)t) f(p) + @(p)~ * sin(w(p))ii(p). (3.9)
3P =0.7(p), (3.10)
with w(p)= |/ p*+m*. Thus for t>0,
Jx)=(0,47%f) (t, x)+ (4]"+g) (1, ), (3.11)
g,x)=0,£(x), (3.12)
where A7 is the retarded relativistic propagator:
. AM(t, %) = (62)(?5 | —)sm(a)(p) Heirs, (3.13)

if t<0
_ 314
0te) {1 it >0, (314
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a, extends to a group of isometric transformations U}, of B(G), defined by:

{ULF} (f.9)=F( '(f.9). (3.15)

U? is continuous and isometric on the Banach space B,,(G).

Also B, (G) carries an isometric representation of the Poincaré group in R*1,
which leaves the multiplier { invariant. The infinitesimal generators of the
Poincaré group are given in [7].

Now we want to give the corresponding representation for interacting fields
with trigonometric interaction. This type of interaction has been studied, e.g. in
[30]. They are defined in a bounded domain A of RS, which we take for
convenience to be a symmetric cubic box,

A={xelR’;|x|<a,i=1,2,...,5;a>0}, (3.16)
by a Hamiltonian H**=H,+ V with:
V=) [dx | dv(e)exp{—iog(x)}, (3.17)
4R

defined in the Fock representation of the C.C.R. Now H, is the free relativistic

Hamiltonian and ¢, (x)=(¢=*yx,)(x) is the time zero free field regularized by an

ultraviolet cut-off function y,(x)=x’x(xx), x>0, where y is a positive symmetric

C*-function with support in the unit ball of R® and such that | y(x)dx=1. Here v
R

is a complex measure on R and 4 is a positive constant. As in Sect. 2 we denote by
¢ the phase which appears in the polar decomposition of v:

dv(o) =exp {ig(o)}d|v| (o) . (3.18)
In order to have a self-adjoint Hamiltonian, we require that
V(o)=v(—o). (3.19)

We remark that (3.19) implies that (3.17) can be written as
V=22 [ dx [ dlv| () cos(ae,(x)— P(x)).
A 0

A particular case of interaction of the form (3.17) is the sine-Gordon model, see e.g.
[22], which corresponds to the Bernoulli measure:

dv(@)=1(5,,+5_,}. (3.20)

To define the Poisson measure entering in Theorem 2.1 in our present case, we
shall rewrite (3.17) in term of the Weyl operators W}l 12 Ji€SR(R®) associated with
the Fock representation of the C.C.R. We have for the interaction V with
ultraviolet and space cut-offs

V=2 dx | dv(o) WSk (3.21)

0,ay5?
A R

with y*(y)=yx(x—y). Here Wﬁ‘;“k stands for the Weyl operator in the Fock
representation, with the usual multiplier given by (3.2).
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For any two vectors @ and ¥ in the Fock representation we then get:
(¢ WFockVT) FFock (f g) (¢ VWFock 'P):(VbFFOCk (fg (322)
where Fg°u(f, 9)=(@, Wf’"“k ), V=4 j dx j dv(@)R§ - and similarly for V*, with

R replaced by L°

Furthermore «, [from (3.8)], is unitarily implemented in the Fock repre-
sentation by the weakly continuous unitary group U? =exp(—iH,t). We have the
perturbation series:

(PIW 5 exp{—itH,} exp{it(H,+V)}¥)

t2
=y zl)"jdt (j)dtl(qs;VI/;f(;ckV,n...w)

nz0
12
=Y @ f dt,... fdrl f do(f,g,) .. j do(fy.9,)
nz0 0
AR g, Rff, " FF°°“ (£9), (3.23)

where V(t)=UVU°,, (f.g9),=2(f.9)=(f,g,) [cf. (3.8)], and
do(f.g)= jdxfdv 2)349,,2(9),
the 6 being the evaluation measures on F(IR°). A similar formula holds for the

matrix elements (@, exp(—i(H,+ V) exp(iH, ) W[5 ¥). We remark that the oper-
ators V¥ and V? in (3.22) can be written as

— ¢ ; — 14
V=21 i do(g)R;, [respectlvely, Vb= é; dQ(g)Lg} , (3.29)
Asin Sect. 2, Theorem 2.1, it is useful to express the solution of the Schrédinger
equation associated with H,+ ¥, by a Poisson measure associated with the group
G.

In the present situation we can also characterize this measure as the measure
P, defined by

[exp{ic £ 1dP (&) =exp {a(j;df fix bl @)

-(exp ( —io [ do [ dudvf (o, w)AT(t— 0, u— v)xz(v)) — 1)} ,
0
(3.25)
the integration on the left hand side being over F3(IR°) x S(R%) x C3([0,t]'), where
fe eyR(IRS) X ‘SpR(]RS) X C(O)O(O’ t) s

hence fis indefinitely differentiable and of compact support with respect to the
variable . In fact P, has support on elements of

SRR x SR x C(0,t)
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of the form: (6, 8, 9,), where o€ Support(v) and t'€ [0, t]. Let P, be the measure
image of P under the transformation of & x % x Cy(0,t) into (0,£) x A xR
induced by the inverse of the mapping (s, x, ®) oy ®J,. Then P, is the measure
introduced in Sect. 2, Theorem 2.1, with G replaced by 4 x R and du by dx X dv(o).
Since P, depends on 4, t, Alv| we shall denote it from now on by Pi|v|

Let us recall the essential definitions needed to state the basic result of this
section. Let UO“U0 be the isometric operator given by the free evolution «,
defined by (3. 8) Let QF be the linear bounded operator on B,,(G) given,

corresponding to Theorem 2.1, by
(@ N)(g)=] P(dw) exp{id(w) +iSp(w)} Flg + Gy(w)) , (3.26)
where ge G; FeB,,(G),

exp{i@(n,tj;xj;ocj}=exp<—ign-l-i Y qﬁ(ocj)), (3.27)
j=1

with ¢ given by (3.18) and

n

exp{iSy(m t;;xp )} = [T L, (g)+ - +o_, (g%, (Ge—y)

K=2

Ugsaoy (g + o+ (9,)), (3.28)

where { is the multiplier defined in (3.2), and g,= (0, «,%;°). Moreover

Goln, ty, xpo)=o_, (g,)+ ... +a_, (g,).

Correspondingly as in Sect. 2, we have a similar expression for Q.
Finally we recall the definition of the automorphism group off of Sect. 2, where
here H=H"*=H,+V:

o =U2QF QP (3.29)

with the right hand side defined correspondingly to Theorem 2.5. We have the
following theorem:

Theorem 3.1. The automorphism group o associated with the Hamiltonian H"*
with trigonometric interaction V given by (3.17) maps linearly and boundedly
B, (FR(R) x Fp(R) into itself and gives a solution of the Schrédinger equation on
the Banach space B,, (R(IR®) x F(R%):

0
i@ o F)(g)=H oo F(g +UdQ(g {llg. ) —L(h.g)}e! Flg+h),

with initial conditions F in
B, (FolIR) X LoR)ACH (R X F(IR).
We have :
o F(hy, hy) = P{pi(d )Py (do,) exp {id(w,, @)} F, (hy, hy) (@, 0,),
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where writing (m,s;, x;, ;) for w; and (n,t;,y;B;) for o, :
F;c,z(hl’ hz) ((m7 Sp xia ai), (n> tj’yp ﬁj))

=exp {% 3 oot O x AT, (8, — S X, — X; )}

e sz,ﬁjﬁf(ka:"*xk)(t,-—z,-,,y,.—y,»}

exp {1 R )|

exp g & l00tr a7 ehy) 5= 1.3) = r A7) 5=, w)f
.exp{ i(é:l OoxxA™xhy) (t;— t,yj)~(XK*A'"*h2)(tj—t,y)))}
Fn, + iawox,(wxsl,xn L Bensan)ty).

ot a6+ Y B am,).

and the phase ®(w,,w,) is equal to:

m

Bl(m, 5,505 (1157, 8))= 5 (m= )+ Y. Ba)+ 3 916,
j=1

i=1

hi’ _, are defined as in (3.9). Moreover A}, A7, and A™ are the invariant distributions
given by (3.13) and respectively by

1—-6(r)
@n) g

[ dpe’™sin(e(p)t)/o(p)-

A7(t, %)= J dpe™sin((p)o)/o(p),

1
A™(t, x)= -
@2n) g
Remark. In the case of nonrelativistic one dimensional quantum mechanics for a
system with Hamiltonian H given by

2

d

with V(q)=[ exp(—ing)dv(e), the group G is R? and the corresponding
R

Schrédinger equation can be written from Theorem 2.1 as

0 .
i(?_t o,F(q, p)=H o, F(q, p)+ 2i | dv(o) sin(— ag/2)or, F(q, p— )
R

(cf. [33]).
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4. Removal of the Cut-Offs

As we shall see the removal of the cut-off x in the formulas of Theorem 3.1 is only
possible on some but not all functionals F on F(R°%) x (IR%). For instance if F is
the well known vacuum functional associated with the Fock representation, then
the argument of F in the formulas of Theorem 3.1 become singular as k— oo for all
s=1. For s=1, m=0, one can come over this difficulty by the usual re-
normalization procedure [16].

In this section, we shall prove that both limits x— 0o and ATIR® exist for a large
subset of functionals F. We consider first the functionals E,  ,, defined as follows,
for any pairs k,, k,e S (IR°) and h,, h,e FR(R®):

E;, i,(hy, hy)=exp {% j dx{h (x)k,(x)— hz(x)kl(x)}, (4.1)

where the integral on the right hand side is interpreted in the sense of distributions.
Obviously one has:

Eq o (0,00=Eq o(hy,hy)=1, forall k, ke R, andall h,,heFy(R).

Remark. These functionals are not states; however in some cases they can be used
to express states. Let us first look at the case of nonrelativistic quantum mechanics
with one degree of freedom. Here we have for instance the formula:

(Q, exp {i(pQ —qP)}Q) = 4—Idxe><p{——(l><ll + = (pxl—qxz)},

where Q is the ground state of the harmonic oscillator. Since exp (é (px, —qxz))

plays the role in this case of the functionals E, ,,, this formula shows that we can
describe the fundamental state of quantum mechanics by a superposition of
functionals of the form E, , .

This integral representation extends also to the Fock vacuum state of
relativistic free fields (see e.g. [41]), hence in the free field case one recovers the
vacuum from the functionals E, ..

We shall call & the linear subspace of B(#3(IR®) x F(IR%)) consisting of all finite
linear combinations of E, , , ie.

N
= {ZocEr 2,eC, ki, k’eY(le),izl,z,...,N}. 4.2)

k kz’ i
=1

We remark that % is invariant under the action of the Poincaré group associated
with the free fields. Below we shall consider a subspace £, of Z defined as & with
k,,k, taken to be such that, in the sense of generalized functions, <k3., T> are well
defined, where T is either A™ or 0,4™.

It is also interesting to introduce another subspace of bounded functionals on
B(G), namely the linear subspace M consisting of finitely based functionals which
are linear combinations of functionals F} described as follows: Let {¢,},.n be a
family of functions in F%(IR®) which is separatmg in L*(IR%,dx). Let H,, be the
subspace of L(IR®,dx) generated by {¢,},_, , _,, Let f be an arbitrary function
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on IR?", which is the Fourier transform of a bounded complex measure on R?”. The
functional F{,zn evaluated on (h,,h,)e Sy X S is by definition:

f((hpd) )(hz’()b (h1’¢2n—1)’(h2’¢2n))> lf hl’hZEHZn’

"
Fy,, (hy, hy)= { otherwise .

4.3)

By definition i is the complex linear space of the Ff;, for all n and all possible f.
We remark that FJ, can be written in the form:

Ffy, (hy,hy) =] du(k,, k) exp {% [(h,.k,)— (h,, kl)]}, 4.4)
with

du(k,,k,)={d (ky, ky)do (p) . (4.5)

n n=1
=2 Y p2;$2,,2 ¥ p2,+1825+1
J=1 1=0

where ¢, is the measure on RR?, whose Fourier transform is f and
p=({p.,Py .-, ;). Note that du(k,, k,) is the measure on S (IR°)x S (IR®) defined
by:

n—1

B jy glhky, ky)duky, ky)= ,‘ g(z Z p21¢2]’2 Z Daj+ 1¢21 1>de( ), (4.6)
for any bounded continuous g and one has
lul=o,ll, with [u] the total variation of u . 4.7)

We remark that the subspace 9 contains a subset of states (cf. [11]).
We shall now show that the ultraviolet cut-off k in o®* can be removed on
ZLouM. We have:

Theorem 4.1. The limit :
lim o * =0 (4.8)

K — 00

exists on LyUIM and defines an application of L, UM into B, (SR(IR%) x LR(R?).
One has for all hy, h,€ SR(R°):

(0 By} Ooh)= | Pli(do, P (dory)
-exp{lcb(cul,wz)}s,f].kz,t(a)l,wz), 4.9)
where
e (M, 8, X, 00), (n 1,y B))

i
=exp{ Z a0t A7 (s — _xi')""i Z ﬁjﬂj'A:‘"(tj_tj"yj_yj’)}
i¥J

1#1

l
exp {5 XA~ 1, —y,-)}
i Jj
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expfl

'exp{_ % Z :Bj((aoAm*hl)(tj— L, yj')_(Am*hz) (tj_ L, yj))}

i (0gd™xh ) (s;—t,x;)— (4™xh,) (s;— 1, x,.))}

N |

'Ekl,kz(hl,—t_’_ Z 0,00 A™(s;, X)) + Z ﬁjaoAm(tjyyj)o
i=1

=1
m "
hy, .+ Zl 0 A" (s, x;) + Z (¢, y,) (4.10)
i= i=
where AT, A", and A™ are the invariant distributions previously defined and 0, means
the time derivative. o' is a group of transformations on £, UM, ie.
alot=ol,,. 4.11)

Moreover for any Fe £ UM and he D (R¥), o' is a solution of the Schridinger
equation:

l%{%AF} (hl,h2)=i j dx{hz(x)-é— —h (X)(—A-l-mz) }O(;lF(I’ll,hz)

Shy(x) ! Oh,(x)
~2i2 [dx [ dv(o)sin (ghl(x))
(AF) (hy hy +00)} 4.12)
with initial condition:
lim (@ F) (1, h) = Flh, ). (4.13)

Remark. On right hand side of (4.12) the notation («'F) (h, h, +ad,) is of course
only symbolic, since J,£.%(R*). The interpretation of the notation follows from the
fact that E, , €%,.

Proof. The properties on elements in £, U follow easily from those on elements
of the form E, , . We shall now discuss the proof for these elements. From the
support propertles of A", A", and A™, we have (y,*4"+x,) (0, x)=0, where 4’ stands
for A%, A7, and 4™

Hence:

Zoc,oc,(xk*zl’"*/cx)( i 8= X)) = 0 o (kA (5= 8 X, = x)
iFj
and the same for o, replaced by f8; and 4} replaced by 4. Moreover y, 4"+, (s, x)
converges pointwise to 4'(s, x) outside of the cone |x|=s. Hence by the Lebesgue
dominated convergence theorem we have that the expression for
{oE,, 1.} (h;,h,) of Theorem 3.1 converges as k—co to the expression given by
the present theorem, which we can express as a Poisson integral with respect to the
measure PMV|®PAM, using Theorem 2.1. The group property is proven using the

group property of o/ and the fact that «'F is defined as the lim o*F and o?, F

K00
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by lim o a*F, which exist as seen from the fact that o/ is defined on all

B, (Lr(R%) x F(R%)) and
0 FeB,, (SRS X F(R%),
and using the explicit expression for o*G, with G=aF (and once more the
support properties of 4° and the Lebesgue dominated convergence theorem).
The Schrédinger equation is obtained using the fact that (/" F) (h,, h,) as well

0 . . .
as a—t(oc{""F )(h,, h,) are uniformly bounded in x, together with the convergence of
0
both (") (h,, h,) and a—toc{""F(hl, h,) as k— oo, the compactness of the support of
h;’s and their smoothness which allows us to interchange the time derivative and

the limit k—oo. The explicit form of the right hand side of (4.12) is obtained using
Theorem 3.1, (3.23) and the fact that E, , €%, [

The next step is to remove the space cut-off A. First we consider the case where
the initial conditions are smooth and of compact support. In this case we can
prove the following theorem.

Theorem 4.2. Let & be the restriction of the function in L, UM to D x(IR®) x D (IR%).

Then lim o'F =a,F exists for all F€& and defines a relatwlstlc flow on & in the
ATRS

sense that ao, =0, forall st>0.

Proof. The theorem follows immediately from the fact that the Schrodinger
equation (Theorem 4.1) implies o F(h,, h,) =0, F(h,, h,) for all 4 and A’ contain-
ing the support of h,. [

Remark. It follows from the proof of the theorem that «, satisfies the Schrodinger
equation:
.0 .
la_tatFkukz(hl’hZ)zln{de{ Z(x)éh e —h,(x)(—4+m?)
0 Fy, (B hy) =20 | dx | dv(e)
R® R

sin (g hl(x)> 0 F, (b hy +03), (4.14)

5hf( )}

with initial condition F, , (h,h,), for any h,, h,€ 2 4(IR°).

The right hand side of (4.14) is equal to P§oF, , (hy,h,), where P§ is the
infinitesimal generator of time translations on (5" given by the trigonometric
interaction. The first term in (4.14) corresponds to the free evolution. The other
generators P¥ and M*¥ ((i,j)=1,2,3) of the Poincaré group associated with the
same interaction are the same as in the free case [7] whereas M*% is given by:

(M*OiF) (h1>h2)
0 )
)5h2< >} Fihy. o)

—2iA | dx f dv(e)x’ sin (2 (x)) F(h hy+ad,). (4.15)

RS

=— i];L dx {hz(x)x"a—hé@ —h,(x) ((— A+m
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We shall now extend the existence of the infinite volume limit A7TIR® to initial
conditions in the larger class £, U, under the assumption of small coupling
constant.

Theorem 4.3. The limit

lim oc =o”

ATRS
exists on LyUM for |A|<e” 2c(t)” 2, where c(t) is a positive function of t (which
tends to infinity for t—o0). -

Proof. The proof is based on the following observations

i) Formula (4.9) can be looked upon as the grand partition function of the
grand canonical ensemble of a gas of two types of particles o and f§ with the same
charge distribution dv(«) and interacting in s+ 1 dimensions through a two-body
potential iA™" (interaction of two a-particles), Al (interaction of two f-particles)
and i4™ (interaction of an a-particle and a f-particle) respectively, and with a
purely imaginary magnetic field.

ii) The group property for all finite A

adgt=at, . forall s,t>0

on the E, , holds.
iii) For all k,, k,€ S(R°)

(o/'E, ., }(0,00=1, forall ¢>0. (4.16)

This follows from the Schrodinger equation.

In addition the proof uses an application of the method of Kirkwood-Salzburg
equations of statistical mechanics, see e.g. [36], along the lines used for ultraviolet
cut-off interactions in [1]. Here we shall indicate how to define the relevant objects
for the proof.

Again we remark that the convergence on arbitrary elements in £, LI follows
casily from the one on elements of the form E, , and we discuss the proof for
these elements,

Let R; be the Banach vector space of double sequences of functions:

P S 13 X 15 Oy e Spp Xops O 15 V15 By ooe Ly Vi B) s 4.17)

m,nzl,s,t, 20, x, y,€R%, o, f,€R, which are bounded measurable with respect to
the measure:

dXdYdv(A 1_[ ds,dx,dv(a;) H dtdy dv(p; (4.18)

and such that there exists a ¢ >0 such that:
H‘Pllg—SUPé M ess. Sup. |P™ (X, 0, 75 B (4.19)

XiVj

%y :BJ
is finite, where x=(s,x) and y=(t, y).
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We define two projections in R}, viz. 11, and II, on ¥€R; by:

(I1,9y""X, A, Y, B)=0, if at least one x,¢4,
or at least one y ¢4

=Y""X,A,Y,B), otherwise. (4.20)
(I1,¥y""(X, 4, Y, B)=0, if at least one s,>1t,
or at least one t,=t

=ymnX, A, Y,B), otherwise, (4.21)

where for shortness X (respectively, Y) stands for {X;},_, , (respectively,
{:}i= 1. w» A (respectively, B) for {o;},_, , (respectively, {B;};,—; )

,,,,,,,,,,,,,,

Using these definitions we can rewrite the express1on for (o Ekl kz) (h;,h,) given
by formulas (4.9) and (4.10) as:

(' By} (hy o hy) =By, (o (hy by ))

I+ )

m, neN2
(m,n)* (0, 0)

[ OG-0 [] @,5.8)-1|, (4.22)

iefl,...,m} Je1,...n)

mi(X, A, Y, B)

where
_ _ [5e) lm+n+r+s
R}IX, A, Y,B)= )

rszo  rls!

m+r—n—s
fdX'[dY' [av(A)[dv(B)G, (XuX',AuA, YUY, BUB),(4.23)

and

G K AT B)=erp() ¥ 3 s, -3,

i=1j=1
I m— =
-eXp {E Z OCiOCjAZ'(xi - xj) + 5 Z BB.A; Ve— y;)} (4.24)
i,j k,¢
if all x;,y;€ 4 and all 5;,¢,€[0,¢] and zero otherwise. Furthermore

D, (x,o)=exp {% (0 A™xh,) (s —t, x)— (4™xh,) (s— ¢, x))}

~exp{%oc((00A”’*k2)(s,x) (A™sk ) (54, ))}, (4.25)

and

D,(X,a)=exp { - —;—oz(aod'"*hl) (s—1t,x)—(4™xh,) (s—t, x))}

-exp {% a((0gd™xk,) (s, x) = (A4™xk ) (s, x))} . (4.26)
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As an statistical mechanics we can define an operator K on R} by:
oo o i ¥ R A —
{K¥}""X, A, Y, B)=exp {5 Z oy o AR — X))+ 5 kgzﬁlﬂkAr (v, —yj)}

“€Xp i Z o, B 4™(x I_j_/k)+£ i o A= 5,)
4" 4=

1

P A Y B\(R o, 40 B4 ) (10, ) (16, )

. i L af [V [ava) [ avB)

s=1 V'S'

. l IoAmf= = l IoAm= =
11 (exp {EoclociAa(x1 —X)— ZﬁlaiA 7, —xi)} — 1)

i=1

2 l oAM= - l oAM= —
) H (exp{iﬂlﬁjdy(yl_yj)'{‘ Z‘xlﬁjA (xl_yj)} _1)
=1
St btse WX OX, AUA, YUY, BUB\{X,,%,, 7,8, ))s

4.27)

where as previously X' (respectively, Y’) stands for {X},_,
{Vi}i=1,..,) and A’ (respectively, B) for {o},_,
0, ,=1ifn=k36, ,=0if n¥k

The norm of the operator II,KII, can be readily estimated:

ITKIT, ||, < &7 exp{2£C(0)} (4.28)

..... , (respectively,
, (respectively, {f},_, ), and

,,,,,,,,,,

where

C(t)=Sup Sup jds j | (y)
a, y

B ¥el0, 211 XRs o

(exp (—A"’( )+ 2L ’ﬂ Y gz — y)) - 1)’ . (4.29)

Obviously one has
C(t) =4I| Ryl V(2] (4.29)

This expression is finite since for a given y it is the integral of a function bounded
by 2|v|(IR) over a domain which is contained in V(f)

Vi) = {x; Ixl <tho{x;lx—yl <t} (4.30)

This follows from the support properties of 4™, A7, and 4;".
The best choice of ¢ in view of Eq. (4.28) is

E=Cn™", (4.31)
corresponding to the estimate for the norm of I1,KII,:
| ITKI1,|| < C(t)*e?. (4.32)

Furthermore the operator K allows us to write an integral equation for R, ,:

R, =AM, 1,8+ 2?1 ,ILKR, ,, (4.33)
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where
S;=0, @)*1), S,=1. (4.34)
Equation (4.33) can be solved by the Neumann series provided that:
J2<C(t)" %™ 2. (4.35)

With these elements the rest of the proof follows the line of [1]. []
We shall now give a result which shows that, at least for 4 bounded, an
asymptotics in time to a free evolution holds.

Theorem 4.4. If m>0, for any bounded ACIR®, for 1 <A, which depends on A, the
limit
lim o'=o

A
+
t—>+ o -

exists on L,UM. Moreover with F**h, h,)= liin QFQY) (hy,h,) and
t=+ oo

Fe ZyUM, hy, h,e Fo(R), we have: atF**=UF™ " where U? is the free
evolution defined in (3.15). The limit o/t F ™" is invariant under o.

Proof. In a quite similar way as in the proof of Theorem 4.3 one can estimate the
norm of IT KII ,:

|11 ,KII | <c'(A)%e?, (4.36)

where

exp (i ool AT (") — %oc’ﬁA'”(?c/ - f)) -1 I

2
(4.37)

is finite, due to the exponential decrease of 4" and A™ for large time. Consequently
for A<Ay,=c(4)"'e” ! the Kirkwood-Salzburg equation has a solution. The rest
follows immediately. []
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