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Universal Properties of Maps of the Circle
with &-Singularities

Leo Jonker* and David A. Rand**
Institute for Theoretical Physics, University of California, Santa Barbara, CA 93106, USA

Abstract. Following the work of Collet, Eckmann, and Lanford on the
Feigenbaum conjecture, we study the structure of the renormalization transfor-
mation introduced in [12] upon maps of the circle with critical points of the
form x|x[’.

1. Introduction

There appears to be a remarkable relationship between the seemingly universal
features of certain bifurcations which destroy invariant tori of dissipative systems
with particular incommensurate frequencies and the scaling properties of certain
families of analytic mappings of the circle T*=R/Z. An explanation of this in
terms of a renormalization transformation  is proposed in [12] and [4]. The
evidence for this is numerical. Following the work of Collet et al. on the
Feigenbaum conjecture [3] we study the action of 4 on a space of analytic
functions of x|x|°, where 20 is small. The physically interesting case is ¢=2.

1.1. Motivation

A cubic critical map is any analytic homeomorphism of the circle which has a
single critical point which is cubic. We will be interested here in the behaviour of
(analytic) diffeomorphisms and critical maps related to the rotation number

o=()/5-02=1/(1+1/(1+1/1+....

Similar results hold for any rotation number with a periodic (or eventually
periodic) continued fraction, but to ease the exposition we stuck to the simplest
case here. The rational approximants to ¢ are the numbers g,/qg, , ,, where

do/a, =11, a;/a,=1/(1+1), 4q,/q;=1/1+1/(1+1)),...,
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Fig. 1

ie. qo=1,4,=1and q,,, =4q,+q,_,- Two results about difftomorphisms (which
are elementary consequences of results of [5]) and cubic critical maps (from
numerical experiments [12, 13]) are these:

1. Let k be the lift to R of an analytic circle difftfomorphism or cubic critical
map whose rotation number (k) is . Let o™ = —1/(k%+*(0)— k*(0)—g,_,), and
let k, be the function on [0, 1] given by

ke () = ok (x /o) — q,, ).

Then (k)= lim «"* /o™, and {(k)= lim k, exist, and (i) (k)

=—0¢ '~—-16180... and ((k)(x)=x+oc if k is a diffeomorphism, while
(ii) o(k)~ — 1.2886 ... and {(k) is a nontrivial function of x* if k is a cubic critical
map, and { is independent of k.

2. Let k, be a 1-parameter family of (lifts of) diffcomorphisms or a 1-parameter
family of cubic critical maps such that o(k,)=oc. Then if k, is transverse to the
manifold ¢=¢ and if numbers u, are chosen so that kf"+'(0)=g,, there exists a
<0 such that lim 0y,
=—2.6180..., but numerical experiments reveal that for cubic critical maps
6~ —2.8336.... Note that the objects J, o, and { are essentially independent of the
system being studied.

Consider for example the 2-parameter family

k

where 0= w, a=<1. The equation Q(k(m’a))=0' defines a smooth curve I which is
approximated by the “tongues” I, on which o(k,, ,)=4q,/q,+, [1,5,6] For
0=<a<1, the tongues accumulate on ¢ =0 at a rate (—¢?)"~(—0.382)". For a=1
this rate is approximately (—0.353)".

_exists and is non-zero. For diffeomorphisms ¢ = -2

w.aX)=X+to— (a/2m)sin27x,

1.2. Renormalization Analysis

We now discuss briefly and heuristically how one can understand these results in
terms of a renormalization transformation 7.
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Let ¢ be a cubic critical map or diffeomorphism of the circle whose rotation
number is approximately o, and represent ¢ as a map of the interval [b,c]
=[k(0)— 1, k(0)] as in Fig. 2. Note that o(¢)~oc implies that [b,0] gets mapped
into [0, c]. Now we construct a new map ¢ of the circle in the following way (see
Fig. 3). Let ¢ :[b,¢(b)]—[b, ¢(b)] be defined by ¢=¢2 on [b,0] and ¢p=¢ on
[0, ¢(b)]. Now take ¢(x)=ap(x/a), where = — 1/(¢(b)— b). Note that o is chosen
to be negative since this is necessary if we are to hope for such a process to coverge
upon iteration. R

It is easy to check that o(¢)=0(¢)~* —1; thus g is invariant under this process
if and only if ¢(¢) = and a map with rotation number g,/q,. , is sent to one with
n- l/qn'

The problem is how to set this up as a renormalization scheme so that the
scaling properties, etc. can be deduced from the structure of the dynamics near a
fixed point. We note that even though ¢ was analytic, the map ¢ is not; it has
discontinuities in its derivatives at 0 and at the end-points of the interval. A
convenient way to deal with this problem is to enlarge the space and work with
pairs (£,%) of analytic homeomorphisms of the line which when glued together
define a map of the circle.

In fact, one considers the set' A" of pairs (&,7) such that

(@) 0<£0)=n0)+1<1;

(b) &n(0)=7<(0);

(©)* (€n—n¢)(0)=0; and

(d) if &(x)=0 or #'(x)=0 for some xe(n(0),£(0)), then x=0 and &£'(0)=#'(0)
=¢"(0)=7"(0)=0 and &"(0) and #"(0) are non-zero.

We let A~ . denote the subset consisting of those (&, #) such that £'(0)=#'(0)=0.

crit

Let , consist of those pairs (&,#) in A" such that
(e) &n(0)>0.

1 For a precise definition suitable to our purposes see Sect. 2.1

2 This condition is introduced to ensure that the fixed points of 7 are hyperbolic. It is automatically
satisfied by those (¢,#) coming from analytic circle maps because then ¢ and # commute. In fact, it
would be quite natural to restrict to the class of commuting pairs, but so far as the results of this paper
are concerned this is unnecessary
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To each (&,)e A" we can associate a mapping ¢ =¢(&,#) of the circle by
defining ¢ to be & on [1(0),0] and # on [0,&(0)]. In this way we can define the
rotation number o(¢,#)=(¢(&,n) of (¢, 7). N

We now consider the mapping J : A ,— ./ corresponding to ¢—¢. It is given
by T (&, n)=(ana™ !, anéa™ 1), where a= —1/(&n(0)—7(0)).

If k:IR—1R is the lift of ¢ chosen so that 0 <k(0)< 1, then (£, )= (k,k— 1), and
when defined [e.g. when g(k)=0],

T & m ="k, (™) oa®k, @) 1),

where k,=k%—gq,_,. One fixed point of 7 is {n(x)=x+0, ny(x)=x—0>

The main claim made in [12], based upon numerical studies, is that there is
only one other fixed point (&,,4,) of 7 in 4" and that this point has the following
properties:

(a) &, and #n, are analytic functions of x*;

(b) lim a”* Bja™=a, =& (0)/(¢,(0)— 1)~ —1.2886 ... ;

(¢) (£,.7,) is hyperbolic with a 2-dimensional unstable manifold and a stable
manifold consisting of those (£, %) in A, with ¢(&,n)=0;

(d) one of the unstable eigendirections is tangent to ./, and has eigenvalue
0~ —2.8336..., the other has eigenvalue a} and describes the effect of adding a
small linear term to the fixed point. That is, it describes the cross-over from
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behaviour associated with critical maps to that associated with diffefomorphisms.
The scaling structure of a 2-parameter family of analytic cricle mappings which is
transverse to the stable manifold of (£,,%,) can now be related to that of the
universal family given by the 2-dimensional unstable manifold of (£,,#,).

Clearly one would like to give a proof of these facts. The first step would be to
study the action of J on analytic functions of x3, but this is a hard problem which
is probably best addressed with the assistance of a computer as in Lanford’s work
[10]. In this paper we follow the approach of [3] and study J on analytic
functions of x|x|° for small &. By means of perturbation methods we show that for
sufficiently small ¢, J has a hyperbolic fixed point on the space of analytic
functions of x|x|°. Since we have a fixed point for ¢=0, our proofs are much
simpler than those in [3]. Of course the case ¢é=2 is not covered by our results.
Nevertheless the results provide strong evidence that the conjecture and numerical
results of [12] are correct.

2. Preliminaries and Statement of Results
We are going to consider functions (&, #)=(&(f),n(g))e A" of the form
) =1x9),  nx)=g(x?),

where x®=x|x[5, and f and g are functions analytic in certain domains of the
complex plane.

2.1. Definition and Properties of the Function Space

Choose numbers c¢,, ¢,, ¢;, and ¢, with the following properties: c,€(0,1);
1 1 1 .

c3e(1—— —c4,O>; cle<— o Ca —ac4) and cze(—ac3, - Ec3)' Then if I, =(c;,c,)
o

and I,=(cs,c,), —0l,Cl,, —0oI,CI, and —ol,+0C(0,c,)CI,. Let Q, and Q,
be, respectively, the open disks in € on the diameters I, and I,. Since x— —ox and
Xx— —ox+ o are similarities we have

-0Q,CQ,; (1a)
—0Q,CQ,; (1b)

and
—0Q,+aCQ,n(C\R_), (1c)

where R_ is the negative real axis. For i=1,2 let «, be the Banach space of
functions analytic in Q, continuous on @, and taking real values on I,. Let
B=sl x s, lffor feof, and ge o/, we let | f| and ||g|| denote the sup norms of
f and g on Q, and Q, respectively, then we take the norm [(f;9)| =|fl+ gl
on 4.

Let fy(z)=z+ 0 and g,(z) =z— 02, and let % be the neighbourhood of (f;, g,) in
% defined in Sect. 2.3.
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We are especially interested in those pairs (f,g)e % which for a given small ¢
satisfy the following conditions analogous to (a)-(e) in Sect. 1.2:

@) 0<f(0)=g(0)+1<1;

(b) g(f(0)*®)= f(g(0)*); and

(©) g (SO O)Ff'(©0)= £(9(0)*)g(0)Fg'(0).

(d) f/>0o0n I, and g¢'>0 on I,.

In particular, condition (d’) is the e-analogue of (d). A straightforward
calculation using the Implicit Function Theorem shows that the conditions define
a submanifold .#° of 4. These calculations will be outlined in Sect. 3.2.

In Sect. 3.2 we shall also define an open subset .#¢ of .#° containing (f,,g,)
and satisfying the following condition arising from (e):

() f(g(0)”)>0.

For small |¢|, let A4 (respectively, 475) denote the set of (£,#) of the form &(x)
= f(x) and n(x)=g(x"*)), where (f,g)e #* (respectively, .4¢). By identifying A"
with .#° and A with .4 one may regard A4° and A5 as Banach manifolds. We
define A" =4

2.2. Definition of J, and Statement of Results
The mapping Z,: N5—>A" is defined by (& n)=(omo™, anéa"), where
a=—1/(n&0)—n(0)).

Theorem 1. The mapping 7, is C*.

The rotation (£, 7o) =(fo, g)> Where fo(z)=z+0 and g,(z) =z— 02, is obviously
a fixed point for 7. Below we analyse its hyperbolic structure and its dependence
upon & Then we can deduce this:

Theorem 2. For |¢| sufficiently small, 7, has a fixed point (¢, n,) in N, where &(z)
= £(z%)) and n(2)=g,(z®) and (f.,g.)€ M. The function f|z) (respectively, g,(z)) is
jointly C* in ¢ and z for |e| sufficiently small and ze Q| (respectively, Q,). The linear
operator dJ (£,,1,) is compact. Its spectrum conmsists of countably many distinct
eigenvalues of finite multiplicity. One of these is ,=(—1/0%)+ O(e); this eigenvalue
is simple. The remainder of the spectrum is contained in a disk of the form |z|<o,
=0+ 0(¢). In fact 6, and o, are C* functions of e.

Numerical evidence indicates that 8, =(—1/0%)+ O(e?). However we have not
. . .. d . .
been able to prove this. An expression for the derivative d_s( f.-g.) at e=0 is easier

to obtain and is given at the end of proof of Theorem 2. Kadanoff in [8] also
addresses this question and presents a formal first order perturbation theory
calculation concerning the existence of the e-derivative of (f, g,).

To describe some of the relevant local and global dynamics of 7 =7, we need
to recall the following definitions which are complicated a little by the fact that 7~
is not invertible (cf. [3]). For example, there do not necessarily exist global stable
and unstable manifolds.

1. A stable manifold of {,=(&_,#,) is a smooth submanifold W* of A such that

(a) TWCWs,
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(b) if {=(¢,n)e W*, then lim Ti={, and
jooo

(c) for any {e W*, the range of d7 ({) is not contained in the tangent space to
w* at 7 ({).

2. An unstable manifold of {, is a smooth submanifold W* of 4" such that

(@) T(W'nANE)D W,

(b) if {e W* there is a sequence {; converging to {, such that {=7" it » and

(c) if Le W*n A, the tangential derivative of J along W* at { is non-zero.

Theorem 3. For |¢| sufficiently small (¢.,n,) has a stable manifold W? of codimension
one and a one-dimensional unstable manifold WY. If (&,n)e W? then o(&,n)=0. For
some neighbourhood ¥, of (¢,,1,)

Wiy ={(&me?, oén)=a}.
For |¢| sufficiently small, W* is C*-close to the curve A—(&,+ A,n,+4).

Remark. Using Herman’s theorem on the existence of an analytic conjugacy [5],
one can assert the following stronger result for analytic diffeomorphisms (the case
e=0): If e=0 and (&, n)=(f,9)=(f(®), g(p)), where ¢ is an analytic diffeomorphism
of the circle, then the following conditions are equivalent :

(1) ol&,m)=o,

(il) T ™¢&,n) is well-defined for all n, and for sufficiently large n, 7", n)e?,
and T &, n)—(Ey, 1) as n— oo.

Let 2(p/q, ¢) denote the set of (&, ) A® such that ¢ = ¢(, n) has 0 as a periodic
point with rotation number p/qe Q.

Theorem 4. For [¢| sufficiently small and n sufficiently large, #(q,/4,,+ ,,¢€) meets W
in a single point and the intersection is transversal.

The next theorem states that the expanding eigenvalue 6, of d7(f,,g,) appears
as a universal invariant in one-parameter families of circle mappings with
e-singularities.

Theorem 5. For |g| sufficiently small there is a neighbourhood ¥~ of (¢,,n,) with the
following properties :

(a) Suppose y(u)=(E(W), n(w)e?” is a continuously differentiable curve which
crosses W transversally at y(u.). Then for sufficiently large n, y(u) meets
P4,/4q,+1,€) at a unique point y(u,), and

lim &;(p,, — )
n— oo
exists and is non-zero.

(b) Let o, =&,(0)/(¢,(0)— 1), and suppose that ¢ =¢(&,y) for some (&,m)e V", and
that k :R—1R is the lift of ¢ with k(0)e (0, 1). Then 9(&,n)=o implies that

lim o;}(k*(0)—q,,—,)
n—>ow
exists and is non-zero.

Theorem 6. If ¢ is sufficiently small, (E,n)eW? and ¢=¢(,n), then ¢ is
C°-conjugate to the rotation R,



280 L. Jonker and D. A. Rand

Proof. Recall from the classical theory of homeomorphisms that ¢ is
C°-conjugate to R, if and only if there does not exist an interval IC T* such that
¢"InI=@ for all n=0. Call such an interval a Denjoy interval.

Suppose (&, n)e Wen¥" and let ¢ =¢(&, n). By Theorem 5 (b), ¢?(0) accumula-
tes on 0 from both sides, and so 0 is not contained in a Denjoy interval.
Consequently, ¢(0) and ¢*(0) are not in Denjoy intervals. Let I(£,#) denote the
length of a largest Denjoy interval. By the above, any Denjoy interval I of this
length must be contained in (#(0),#£(0)) or (#£(0),n(0)). By choosing ¢ and 7~
sufficiently small we may assume that (&,#) is so near (&%, and
o= —1/(#£(0)— £(0)) so near — 1/o that on [%&(0), £(0)], |¢'| > &/|«| for some 6> 1. It
follows that if all Denjoy intervals I of length I(&,#) are contained in (1£(0), £(0)),
then ¢(I) is a Denjoy interval of length =d/|«|l(£,#) contained in (1(0), #£(0)). Then
a¢(I) is a Denjoy interval of length =06l(&, %) for 7 (£,#). Thus in any case

(T (&, m) 2 max (5, [a) (&, n) 26,1 n),

where 6, >1 is independent of (£,#). Applying J a number of times leads to a
contradiction.

The result now extends to all (£, n)e W, because if ¢(£, 1) has a Denjoy interval
then so does ¢(7 "(£, 7)), and for sufficiently large n,7 (&, n)e W:ny". 0O

2.3. Proof of Theorem [

If Q is a relatively compact region in €, then we denote by .«/(2) the Banach space
of functions analytic on 2 and continuous on Q with the sup norm. The disks Q,,
i=1,2, and the spaces &, were defined in Sect. 2.1. The following remark allows
one to check quite easily that /(Q) is indeed a Banach space and also plays an
important role in the following.

Remark. For any re(0, 1) and for i=1,2, we let Q,(r) be the disk concentric with €,
and with diameter equal to r-diam(Q,). We let || - ||, denote the sup norm on the
appropriate Banach space corresponding to €,(r) and Q,(r). A simple application
of the Cauchy integral formula gives the following bound on the derivatives of

(fLg)eB:
1 1™, 1G9, =K, (£ 9)]] - 2)

A similar inequality holds when g maps @, into the Banach space of bounded
linear functionals Lin(E, C), where E is a Banach space and where z—g(z)(x) is

analytic for each xeE:
g™l <K(n,7)lgl, A3)

where || - ||, denotes the sup norm on the space of functions Q,(r)—Lin(E, C).
To prove Theorem 1 we use the following facts:
1. Assume that the neighbourhood % of (f,,g,) is chosen so that if (f,g)e%,

then £0)e0,c,) @)

Hg/ - g;) “M(Qz(r)) <1 5 (5)

where r is chosen so that Q,(r) contains [0,s]. Then, a=g(f(0))—g(0)>0 if
(fg)e.

and
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2. (& £,9)~ f(0)@= f(0)!*¢ is a C* map of Rx% into R, since f— f(0)is a
bounded linear map and (¢, z)—z* "¢ is C® on Rx (C\IR_).

3. If O<r<l1, j=1 or 2 and neNN, then the map &/,—/(Q(r)) given by
h—>h‘")|Q (r) is C*. This is because it is linear and bounded by the estlmate (3).

4, Let Q,, Q,, and Q. be relatively compact open regions in € such that
Q,CQ,. Suppose that

(@) h and k are C® mappings of an open subset ¥~ of a Banach space & into
o(Q,) and /(L) respectively, and

(b) k(x)(Q5)CQ, for every xe ¥". Then x—h(x)-k(x) is a C* mapping of ¥~ into
(). This fact is a consequence of (2) and (3).

5. Combining 2 and 4 we see that (e, £, g)~¢g(f(0)®) is C* and hence that
(e, ,9)—ais C*.

6. We can choose % so that there exist ¢,>0 and >0 such that if
(&, f, 9)e(—€gp, €0) X U, then

a>od (6)
and
—a'**Q,CQ,) (7)
fog some r< 1. This is because a=o when (¢, f,g)=(0, f,.9,), a is continuous, and
082, CQ,.
7. By 6, F(2)= — %g(—a“‘fz)eyil.
8. Since a>d, when (g, £, g)e(— &y, o) X U, a* T is C* on this set. But then [11,

Proposition 14, p.9] (¢, f,9)—> —a' "z is a C® mapping (—é&,,&,) X U~ .
Therefore using (7) and 4 it follows that

(&, f,g)=F is C* on (—&,,8,) XU~ A,

9. Since a is continuous we can choose ¢, and % so that for some r<1 we have
both (7) and

—al 3,0, (), ®)

whenever (e, f,g)e(—¢,,6,) X% Then by repeating the argument of 8 with g,
(8) and 7, in place of f, (7)and &/, we prove that on (—gg&,) X%,
(e f,9)—> f(=a'"*z) is C*.

10. In particular, from 9 we may assume that || f(—a'"°z)— fo(—o2)|| <J,,
where 20, is the distance between —aQ,+¢ and the disk with diameter [0, 1].
Therefore, for all (¢, £, g)e(— &4, o) X U, f(—a’ "*2)1 *¢ is well defined, and by 4 the
mapping (e, f;g)— f(—a' T22) "¢ is C® on (—¢p,80) X U— L.

11. In particular, we may assume that for (e, f, g)e(— &g, &) X %, we have

If(=a' "2 e — fo(—02) <9, ©

where 26, is the distance between — 6Q, + o and the boundary of Q,. That is, if we
let r=(w—94,)/w, where w=diam(R,), we have by (Ic) of Sect.2.1 that for






