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Abstract. With the use of analyticity techniques recently developed by the

1 . . .
authors, the e- and ﬁ-expansmn type arguments are turned into a rigorous

control of the non-Gaussian fixed point of the hierarchical model renormal-
ization group. The present approach should extend beyond the hierarchical
approximation and result in mathematical theory of the critical point of
statistical mechanics or quantum field theory in three dimensions for small ¢ or
large N.

1. Introduction

The present paper is the first step in the study of the critical point of the classical
statistical mechanical systems with non-Gaussian long distance behaviour and of
its scaling limit. As a presumed example of such a system one may consider a
lattice model with the Gibbs state given formally by

7] X 00 dtl). m
where the spin variables ¢ eR", xe Z%, du, is the Gaussian measure with mean
zero and covariance G=(G,,) with |G |~|x—y|™* for large |x—yl, a<3d, and
where, for example, o(¢p)=3m>*$> + A($p?)* with m*eR!, 1>0. The understanding
of the behavior of (1) for the critical value of m? (where the correlation length
becomes infinite) is based on the renormalization group (RG) self-similarity idea
[1, 11, 14, 15, 20]. Under RG transformations which integrate out successively the
short range degrees of freedom, a critical system should go to a fixed point. In two

o 1 .
situations: when e=%4d— o or when N are small, the RG transformation may be

computed perturbatively as a formal power series in ¢ or in closed form when
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N—- oo [3, 12-14, 19, 20]. The relevant fixed point turns out to be non-Gaussian.
Despite a big success of the RG ideas due mainly to the existence of

. . 1 .
approximate computational schemes based on the ¢- and N cXpansions, not many

of the critical point properties have been established rigorously. The present paper
constitutes a further development in the rigorous theory of the RG which, as we
hope, is a critical step towards filling this gap. We show how to control the

. . .. . 1 .
corrections to the leading non-trivial order in ¢ and N of the RG transformation

for a simplified, hierarchical model. In the case of small ¢ our method provides the
third proof of the convergence to a non-Gaussian fixed point, see [5-7] for the
earlier ones. The large N case seems to be new. What is more important, however,
we are quite confident that our approach extends beyond the hierarchical
approximation to (1), see [9, 10], where we treat a Gaussian fixed point case. Here
we concentrate on the hierarchical model effective interactions, defering the study
of the long distance behavior of the correlations to a later publication.

The model which we deal with is a version of the one introduced by Dyson [8,
4,7]. Let «/(x) be a function on the L X ... X L block around zero in Z¢, L being an
even integer, which takes the value + 1 on a half of the spins of the block and —1
on the other half. We put

00

G,= kzo L_akaxm e D= Lxy o )L (V= Lys o) )
where x, denotes the integral part of L™*x. It is easy to see that |G, |=O(L™*),
where k, is the smallest integer such that x, =y, . Hence G of (2) mimics the
behavior |G, | ~|x—y|™* Itis also easy to see that the kernel G, defines a positive
(but not strictly positive) operator.

The RG transformation which will be used to analyze (1) with G given by (2) is
the standard block spin transformation. Let us define the block spin field ¢* by

o' =12""" Y ¢, = (C),. 3)

xX:xg1=y

The effective Gibbs state for the field ¢! is given (again formally) by

7 D[ = C)exp [~ T v(0)|dugd). @
Let us notice that we may realize dug(d) as a product measure
dpg(@)=dug(’) x du,(Z), )
provided we put
b= 0, + Ao~ Lx,)Z, ©

This follows from the relation

G,=L"°G,,, +6,, A (x—Lx,)/(y—Ly,). (7)

X1y1
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Inserting (5) and (6) to (4) we obtain

(4)= zlfduG(tbl)J exp [— ZV(L_%L +ﬂ(x—Lx1)le)} dpy(Z)

X

1
= 77 oxp| = 0, (63)] due(@"). ®)

where

exp[ —v,(@)] =const [ exp [ —1r% (L_Eq)+z)
—3L% (L_ 29— z) - %zz} dz. )

Due to the hierarchical character of G the effective Gibbs measure for ¢! is of the
same form as the initial one for ¢. The block spin transformation reduces to the
simple recursion (9) for the single spin potential v. This is the main simplification of
the hierarchiac_adl model as compared to the more standard one with

G=(—4,,4..) > .- For the sake of concreteness we shall limit ourselves to three
dimensions. We shall also assume that L is big enough (this is not essential). Two
cases will be considered: N=1, 0<e=3—a<g,(L) (Sects. 2 and 3) and a=1,
N> Ny(L) (Sects. 4-6). The general strategy in both cases will be to find first a
neighborhood of the approximate fixed point, preserved by the transformation (9)
except for one relevant direction, and then to show that a distance between two
successive iterations of (9) within this neighborhood shrinks at the critical point
(i.e. when we are on the stable manifold of the fixed point). Somewhat un-
expectedly in the large N case, in the proofs it is enough to control perturbatively
few terms of the Taylor expansion of v around the minimum of the approximate
fixed point and to estimate the remainders by means of the analyticity techniques.
The analyticity techniques are also employed to estimate the contributions of large
fluctuations to small ¢ values of v, as given by (9). For these contributions the
perturbative arguments break down. Instead we use a stability bound for v (which
carries on to v,) together with a straightforward probability estimate for the
Gaussian measure. All this is elementary although in some places tedious. We
hope however, that technical estimates do not obscure the general idea to an
extent which would render it non-readable.

2. Small ¢ Case. Invariant Neighborhood

Denoting exp[ —v] by g we may rewrite (1.9) for d=3, N=1 and even v vanishing
at zero as

a

g1(¢>=jg(L‘5<p+zﬁ“g(L‘%—zﬁ“dv(z)/fg(z)”dv(zx )

_1
where dv(z)=(2n) 2exp[—1z*]dz. a=3—¢ with small ¢>0. Here g=1 is ob-
viously a fixed point of (1). The linearized transformation around g=1, dg— g,
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dg'(9)=L%[dg (L—%Q’ + Z)dv(Z)— L3[bg(2)dv(z), 2

has (Hermite) polynomials of degree 2n, n=1,2, ..., as eigenvectors with eigenval-
ues L3~ For our choice of «, ¢ has the eigenvalue sizably bigger than 1, the
fourth order polynomial has the eigenvalue 1+ 0(¢)>1 and the higher ones are
irrelevant and have eigenvalues sizably smaller than 1. We shall show that (1) has a
non-trivial fixed point which has just bifurcated from the trivial one at e=0 in the
direction of the fourth order perturbation becoming relevant at this point [5-7, 16,
19, 20]. The indication that this is what occurs can be obtained by taking
g=exp[ — 1¢*] and computing the coefficient 1, at ¢* in —logg,(¢) to the second
order in the perturbation expansion:

=— Z:Tdd—z log [exp [~ 1% ((L_%(p+z>4 + (L—%(p—z)4)]dv(z)
S AP p=0
=137 -36L°"2*)2+0()%). (3)

Disregarding the O(4%) corrections we obtain the non-trivial fixed point at
I= 3_16L—3(1_L2a—3)' (4)

The critical moment in our study of (1) is the choice of the functional space of
g’s and of its portion dominated by the non-trivial fixed point. Let us subtract the
quadratic part of logg(¢p) by introducing

g(@)=g(p)exp[aep?], )
with
§'(0)=0. (6)
We shall impose the following conditions on §’s:
(a) g(p) is an even analytic function for |Ime|<|loge|, positive for real ¢,

9(0)=1, 3"(0)=0.
(b) For |of<|loge],

g(p)=exp[—(e)] ()
for analytic 7, and
() =Ap*+(¢), 8)
where
5(0)=2"(0)=5"(0)=0, ©)
and
VA= + sup [B|Ze74. (10)
lo| <|loge]

(c) For |p|=|loge] and [Ime| <L_% [loge],
lg(@)l Sexp[ - $A(Reg)* +k(Reg)?)] . (11)
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In the present section we shall show that our assumptions are invariant under
(1) modulo a displacement in the relevant ¢? direction.

Proposition 1. Let § satisfy (a)-(c) and let |a|<3¢*3. Then §, also satisfies (a)~(c)
provided that L> L, e <gy(L) and x> x,(L).

Proof. Notice that (a) for g, follows easily as the integral of (1) converges
absolutely uniformly in ¢ by virtue of the bounds of (b) and (c) for §. The main
contribution to §,(¢) comes from the integration over |z| <6 |loge]| in (1) with small
positivs 0. Let x be the characteristic function of this region. Take

lp| < L?(1—d)|loge] first. Define

st = ol F g2 gl E - ey [ e
=exp[— L %ap>— L* **A9*] [exp[ — L?az* — 6L® *Ap2z> — L31z*
— L*W(o, 2)12(2)dv(z)/ [ exp[ — L*az* — L3Az* — L*3(2)]1 x(2)dv(z),  (12)
where
#o.0=15( 3 prz) +15( 3 p—2). (13)

Since g, (@) =1+ 0(c**[logel?), g, (@) =exp[ —v,,(¢)] for a function v,,, ana-

lytic for || < L?(1—d)|loge|, provided that ¢ is small. The v, ,, will be analyzed by
perturbation expansion (with a remainder). With the use of identity

fO)=f0)+fO)+3f 0+ [dtGt* —t+3) (1), (14)

for
f()=log[exp[—L3az*—6L* *Ap*z*t— L*Az* — L*W(o, 2)] 2(2)dv(z), (15)
we may write

+d +1£~
o dtl—o 2dt?

le(¢)=L3—aa(p2+L3—2al1¢4_ [

t=0
| 1\ a3
+ [dt|st>—t+ —) —3} log [exp[ — L3az*—6L3 ~*Ap*z*t— L3Az*
o \2 2/ dt
— L3W(, 2)] x(2)dv(z) + log [ exp[ — L*az* — L*Az* — L*3(z)] x(2) dv(2)
=L3_"a<p2+L3_2“).<p4+6L§““<zz>0/1g02— 18L6_2a<22;22>gll¢'4
1
+216L° 73 [ dt(3t>—t+ 1) (2%; 22, 22T 2295 —log [ exp[ — L?az”
0
—L*2z* = L*W(@, 2)1 1(2)dv(2)
+log [exp[ — L*az® — L*Az* — L5(2)] x(2)dv(2), (16)
where

(== [ —exp[— L3az?— 6L* " *Ap?z%t — L3iz* — L*¥(¢, 2)]

=

- x(z)dv(z)/normalization 17
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and {(—;...; —>T denotes the truncated expectation. Decomposing [see (5) and
@]
U1M(§0)=a1M(P2+'11M(P4+51M((9), (18)

we obtain from (16)

1 a2
=L3—a 3-a/,2 _ /'{_____ logX
A m a+6L>"*(z")l, =0 2407 e ogX, (19)
d2
11M=L3‘2"%—18L6‘3°‘<22;zz>§[¢=012+3L3’“—d 5 (224
?»*l,-0
1 d*
- logX , 20
4!d(p4¢=0 g ( )
& 3-a 2 2 1 2 d2 2 2
Bual9)=6L7 ({200 =(Dolymo= 3 @7 23| (2o )i’
¢ =0

—18LS™ (22 220 —(2%;22) ]|, = o) A2 9*

1
2161073 [dt(he> — 1+ 1) (2?2222  W3g°
0

—(lo X—1 2d_2 lo X—L 4—1 lo X) (21)
g 24’ 4o’ o g 4!(P d¢4¢=0 g4& |,
with ~
X=[exp[—L3az?— L3Az* — L*W(9, z)]
-A(2)dv(z)/[ exp[ — L*az* — L>2z*]x(2)dv(z). (22)

First let us estimate |4,,,— 4. We shall do it step-wise.

|L3“2a;{—36L6—2al‘2—/ﬂ=|L3_2a/1—36L6_2a/12—L3_2a1+36L6_2a12,

< sup L3 =720 2T+ 0(— D) |A—]]

0<6<1
S(IL3 22 =720 27+ 0 ?) A=)
S(1—(logL*)e+ 02—, (23)

where we have used the fact that 1 is a fixed point of (3) and relations (4) and (10).
Next

8L~ 242~ <2; 22)4l,- )4 S O(*7), (24)

since A=0(e) and {z*;z%){|,-, receives the main contribution from the per-
turbation in a. Similarly, using also the Cauchy estimates for derivatives of the
analytic function, we obtain

dz

3 <0(e)supl?| (25)
de

3L3—a

(o=0<22>0/1
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and
14 logX| =01 0]
41 dg?o=° ogX| =0(1)supld]. (26)
Gathering of (23)—26) gives
10— yIESG! —%(logL)s)M—Zl +0(1) sup|f| +0(83). 27)
Next we estimate  sup [T ).
lo] <|loge|
a2 N
’ 6137 (<22> —2ly=0 =307 107 <22>o> Ag?| < O(elloge|?)supld], (28)
=0
[18L°~2%(<2?; 22)§ —<(2%; 22§, = o)A2 0% S O(e?[logel*) sup 3], (29)

1
[216L9-3a [di 2 —t4+2)(z2; 22; 22)T2390
0

<0(e3logel%). (30)

To estimate the last (and the main) term of (21), notice that for
| <12 (1—6)lloge]
X —1|=L3exp[O(e7*)] sup [5], (31)
lol <[loge|

and consequently [logX| satisfies the same bound.
Now for |p|<]loge|, using the Cauchy estimates, we obtain

2 4

1 d
logX —1¢p?*—| logX— — lo X‘
gX—3 do*l,=o & 4! a dqo ?=0 8
<o) 1 ) 2k
< ———| |2 lo X‘
2y @ g, o8
> L7
< Z (1—5)2k sup |]0gXI
k=3 lol < L5(1 —6)|loge|
SL7T3H1-0) (1 -0’ —L™% Texp[0(")] sup 7]
lo| <|loge]
=% sup i (32)
lol <|loge]
provided that L> L. Inequalities (28)-(30) and (32) give
sup [5,,,/S2 sup [3]+0(3|logel®). (33)
lo] <[logel lo] <|loge|

Summarizing, (27), (33), and (10) yield
e, 0 — A +suplB, ] (1 —3(log L)e) (14| A — Z| +sup|d])
+0(e*%*%) <(1—(log L)e)e™’* . (34)

We are left with bounding the contributions to g,(¢) for |¢|<|loge| from the
integration over |z| = d|loge|, disregarded so far. These should be damped by small
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dv-probability (~e®01°e2h) of such z. Indeed. From (1) and (12) we have

_x 113 _x N
91(9)=g,,(0) [1+§g(L 2<P+Z) g(L 2<P—Z)’L3

E2

L o+ ol T2 saana)]
14 9@ 7 @an2)/] 9@ 1(2)dv(z)] . (35)

where

r=1—7. (36)

Since by (a)—c), g(L_E(p-i_-z)‘<2, say, for any z and

'g(L_ %(p iz)— 1,§ 0(e*3logel?)

if x(z) #0 (¢ small), we immediately obtain for the correction v,.=a,¢* 4+, —v,,,,

sup o | Sgltoseh, (37)
lo| <|loge]|

Taking into account the region |z| =d[loge| gives rise to corrections of infinite
order in & Thus (b) for g, follows from (34).

We still have to show that the large field estimate of (c) holds for g,. Let us take
¢ with

lp|=|loge] and [Ime|<L 2|loge|.

We may rewrite (1) as

d,(@)=exp[(a, —Ls““a)q)z]( ) + f )

-1
|zl <3L 2|Req| |z|Z%L 2|Req|

_e 3L
)§<L 2go+z)

BEReS
-g(L 2¢— z) exp[— L3az*]dv(2)/[§(2)* exp[ — L3az*]dv(z). (38)
Consider |zl <iL 2|Req| first. If [L' 2¢ izlg lloge| then by (c)
_z _2 4 _2 2
lg(L Zgoiz)lgexp[-—ﬂ((L 2 Reqoiz) + K(L 2 Refp-_l-z) )] (39)
If IL_Ego + zl <|loge| then, since
,Re(L_i(piz)l>%L_7|Re(pl >1L 2(1—L™%'[loge|

and ‘Im (L_ 2+ z)l <L %logel, L 2@+ still has a small argument (L is big, ¢ is
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small). Hence by virtue of (b),

a

-z 4 & I 4
Re(l(L Z(piz) +§(L 2(p-|_-z))g% (L 2Regoiz)

iZ((L_ %Re(p + z>4 + x(L— %Rw iZ>2) ., (40)

v

and (39) holds too. Now

_ L3 _a +L3
| Q(L 2+ z) Z](L 2 z) exp[ — L3az*]dv(z)

et
2

|z| <4L 2 |Reg|
<exp[ —1A(L3"*(Re@)*+ L *k(Re@)?)] [ exp[ — L az*]dv(z)
<exp[ —$AUL* "= Dr(Re@)*] exp[ — 1A(Re p)* +x(Rep)?)]

-fexp[— L3az?]dv(z). (41)
For |z| 2L~ *?|Re |, either for + or for — sign, [Re(L™ 2@ +2)|=3L"*?|Req]| so
that (39) holds. Thus

_z LEA . L
) g(L 2¢+z) Q(L 2(p—z> exp[ — L3az*]dv(z)
21 24L7% [Reg|
<2 exp[ —43)*L? 2*A(Re )* — 4(3)2 L3 ~*Ax(Re ) JeOlozeD
<e0llosh exp[ - JAL* ™"~ r(Rep)*Texp[ — 1 H(Rep)* + K(Re@)*)]
-[exp[— L*az*]dv(z) (42)

and is a small correction to the bound (41).
As far as the exp[(a, — L* ~“a)p?*] factor of (38) is concerned, we notice that, by
virtue of (19) and (37),

la, — L*~*a| £ O(¢). 43)
Finally, by (b) and (c),
[9(z)*’dv(z) = exp[ — O(e)] [ exp[ — L*az*]dw(z). (44)
Substituting (41)-(44) to (38) we obtain
13, (@)l Sexp[O(e) + O(e) (Reg)* — ;[ AL’ "~ D(Re p)*]
-exp[ —4AH(Re@)* + k(Re )*)] Sexp[— 1 H(Re@)* + k(Reg)*)], (45)

for x>xy(L). This demonstrates (c) for g, and completes Proof of
Proposition 1. [

3. Small ¢ Case. Contractive Properties of the RG Recursion

Proposition 1 shows that the region of g specified by (a)-(c) is invariant under the
transformation (1), provided that |a| <3¢2/3. Unfortunately this assumption on the
coefficient a at the quadratic term of —logg is not stable under (1). As (2.43) shows,
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the main contribution to a, is L> %a, in agreement with our analysis of the
linearized RG transformation around g=1:¢? is a relevant perturbation. We shall
however show that for one (critical) value of a for each initial §, the assumptions of
Proposition 1 for a are stable under the iteration of (2.1). One also stays in the
region specified by (a)-(c). Moreover, for the critical choice of a the distance
between subsequent iterates of (2.1) keeps shrinking, resulting in the convergence
to a non-Gaussian fixed point.

Our strategy of finding the critical value of a borrows from [4, 5]. We shall
restrict the admissible values of a gradually from one iteration of (2.1) to the other
so that finally the critical a (corresponding to the critical value of the temperature)
is chosen. Introduce

b=a+6(1—L"%) " '(14+2L3%) 4. )
Taking (b, A) instead of (a, 1) approximately diagonalizes, as we shall see, the RG
transformation (2.1) restricted to (exp of) the subspace of the even fourth order
polynomials.

Let us start from g, satisfying (a)-(c) and with |a,| <&*3. By g, we shall denote
the subsequent iterates of (2.1). Notice that, by virtue of (2.43), (2.20), and (2.37),

b, —bo=a, +6(1— L% 1(1+2L%,) 14, —ao—6(1~ L~%)~ (1 +2L3%g)" Ay
= L3 %y +6L3 (1~ L%~ {(1+2L% )y —a,
—6(1— L™ (1 +2L3%ag) " 11y + 0(e) (a, —ag) + O(™)
=(L*"*—1)by+0(e) (b, —by) + O("'*). (2)
From (2) it follows that there exists a closed interval I, C[ —&*3,¢*3] such that
b, —b, sweeps [ — &3, 53], say, if a, sweeps I,. Below we list properties of g,’s to
be proven by induction. In the light of the preceding discussion, it should be clear
that g, and g, satisfy (4,)-(C,). We use the notation 4f,=f,, , — f, for any object
indexed by n.
(A,). For 0<k=n one can choose a closed interval I, C[ —&*3,¢23], I, ., CI,,

such that b, sweeps (1 —e)[¢°/?,&%3] as a, runs through I,.
(B,). For a,el,

eYMAL I+ sup AT |S2(1—g)e"4. (3)
lo| <|loge|

(C,). For ayel,, |¢|=|logel, and Ime|<L 2|logel
4G, (@) (1 - &' (Re)® exp[ — 3A(Rep)* + k(Re 9)*)]. 4)

Notice that from (A,) it follows that for a,el,, |a,|<3e*? for 0Sk<n+1.
Indeed. This holds for k=0. If moreover it does for 0 <k <[ <n, then g, satisfies the
assumptions of Proposition 1. Consequently, by Proposition 1 and its proof, (4, ,]
=O0(e) and |a,, | < 0(e*). Now, by (1),

1
la, | SIb, = bol+lagl +0@) S Y, (1—effe’ +6%3 + 0(e) S 3623, (5)
k=0

As a result we infer that the assumptions of Proposition 1 are satisfied for g, , if
(A,) holds.
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Proposition 2. Let L> L, e<gy(L), k >Ky(L). Then (A )~C,) imply (A, )-C, . ).

Proof. Consider small ¢, |¢| <L§(1 — d)llogel, first. We have
exp[—A4a,, 0> — A4, 1 9* =40, ((9)]1=g,+ ,(9)/9,+ (@)
=[fexp[— L %a,, 9>~ L%a,, 2> —L> %}, ,@*—6L> A, 0?2~ *],, z*
— LW, ., (0, 2)I1(2)dv(2) + [ b1 (@, 21 (2)dv(2)]
[fexp[—L* %a,9?— L3a,z*— L3~ %}, ¢* — 6L3 "), 0?22 — L), z*
— L3%,(0, 2)1(2)dv(2) + [ h(@, 2)x"(z)dv(z)] "' -const, (6)

where _x 3L3 _a iL-
hi(@,2)=g,\L *¢+:z gn(L 24)—2) : ™

The main contribution to (6) comes again from the integration over small z.
Dropping the terms with y* together with the overall @-independent constant,
omitting the subscript “#” and replacing the “n+1” one by the prime, we obtain
the following expression for the main contribution to (6),

exp[Ac),— Ady@® — AXy,0* + AT\ ()] =exp[ — L *dap? — L*~ **41¢p*]
{exp[—L34az*—6L3"*AAp?z* — L3 AAz* — L3 AW(, 2)]>*, ®)
with Ac), being @-independent and
(=>*=[—exp[—L3az>—6L* *Ap?z> — L*Az* — L*W(9, z)]
- %(2)dv(z)/normalization . 9)
Notice that by (A )-(C,)
|L3Aaz? +6L3“AAp?z% + L3 Adz* + Ao, 2) S O((1 —&)"e¥?|logel*).  (10)
Hence |—log<exp[ — L34az*— ... — L3AW(¢, 2)])*
—{L34az*+ ... + L3 AW(@, 2)>* £ 0(1 —)*"e**/3). (11)

The {L*4az*+ ... + L*A¥(¢, z)>* will again be computed by the perturbation
expansion in the term 6%~ *1¢?z? of (9). Introducing ¢ — %, where t multiplies this
term, we may write

(L3 Aaz? + 613 400> 2% + L3 A3z + L A¥(0, 2))*
=L3*Aa({z*)%—6L>"*Iz%; 2205 T2 + 18L° ™ 2222 z%; 2% 22 )% To%)

—216L°73*334a (jl) dt3t> —t+3) (2%, 22,2222 )0 T

+OL> T MM )5~ 6L A(2%; 2 ) Tp*)g?

21615734 j)dtu — (2252208

+ L3AMLZ* Y5 — 613 7 z* 225 T + 18 L6 ™ 2202 z%; 2% 22 )5 To*)

1
—216L° 7 A3 A [ di(3t> —t+2)<z*; 22, 22, 22D To® + L3 (W(e, 2))*. (12)
0



202 K. Gawedzki and A. Kupiainen

This tedious decomposition, together with (8) and (11), results in the estimates
|4¢)] = 0(14al) + O(142]) + O(sup|45]) + O((1 — £)*"e***) S O((1 —¢)'e*'?),  (13)
|ddy,— L *Aa—6L3"*(1+2L3a)~ * A4 £ O(e)| 44| + O(1) sup| 45| + O(&)| Aal
+0((1—e)*"e* %) <0((1—e)%e”%), (14)
|42 — L3~ 2*AA+T2L°~2*] A2 £ 0(e*/*)| 42| + O(1) sup | 47|

+0(e"*)|da) + O((1 —&)*"e14/5), (15)
|AT,| S O(e7'*)| A2+ 2 sup|4T| + O(e"'*)| 4al
+0((1—¢)*"e'*5) for |p|<[loge|. (16)
From (3), (15), and (16) it follows that
M4 AN |+ |‘p|s<ulggal |48, <2(1 —(log L)e) (1 —¢)"e7/*. 17)

We still have to estimate the errors coming from the large z terms of (6) containing

x*. We must show not only that they are small for small ¢ but also that they go

down with n at least as (1 —¢)". By virtue of (6) and (8), we have

exp[—4d ¢* + A1 o* + AT (p)] =exp[ — Acy; — Ady@* — ANy @* — AT, ()]
{L+exp[Acy, +Ady@? + ALy 0* + ATy (@)] | (9, 2)x*(2)dv(2)/ | W, 2)x(2)dV(2)

{1+ [ h(@, 2)x(2)dv(2)/[ i@, 2)x(2)dv(2)} ~* - const. (18)
Notice that for |¢| <|loge|, by (13)~16),
lexp[Acy, + Aay@® + A2y, 0* + ATy (@)] - 1| S O((1 &), (19)

and by (A HC,)
ILJ 7' (@, 2)x*(2)dv(2) — [ hlo, 2)x*(2)dv(2)/§ W@, 2)1(2)dv(2)| < (1 —e)'e?V°eD , (20)

I (@, 2)x*(2)Av(2)/[ W@, Dx(2)dv(z)| < e2VsD. 1)
Expressions (18)—(21) imply that
|Ad' — Ad)y,| S (1 —e)reOtoeeh (22)
A% — ATl S (1 —eoliosD, (23)
sup AV — AV | (1 —e)rglioseh, (24)
lo| < |loge|

Inequality (17) and (22)~(24) prove (B, ,).
To show (A, ,), notice that by (1), (3), (14), (15), (22), and (23),
Ab'=4b,, =a,,,+6(1—L™ " 1+2L%,, ) A=,
—6(1—L™ " 1+2L%,, ) *Ays=4d +6(1—L™%) " '(1+2L%a)~ 4%
+0((1—e)"e>)=L3"%da+6(1— L™~ Y1 +2L3%a)"*4%)
+0(1—e)e"*)=L3>"*4b+0((1 —&)"e"'*). (25)
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Since for a, running through I, C[ —&*3,6%/®], Ab sweeps (1—¢)"[ —&%/3,¢%3] and
L*~* is sizably bigger than 1, there exists I,,,CI, such that Abn +1 Sweeps
(1—¢)""'[—&53,653] when a runs through I, ,. This proves (A, , ).

We are left with showing (C,). Let |¢| =|loge| and |Im ¢ <L 2Jloge|. We have
G0+ 2(0)= s (@I SIexp[(a,, ,— L 0,071 [ B, 1(9,2)
-exp[— Lsan+ 122]dv(z)/j Ins 1(2)1‘3 exp[— Lsan+ 122]dv(z)
—exp[(a,,, — L*"*a,)0?1 [ h(0,2)
-exp[—L%a,z*1dv(2)/[ §,(2)"’ exp[ — La,z*1dv(z)|,  (26)

where we have denoted
o )JZ-L3

BERY
h,,((/J,Z)Eé,.(L 2<P+Z) én(L p—z @7

Using (2.43), (14), (22), (A, HC,), and (b) and (c) for g, and §, . ,, we obtain easily

lexp[(a,.,—L> *a,, 1)(/’2]/! Gn+ 1(Z)L3 exp[—La,, z*]dv(z)
—expl(a,, , — L %a,)0*1/{ §.(2)" exp[ — L3a,z*]dv(2)|
SO0((1—#)"e*?|logsl?) (Re@)? exp[O(e) (Re @)*]. (28)

Mimicking the steps (2.38)-(2.45) we show now with the use of (28) that
1Xp(@, 4 ;= L>*a,. )91 [ s (0, 2)exp[ — L2a, . 221dV(2)/[ Gy 1, (2)"
- exp[—L%a,, ,2*]dv(z) —exp[(a,,, — L>~*a)9*1 [ h, . ,(®,2)
-exp[ — L%a,z2]dv(z)/[ §,(2)~ exp[ — L3a,z*]dv(2)|
SO((1—e)'e**logel?) (Re@)? exp[ — 3 U(Re p)* +K(Re @)?). (29
Hence we are left with bounding

lexp[(@, 1 ; — L37*a,)9*1 [ (h,... (¢, 2) = (@, 2)) exp[ — L*a,z*1dv(2)]

Gt 1 (L_E(P“‘Z) =9, (L_E(p—z)‘

<exp[O(e) (Re)’1L* |
1131 _a 113
’g# (L <0+Z) G (L 2¢—Z) exp[—L%a,z*]dv(z),  (30)
where
15 4| =max(|g,, 17, 1) (31)

The right hand side of (30) is again estimated by mimicking the steps (2.38)~(2.45)
with the use of (B,) and (C,). The point is that the coefficient at (Re)® in (4) goes
down from (1 —e¢)" to L3~ 3%(1 —¢)". This way the term on the right hand side of (30)
may be bounded by

(1=3(1—=L3739) (1 — &' (Rep)® exp[ — 3A(Re @)* + k(Rep))]. (32)
Expressions (26), (29), (30), and (32) produce (C_,,). O
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From the fact that (A, )~(C,) hold for any n it follows immediately that for
age NIy, g, converge uniformly for

{Im | <L_7|10ge!
to a fixed point g of (2.1). That the uniform convergence holds for |Im ¢| <|loge]
follows easily from this and (2.1) {to know g, ,(¢) for ¢ with [Im¢|<|loge| we have

to know g,(¢) only for ¢ with [Ime|<L 2|loge|| Actually, subsequent g, are

analytic for [Ime| < L"~V*?|loge| and g, is an entire function.
This way we have obtained the following:

Theorem 1. Suppose that L> L. Given g, satisfying (a)-(c) of Sect. 2 with ¢ <g,(L)
and k>K,(L), there exists ay, |a,|<e*3, such that the iterates of (2.1), g, ()
=g, (p)exp[ —a,p*], converge to a fixed point of (2.1), g, uniformly for |Img|
<|loge. Moreover §, satisfies (a)~(c) and |a,|<3¢*> (so in particular g, is non-
Gaussian).

4. N=oo Fixed Point

Now we shall consider the many component hierarchical model with
O(N)-invariant single spin distributions g(@?/N). Taking @=N?*(¢,0,...,0),
z=N"2(s,{,,....{y_1), G+ ... +({_, =u, we may rewrite (1.9) for d=3 and a=1
as

g(@*)=const | ds|dug(L™'¢*+2L" V2@s+s>+u)**’
-0 0
g(L™1@?—2L" Y25+ s 4 u)tt’

. 1)

-exp

N 3
- ~2—(sz+u—logu)— Elogu

Putting N
91(¢2)=3Xp[— 30(1)«02)}; (2

we may compute (1) in the limit N— oo by the steepest decent method. This was
done for the first time by Ma [12-14]. Our discussion of the large N limit will
follow in main lines his original papers. Equations (1) and (2) give

vl((pz)N:00 isnuf [GLo(p ™)+ 3L%0(p ™) +s* + u—logu] +const, 3)

where
P, =L"'@?+2L" Vps+s>+u. 4)

If v goes to + co when @? tends to + oo, we obtain

vl(qoz)N::Oo 1L%0(po)+L1L3%(py ) + s3 + u, — logu, + const, (5)
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where
Vo =0 |0, u00 (6)
and
L3[0(wo) (L™ 20 +50)+ ' (g ) (— L™ 2@+ 5,)] + 25, =0, (7
1
SL2 () +AL30pg)+ 1 - =0. @®)

0

Here s, =0 is a solution of (7), in fact the one relevant for the fixed point, as we
shall see. Hence

v1(¢2)N== L3(L™'¢*+uy) +uy—logu, + const, 9)
or, taking its derivative,
U&(CPZ)N:OOLZU/(L' Lo?+uy), (10)
where
1
L3v’(L_1q02+u0)+1—:t—=0. (11)

0

Denoting by ¢,¢, the functions inverse to v/, v (assuming they exist) and setting
L*'(L™'¢*+u,)=1, we may rewrite (10) and (11) as a single relation

t,(t)y=Li(L™*1)—L(1+Lv)"'. (12)

For the fixed point ¢ this becomes
to(t)=Lt (L *1)—L(1+L7)"'. (13)

Notice that t_(0)=L(L—1)"*=¢3. Here @3 is the extremum of the N= oo fixed
point v. We may rewrite (13) as

[(A=M)(t,, —1,O)]()=L>c(1+ L), (14)
where
Mf(t)=Lf(L™?1). (15)
Formally at least
to(t)=t,(0)+ i (M"L*-(14+L-)" 1)
n=0
=L(L-1)+ i L* "1+ L'~ ?). (16)
n=0

It is easy to see that the series on the right hand side is absolutely convergent for
any teC!, 1+ —L?*""! n=0,1,..., giving a meromorphic function. Let us notice
that for te]— L™ 1, o[

o0

t (=Y L2 "1+L'"2"7)"2>0, 17)

n=0
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so that t grows monotonically.

lim ¢ (1)=—oo0. (18)

t»>—L-1

Now for n, being the largest integer with L'~ 2mr>1,

no
i Y LT (s Z L3772 4 Z L (19)
n=0

n= n=no+1

o C,rm Pl (1)<Cyi 1, (20)

if 7 is large. In particular
lim¢ (7)=00. (21)

70
We shall define v/, by inverting ¢, on ]— L™, oo[. Notice that v/ (¢2)=0, v/,
grows from — L~ ! to co when its argument runs from — o0 to c0. Thus v, has a
single minimum at @3 and goes to oo when the arguments tend to + oo. We shall
normalize v so that v_(¢2)=0. Of course v, is analytic around the real axis since
t,, was around ]— L™ !, co[. In fact one can show that the analyticity region may
be extended to include a small cone around the positive real axis. Since by (17)

0= L>"=L3L-1)"*=1.", (22)
we may write "0
Voo @5+ Y) =W () =345, )% + W, (1), (23)

where W_(y)=0(y*) for small y. Clearly the fixed point is non-Gaussian.

Notice that we could obtain other solutions of (10) and (11) by inverting ¢ on
J—-L**1, —L* [, n=0,1,.... These however would give v, which is un-
bounded below violating stability and because of that uninteresting physically.

As noticed by Ma [14], if we write t(t)—t (t)= Z a,t", then, by virtue of (12),

n=0
t,(0)—t ()=L[HL *t)—t (L™ *1)]= i L'~ 1", (24)

Hence a,(v) are the scaling fields and the L' ~2", n=0, 1, ..., are the eigenvalues of
the linearized RG transformation around the non-Gaussian fixed point in the
N— o0 limit. We clearly see the stability of this fixed point (only one eigenvalue is
> 1, the other corresponds to irrelevant directions). The aim of the subsequent
sections is to prove that this picture remains correct for sufficiently large but finite
N.

5. Large N Case. Invariant Neighborhood
The corrections to the N=oo RG transformation could be systematized into a

1 . .
perturbative N expansion for the right hand side of (4.1). However, for the purpose
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of proving the existence of a fixed point for finite N, we shall need only crude
bounds for the corrections.

Similarly, as in Sect. 2, the region of ¢? near the minimum ¢Z=IL(L—1)"! of
the N = o fixed point v, will be controlled more closely, the contributions from
®* away from @2 being small (of order e”°") and bounded with the use of the
analyticity techniques. We shall normalize the single spin distributions g(¢?) so
that g(¢3)=1 and will introduce g(¢2) by

, @

. N
g(€0§+Y)Eg(¢3+Y)CXP[— T

where §'(¢2)=0.

Let us state the assumptions for the factors g.

(a) g(¢?) is an analytic function for |Im¢|<p, positive for real ¢, §(p3)=1,
7(93)=0.

(b) For |y|<e=2¢,0 (this is a different ¢ as in Sect. 1-3)

a0+ 1) =exp| ~ 5 0. ®
where w is a function analytic for [y| <e. Writing
W(y)=34y*+W(y), 3)
where #(0)=#(0)=%"(0)=0, we have
A=A <62, 4)
sup W' <e>*. Q)

(c) For [Imo|<L™'?, |y|Ze, where y=¢?— ¢,
N N
00 Sexp| — Py 4, (ReyP+ 3l ©

Assumption (a) states the general properties of §. Notice that it means that §(z)
is analytic in the parabolic region (Imz)? <4¢*(Rez+¢?). Assumption (b) implies
that close to the minimum ¢2 of v,, §(¢* is a small perturbation of

. Finally (c) is a convenient stability bound. The main result of the

- %Uoo(goz)

present section is

exp

Proposition 3. If § satisfies (a)~(c) and if |a|<2¢?, then §, also satisfies (a)-(c)
provided that L>L,, 0 <L), and N =N (L, 0).

Proof. Introducing the notation
G(s,u, @) =g(L™ 10>+ 2L Y205+ s> +u)L’g(L™ 1 p? — 2L s + s> 4+ u)*™’

N
-exp —7(sz+u—logu)—%logu , @)
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we may rewrite (1) as

g,(pH= _j ds g du G(s, u, (pz)/ _j ds (j) du G(s,u, p2). (8)

Notice that by virtue of (a)—(c) the integrals in (8) converge absolutely uniformly in
¢ such that [Im¢| < g [since for such ¢ the arguments of g in (7) have an imaginary
part bounded by L™ 2g]. Hence (a) for §, follows immediately.

In order to study (b), take p?= ¢ +y.

N = o0 Recursion. Let us define
w(y)=ay+w(y), ©

see (2). The large N limit approximation w, () to w,(y) is given by (4.10) and
(4.11) which, after translation by ¢ to rewrite them in terms of w’s, read

Wi =LW(L™y+u,—1), (10)
1
L3w’(L'1y+u0—1)+1——u—=O. (11)
0
In the first, rough attempt, we take w'(y)=a+Ay and compute u, from (11)

1
approximating - ~1—(u,—1). This gives
0

uy—1=—L31+L3*) ta— L2A(1+ L3 'y +i, (12)

where ii is the correction due to the approximate character of the calculation. We
shall search for the solution of (11) for small y in the form (12). This is a standard
problem.

Lemma 1. For |y|<3L?, there exists a unique analytic function ii(y) satisfying (11)
and (12) and such that |u(y)| S5L%"*. Moreover [i'(y)| <5¢*'%, [i(0)| < O(¢*'*), and
[ (0)| £ O(7*).

Proof of Lemma 1. Inserting (12) to (11) and using (3) and (9) we obtain

fi=—(1+L3A) LW (= L3+ L32) ta+ L™ (A + L32) Ly +il)
+1+L3A+ L3 ta+ L2A1+ L3 ) Yy—a—(1—L3(1+ L)) 'a
—L2M1+ L3 Yy +) Y]=F(y,1). (13)

Notice that by virtue of (4),
L™ Y1+ L3 ly=(L"2+0(e*?)y. (14)

Hence it is easy to see that for |y|<2L?%, F(y,-) maps, say, K(0,¢*?) in i into
K(0,412¢7'%) (¢ is small). Its derivative over # on the same ball is bounded by
O(¢*'*). Thus there exists a unique solution of (13), #i(y), in K(0,2L%¢"'*) which may
be constructed by successive approximations. For y=0, F(0, -) maps K(0, &%) into
K(0,0(¢1%#)) [to see this notice that by virtue of the maximum principle, |#W/(z)|
<|z/e|?¢"* for |z| <& since W'(0)=w"(0)=0]. This gives |i#(0)| < O(s*>'*). Moreover
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oF . oF
I%(J’, u(Y))' <IL%%*, ‘E(y, u()'))l g (15)
and
‘%g o a(O))‘ <0, )‘2—’; o a(on‘ <067, (16)
Hence
OF oF
[#' ()= l@ (v, i(y)) / (1 - %()@ fl()’)))l S (17)
and
[#(O)<0(E", (18)

which ends Proof of Lemma 1. [
Given Lemma 1, we may extract the properties of the function w/, ,(y) analytic
for |y| <2 L% as given by (10) and (12):
Wy =LW(= L3+ L) la+ L™ (1+ L) 'y +i(y)). (19)
We write

wlloo(y):aloo-'_;tlooy-’-ﬁ/loo(y): (20)

N

where W, (0)=Ww] (0)=0, and obtain

ay=L*W(—L31+L3) ta+i(0)=L2a— L3541+ L)) 'a
+ L223i(0) + L2W/(— L3(1 + L32) " 'a+ii(0)) = La+ O(¢7'?), (21)

A =LA1+L32)" + L2 (0)+ L*W'(— L3 (1 + L*2) ™~ a+1i(0))
(LY I+ LA + @ (0)=LAL+ LA~ +0(7%)
=dp + L7 (A=2,)+0(E"). (22)
Equations (21) and (22) describe the behavior of the relevant and the least
irrelevant perturbation near the N = oo fixed point in agreement with the analysis
of the end of Sect. 4 of the linearized RG. Finally, for |y|<3L%,
W O =IL2A0 () + L*W'(— L3(1+ L3 ta+ L™ Y1+ L3~ 'y +1(y))
(LTYA+ LPA) T 4 (y) — LA (0)—L*W'(— L3(1+ L32) ™~ ta+1(0))
(LTYA+ LA+ w7(0) =383 (23)
Using W] ,(2)| <|z/(2L%)| sup|W/ |, due to the vanishing of W/ _ at zero and the
maximum principle, we obtain from (23)
WL ONSELY ! 34 <33 for |yl<e, (24)

(L> L,). Equations (22) and (24) show that W, ,(=4,,,y+W, () satisfies (b) with
some space to accomodate the finite N corrections.
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Small Field Integral. In this subsection we shall consider p*=¢Z+y and |y|<e
or |Ime|<L™ 2?9, |Rey|<LY?c. Notice that if |[y|<e=2¢p,0, then
=@k +rcosO+irsing with 0<r<2¢py0 and

r2sin?0=[Im(20% +rcosf+irsinH)]> <[20> +rcosO +irsinf|?
=40* +49%r cos 0+ r? <4g*(p% +rcosf+g?).
But this inequality implies that [Im¢| <, so that (8) is well defined for p* =3 +y

and [y <e.
We shall divide the integral of (8) into two contributions. To this end define

O={(s,weC:|s|<ie, |Ju—1+(L =L ?)Reyl<ie}, (25)
and write
[ ds|duGls,u,0®)= | dsduG(s,u,0*)+ | dsduG(s,u,¢?. (26)
— 0 Re® (R X R 4)\O

The first integral is the main contribution. Notice that, by virtue of (7), (b) and
9), for (s,u)e O

G(s,u, p3+y)=exp| — % Vs, u, y)}, 27)
where
V(s,u, ) =2L3W(L™ 'y + 2L s+ s> +u—1)+3L*w(L ™ty
—2L“”2gos+sz+u—1)+sz+u—<1—%)logu. (28)
Indeed

L'y +2L " Y2ps+s* +u—1|S L7 Rey|+ L™ YImy| + 2L Y2¢p,ls|
+3e+0(e?)<e(L>Ly, e<ey(L)),

so that we are in the domain where (2) applies. Notice that (0,u,(y)), as given by
(12) and Lemma 1, is deep inside O for L big and that

3
W1o(1) = V10, uo(y), y) = V(0,110(0), 0) = = (loguo(y) ~logu(0) . (29)

To exhibit the N = co contribution (29) to f ds du G(s, u, ¢?), we shall change the
Re®
contour of integration over u to the one given by CAB on Fig. 1. This way we

obtain

Rf ds du G(s, u, p*) =exp { — g V(0, uy(y), J’)}
el

s 1 dwexp| = 3 V500~ V016010, (30)

—a CAB
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1
Imu Vi
ug(y)
#
¢ 1-(27-22) Rey 3 Reu

where a=1¢. The integral on the right hand side of (30) is a small perturbation

of a Gaussian integral of the type |exp|— %(al&/o—) d*¢ with a positive matrix
<. It is estimated in
Lemma 2.
a N 8 1/2
J ds [ duexp|~ 5 (Vo) = VOt )| =r(3p)  NTTHOEN .
~« CAB 2 3L :
(31
Proof of Lemma 2. First let us notice that on O
% %
05>’ Osou 6 0 3
Sy | wun=(g 7] +oe )
ouds’  0ou?
(N> N(e)). For the interval AB, let us parametrize
s=a0,,
(33)
u=uy(y)+o,(B—A4),
with |o,|<1, 0<g,<1. This allows us to write
« N
[ ds | du exp[— E(V(S’ u, y)— Vs, up(y), ;V))]
—a AB
1 1 N
=a(B—A) [ do, [do,exp [— E(al&io)— NU(o)+ 0(8)] , (34)
-1 0
where the matrix
o’V 0’V
o’ ——, o(B— A)
1 0Os 0s 0u
o = 5 62V an (Oauo(y)ay)
B— - _ 2
«B—4) Os Ou {B=A4) ou?
302 0 "
— /4
(0 s ape) v 9
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and the higher order contribution
|U(0)| =0 ol (36)
see (32) and (33). We use the fact that

ov ov 3 i
6—s(0, uo(y),y)= %(O,uo(J’% y)— N“o()’) =0,

since u,(y) was defined by means of these relations. We also have
Re[3(al#/0)+U(o)] 2% Re(al£a), (37)

since (B— A4)* has a small argument (4 is deep inside @ for L big). Defining:
U(o,, —0,)=U(0,,0,), we may write
1 1

«B—A) | do, [do, exp[— %(alﬂo’)—NU(a)}
“1 70

=lgB—4) | dzaexp{—%(alﬂa)

lo1],]o2| <1
1 2 N
+3uB—A4) [ d’oexp|— = (dlo)|(exp[—NU(0)]—1)
- lo| <N-2/5 2

N
- E(a[&zfa)

+30B—A4) | d*oexp
lol 2N -2/3
[o1],loal <1

The first term on the right hand side of (38) is
no(B— A)(det.sZ) 12N~ +0(e” V) (39)

for some 6> 0. The second one is bounded by O(e**/*N ~%/3) by virtue of (36), and
finally the third one by O(e~°"""). Altogether it produces the estimate

(exp[—NU(a)]—1).(38)

7 \12
(38)= (—) AN~ + 034N, (40)
3L
Substituting this and the analogous estimate for the contribution of the CA
interval to (34), we obtain (31). [
Equation (30) and Lemma 2 imply that

(n(i)l/2+0(83/4))N‘1 (41)
3L '

N
= 5 VO.u0).)

| dsduG(s,u, p*)=exp

Re®
Large Field Integral. In this subsection we shall estimate the second term on the
right hand side of (26) for the region of the values of @2 (of y) as in the previous one
(see its beginning). The aim is to show that this term is down by a factor e °N as
compared with the first one. To exhibit this we shall prove certain inequalities
for |G(s,u, 9*)| with real s, u and |Im ¢| <o which will also be used in the later
arguments.

First notice that by virtue of (b), (c) and the assumption on a,

N N ,
lg(@?) =exp| — Elw(Rey)” 5/100(Imy)“ +NO('%) (42)



Non-Gaussian Fixed Points 213

for [Im ¢| < L™ '/?¢. But the arguments of g in (7) fulfill this requirement for real s, u
and [Im | <g. Hence

N N
|G(s, u, p?)| éeXp[— 1—,;L/100(Rey)2 + ?Lzloo(lmy)2 +N0(811/4)J
4

N 5 N
-exp[— EL%OO Rey(s*+u—1)— EL3/100(s2+u— 1)?

N
— —L*, (Rep)’s*+2NL*]_(Im (p)zsz}

3
N
-exp[— 7(52+u—logu)~%logu-|—NO(a“/4)}. (43)
Now, for 0<u<3,
N N N
—(u—logu)+3loguz — + —(u—1>-0(1). (44)
2 - 2 6
Moreover,
N N

N
ELZ/IOO Rey(s*+u— 1)+ — L3 (s> +u—1)>+ g(u— 1)2

12
N 2 3 -1 2 N 3 2 2
=€(u—1+L A+L7A) Rey)‘—i—EL Ap(s*+u—1+L"1,

3 -1 2 N 4192 3 -1 2
‘(24+L°1,)" ' Rey)*— EL 22+ L°A,) '(Rey)

N _, _ N 5 _
+—=L*2 (2+L%%,) 'Reys*= E(u— 1+ L%, (2+L%1,) ' Rey)?

3
N N
_ Ny 35 y—-1 2_ 2
5 A(24+L°A,)" '(Rey) 123 , (45)

as a simple algebra shows. Hence, for 0<u <3, real s and [Img|<p,

N
IG(s, u, p*)| <exp| — 3 LQ2+L%A,) "7 (Rey)*+ g L) (Imy)?

N N N
- g(u— 1+ L2, 2+ L3A,) "Rey)*— —3~s2 —5 + NO(e“’”')] . (46)
For u=3 the second and the third exponent on the right hand side of (43) decrease

with u as is easily seen. Hence for u=3, real s, [Img|<g

|G(s, u, *)| £ right hand side of (46)|

=3
T2

. (47)

N N
-exp| — E(u—logu)—%logu+ ?(%—log%)+%log%
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Inequalities (46), (47), and (25) imply that for ¢?=¢Z+y with |y|<e or
Ime| <L~ 2, |Rey| < L',

[ dsdulG(s,u, *)| Sexp ﬁL/lw(Imy)Z— ﬂaz—— N +NO(e V4], (48)
(R x Ri)\(p 2 30 2

In order to compare (48) with (41) notice that by (29), (20)—(23), (28), (14) and
Lemma 1,
V(O’ uO(y)’ y) = al ooy+%)'l ooy2 + V:")l oo(y) + L3V%(u0(0)_ 1)

3
+uy(0)—logu,(0)+ —Nloguo(y)= 1+, y*+0@E™M%). (49

Hence we easily see that

IG(s, u, p?)| =

(R x RINO
for L,e™!, N big and some §>0. Finally
g (@)= [ dsduG(s,u, ¢? / [ dsduG(s,u, ¢2)

RIxRL R!XRL

| Gls,u, >N (50)

Re®

—exp| = 3 (V0.50).) - V0.0, 0) | exp[0:>) + O™

- %wm(yHO(a”“)} (51)

=exp

(N> Ny(¢)). Thus we obtain

w () =w, (1) +0E*N™1). (52)
This together with (20)~(22) and (24) proves (b) for g, and shows that
a,=La+0("?). (53)

At the same time (6) of (c) follows for ¢ =2 +y with |Im@|< L~ "%, |y|=¢, and
|[Rey| < L'?e.
We are left with showing (6) for ¢? with [Im¢| <L~ g and |[Rey|= L*'%¢. This

. N .
bound iterates because the factor at — 5(Re y)? in the exponent has a value

smaller than at the fixed point and thus grows under the RG recursion. Indeed,
(46) and (47) imply that

[ dsduG(s,u, (,02)‘

R xR}

N
- %L(2+L3/1w)‘ 1. (Rey)* + %Lim(lm -3 +N0(8“/4)} (54)

Sexp
Moreover by (41), (49), and (50)

l [ dsduG(s,u, p3)

R! xR}

gexp[— g —NO(a“"‘)}. (55)
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Hence
2 N - 1y—1 2 N 2 11/4
lg,(¢*)| =exp —g(1+L )" he(Rey) + 5 LA, (Imy)"+NOE™ ™)), (56)

which establishes the missing part of (c) for §,(¢?), since for [Imep|<L™ /2,
[Rey|= L',

Mmy|<3L™'Reyl (57)
[we also use the fact that |a,|<O(¢*)]. This ends the Proof of Proposition 3. []

6. Large N Case. Contractive Properties of the RG Recursion

From (5.53) we see that in general there is no contraction of the coefficient a under
the RG transformation (4.1) [a(¢®—¢2) is a relevant perturbation]. However,
similarly as for the small ¢ case in Sect. 3, we shall show that for each g satisfying
(a)—(c) there exists a critical value of a for which the assumptions of Proposition 3
are stable under (4.1). Moreover for this value of a the “distance” between the
subsequent iterates of (4.1) shrinks, yielding a convergence to a non-Gaussian fixed
point.

The strategy of search for the critical value is the same as in Sect. 3. We shall
restrict the admissible values of a gradually from one iteration of (4.1) to the other
so that finally the critical a (corresponding to the critical value of the temperature)
is chosen.

- %aoy . Suppose that g, fulfills (a)—(c)

of Sect. 5 and that a, e[ —e&?,¢*]. From (5.53) it follows that one can choose a
closed interval I,C[ —¢% ¢*] such that da,=a, —a, sweeps, say, [ —&>,&>], when
a, runs through I. Let g, be the n' iterate of (4.1) applied to g,. The following are
the properties of g, and g, . , to be shown inductively. They are obviously fulfilled
by g, and g,. We use the notation Af,=f,,, — f,

(A,). For 0=k=n one can choose a closed interval I, C[—¢%¢%], I, CI,
such that 4a, sweeps L™%?]—¢3 ¢*[ when a, runs through I,.

(B,). For ael, and |y|<e¢

Let us start with g,(¢?)=§,(¢*) exp

|44, | S2L7"26312, (1)
and
[AW)| <2023, )
(Cn) For |Im(p' <L— 1/2Q5 |y| ;8»

N N
145,(¢3 + I SNL™"2exp| = 1 2, (Rey) + -4, (Imy)?|. G)

We shall prove the following:

Proposition 4. Let L>L, 0<g,(L), N>Ny(L,9). Then (A)AC,) imply
(An + 1)_(Cn + 1)'
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Proof. First notice that for ayel,, 0<k=n,

k
<&+ ) LT 267 C))

m=0

lay . 4=

k
ay+ ZO Aa,

(¢ small). Hence (A,) implies that for ayel,, g, ;, k=0, ..., n, satisfy the assump-
‘tions of Proposition 3.
Let us consider ¢ =3+ y with [y|<e or [Img|<L™"?g, [Rey| <L

oo}

exp[— gAwnJr 1(y)J = (_Oj? ds g duG, . (s, u, qoz)/_ofO ds I duG, (s, u, (pz))

(ojo dsoj?duG,,(s,u, <p§)/}o ds | duG, . (s, u, (pg)). 5
— 0 — o0 0

The main contribution is, see (5.7), (5.25), (5.27), and (5.28).

[ dsduG,, ,(s,u, %) / [ dsduG,(s,u, 9?)
Re® Re@
N N
= [ dsduexp|— =V, (s,u, y)}/ [ dsduexp [— —V(s,u, y)]
Re0 2 Re@ 2
N 1
=exp|— o Idt<AV,.(-,-,y)>’}, (6)
0

where

N

{(=>'= [ dsdu—exp 5

Re0®

with V* given by (5.28) with w replaced by

- % Vs, u, y)} / [ dsdu exp[ Vi(s,u, y)} ,

Re0

w=tw,,  +(1—=0w,. )

Here w' satisfies (b) of Sect. 5. So we shall control (¥, >" as in Sect. 3, changing the u
integration contour according to Fig. 1 [with uy(y) =up(y) being determined by w*
now]. We have

KAV, (5, y)' = AV, (0,uq(y), )+ <AV, (- -, y) = AV, 0, u5 (), )" ©)

Proceeding as in Sect. 5 [see (5.33) and (5.34)], we may rewrite the second term on
the right hand side of (9) as

(oc(B— A) } do, j do,F(o)exp
-1 0

— g]—(olvtz/a)—NU(a)-%O(e)}
+a(A—C) } do, ; dazF(a)exp[—g(alﬂ’a)—NU’(a)+O(s)D/
1 21
(oc(B—A) } daljda2 exp[— %(al&/a)—NU(a)+O(e)}
<1 0

1 0
+(A4—C) [ do, | do,exp
S S

- %(al&f’a)—NU’(a)+O(s)D, (10)
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where o/, U are as before, o', U’ correspond to the CA piece of the contour on
Fig. 1 and

[F(@)| <L~ "20(" *)la]. (11)

Straightforward estimation shows now that (10) is bounded by

L_"/ZO(SIIMN—UZ). (12)
Hence

AV (-, )Y = AV,(0,u(), )+ L™"20( AN 112, (13)
But by (5.28), the N =00 contribution

AV(0,u(y), y) = L*Aw, (L™ 'y +ug(y)— 1) =L*>da,(L™ "y +uy(y)— 1)
+LL3AA (L™ Yy +ul (y)— 1)> 4+ L3 AW, (L™ Yy +ub(y)— 1). (14)

In order to mimic (5.29) introduce
Aw, 1 ()= 4V,(0,u5(y), y) — 4V,(0,145(0),0), (15)
and write
AW, ) =Ad, g y+3 40,97+ AW, (), (16)
where
AW, (0)= AR, ,(0) =AW, ,(0)=0.
By (5.12) and Lemma 1,
14V,(0, u5(0), 0)| < L™""20(e?), (17
Ady,  =L3Aa, (L™ (1+ L")~ +#"(0) + L34,
(uh(0)— D)(L™ M1+ L3~ +77(0)
+ L3AW (uy(0)— 1) (L™ YA+ L34 9™ L 4-57(0))
=LAa,+ L™ "?0("?). (18)
Moreover
AW () =L3Aa, i7" (y)+ L*AA(L™ (1 + L2~ +it'(y))?
+L2AL(L™ y+ug(y) = D" (n) + L2 AW,(L ™y +up(y) — Da" ()
+ L3AW(L™ Yy +ul(y)— DL~ A+ L3 1+ 3(y)2. (19)
Hence, again using (5.12) and Lemma 1, we obtain

AN =L A4+ L7207, (20)
and

AW, (V|20 ! sup AW (9] + L™"20(3?) . (21)
Yl <e
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Gathering (6), (13), (15), and (17) we obtain

[ dsduG, . ,(s,u, ®?) / [ dsduG (s,u, @?)
Re® Re®

N 1
=exp[— 5 gthwf,Jr1(y)+NL"(”+”/20(85) , (22)

where Aw!, , | has the properties stated in (16), (18). (20), and (21). We recall that all
the time we consider ¢%= @2+ y with |y|<e or |[Im ¢|< L™ Y%, |Re y| < L'/?e.

In order to estimate the contribution of R' x R\ @ to the right hand side of (5),
we notice that

56 s 0] 1215 f ol

Re0 ~Re@ Re?

Kl— ) Gnﬂ/f G,,) / Gn+1/R{@Gn+1+~gwAGn/J G}} (23)

Re® Re® ~Rel® Re®

In Sect. 5 we have seen that

| Gm/f G 1

~Re® Re0

<e ™ for 6>0. (24)

Similarly, using |e*— e’| <3|x— yl(e®** +€*?) and (16)(22), we obtain

‘(1_ .f Gn+1/j Gn) .[ Gn+1/§ Gn+1

Re? Re0 ~Re0 Re0

éNL_n/20(811/4)€_6N. (25)

Notice also that N™!L7™"2A4G(s,u, ¢?) satisfies (5.46) and (5.47) as well as
G, (s, u, ). Indeed, when estimating AG,, we have to use besides (5.42) also

_N

N
5 S(Rey)?+ iiw(lmy)2+N0(s“/4), (26)

INTIL™"24g,(0?) éexp[

which follows easily from (A, }~(C,) for all ¢ with [Im¢|< L™ '?¢. Proceeding as in
Sect. 5, we obtain

’ | AGn/ f G,,‘ SNL 27N, (27)
~Re® Re?
Gathering of (22)-(25) and (27) gives
[ ds | duG,, (s,u, (pz)/ [ ds [ duG,(s,u, ¢?)
— 0 — 0
N 1
:exp[— 5 [ aw, () +NL™ " V20(@%). (28)
0
Thus by virtue of (5)

1
Aw, ()= [ AW’ [(y)+ NL™ "+ D20(e) (29)
0
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and (B, . ,), as well as (3) for |Img| < L™ '/2g, |y| 2¢, and [Rey| < L'%¢, follows easily
from the properties (16), (18), (20), and (21) of 4w, ,. We notice also that

Aa,, ,=Lda,+L~"* V207, (30)

so that it sweeps L™"2"1[—¢3+0(¢"'?),¢*— 0(¢"'?)], when a, runs through I,.
Hence the existence of I, , CI, with the properties stated in (A, ,) follows.

We are left with proving (3) for ¢? with [Img| <L~ *2p, |Rey| = L?¢. This is
done the same way as the analogical part of the proof of (c) for g, in Sect. 5, by
virtue of the remark that N™'L™"2AG (s, u, ¢?) satisfies (5.46) and (5.47). [

From Proposition 4 it follows that for a,e nI,, (B,) and (C,) are satisfied for
each n and |4a,| < L™"?¢3. This implies the following result, the culmination of
Sects. 4-6:

Theorem 2. Suppose that L> L. Given §, satisfying (a)~(c) of Sect. 5 with ¢ <g,(L)
and N>N(L,o), there exists a,, |a,|<¢?, such that the iterates of (4.1), g,(¢?)

, converge to a fixed point of (4.1), g, uniformly

. N
=g,(@*)exp| = 5 a,(9*— ()
for [Im | <g. Moreover §, satisfies (a)~(c) of Sect. 5 and |a | <2¢* (so in particular
d., is non-Gaussian).

In forthcoming publications we shall try to extend our methods to the
hierarchical model correlation functions and beyond the hierarchical approxima-
tion. The latter should produce, among the other things, a rigorous control of the
critical point A(@?)?> many component quantum field theory in d=3. The study of
the even more interesting d =2 case is also under way.
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