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Abstract. An infinite system of ordinary differential equations is considered,
the right hand side is just the negative gradient of potential energy of a one-
dimensional system of unbounded spins interacting by a symmetric and convex
pair potential. Constant configurations are stationary points and the mean
spin is conserved. It is shown that each of these stationary points has its own
domain of attraction, the initial distribution need not be translation invariant.
As a consequence we obtain that the mean spin satisfies the heat equation in
the hydrodynamical limit.

0. Introduction

One of the most striking difficulties in the study of temporal evolution of large
physical systems is certainly the existence of whole families of stationary states.
Although degeneracy of the stationary state is usually associated to conservation
principles, relaxation to equilibrium is as yet poorly understood. Perhaps the
simplest but not exactly solvable model of this kind is the following gradient
dynamics of one-dimensional systems of unbounded spins. Let R denote the real
line, let Z be the set of integers, and suppose that we are given a continuously
differentiable, symmetric and convex function U:IR—[0, + c0). Elements of the
product space R” are represented as doubly infinite sequences @ = ()7, i.€. ®,
denotes the k'™ co-ordinate of weIR?. The purpose of this paper is to investigate
asymptotic behaviour of solutions to the Cauchy problem for

da(t)
dt

= —U'(0(t) — 0, (1)) — U'(w,(t) — 0, 1. 1(1)), 0.1)

where t=0, keZ and U’ denotes the derivative of U. Of course, (0.1) will be
considered only in an appropriately chosen subset of IRZ Let us remark that
symmetry of U implies a conservation law for the mean spin, and configurations of
type o, =p+ Ak are stationary points of (0.1).
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The study of first order systems like (0.1) has been initiated by Spitzer [1].
Assuming that the initial configuration is random with a translation invariant
distribution, convergence to equilibrium was proven by Garcia and Kesten [2] for
lattice models, and by Lang [4] for point systems. Fairly general models of this kind
were investigated by Fichtner and Freudenberg in [5] and in a series of related
papers. In all proofs, however, it is very important that the initial configuration is
random, and its distribution is translation invariant ; we are going to remove these
restrictions. Unfortunately, we are able to prove local stability and the related
hydrodynamical limit only for the constant configurations.

1. Main Result
Besides differentiability and symmetry of U, we are assuming that

1 _UKX-U®

— SL<+4+oo if x=*y, (.1
L xX—y

0<

IIA

and

'U'(x)— g] < I (12)

hold with some constant L. Notice that if U is four times differentiable at x =0 and
U"(0)=43, then (1.2) follows by the symmetry property U(x)= U(—x) of U.

The infinite product space IRZ is certainly too large to be the phase space for
(0.1). It will be convenient to assume that the initial configuration belongs to
Q=[weRZ;|w|< 0], where |-| is a norm defined by

1 m+n

w|?=sup su w?. 1.3
I I meg n;\/lwﬁ—+12n+1k=§—n ¢ ( )

It is easy to check that Q is a Banach space with this norm, and || is measurable
with respect to the product o-algebra, #% of RZ, thus Qe #% We are going to
consider probability measures only on of = Q%% the Borel o-algebra of Q is too
large because Q is not a separable Banach space. Let us remark that Q is of full
measure with respect to a wide class of probability measures on (IR%, #%).

Let F(w)=(F,(w)),z denote the right hand side of (0.1), then we have |F(w)|
< M|w| and |F(w)— F(®)| £ M|w— &| in view of (1.1) and of U'(0)=0. Therefore, for
each oeQ there exists a unique solution w(t, o) of (0.1) such that w(0,0)=0c and
lo(t, o) < |ole™’, see e.g. [11]. The construction implies also that each coordinate,
,(t, 0), of the general solution is a measurable function of o, consequently (0.1)
induces a flow in the space of probability measures on (2, &), too.

Inequality (1.2) suggests that (0.1) should be considered as a perturbation of the
linear system

dwy(?) _

1
i —w(t)+ 5[Wk—1(t)+wk+1(t)]> keZ. (1.4)
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Let w(t, o) denote the solution of (1.4) in @ with initial configuration o€, then

wm(t’ 6) = Z Ik(t)o-m—k > (15)
keZ
where
—tm
()= %f exp(tcosx)coskxdx, keZ. (1.6)
0

Since I, (f)=w,(t, 0) if 0,=1, 5,=0 otherwise, we see that
I(t)=PLX,=k|X,=0],
where X, is the symmetric random walk on Z with continuous time. Further, if

b(x) = U'(x)— % and

ci(w)=—blw,—w,_ ) —blw,— w4 1), (.7
then iterating the linear part of (0.1) we obtain
t
0t 0) =W, (1,0)+ | T L{t—s5)c,,_(e(s, 0))ds. (1.8)
0 keZ

In view of uniqueness of solutions, (1.5) and (1.8) can be verified by a direct
calculation. Our principal result is the following inequality.

Proposition 1.9. There exists a universal constant K such that

K |k—m|
0,4 4(t,0)—,(t,0)]*< —— > oFexp [— —} .
Lo +tkezz ¢ K|/1+t

Comparing (1.2), (1.8), and (1.9) we obtain that (0.1) is an asymptotically
negligible perturbation of (1.4), at least for oe Q.

Theorem 1.10. For each meZ and t >0 we have

1/2

il log(e+1)

)1+t

t*w,(t, 0)— w,(t, 0)| < Alo]® + Alo]* |1+

with a universal constant A>0.

Since the mean spin is a conserved quantity, we expect that solutions with a
Cesaro-summable initial configuration converge to the corresponding constant
configuration as time goes to infinity. Let Q, denote the set of such weQ that
(2n+1)"'Sy(w, n)—p as n— + co, where

Sm(w7n)=wm—n+wm—n+1+ +wm+n‘
Observe that |w,| <2|w|(1+ |k])*/4, thus we Q, implies
lim(2n+1)" 1S, (0, n)=u

for each m. Each @, is an invariant set of our dynamics, i.e. w(t, 0)e Q, for all t >0 if

ceQ,. Asymptotics of w,(t,0) is easily calculable, thus (1.10) yields
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Theorem 1.11. Let c€Q,, then for each meZ we have w,(t,0)—>u as t— + co.
Moreover, if

limsup [ }/nlogn] ~'IS,(c, n)— (2n+ L) < + o0,
n— + oo

then

1/4
limsup——|w,(t,0)—u| < +00.
t-+w logt

If the initial configuration is not Cesaro-summable, then asymptotic behaviour
of solutions may be very complicated. An intuitive picture can only be obtained in
the hydrodynamical limit. We are going to rescale space and time according to
m—m/h, t—t/h? where h>0 goes to zero. The scaling parameter h can be
interpreted as the real distance of neighbouring lattice sites. Of course, (0.1) is a
lattice approximation of the linear heat equation, thus the above procedure turns
to be an approximation of the associated semigroup of linear operators, see [12]
with some further references. Due to (1.9), however, we can prove somewhat
stronger results than consequences of the general theory.

Suppose that we are given a family P,, h >0 of probability measures on (£, <7),
and let

wt,m)={ ,(t, 6)P,(do). (1.12)
We are assuming that for each xeIR we have

,11133 (0, [x/h]) = o(x), (1.13)

where ¢ :R—1R is a continuous function, [u] denotes the integer part of u. Let ¢,(x)
denote the fundamental solution of the heat equation, i.e.

x2
@ (x)=2nt)"1/* exp(— 2_t>’ (1.14)

and set M(h)=(M?2(h)),.cz» Where MZ(h)=|o,,|>P,(do).

Theorem 1.15. Suppose that |, (0,[x/h])| Sg(x) and M(h)eQ for each h>0. If
[(1+x?) " g(x)dx < + o0 and lim ]/ElM(h)|2=0 as h—0, then (1.13) implies

lim l(t/h?, [x/h]) = [ o (x — y)e(y)dy

for each xeR and t=0.

2. Proof of Proposition 1.9

A method of Liapunov functions will be used. Sums like Y w7 and Y U(w,, ; — w;)
are known to have some nice properties, see [1,4]. Since the initial distribution is
not necessarily a translation invariant one, a uniform estimate of boundary effects
should be given, cf. [3, 8].
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Let f:IR—[0,1] be a continuously differentiable non-increasing function such
that f(x)=1if x<1, f'is concave if x<3, f is convex for x=2 and f(x)=e>"* if
x=3. Then f is linear for 2<x=<3, and f(x)<e®>™% further 0= —f'(x) < f(x)
<ef(x+1), and

/)= fI=—(f )+ ODx—yl if [x—yl=1 2.1)
hold, too. Our auxiliary functions, Q and H, are defined for weQ, meZ, r=1 by
0,(w,r)= kZ SeemMF 2.2)
Hm(w, r)= kz Je—m® [U(wk —w,_ )+ U(wk — W4 1)] 5 (2.3)

where
ﬁc(r)=Zf(|k—iIr“)e_2“'. (24)

Notice that 0< f,(r) <2, f,(r)>1if |k| =r, each f, is a non-decreasing function of r,
k . .
and for »=1 we have f,(r)Sexp (3 - 9) Only the last inequality needs a proof, we

have

ﬁc(r)éze_zmexp(z—'kr;i') §exp( )Zexp(2 DEG exp( Ik I)

as r=1 and —|k—i|=< —|k|+i]. The proof of (1.9) is based on the following
property of f,(r).

Lfenr®)= AP S2-LAO+ fo s I min LSO S 0. (29)

A=)

s

Indeed, from (2.1) we obtain that

[frer 1) — £ = Z e 2

ieZ

I\

|
~ | =

thus by — f'<f we get

o) = fi < Ze_zl‘l_f(lk_il) +f<|k+1—i>]

Viez r r

= 7 [fk(") +frr 1] (2.7

On the other hand,

fo=- gy -z s e (1) ey

ieZ ieZ
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as [k—i|=r if f'(k—ilr~)%0, and
= - g ety ()

iceZ
<e2liH Y g 2lizilp ('i') lijr=2 =€V Hri(r). 2.9)
ieZ r
Applying (2.8) and (2.9) to the product of (2.6) and (2.7) we obtain (2.5).
Suppose now that w=w(t) is a solution of (0.1), then

0
3 O (w(t),r)=—2 Z SN LU (0 — 0 _ )+ Ul — 0y 4 ]

keZ

=-2 Z LSt 1 =m0 1 = fim (P JU (0 4 1 — )

keZ

== kz it 1 =m0 = frm )] (@ + 04 YU (@) 4 1 — @)

- Z Lo+ 1-m) + om0 sy —0)U' (0 — @)
keZ (210)

. 1 . b
Since |U'(x)| £ L|x| and xU'(x) = Z—xz follow from (1.1), in view of au— 3 uw?<a?/2b

we have

— et 1-mM) = femm® (@4 + 0 U (@04 — )

1
) Lt 1 =m0+ oD (@0 1y — 0 U (@44 ; — )

L3
= > Lfes 1-m®) = Fem P Uit 1 =m0+ feonM] N0 F)?. (211)
Therefore (2.5) and (u+v)* <2u? 4 2v? imply

0 10
—Q,((t),r)+ Z Jeem®) (@41 — 0V (01 1 — ) S4e2 L= 0, (c0(2), 7)
ot keZ ror
(2.12)
by a direct calculation.
A very similar argument applies to H. We may (and do) assume that U(0)=0.
Then from (1.1) we obtain that U'%(x) £2L3U(x). Let

Fw)=—U'(w,— 0 )= Ulw— a4 )

denote the right hand side of (0.1), and let Z,=[jeZ;|j—k|=1]. Exploiting
symmetry of U we obtain

0
5 A1) = Y fe-m(®) 2, U'lwy— ) [Fy)—F (@)]

keZ Jje€Zy
=- k% =m0 [F(@)]? — k% ; Ji-m(DU (@0;— 0)Fi(w)
= k% Fk(w) ZZ [f;c —m(r) _j:/—m(r)] U,(wj - wk)

=23 fiem®) [F@)]?

kez
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=

2 L7 [ 3 aenlr) =iV @0, = 0

1
8 keZ JeZy

Lfe=m®) = fi-m()]?

<213 Ulw,—w). 2.13
S e Sy V) 1)

Thus from (2.5) we have
a%Hm(a)(t), r)§4e2L3%§7Hm(a)(t), r). (214

Therefore, if r=r(t)=[1+8e?L*(T—1)]** for t<T, then H,(w(t),r(t)) and
Q,.((2), 7(t)) are decreasing functions of t <7, and (2.12) turns into

T
I foe @) [0 1(0)— 01U (@4 1 (£) — 0 (2))dt

0 keZ

<0, (0(0),(1+8e*L3T)*?). (2.15)
On the other hand, xU'(x)=2L~?U(x), and H,(w(t), 7(t)) decreases. Consequently
TH,(o(T),1)SeL?Q,((0), (1 +8e2L3T)'?). (2.16)

Since U(x)2x?/2L and fi(r)<exp (3—— '—I:—I), (2.16) implies (1.9), at least if > 1. For

small values of ¢, however, (1.9) follows directly from the monotonocity of

0, ((1), 7(1)).

3. Proof of Theorem 1.10
Observe first that (1.9) implies

(O 1(t,0)— 0,(t,0)]* <K, —max[ /1+t, )/ 14+|m|] 3.1

by an easy calculation that is the same as the proof of (2.17) in [8]. We are going to
estimate the integral on the right hand side of (1.8) by means of (3.1).

Since c(w)=(cy(®))4ez> Se€ (1.7), is an element of Q, (1.8) can be rearranged as
follows

0plt;) =6, )=] 3 [Lft—9)— I, (=S, (clels,Nmds,  (32)
0n=0

where, just as earlier, S,,(c,n)=c¢,,_,+Cp-p+1+ --- +Cpnin 10 evaluate (3.2) some
simple properties of the I,(t) are needed. Expanding the exponential function into
its power series we obtain
t 2m+n
. )

— -t
L@=e" 2 o m)

(3.3)
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for nz0, and I_,(t)=1,(t), see 8.445 in [10]. Hence it follows easily that I,(t)=0

and
Y I0=1, (34)

neZ

the series in (3.4) converges faster than exponentially. It will be very useful that
L (OSL®, if n20. (3.5)

Though I could not find (3.5) in textbooks on Bessel functions, the following proof
is due to Elbert [9]. The inequality for arithmetic and geometric means implies

that
(t)2m+n+1 (t)2m+n (t)2m+n+2
2 < 1 \2 + 1 2

mln+m+1)! = 2mln+m)!  2m+Dn+m+1)!"

whence, by summing over m we obtain (3.5). Aymptotics of I,(¢) is also interesting;
since cosx — 1 < — x?/16 if 0 < x < =, from (1.6) we obtain that Io(t)§2/]/f for t>0,
and the best lower bound is (27t) ™ Y/2.

Now we are in a position to conclude (1.10). Since b(x)= — b(— x), we have

Sm(C(CU), n)=b(wm+n+1 m+n) b(CO wm—n—l)’ (36)
but |b(x)| £(L+ 1)x? in view of (1.1) and (1.2). Thus (3.1) results in
IS ,(cl(s, 0)), )| S K ,|a]*(1 +5) >/ 3.7

if s=|m|+n, cf. (1.2), while

Dol <Koz VIHIm AR (3.8)

1S (cleo(s, ), s

otherwise; K, and K, depend only on L. Since I,(t—s)=1,,,(t—s) if n=0 and
0=s=t, Io(t—5)S2(t—s) Y2 if 0<s=<t, and

(t—s) 21 +5) ¥4 ds <91 +1)~ M4 (3.9

O ey

if t=0; the case (3.7) yields a contribution not larger than 18K, |o]3(1+1)~¥* to

(3.2). Therefore, it suffices to estimate
l/1+|m|+n
s, 3.10
] ds (3.10)

g

J=jt" [I(t—s)—1,,,(t—
0

Let u=[ W], then

n

gp VAl ru

1+s

+{E z L (=8) =1, (= )J@ds

S
=u+1 1+s

|/1+|m|+uj[lo(t ~Lya(t=9)15

I [I(t—s)—1,,,(—

||M:

t
I<]
On
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+} i [I"(t—s)_lnﬂ(t‘s)]@ds

On=u+1 1+s

ds, (3.11)

‘ 1 1L 1
SV 1+ml4u [ I(t—s)——ds+= I,.,(t—s)
go 1+s 2!); T U+ T Im+n

as |/1+x—)/x=1/2)/x if x>0. But
f ds < 1/2(1 +log(1 +1))
o(1+s))/t—s 1+t

and ) I,<1, consequently

(3.12)

L+ |m|+ |/t

1/2
J§3(1+10g(1+t))[ i } +log(1+1)(1+|m|+/0)"12,  (3.13)

which completes the proof of (1.10).

4. Proof of Theorem 1.11

In view of (1.10) only solutions of (1.4) should be analyzed. From (1.5) we obtain

w,(t,0)= i [1@®)—1,,,0)]S,(0,n) 4.1

n=0

Because of (3.4) we may assume that pu=0. Then for each ¢>0 there exists a
positive integer N such that for n= N we have |S,,(0, n)| =(2n+ 1)¢, while |S,,(o, n)|
SKy<+ o if n<N. Therefore

Wt )| ST (t)Ky +e io [I()—1,.,)12n+1)

<2Ky/)/t+e, (4.2)

which proves the first statement of (1.11).
Suppose now that

IS (0, | S K,(1 +log(1+n) /1 +n, (4.3)
and let u=[]/1], h(n)=(1+log(1+n))]}/1+n; since
h(n+1)—h(n) £3(1 +log(1 +n)) (1 +n)~ 12,

we obtain that

ot ) S Kb Lo (0)— L0+ Ky S 10— I, (]H()

n=u+1

<K, hu)ly(t)+3K,, i I ()1 +log(1+n)(1+n)~1/2

<2K,h(u)/ )/t + 3K, (1 +log(1+u) (1 +u)~ 12, (4.4)

which implies the second statement of (1.11).
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5. Proof of Theorem 1.15

This proof is essentially the same as that of (1.11). Let K(h)=(K,,(h)),,cz> Where
K2(h)=[0c%P,(do) and observe that |K(h)|<|M(h)|*. Indeed, by Holder’s in-
equality we obtain that for n= |/1+|m|

min Ki(h)< mi [M2(h)]*3<(2n+1) 1/3( min M? h))Z/3

k=m—n k=m—n k=m-—n

<(@2n+1)|MR)*3, (5.11)

which proves the statement. Therefore, taking the expectation of both sides of (3.2)
and following the proof of (1.10), we obtain from (1.9) for 0<h< ]/t that

[ l,(t/h*, 6)— w,(t/h*, 0)|P,(do)

<Bt""*)/h (lM(h)|2+|M<h)|4/3{1+

where B depends only on L.
On the other hand, let v,(t,m)= | w,,(t, 6)P,(do), and notice that v, satisfies (1.4)
with initial condition v,(0, m)= (0, m). Therefore

1/2

% log(1+ t/hz)), (5.2)

Y )u(o, [y/h)dy, (5.3)

L= § Gy

1
where G, (s, n)=;l-In(s). The local version of the central limit theorem, see [13],

implies that

tim G, 18,52 =5 ). (54)
Thus
4
(t/h2 X7y ) =5 1{)2 (5.5)

means that the convergence of the integrand of (5.3) to ¢,(x — y)e(y) is a dominated
one; consequently

+ o0

llmv;.(t/h2 [x/h]) = f @{x—ye(y)dy. (5.6)

Comparing (5.2) and (5.6) we obtain (1.11). To show (5.5) let us consider (1.6). If
n>0, then integrating by parts we obtain that

—tn

te . .
I()= [ sinx e'**** sinnx dx
nm
e—t T tZe—t T
= jcosx €' cosnx dx — —; fsinzx €'°*** cosnx dx
n
Ttr 2t 41/t
=-— j sinx (e'****)dx -l-—Io( IS SIS J{_, (5.7)
n?

which proves (5.5) and completes the proof of (1.11).
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Remark 5.8. A nontrivial hydrodynamical limit is expected if the initial con-
figuration is close to w,=u+ Ak with A+0. The method of (1.9) yields

lim sup 1/t[20,(t,6) = ®,,_ 1(t,6) = @, ,(t, 6)]* < K]o{?
t— + o

in such situations. This problem will be discussed in a forthcoming paper.
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