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Borel Summability for a Nonpolynomial Potential
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Abstract. We consider the energy levels of a one-dimensional quantum system
in the rational potential £x? + gx*/(1 + xgx?). Their perturbation expansions in
g are shown to be Borel summable. The proofis flexible enough to allow simple
extensions to other nonpolynomial interactions.

1. Introduction

In recent years much attention has been devoted to the question of the Borel
summability of perturbation expansions for quantities of interest in various
quantum mechanical systems and quantum field models. Proofs of such a
summability property have been given, e.g. for the energy levels of anharmonic
oscillators [1] and for field-theoretic analogues, namely the Schwinger functions
of super-renormalizable models (¢35 and @3 theories) [2]. The purpose of this
paper is to investigate the Borel summability of the perturbation expansion of the
energy levels in a one-dimensional model with a “singular” (nonpolynomial)
potential. Specifically, we shall consider the Hamiltonian
+ 1.2, 1,2 1.2 gx*
H>(g)=5p"+V*(x;g9)=3p +3x" % L1
(@)=2p (x;9)=3p"+3 5 g (L)
on the Hilbert space L?(— o0, oc), where the “physical” range of the parameters g
and o is

g=0,
>0 in the “+4” case, (1.2)

o>2 in the “—” case [in order that V7 (x; g)— + oo for x*>—c0].
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It will be shown that the (asymptotic) perturbation expansion of the eigenvalues
E7(g) in g at fixed o

Ef(g)~ Z E; g" (13)

is Borel summable to the true value E ;(g). Furthermore, it will clearly appear in
the course of the proof that our method can be applied to other rational (or simply
analytic) interactions.

As for the physical relevance of our choice of the specific interaction in
Eq. (I.1), a few words are in order. The potential V™ (x;¢g) turns out to arise in a
certain laser model after reduction of the Fokker-Planck equation to a
Schrodinger equation [3]. Moreover, both perturbative [4] and nonperturbative
[5] numerical calculations of the first energy levels have already been performed.
Let us mention that each coefficient Efn is a polynomial of degree (n— 1) in o with
rational coefficients, as is most easily seen by using a recursive method of
computation a la Bender and Wu [6] [see also Egs. (I11.9) and (IT1.10)]. A remark
is appropriate at this point: in order to make practical perturbative calculations,
the expansion in g is not necessarily the best thing to use. For instance, in the large
o regime, a calculation relying on an expansion in ¢ at fixed ag (which resorts to
regular perturbation theory and is easily shown to have a nonzero convergence
radius) would certainly be more efficient.

Our viewpoint is different : we are primarily interested in the perturbation with
respect to the coupling constant g, because the interaction in Eq. (I.1) has the usual
“field theoretic” form V*(x; g)=7"*(gx?)/g, which makes the series in powers of g
an expansion in terms of Feynman graphs collected according to their number of
loops. In fact, our initial motivation for studying the Borel summability of the
expansion (I.3) was in trying to understand some unexpected feature which arises
when one looks for the asymptotics of the coefficients E; , of the fundamental level
through the Lipatov (or instanton) approach [7]. We shall return to this point
later on.

As far as singular perturbation theory is concerned, we want to emphasize the
distinctive feature of the potential V*(x;g), when compared to the polynomial
(e.g. anharmonic) or entire ones. What makes the expansion (I.3) a divergent series
for all nonvanishing ¢ in the latter cases is the bad behaviour of the perturbation
relative to the harmonic term when x?—o0. In our case, the perturbation
gx“/(l —I—och2) is not worse than x? at infinity. Rather, the singularity of V*(x; g)
at x*= —1/ag is responsible for a singularity of E (9) at g=0 and for the
divergence of the expansmn (L.3)%

We shall prove that EF 7 (g) is an analytic function of g at least in the small sector
0<lgl<R; largg|=0 (0 can be arbitrarily close to 7), and that the perturbation
expansion (I.3) is Borel summable to that funtion there, in a sense which is made
precise in Egs. (IIL.31) and (111.33). Our proof relies on the singular perturbation
theory as developed mainly by Kato [8] and Simon [9-11]. There are two

1 That this expansion for the ground state energy E; (g) actually diverges for all g==0, >0 follows
from the fact that the coefficients Eg, , are shown [7] to be larger in absolute value than the coefficients
Eg |y~ corresponding to the well-known [6] pure anharmonic case. In the “— case, this is no longer
true, but there is still strong numerical evidence [7] for the divergence of the perturbation expansion
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additional technical complications, specific to a perturbation which is not a
polynomial in the coupling constant: i) the “remainders” of the perturbation series
to be kept under control involve a larger number of terms, ii) the so-called
“quadratic estimates”, which are of common use in the polynomial case [9-11], no
longer apply. The first problem is easily dealt with, whereas the second one
requires an “ad hoc” argument.

After some preparatory steps in Sect. 11, all the relevant details of the proof are
given in Sect. II1. Our results and a number of problems to be solved are discussed
in Sect. IV.

II. Preliminaries

We first notice that for all values of the parameters g and « satisfying Eq. (1.2), the
Hamiltonian H*(g) is a self-adjoint operator on the domain D(p*)nD(x?) with
compact resolvent. It has a purely discrete spectrum {Eji(g)} with a nonde-
generate, strictly positive ground state energy Eg (g). All this follows directly from
standard theorems [8, 11b]>

For complex values of g, our strategy will be the following.

i) We first show that the H*(g) are well-defined operators as long as g keeps
away from the negative real axis, and form in fact an analytic family in the
technical sense of Kato [8, 11b] (Lemma 1 below).

i) In order to infer from that the announced analytic structure of Ef(g) in the
neighborhood of g=0, we need a convergence property H*(g)—H(0) as g—0
(argg#m) in the norm resolvent sense, which insures the stability of the
eigenvalues of H(0) (Lemmas 2 and 3).

iii) Then a basic estimate (Lemma 4) allows us to deduce that the perturbation
expansion (I.3) is “strongly asymptotic” to E ].J—'(g) (Theorem 1), and to conclude, via
a Watson-like theorem, that this expansion is Borel summable to Ef(g)
(Theorem 2).

Notice that, as a consequence of i), thanks to the Kato-Rellich theorem
[8, 11b], Ef(g) is analytic also in some neighborhood of the positive real axis
(origin excluded), although the perturbation expansion does not need to be Borel
summable in this whole region.

We now proceed to establish the

Lemma 1. The operators H¥(g) defined in Eq.(L1) with common domain
D=D(p*)nD(x?) form an analytic family in the cut plane € = C\(— c0,0]. That is to
say:
o) H*(g) is closed Yge%,

B) H*(g) has a nonempty resolvent set ¥ge%,

Y) for each peD, H*(g)p is a vector-valued analytic function on €.

Proof. Let us write H*(g) in the form

Hi(g)=1p2+ Ly xzfr——Lz : (IL1)
2 27« o1 +agx?)

2 Of course, it is essential that the potential ¥*(x; g) be positive for all physical values (1.2) of the
parameters
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Then the property o) is obvious since H*(g) appears as the sum of a closed

operator and a bounded one, viz. the self-adjoint operator hi = % P2+ (% + é) x?
with domain D and the multiplicative operator v*(g)= F x?/a(1 +agx?) which is
bounded (both point-wise and in norm) by 1/a?|g| if Reg =0 and by 1/0?|Img| if
Reg<0.
Notice also that the adjoint of H*(g) is H*(¢g*) with the same domain D.
Consider now

Ry(W=(hg — A" [1+v¥(g)hs — A~ . (IL2)

For each ge ¥, this expression is clearly well-defined as a bounded operator if
the (g dependent) constant 4 is suitably chosen. Indeed, the resolvent (h& —24)~* of
the harmonic oscillator Hamiltonian converges to zero in norm when A— — o0, so
that v*(g)(hy —A)~*| <1 for — 4 large enough, and [1+v*(g)(hT —4) '] ! can
be defined as a bounded operator by means of a Neumann series. Then
[H*(9)— AR, (H)=R, (W[H*(9)—A]=1 by direct computation, which means
that R, (4) is nothing but the resolvent [H*(g)—A] " and entails property B).

Finally, property v) is equivalent to the statement that

© 2

1
(. HH Qo) =(ph ) F | dxp*(x)olo)

1+ oagx? L3
is a complex-valued analytic function on % for each @eD and each
we L*(— o0, 00). But this is obvious on account of the absolute convergence of the
integral. q.e.d.

The previous lemma tells us nothing about the location of the spectrum of
H*(g) for nonreal positive values of g. We already know that the resolvent set
o(H*(g)) of H*(g) is not empty, but the proof above only shows the existence of
negative A€ o(H*(g)) which actually go to — oo when g—0. In order to establish
the stability property which we alluded to before, we have to make sure that
o(H*(g)) is not repelled to infinity as g—0 and enjoys itself some kind of stability.
Such a guarantee is provided by the

Lemma 2. For any g in the cut plane €, the resolvent set o(H*(g)) contains the
negative real axis (— 0,0).

Proof. First, let us state an important property of the potential V*(x ; g) which will
play a crucial role also in the following. Consider the function
1
W*(gx?) = = VE(x;9). (I1.4)

Then, for any 0, 0 <6<, the image I of the set {— oo <x<o0, 0<argg <6} by
this function is contained in a half-plane of the form Re(e“W*)=§>0 with

|| < g In our case, we have also +Im W* >0. In fact, a simple inspection of the
function W*(z)=4+z/(1 +az) shows that I* consists of that inner part of the

S . . . 1 1.1 .
circle intersecting the real axis at the points z= 5 and z= 5 + p through respective
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angles 6 and n— 6, which lies in the {;lfp:f} complex plane. Hence
w

+ImV*(x; )20,
s - Vx,0= <4, 1I.
Re[e™ VE(x; g)] =6 x?, x ~argg_,0} (IL.5)
with
1
w* =0, 5i=<§——2%)i2—1a it 0=0<7,
(1L.6)

o1yt
A
@ *(2 : 2 20 T

Now, let g =|gle”® be given with 0 <0 < n. We claim that when the vector ¢ goes
through D, the set of expectation values (¢, H*(g)g) is contained in a sector S; of
the complex plane whose opening angle is less than n. Actually, Egs. (IL5) imply,
firstly:

+Im(p, H*(9)p)= £(p,ImV*(x; g)9) 20, (IL7)

and secondly, since cosw® >0:

Re(g, H=(9)p) 2 (@, ReVE(x; g)p) 2 tgw™ (@, ImVE(x; g)p)
2tgw® Im(p, H*(g9)p), (I1.8)

which define such a sector indeed [notice that, for the moment, we make no use of
the fact that 6* is strictly positive in Eq. (IL5)].

The same is true, of course, for — <0 =0 (with sign reversals). Then, due to
the “sectorial” property we just derived for H*(g), together with its closedness, it
follows from a known theorem [12] that €\S; C o(H *(g)). Since, according to Eq.
(IL8), S& does not intersect the negative real axis, we conclude that
(— 0,0)Co(H*(g)). qe.d.

Then comes the property of norm resolvent convergence.

Lemma 3. Let {E;(0)} be the spectrum {3,5.,3,...} and o(H(0)) the resolvent set
C\{E(0)} of H(0). Then, for any 6, 0<0<mn

I}mo ITH*(9)~21"'=[H(0)~ 21" '|=0 Vieo(H(0)), (IL9)
Ialrgg.qlé6
the convergence being uniform in A on compact subsets of o(H(0)).

Proof. As a consequence of the resolvent formula (H—p) '=(H-—/1)""
1= (u—A)(H—-2A)7"1]"" plus connectedness of o(H(0)), the full conclusion of the
lemma will follow if one can prove Eq. (IL9) for one A not in ¢(H(0)) and not in
o(H*(g)) as g—0. In view of Lemma 2, it is therefore sufficient to establish Eq. (I1.9)
for some negative 4. Now, one has
- 4
[Hi(g)+/1]"—[H(0)+/1]"1=[Hi(g)+/1]'1( o 3
14+agx

)[H(owrl

- ¢g{[Hi(g)+x]* }{xz[H(O)H]"},

X
2
I+agx (IL.10)
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where both factors in the last expression are bounded operators when >0, ge ¥
[this is obvious for the first one and readily seen for the second one, e.g. by using
the eigenvectors of H(0) as a basis for L*(— o0, o0)]. Hence, it is enough to show
that

ICH*(g)+ 217 [x? /(1 +agx®)] | =11 +ag*x*) ] [H*(g*)+ 17|

is uniformly bounded in the sector |argg| <6 or, equivalently, that

x2

1+ oagx

s[H*(9)+41 | =Cllo|  ¥VoeL*(— o0, ) (IL.11)

for some C independent of g. In fact, Eq. (IL.11) needs to be proved only V€%,
the Schwartz space of C* functions of fast decrease, since & is known to be dense
in L*(— oo, co). But this in turn is equivalent to

2

1 +oagx? v

’éCll [H*(g)+ 2wl Vye?, (IL.12)

provided that the image of % by [H*(g)+ 4]~ ! is contained in . Such a property
is true indeed, although we shall omit the proof here (it can be done, e.g. along the
lines of [137]). Now, Eq. (I1.12) means that

2 2
(n [ v) s it a g+ a0 vyes. iy
+agx
or, since |1 +agx?| is bounded below uniformly in x and g:
bx*S[3p? + VFE*(xs )+ A 07 + V(x5 9) + 4] (L.14)

for some positive b independent of g, |argg| =0. Here, the inequality has to be
understood in the sense of positive operators from & to &.
To prove Eq. (11.14), we start from the inequality

AP+ VER A= (x> + A P2+ VE+A—n*(x*+ )] 20, (IL.15)
which is obviously valid for all complex #’s. By expanding, we find
GP* VRGP +VE )2 — nPx* + 22Ren— nl*)x® + A2 (2Ren— |nl?)
+2(x2+ 2)Re(nVE)+ ARenp? + 1 (n*px? +nx2p?).

(IL.16)
Let us use the formal commutation relations [which we are allowed to do since
everything in Eq. (IL.16) operates on & in order to recast the last term of the right
hand side in a more convenient form:
n*p?x? +nx*p*=2Renpx?p+(p—2Imnyx)*— p* — 4(Imnx)*— 2Rey
>p(2Renx*—1)p—4(Imnyx)* —2Rey. (I1.17)
Thus
GP2+VE+)EP>+ VT + )2 —InlPx* +2[A(Ren — |n?) — (Imn)*]x*
+[22(2Ren—|n*)— Ren]+2(x*+ ) Re(nV ™)
+p[Ren(x*+1)—%]p. (I1.18)
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Now, let us choose n=¢e’" with ¢>0 and w® given by Eqs. (IL.6) (assuming
0<argg<6). Then Re(nV*)=e5*x? according to Egs. (IL.5), so that

Ep2+VE+ AP+ VE+ )= 6e(26* —o)x*
+2¢e[Mcosw® +6F —¢)—esinw®]x?
+e[A2(2cosw® —g)—cosw™]

+plecosw*(x*+1)—11p. (I1.19)

Since 8* >0, cosw® >0, it is now evident that for sufficiently small ¢ and large A
(both independent of g!), all terms of the right hand side are positive and

B2+ VEH(x; g)+ A [Bp?+ VE(x; g)+ A1 2e[20F —elx*. qed. (IL20)

II1. Proof of the Borel Summability

Equipped with Lemmas 1 and 3, we are entitled to apply standard asymptotic
perturbation theory [8, 11b], which tells us that the (nondegenerate!) eigenvalues
E(0)= =j+% of H(O) (j=0,1,2,...) are stable with respect to the perturbation
+ gx“/(l + agx?). This means that i) for each j, there is a Rf such that the spectrum
of H*(g) has exactly one pomt in the disk [E— E(0)| <2 when [g|<R largg| <6
(0=0<m), ii) this point E (9) is a nondegenerate elgenvalue of H* (g) Moreover
the corresponding elgenvector Q (g) can be represented as

0 ()= §  dE[H*()—E]"'Q/0) (1L
27T [E~E;0)|=1/2
and converges to Q (0) as |g|—0, largg|=6. As a by-product of ii) plus Lemma 1,
for any <, each E (g) is an analytic function in the sector 0 <|g|< R ,largg| = 0
(by the Kato- Relhch theorem [8, 11b])3.
We can now write:

s (240, H(9)Q5(g) _ (2,00), U(9)2;5 (9))
R T U N R
where
X4
Ulg)= [Tage®’ (I11.3)

and use formulas (IIL.1) and (IIL.2) as a starting point for the study of the
perturbation expansion of Eji(g). In fact, it is sufficient to study separately the
numerator and the denominator in Eq. (IIL.2): if the expansions of these two
functions can be shown to be Borel summable, then according to general theorems
[14], this property will be transmitted to Ef(g). Consider first the denominator:

D(g)=(€X(0), (g)) (I11.4)

(we temporarily omit the superscripts + and the index j).

3 We stress that, because R+ may depend on 6, this does not imply that Ei(g) is analytic in a small
cut disk 0<|g| <r— argg+mn
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Since H(g)= H(0)+gU(g), in order to build up an expansion of D(g) in powers
of g, we have first to expand (g) in powers of U(g) by using the resolvent formula
(IL.10):

N

_ i
Qg)= . (+g)"2— $ dER,(E)U(9)R,(E)]"€(0)
n=0 T |E-j—1/2|=1/2
i
+HFV = dER (E
(F' 5 IE—j~§;ZI=1/2 AE)
[U@RH(EIY'Q0), N=0,1,2,... (I11.5)
(we have put R (E)=[H(g9)— E]~ 1), and then to expand U(g) itself in powers of g:
M
Ulg)= Y. (—ag)"x* 2"+ (—ag) ' Uyi(9), M=0,1,2,..., (IIL6)
m=0
where
4+2m
= . L7
U= {4 o (IL7)

By proceeding inductively on n, one easily deduces from Eq. (I11.6) an expansion
of [U(g)R,(E)]" up to the order gV~ ", which is needed in Eq. (IIL5):

N—-n
[U@RG(E]"= Y, (—ag) Y x*"2™MRy(E)...x* 2™ R(E)
r=0 m, =0
my+...+tmy=r

+(—ag)h ! i { Y x**2mR (E)...

p=1 mi20
.o.tmp=N—n

XA R (B, l(g)RO(E)[U(g)RO(E)]”‘”}. (1I1.8)

Thus:
N
Q9= Y. 92, +9"" 'Ry, ,(9), (I11.9)
n=0
where the vectors
Q,=(F1r Y (£ay Y = §  dER(ExX*"?™Ry(E)...
r=0 m=0 21 |B-j-1121=1)2
mit+...tmy_1=r
L.xF2masrR (E)Q(0) (II1.10)

are obviously well defined at each order n, and the remainder

n

N
RN+1(g>=(¢1)N“{ X (ko) Y X 5
n=0 p=1 mz0 TE-j-1/21=1/2
mi+...+tmp=N—n

! dE

“Ry(E)x* " ?™Ry(E) ...

xR (B, o1 (9)Ro(E)LU(9)R(E)]" P
L dER (E)Y[U(g)R,(E)]¥* 1} Q(0) (ITL11)
21 \E-j-121=1/2

has to be kept under control.
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Inserting Eq. (IIL.9) into Eq. (IIL4), we find

N
D(g)— ). (0),2,)g" lgI" "Ry~ 1(9)] (I11.12)
n=0
[we choose the normalization [[Q(0)f=1], so that our task amounts to bound
[Ry+1(g)ll in the sector |[g|<R; largg|=0. First of all, the resolvent R(E) is
uniformly bounded on the product of this sector with the circle |[E—j—1/2|=1/2 as
a consequence of Lemma 3. Thus, Eq. (IIL.1) implies

N n
[Ry+1(@I=C, Z AR Z Z _sup
n=0 p=1 m;=0 |E-j—1/2|=1/2
mi+...+mpy=N-—n

AT FMR(EN.. [x* 72" RG(E)] X [U,y, 4 1(9IRo(ENILU(9)R(E)]"~*(0)]
+C, e S0 ILU@RG(ENTY 1 0)] - (11.13)

—j-1/2=1

In this expression, the factors between brackets are not bounded operators
[although Q(0) is of course in the domain of their products]. We would like
however to “factorize the norm” in order to get a more useful estimate. This can be
achieved by means of the following trick. We transform each bracket into a
bounded operator by inserting suitable powers of x2 both at the right and at the
left, in such a way that these powers cancel out between two successive factors. Of
course, in so doing an overall power of x? will be pushed in front of ©(0), but this is
harmless since Q(0) (an exponentially decreasing Hermite function) is in the
domain of any power of x. More precisely, we rewrite the last term of Eq. (I11.13) in
the form

ILU)RH(EN" 1 20)]

N+1

[T [U@(cln—1))>" V4 x* = V2R (E)(cn)) " +x*) 7 12]

n=1

{(c(N A+ 1))2VH D x4V 1>}1/2s2(0);| : (I11.14)

where the n-dependence of the constant term (cn)®" has been so chosen as to
optimize the forthcoming bounds. We now anticipate the fact (to be proven below)
that for suitable ¢, the new factors between brackets are bounded operators, and
deduce

ITU(@R(E)]Y ' (0)]]
N+1

< [ 1U@((cn— 1"~ 1+ x* 7 D) 2R(E)(eny® +x*) ™ lwy 1,

n=1

(ITL.15)

where

oy = [eN)*N+x*N]12Q0)] . (I11.16)
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Since for all x, |U(g)| =d,x* with

1 if larggl <3,
= 1117
g {1/sin|argg| i 2<larggl<0, (IL17)
we obtain
N+1
ILU@RG(EI ' QO)| (@) oy, [T 1My (B, (I11.18)
n=1
where M, (E), and more generally M, ,(E), is defined by
Mm,n(E) EX4+ Zyn[(c(n_ 1))2(n— 1)+ x4(n~ 1)] 1/2
Ro(B)(cln-+m)2r e my 11z,
m=0,1,...; n=1,2,... (I11.19)

(with the convention 0°=0).
In a completely similar way, using |U,(g)| <d,x*">", we can obtain for the
other terms of Eq. (II1.13) bounds involving only the M, (E):

IDx* 2™ Ro(E)] ... [x* " 2"~ Ro(E)I[U,, + 1(9)Ro(E)]LU(9)Ro(E)]" ™ P2A(0)|
1

P
S@d) P oy []IM
i=1

[ B

ml,m1+.,.+mi,1+i(

N

(17 Py —— 0 )| I [ B 1. A0 o] (111.20)

q=N—-n+p+1

It remains to majorize the M,, ,(E) themselves. This will be done on the basis of the
following estimate, which constitutes the crucial ingredient of our method.

Lemma 4. There are constants a and ¢ depending only on j (not on m and n) such
that for all m=0,1,...,n=1,2,... and E, |[E—j—1/2|=1/2:

[H(0)— E] " [(c(n +m))>" ™™ + x*"* ™ [H(0)— E]
> a?x¥ A (c(n—1)2" D g x4 D] (IT1.21)

where the inequality has to be taken in the sense of positive operators on the Schwartz
space <.

The proof is postponed to the appendix.

Exactly as in the proof of Lemma 3 ([ H(0)— ET is a bijection from & to &), we
immediately infer from Eq. (II1.21) that |¢| ZalM,, (E)e| for all €, thus for
all pe L*(— o0, c0) by continuity, and conclude that M, ,(E) is a bounded operator
with (m, n)-independent norm:

1
[M,, (E)] < ’ m=0,1,...; n=12,.... (I11.22)
Using this in Eqgs. (I11.18) and (II1.20) and returning to Eq. (IIL.13), we get:

N n
HRN+1(g)”§C1 ZOO‘I\H—l—n Z 2N~n+p(dg)n~p+l

n= p=1

1\ d N+1
-wNH@ +csz+1<zﬂ> (I11.23)
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because the sum over the m;’s contains (N—n+p—1D)!/(N—n)!(p—1)! <2V~ "*r
terms. Then, since a<1, d;=1:

2d, 1 d, N+1
[Ry+1(@=C, wN+1( ) Z AR ”2 Z 2p+C2a)N+1(a)
+1

p=1
2d N+l
=C 60N+1<a) Z

SCuon, VL, (I11.24)
where
2d
74 > a<l N
§= (I11.25)
2d
Ty oa>1

Only wy defined in Eq. (II1.16) remains to be estimated.
One has:

wy=[(cN)* + [ x*"Q0)|*1", (I11.26)
and a straightforward evaluation (e.g. using the creator-annihilator formalism)
gives:

||xMQJ.(0)|12<2M@ <2i4MM, (111.27)

so that (assuming ¢=8):
oy = const(cN)¥ <constI'(N + 1/2)(ec)" . (IT1.28)
Inserting Eqgs. (I11.24) and (I11.28) into Eq. (II1.12), we finally obtain:

N

jD(g)— Y (Q0),2,)g"

n=0

SAT(N +3)(ecs)¥ gV L,

=0,1,2,.... (ITL.29)

In exactly the same way one can show that the numerator N(g)=(€(0), U(g)€(9)) in
Eq. (IT1.2) fulfills the conditions:

N
‘N (9)— Y (€20),2,)g"
n=0

SAT(N +3)ecs)¥ HgIN 1,

N=0,1,2,... (I11.30)

(with the same ¢ and s) for suitably defined vectors Q,. Now, according to general
properties (Theorems 3 and 6 of [14]; see also [11]), a rational combination like
(II1.2) of two functions N(g) and D(g) obeying the “strong asymptotic” conditions
(I11.29) and (I11.30) obeys itself these conditions, with the same parameter ecs. This
leads us to our main result:

Theorem 1. Let 0 be given, 0<O<mn. Then each energy level E ) of the
Hamiltonian (1.1) is analytic in a sector 0<|g| <R , largg| =0, and its perturbatzon
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expansion is “strongly asymptotic” there:

g)_ z E_] ng ( 2)( )N+1|g|N+l,
=0,1,2,..., (ITL.31)
where
P jargq| 3,
——1 0
z <
Sin|al‘gg| s 2<|argg|= .

On account of Eq. (IT1.25), we have o —2ea Max (o, 1) with the estimates (A.8)

and (A.15) for a; and c;. J
In particular, Eq. (I11.31) immediately implies
|Ef <47 T(n+Y0)", n=0,1,2,.... (IT1.32)

An investigation & la Lipatov (as well as a numerical one) [7] reveals that the
actual coefficients Eg , exactly saturate the bound (IIL.32) in the limit n— oo,
although the “true” constant o, is (as expected) considerably less than an
estimation based on Egs. (A.8) and (A.15), which gives g, =700Max(a, 1).

As for the Borel summability of the perturbation expansion, the full content
of Theorem 1 [not only Eq. (IT1.32)] is needed in order to establish that ZE IARS

Borel summable to the true function E; (g). Actually, such a property then follows
from Watson’s theorem [15]. More precisely, within-the notation of [14],
Eq. (I11.31) just means that E;-'(g) belongs to “W” classes of Borel summable
functions:

E;(9)eW—(0—3,R;,0,) forall 6, 3<f<m. (I11.33)

Hence, Theorem 2 of that reference directly applies and allows us to conclude:

0

~ 1
Theorem 2. The Borel transform Ej(t)= ) — E;,t" (holomorphic in the disk
n=0 n: ’
[t|<1/c;) has an analytic continuation to the half-plane Ret>0, and is bounded

there by :
[Ef (I <Bfe"® Vi, |argt]<6 (I11.34)
for any 0<% (B; and R;" may depend on 0).

As is well known, this theorem in turn provides a justification for possible
summation procedures of the perturbation series based on the inversion formula

Ef(g)= [ dte'E¥(tg).
0

1V. Discussion

We have shown that each eigenvalue E;—’(g) of the nonpolynomial Hamiltonian
(I.1) admits a perturbation expansion which is not only asymptotic, but even
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strongly asymptotic, and therefore Borel summable to Ef(g). In particular, we
have not observed any difference at this level between the “+” case and the “—”
case. It turns out that if one tries to improve the rigorous estimates (I11.32) by
looking for the asymptotics of the perturbation coefficients Eg, through the
Lipatov method, such a similarity disappears [7]: in one case (+) one finds a
genuine instanton (and derives a reliable large order behaviour), in the other one
(—), there is no instanton at all (and a modified functional technique has to be
devised in order to get the large n behaviour). Such a phenomenon, which is likely
to occur for many rational interactions, remains to be understood.

Considering now the analyticity domain of the Borel transform E;"(t)
(Theorem 2), we have no indication that it can be significantly enlarged. Actually,
the possibility of an extension to a sector of opening angle larger than = [which
would require the analytic continuation of E;(g) to a “second sheet” of the
complex g-plane in the vicinity of the origin] is not supported by numerical
analysis [16]. Instead, the latter suggests rather a domain of the form Ret> —1/g,;.
As to whether the constant R ;—' in Theorem 2 can be pushed to infinity (this in
particular would allow the Borel summation to apply for all positive g), it amounts
to whether E;I(g) is actually analytic in the whole cut plane. We have made no
attempt in this work to investigate such global analytic properties of E ji'(g). In this
respect, let us notice that the method used by Loeffel and Martin [17] in the
anharmonic case, which essentially consists in controlling the motion of the zeros
of the wave function, cannot be applied in a straightforward manner to our case
(the power of the Symanzik scaling argument is partly lost).

One easy result is worth mentioning however. We assert that the function
E, (g) necessarily has complex singularities in the cut g-plane, at least for a certain
range of values of the parameter a. This can be seen through the following
argument, which uses as an additional input the (readily found) expressions of the
first three coefficients: E, ;= —3/4, E, ,=—21/8+(15/8)x, E, ;= —333/16
+(45/2)o— (105/16)a.>. Assume that E;(g) can be continued analytically to the
whole cut plane. Then, the resolvent R, (4)=[H “(9)— 21! being a compact
operator [an easy consequence of Eq. (I1.2)], this analytic continuation is still an
eigenvalue of H(g), according to a known theorem [18]. Hence, due to the
positivity property —Im V™ (x; g)/Img =0 [Eq. (IL5)], it follows that — E;(g) is a
Herglotz function. But E; (g)— E, (o0) is also a Stieltjes function, as a consequence
of Theorem 1 and a simple perturbative argument in 1/g. Therefore, the coeffi-
cients (—1)'E;, (n=1,2,...) are the moments of a positive measure

1 . .. . .
(— —ImE; (—lg|l+ is)) and must satisfy (amongst other conditions) the inequality
T

(Eg.,)*<E; Eqg 5. Inserting the expressions given above, we find that " this
inequality is violated for 2.28 <« <2.74, and conclude that our assumption cannot
be correct in this range.*

Finally, a few words regarding the proof of Borel summability are in order.
Our method relies on two main ingredients : Lemmas 2 and 3, the validity of which
requires some geometrical properties of the range of values of the potential V(x; g),

4 Such a result implies that the direct use of Padé approximants in order to sum up the perturbation
expansion of E;(g) cannot be put on firm grounds
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and the inequalities (I11.21), which apply as soon as the potential, as well as its
derivatives, enjoy some polynomial boundedness properties. Clearly enough, both
ingredients are quite flexible in this form and, after suitable adjustments, they
should permit the treatment of other rational (or even more general) potentials,
including those involving more than one degree of freedom. In this way one can
hope to apply our method to a large class of (properly restricted) interactions.

Appendix

Proof of Lemma 4. Given Hy=H(0)=3p?+3x? and E=j+ 1/2+1¢%, let us first
establish the two inequalities:

(Hy—E*YH,—E)=1, (A.1)
2

(Ho~E"‘)(H0—E)z£l4—x4 for some (j dependent) a>0. (A2)

The first one is an immediate consequence of the spectral theorem:

(Ho~EHy~B)= ¥ k4 12-EPR2 L Y P=y ] (A3)

k=0 k=0

[where P, denotes the orthogonal projector onto £,(0)].
As for the second one, we have

(Hy— E*\Ho— E)= H2— 2+ DHy +j2 + 1+ (1 — cos B)(H o — 1/2) +j(1 + cos p)
>H2-2(+1)H,+j*+1, (A4)
since Hy=%. On the other hand
Hy=ix*+5p* =4 +3px?p2zix* +4p* -1, (A.5)
so that
(Ho— E*Ho— E)z4x*—(j+ Dx* = 2j— 3+ [5p* — (+ 1)
Zixt =+ )x* =2 -5 (A.6)

Thus, for any u, O<u<1

(H,— E*)(H, E)> x +1[1/I—— WA r—[wl)z +2j+l}

J/1—u 1—u 2
2
> e U o ]4(H0 EH,~E), (A7)

where we have used inequality (A.1) as a “feedback”. Hence we obtain Eq. (A.2)
with

u
a’= su

p p) .
0<u<1 (]+1) 1
1 2j
+4 |1 + +2]

(A.8)
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Consider now the left hand side of Eq. (II1.21). Because of Eq. (A.2) we can write

a2

(Ho— E*)[(cq)*+x*](H,— E) = T(CQ)qu4 +(Ho— E*)x*(H,— E)
(g=n+m). (A.9)
Furthermore
(Ho— E¥)x*(H— E)=(3p* — E*)x*(5p* — E)+ $px** ?p
+ix*MT 4 — (ReE)x* "2 —1(4q+ 1)(4g+2)x*, (A.10)
and, using ReE<j+1,g=1:
(Hy— E¥)x*(H,— E)=:x*"* —(j+ )x*+2 - L342x% (A.11)

We then get rid of the middle term by inserting the inequality x* <%(ox*/q* + ¢*/0),
valid for any ¢>0:

1 0 15 1
I 7 4qH—E2——~*—‘. 1 4qg+4 __ |77 T (; 2.,4q
(Ho— E*)x™(H, )_[4 2q2(1+ )| x ) +2Q(1+1)qx
1 o 15 1
> —2(G41 4q+4 _ |7 (s 2 4q'
_L ﬁ+ﬂx L+%wwqx
(A.12)

Denoting by 4(x) the difference between the left hand side and the right hand side
of Eq. (I11.21), we deduce from Egs. (A.9) and (A.12)

1 o 15 1 a?
A > — 2 1_2 4q9+4 |77 o 2,.4q - 2q.,.4
(x)_[4 2(]—|~) a’|x {2 +2Q(]+1)qx +4(cq) X
—a®(c(n— 1))~ Dx4m*8, (A.13)
or, by putting y=x*/c?q*:
2
A2 (e 200, (A.14)
with
1—20(i+1) 1 { 2 } .
5 = _4 n+m__ 30 - 1 n+m—1
) {7& }y e +Q(J+ )|y
_q\2(—1)
NIRRT
n+m

The truth of inequality (IIL.21) now depends on whether the polynomial d(y) can
be made positive for y=0 by some (1, m)-independent choice of the two free
parameters ¢ and ¢. It turns out that this is achieved by so adjusting ¢ and ¢ as to
equalize (in absolute value) the first three coefficients of d(y), namely by choosing
0=(1-5a%)/2(j+1) and:

4(j+ 1)

30+ 152

cz—i
- 2

a

. (A.15)
Indeed, we have then

n+m n+m—1 n—l 2= m+ 1
o(y)y=y"""—y +1-4 - yrr. (A.16)
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For n=1, the last term is in fact absent, so that

m .
>l —|>0 if mz=1.
-[ <m+1)'"“}>

For n>2, noticing that 4[(n— 1)/(n+m)]1>" "V <1/(m+1) Vm=0,1, ..., we obtain

)=y =y +1 (A.17)

m

1
P > nt+m _ . n+tm—1 1— m+ 1
zy" "=y -y

1
m—+1

) 1 o
=(y—D*y"(L+y+ ...+ 2)+m—+1(1+2y+...+my H1 =0,

(A.18)
and the proof is complete.
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