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Abstract. We give a new, elementary proof for the existence of a deconfining
transition to a massless (QED) phase in the four-dimensional U(1) lattice gauge
theory and of an intermediate QED phase, accompanied by dynamical
restoration of local U(1) invariance, in the four dimensional Z, models, with N
large. Our methods can also be used to prove the existence of a phase transition
in the X Y model in three or more dimensions, in three- and four-dimensional
abelian Higgs models, and in more general models admitting some local,
abelian gauge invariance.

1. Introduction and Summary of Results

In the past five years, there has been considerable progress in the understanding of
the phase diagram of lattice gauge theories with a discrete (abelian, or non-abelian)
“unbroken” group of gauge transformations. Among such models are

i) pure lattice gauge theories with a discrete gauge group;

ii) lattice Higgs models with discrete or continuous gauge groups, broken down
by the Higgs scalars to a discrete, unbroken subgroup.

Such models are now known to have a strong coupling (“high temperature”)
phase in which static quarks transforming non-trivially under the center of the
unbroken group are confined and a weak coupling (or “low temperature”) phase
where static quarks are not confined but magnetic monopoles may be; see [1-6]
for a systematic review and further developments.

Proofs of these results are based on fairly standard high and low temperature
expansions. An excellent review of such expansions [7, 8] along with applications
to lattice gauge theories can be found in [6]. None of these expansion methods
require the use of duality transformations, so that non-abelian models with
discrete, unbroken groups are accessible. The applications to the study of Higgs
models with continuous gauge groups, but discrete unbroken subgroups is
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somewhat subtle. However, the methods developed in [9, 10], adapted to lattice
gauge theories, are in principle sufficient to study such models in various, extreme
regions of coupling constant space; see also [6].

As an example, consider a four-dimensional SU(2) Higgs model with a system
of Higgs scalars which leave only Z, unbroken. Let g be the pure gauge coupling
constant, f=1/g?, and suppose that, in the unitary gauge, the interaction between
the lattice gauge field, g, and the matter fields is given by the action

—{RR, > 119, (L.1)

where xy runs through all bonds (nearest neighbor pairs) of Z*, y, is the spin 1
character of SU(2), { >0 is a coupling constant, and R, is the radial component of
the Higgs system at the point xe Z* which is supposed to be ~R,>0 with high
probability.

Presently, those facts which are known rigorously about this model can be
summarized in the following diagram:

I: Confinement of static quarks in the fundamental representation [1, 4].
II: Confinement of Z, monopoles [6].

pure z, theory

scalar lattice
theory (without
gauge fields)

C

®
[
8

Fig. 1 O pure SU(2) theory

On the line B = o0, the theory reduces to a lattice theory of scalar fields decoupled
from the gauge fields which has in general a phase transition, with a massless,
broken symmetry phase for {>{, [11].

It is conjectured that f=f and, more generally that regions I and II have a
common boundary from (8=j, {= ) to some point P which is connected by a
line of singularities of e.g. the magnetic string tension to (8= oo, { ={ ). Moreover,
domain I should extend to the broken line from P to (f= o0, {=0).

Among the obstructions which prevent one from proving the above conjec-
tures are: incomplete knowledge of the pure Z, theory; the presumed roughening
transition in the pure SU(2) theory (see e.g. [12]) which appears to make it
impossible to extrapolate the high temperature expansion for {=0 to arbitrarily
large values of f.
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The model discussed above may be amusing, but is not really relevant for
particle physics. More interesting examples would be lattice versions of the
Georgi-Glashow or the standard (Glashow-) Weinberg-Salam model of electro-
weak interactions. In these models a new difficulty appears: essentially no
powerful, analytical tools are known which would permit one to establish the
existence of electromagnetic phases with massless photons and unconfined,
charged leptons.

Let us consider, for example, the Georgi-Glashow model. In this model, the
Higgs scalar has isotopic spin 1, and the action describing the interactions between
the Higgs and the gauge field is given by

(2 (9., D1(9,,)9,). (1.2)

where ¢ is the Higgs field, D, is the spin 1 representation of SU(2), (-, -) is the
scalar product on R?, {>0.
In this example the presumed phase diagram is described in Fig. 2 below.

Cﬂ pure U(1) theory
B
C=co <

\\
R
\\ classical Heisenberg

S~o_|, model (orgldl*
Cc lattice theory)
I
Fig. 2 0 ' f=co A

In domain I static “leptons” in the fundamental representation of SU(2) are
confined. This follows from the results of [1, 6] (high temperature expansions) or
from [4] (where correlation inequalities are used).

When { = co the model reduces to the pure U(1) lattice theory. One main result
of our paper is a new proof and a generalization of a result, already established by
Guth [13], which asserts that the four-dimensional U(1) model has a deconfining
transition, ie. for B> B, static electric charges have only Coulombic interactions,
and the photon is massless (see Sect. 2).

Our method of proof is a descendant of a more involved one used to establish
the existence of the Berezinski-Kosterlitz-Thouless transition [14] in the two-
dimensional rotator model and the Coulomb gas which we presented in [15]. In
comparison with [15] simplifications arise in the analysis of the U(1) model, due to
gauge invariance which enforces “local neutrality”. Our methods have the
advantage over [13] of not being geared to a special form of the lattice action (the
Villain action), and they do not involve a cluster expansion (so that reasonable
bounds on f8, might be obtained). Physically speaking, they consist in showing that
for large B, static electric charges are deconfined, because the dynamical magnetic
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monopoles of the lattice U(1)-model are bound in neutral clusters which form a
dilute gas.

On the line f= oo, the model reduces to the classical Heisenberg model or the
three-component lattice g|¢|* theory, and the degrees of freedom of the gauge field
are frozen. These models have a phase transition accompanied by spontaneous
breaking of O(3): For {>{,, global O(3) invariance is broken, and there exist two
massless Goldstone modes. This has been proven in [11]. (For two-component
rotator models, a new proof of this result is given in Sect. 4.)

We expect that the critical points . and {, are connected by a line of critical
points above which the theory is in a massless QED phase with unconfined electric
charge and massive, magnetic monopoles (see domain II, Fig. 2). In the comple-
ment of domain II, and for f< oo, magnetic monopoles are expected to be
massless. For { sufficiently small and  below f,,,gnening [fOT the pure SU(2) theory]
they are expected to form a condensate. In this range of parameters electric charge is
confined. Since our analysis of the U(1) model involves using a duality transfor-
mation, it does not extend to the model with { < oo, in any obvious way". This and
the absence of a detailed understanding of the presumed roughening transition in
the pure SU(2) theory are, at present, the obstructions against establishing the
conjectured phase diagram described above. At least, it is supported by the results in
Sect. 2 and [11].

In Sect. 3, we reconsider the Z, models with Villain or Wilson action. We show
that, in four dimensions and for N large enough, there exist two critical values of §,
B., and B.> B, (depending on N), such that for fe(f, B,) the Wilson and the
disorder loop have perimeter decay. Thus there exist intermediate QED phases.
This reproduces and extends a result of Elitzur et al. [16]. The point of our
methods is to avoid using self-duality which only holds for the Villain action and
to exhibit a sequence of transformations of the Z, model which map it to a model
with unbroken U(1) gauge invariance, provided fe(f,, B.). In other words, local
U(1) invariance is restored in the intermediate phase. This is the analogue of global
U(1) restoration in the intermediate phases of the two-dimensional Z, models
which we described in [15].

The phenomenon that the “fixed point theory” of some class of spin systems or
lattice gauge theories, with respect to suitably chosen renormalization transfor-
mations, has a larger global or local symmetry than the original models is
presumably a rather general one. It is therefore of interest to analyze some
examples which exhibit that phenomenon.

We expect it to occur, for example, in any lattice gauge theory with a discrete
gauge group H of high order which is a subgroup of some Lie group: If G is the
smallest Lie group containing H as a subgroup, then we expect that a pure lattice
gauge theory with gauge group H has intermediate phases where local
G-invariance is restored, in the sense that certain correlations behave like ones in a
pure gauge theory with gauge group G.

In Sect. 4 we reconsider the classical rotator (XY) model in three or more
dimensions. By duality, the rotator model is equivalent to a statistical mechanical

1 It is an interesting problem to avoid the use of duality in the analysis of the U(1) model, or to
translate the methods developed in Sect. 2 back into the Wilson formulation of that model
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model of line defects characterized by integer flux numbers. In three dimensions,
this model is the {— co limit of the non-compact, abelian Higgs model, and the line
defects correspond to the Abrikosov vortices.

Our methods permit us to prove that, for a large class of lattice actions, the
classical X Y model in three- or more dimensions has a phase transition with long
range order, accompanied by spontaneous symmetry breaking. By the results of
[57 this also implies the existence of a superconductor —=QED transition in the
three-dimensional, abelian Higgs model. (In the superconducting phase,
vortices have a small activity and form a dilute gas, the photon is massive and
there is no confinement of fractionally charged static sources. In the QED phase,
vortices condense, the photon is massless, and fractionally charged sources are
confined by a logarithmic potential. These results were proven in [ 5], assuming the
results of [15] and of Sect.4 of the present paper, by using correlation
inequalities.)

We conclude this introduction by establishing some notation: Let G be a
compact gauge group. With each link (nearest neighbor pair) xy in a simple, cubic
lattice Z” we associate an element g, of G. The a priori distribution of g is given
by the normalized Haar measure, dg.,, on G. Let A be some finite region in Z, and
let y be some unitary or orthogonal character of G, typically the character of the
fundamental representation of G (assumed here to be a matrix group).

Following Wilson [17, the action of a lattice theory in region A is defined by

Ayg)=—p ZA Rex(go,) s (1.3)

where f=1/g? is the inverse square of the gauge coupling constant, p denotes a
unit lattice square (plaquette) in 4, g, is shorthand for {g,},,. 4, and

gap= H()gxy' (14)
xyC 0p
Here [ ]9 denotes a path-ordered product. The Euclidean functional measure of
the lattice theory in 4 is given by

duggn)=Zg e ] dg,,. (1.5)

xycA

More generally, du, is defined by
dugg)=2Z5 4 [1 0595, 11 dg.,. (1.6)
pcA4

xyCcA

where ¢, is some positive class function on G, i.e.
@ih~ gh)=q4g).

For example, ¢, may be the heat kernel on G in which case the model is called the
Villain approximation. In this paper, we primarily study the Villain approximation
to the U(1) model and the XY model, except in Sect. 3, where we study Wilson’s
form of the Z, lattice gauge theory in four dimensions. This restriction is not
inherent in our methods but is imposed for technical (mainly notational)
convenience. The techniques introduced in Sect. 6 and Appendix B of [15] permit
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us to extend all results of the present paper to the models with Wilson action. (This
is an advantage of our methods over the ones in [13].)

Our criterion for confinement (or deconfinement) of static sources is the usual
Wilson criterion. We are aware of the shortcomings of this criterion. Instead, we
could use the slightly more general criterion discussed in [5] which is correct in the
limit of infinitely heavy “quarks”. This would merely result in a slight complication
of notations but does not alter our results. (It is an interesting open problem, not
studied in this paper, to introduce a confinement criterion which is valid in
theories with dynamical quarks of small mass.)

Let ¥ =%, . r be a rectangular loop in a lattice plane, with sides of length L
and T Let

W($)=xo< [ gxy), (1.7)

xyC¥

where y, is some character of G.
Consider the expectation

WD AP = W(L)dpglg), L CA. (1.8)
Let (— >(ﬂ)5,11i7glu<_> 4(p) denote the vacuum functional in the thermody-

namic limit. (Some limit always exists by compactness®.) The “quark-anti-quark”
potential is defined by

1
Vo(L)=Jlim — log(W(Z, . (B)- (19)

(For a more accurate definition see [5].) Quarks transforming under a repre-
sentation of G with character y, are expected to be permanently confined if

Vo(L) diverges to +c0, as L—c0. (1.10)
This is possible only if y, is non-trivial on the center of G [18]. Moreover,
Vo(L)=constL, (1.11)
for arbitrary G, x, %o, [19].
If
Lh_{r(}o Vo(L)< o0, (1.12)

“quarks” are expected to be deconfined, and physical states transforming non-
trivially under the action of global gauge transformations corresponding to certain
elements in the center of G are expected to exist. While this conclusion is correct in
a pure lattice gauge theory without dynamical quarks, it is wrong in theories with
dynamical quarks in which (1.12) is valid in general, although quarks may be
permanently confined. In order to establish the existence of a QED phase in the
four-dimensional U(1) model, one should therefore really also establish the
masslessness of the photon (see Sect. 2).

2 In the abelian case, the existence of the limit follows from [17]
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For (1.12) to hold it suffices that
WL aB)zexp[—dL+T)], (1.13)

for some A-independent constant d, provided A is large enough. Inequality (1.13) is
proven in the next section for the U(1) model in four dimensions, at large values of
p.

Apart from the behaviour of the Wilson loop expectation, {W(Z£))(f), we are
also interested in the behaviour of the expectation value of the disorder loop, D, in
the state {— >(f). In four dimensions D is defined as follows: One chooses a loop,
#,1in a coordinate plane of the lattice (Z*)*, dual to Z*. Let X be an arbitrary set of
plaquettes bounded by %, i.e. 02 =%, and let

X*={pCZ*:p*CX}. (1.14)
Then
{Dg» =j ll* ((Pp(gapz)/‘P/;(gap))dﬂﬁ(gA) > (L.15)

where z is an arbitrary, non-trivial element in the center of G. It has been shown in
[5] that in the four-dimensional Villain approximation to the U(1) model

Dy, , B zexp[-6L+T)], (1.16)

for all f<oo. This can also be shown for the U(1) model with Wilson action by
using the method of real translations (Sects. 5-7 of [15]) and Jensen’s inequality.
Thus, in the U(1) model, the disorder loop always has perimeter decay, i.e. static
magnetic monopoles are never confined.

In Sect. 3 we show that for sufficiently large N, the Zy models with Wilson
action have an intermediate phase [for Be (B, fB,), with 0<f,<f8,<oo] in which
both inequalities, (1.13) and (1.15), hold. [It follows from standard high tempera-
ture expansions that (1.13) fails for small f and (1.15) for large f, for every N < c0.]

In Sect. 4 we extend the concepts and results described above to a general class
of abelian models, “hypergauge theories”, which includes the rotator model. We
determine the (lower) critical dimension of these models.

2. The Transition in the Four-Dimensional U(1)-Model
2.1. Main Ideas

In this section we establish the existence of a transition to a deconfining, massless
phase in the four-dimensional, compact U(1) lattice gauge theory. Previous work
concerning this model is contained in [1, 20, 5] and, in particular in [13]. (See also
[6] for a review of [13].)

The basic ideas of our method which evolved from [20] and [15] are as
follows:

i) Use of Fourier transformation in the angular variables of the compact U(1)
model: Transformation to the non-compact, dual model.

ii) Application of a sequence of renormalization transformations to the dual
model which map it to a neighborhood of the Gaussian model which describes
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free, non-compact electromagnetism. Our transformations represent a simplified
version of the ones used in the two-dimensional Coulomb gas, in order to establish
the existence of the Kosterlitz-Thouless transition [15]. The simplifications arise
as a consequence of gauge invariance.

iii) Change of field variables in the renormalized dual models (real trans-
lations; see Sects. 5-7 of [15]) and application of Jensen’s inequality to establish a
lower bound on the Wilson loop expectation, i.e. the disorder loop expectation of
the dual model, with perimeter decay. [This proves (1.13).]

2.2. Notation and Definitions

We explain our methods in terms of the Villain approximation to the U(1) model,
but with some analytical complications taken into account (see Sect.6 and
Appendix B of [15]) our methods and results extend to a large class of U(1)
models with other actions, in particular the Wilson action, as well.

In this and the following sections we use the notation

9xy= eif)xy > nye [ -7, 7[) >

to denote the elements of (subgroups of) U(1). We adopt the usual convention

= =0, @.1)

The a priori distribution of 0, is given by the Lebesgue measure, df, , on the unit
circle. Let A be a finite, rectangular array of sites in Z*, and 6,={0,,}, 4, as in
Sect. 1. We define

@,0)=3 exp[—(/2)(0+2mn)*], Oe[—m,m). (2.2)

neZ

This is the heat kernel on the unit circle appearing in the definition of the Villain
approximation.

The purpose of this section is to elucidate the properties of the following
distribution (the Euclidean functional measure for compact QED on the lattice):

duy(0)=2;"T] 04(a0,) [] db,,, (23)
pcA xyCcA

where

do,= Y 0,

xyCop
(Op is the boundary of a plaquette pC A), and
Z,=| 11 e4d0,) T] 4o,,. (2.4)

pcA xycA

The standard Wilson loop is defined by
W)= [] &%, (2.5)

xyC ¥
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where Z is as in Sect. 1, and we assume it to lie in the 0—1 lattice plane. More
generally, let
W(L)=[] &, W,_,=W.

xyCcL

We now define

(2.6)

LD 4(B) =] W L)duy(0 ), }
and

L)) = lim CW(L)> 4(B)-

Existence of the limit is a standard consequence of Ginibre’s inequalities [17] (for
the models with Wilson’s and with Villain action [21]). By a standard high
temperature expansion (see e.g. [17]) or by using Simon’s correlation inequalities
[22, 23] one shows that, for f sufficiently small,

0=<W(L))(B)=exp[—c(m, f)L-T], }

N 2.7)
c1,p~Inp~t, as p—0.

with

In the following, we propose to give a simple proof of the statement that, for f8
large enough,

WA(L))(B) zexp[ —d(m, f)(L+T)], (2.8)

for some finite constant d(m, f3).

For reasons of simplicity of the exposition we concentrate on the model with
Villain action and m=1, but using some results in [15] it is not challenging to
extend our arguments to the general case. We now pause to review some exterior
difference calculus.

2.3. Exterior Difference Calculus
Let ¢, denote an oriented unit k-cell in a simple, hypercubic lattice Z”. Let o be a
k-form, i.e.

aie—ofe)eK, (2.9)

where K is a ring, (K=Z, R or €), and a(c,) =0, except for finitely many c,. We let
¢, denote the same k-cell as ¢, but with orientation reversed, and require that

oc, )= —alcy). (2.10)
Given an oriented (k+1)-cell, ¢, , ;, we define
@)(c )= Y oley). (2.11)
crCack +1

Here it is assumed that the orientation of some ¢, Cdc, , ; is the one prescribed by
the orientation of ¢, . ;, and (2.10) is enforced. Let ¢,_, be an oriented (k — 1)-cell.
We set

(00) (cp—y)= Z acy) s (2.12)

CriOCkD Cle— 1
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assuming again that the orientations of the dc,’s are matched to the one of ¢, _, and
(2.10) is enforced. Clearly, do is a (k+1)-form, while d« is a (k— 1)-form. One
verifies easily that

ddou=0. (2.13)
For,

d(do)(cy 4 5)= Z ( Z “(Ck)> .

Cre+ 1C0Ck +2 \CkC OCk + 1

Now, with each ¢, appearing in some dc, , 5, ¢, appears in the same dc,, ,, too.
Thus, by (2.10), the right side vanishes. Given arbitrary k-forms o and f, we set

(O(, B) = Z/ a(—ck)ﬁ(ck) B (2 14)

where o and f are arbitrary k-forms, and ) extends over all positively oriented
k-cells. One has

(B, do)=(3p, ), (2.15)

where « is an arbitrary k-form and f an arbitrary (k+ 1)-form. This identity is a
consequence of “summation by parts”:

(B, do) = Z, ﬁ(ck+ D(da) (e 1)

Ck+1

= X[ X P

Cre+ 1 \C OCk + 1

=Z'( > /FE;D) ocy)

o \Ck+1:0ck+ 1D Cx

=(5p,0).

By (2.13) and (2.15),

06p=0, (2.16)
for any k-form f.

One may finally introduce a discrete version of the Hodge % operation. Given a
k-cell ¢, CZP, let c}_, denote the (D—k)-cell in the dual lattice (Z°)* passing
through ¢, and with orientation chosen such that it matches the orientation of ¢,.
Given some k-form ¢, we define a (D — k)-form *o by

(xo) (- ) = 0lcy) - (2.17)
It is easy to see that

*dxoi=00. (2.18)
For
(kdx0) (cp 1) =(dx0) (CH_ 44 1)

= ) Ga)(chd

cH-kCOcH-1+1

= Z acy)

Crt0CKD Ck - 1

=(00) (¢ ).
We will need the following
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Lemma 1 (Poincaré). Let o be a k-form with values in K(=2Z, R, C) such that da=0.
Then there exists a (k+ 1)-form B with values in K such that
a=0p.

Moreover i can be chosen such that supp f is contained in the smallest hypercube Q,

containing suppa, and max|f(c,. NS Y lodcy)l.

ckeEsuppa

Remark. Similar statements hold with J replaced by d. They can be obtained from
Lemma 1 by using the * operation. The proof of Lemma 1 is quite elementary and
is not given here.

2.4. Fourier Transformation

Next, we calculate the F ourzer transform of the measure du(0 4) introduced in (2.3),
(2.4). Let ¢4(n) denote the n' " Fourier coefficient of ¢,4(0). First, we reexpress the
partition function. Using (2.15), we obtain

Z,=J 11 oyla0,) I] 4o,

pcA xycA
=S T e} T1 a0,
pCA \npeZ xyCA (219)
= 3 Loy [ eoan,,
n={np}pca pCA4 xycA
=m0 3 [1 ¢4ln,)
n:on=0 pcA

where L() is the number of links (oriented bonds) in A. For ¢ as in (2.2),

Pyn)=ce” 120" (2.20)
for some positive constant c.
Thus
Z,=Qu)tOcPz
where (2.21)
Z 1—[ e—(l/zmn,%y
nmdén=0 pcA

and P(A) is the number of plaquettes in A.
Since on=0,

n=om, (2.22)

for some 3-form m, and the support of m can be chosen to lie within A (see
Lemma 1). Now,

m=sa, (2.23)
where o is a 1-form on A*, the dual of A. Thus

n=xdo. (2.24)
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We note that o is not uniquely determined by n: If n=sxda’ then o' =0 +dy, for
some scalar function y on (Z*)*. Next, using (2.24)
(mn)= ) n2=Y (xda)i=) (do)3
pcA pc4d pcA
=(do, dor) 4. , (2.25)
where p* is the plaquette dual to p. Hence
Z,= Y e 00
n:on=0
— Z e~ (1/2P)(da, do) , (226)

[o]:0, ,EZ

where [o] denotes the equivalence class {o:o/ =a+dy, suppdyCA*}, and )
[«]
indicates that only one configuration per equivalence class is retained in the

summation.

Next, we compute the Fourier (duality) transform of {W(#)> ,(B). Let 2 be the
rectangle in the 0— 1-lattice plane whose boundary is the loop %. The discrete
version of Stokes’ theorem says

W)= []o e =] s,

xyC &L pC¥

where all plaquettes p CX have the same orientation as #. Thus

WL ,B)=Z3 [ TT @4d0,) [T > [T do,,.

pcA pcr xycA

The n™ Fourier coefficient of ¢4(0)e” is @,(n—1). Thus, as in (2.19), we obtain

(L)Y A(B) ZA‘I(zn)M{ Y 11 <i><n,,>ﬂ¢<np—1>}
Z;

n:dn=0 pCA\Z pCct

1{ Y [e o] e(l/ﬁ)np~1/213}.

(2.27)

n:on=0 pcA pCE

As in (2.23)2.26),
KWL ()= du(0)D ()
=<{D;5>%(B). (2.28)

where du ,(«) is the discrete measure on the space of equivalence classes, [«], which
assigns to [o] the weight
Z; 16—(1/2ﬁ)(da,daz),1*, (229)

{—>*(p) denotes expectations in this measure, and D, is the disorder operator
defined by
Ds(o) =[] et/P1@rrg= 1126 (2.30)

pCcZ
More generally,

“®), (231)

A

) @,,<<da>,,*—1>>
1% - PpEHpe— )
L <H P

for any choice of ¢;.
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2.5. The Gaussian U(1) Lattice Model

Consider the (infrared) regularized Gaussian measure

d)u?l,g(a) — N;’ie——(l/Zﬁ)((da,da)A*+5(<z.a)A*} 1—[ daxy , (232)

xyC A*

where do,, is the Lebesgue measure on R, o, =0, for xy ¢ 4*, >0 is an (infrared)
regulator mass and N, is a normalization factor chosen such that jdu 4,:0)=1.
Let IT ,, denote the orthogonal [with respect to (-, -)] projection onto the space of
1-forms with support in A* Let V, , be the inverse, on the space of 1-forms with
support in A%, of II ,(6d +¢). Clearly, duj , is the Gaussian measure with mean
zero and covariance V, .. Thus

[ dus, (a)e ) = = FrD0V s (2.33)

for any 1-form p with suppuCA*. Here a(u)= (o, 1) po= ), 0y ylhyy
xyC A*
[Note if A% =(Z*)*
V=(+e 1d)(—A+e)*,
where — A4=dd+dd, because (6d+¢)(1+& 1dé)= —A+e+e 15ddd= — A+¢, by
2.13).]
When ¢ tends to O the right side of (2.33) tends to 0 on all of those 1-forms u

with suppu € A* and (du, dp) ,»=0, i.e. p=dv, for some function v. Since {u:0u=0,
supp € A*} is orthogonal to {u:du=0, suppuCA*},

e—(ﬂ/Z)(u,VAu)A*% if 5N=0

: 0 jo(p)
lglgl fdu, (e {O (2.34)

, otherwise.

Here V, is the inverse, on the space of 1-forms {:61=0, suppu< A*}, of II ,.0d.
On that subspace

1 odp=1I1 4(dd + od)u= — Ay,

where 4, is the finite difference Laplacian with 0 Dirichlet data on the outer
boundary of A%, so that

(0 Vap) o=t (=407 ') i 0u=0. (2.35)

We denote by dul(x) the measure on the space of equivalence classes,
[o]={a :do’ =do}, determined by

j dug(a)eia(u) = o~ B, (= 44) " WA , (2.36)

for all 1-forms p, with ou=0.

2.6. The Poisson Summation
We now reexpress the discrete measure du, introduced in (2.28), (2.29) in terms of
duf by inserting the constraints

a0, €Z, forall xyCA*:du,)=5;" [] { > 6 y—q;y)}duﬂ(oc),

xyC A* |gxy€EZ
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where =, is the normalization factor for which |du,(x)=1. We now apply the
Poisson summation formula: ’

0

Izezé(ocxy— qe)=1+2 . )_Z 1 COS (¢, 0%y,) - (2.37)
dxy T qu)’:

Let {z,}7_, be a sequence of numbers such that2 )"z, ' =1. (A specific such

(2m~1g=1
sequence will be chosen later.) Then
1+2 ) cos(guo,)= Y 2z M(1+z, cos(q,0,). (2.38)
(27) " 1gxy=1 (21) " 1gxy=1
Let
9=yl =[] 22}, (2.39)
xyC A*
By (2.37) and (2.38)
Eadug)=Yc, [T (142, cos(q.o.,)duj(). (2.40)

q xyC A*

We now need some definitions:

A current distribution (or density) ¢ is a mapping from the set % of directed
bonds (links) to 2nZ, of finite support. An ensemble & is a family of current
densities, g, with the properties that

suppo S A*, for all pe&
suppensuppg =0, for all ¢ and ¢’ in & with p¢'.
A k-ensemble, &%, is an ensemble with the property that
dist(g,0)=2¥%, k=0,1,2,...,
where dist(g, ¢') denotes the Euclidean distance between suppg and suppo’.

Finally, let a(0)=)" 0,0,
xy

Lemma 2.
[T (1+2z, cos(q,e)=).c, [] [1+K(e)cos(x(e)], (2.41)

xyC A* 0}

where y ranges over some finite index set, each éayl is a 1-ensemble and

1) ¢,>0, for all y;
ii) 0<K(g) < 3Nibsurro) I1 Ziouyl>
xyCsupp @

where N (suppg) is the number of links within distance <1 of the support of o.

Proof. Lemma 2 is a simple special case of Lemma 2.2 in [15]. For this reason we
only present a sketch of the proof. (The reader will find it easy to supply the
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details.) The proof follows by successive applications of the identity

[1+K, cos(a(e)][1+ K, cos(x(g,))]
=1/3[1+4+3K, cos(,))]+1/3[1+ 3K, cos(a(e,))]
+1/6[1+3K, K, cos(x(e; —@,))]
+1/6[1+3K, K, cos(a(e; +9,))].

(2.42)

First (2.42) is applied to any two factors,

(L+2z,,,008(qyy,), (142, ,€08(qey,0y)),
in (2.43)
ILo= ] 1+ Z,., €08(q, )
xyC A*

for which dist(xy, x'y’)=0. The right side of (2.42) is, for each such pair of factors,
inserted in I, and the result is expanded as a sum of products. After a finite
number of such expansion steps one obtains

La=Y¢; |1 [1+K'(g)cos(x(0)], (2.44)

A Q€&

where {&,} is some family of ensembles, and by (2.42) each ¢, is the product of a
power of 1/3 and a power of 1/6. If all &, are 1-ensembles, no further applications of
(2.42) are necessary, and (2.41) is proven.

If however some ensembles &, ,&,,, ... are not 1-ensembles, yet, one applies
(2.42) to any pair of factors [1+ K'(g,) cos(a(e,))], [1+ K'(g,) cos(a(g,))], with the
property that g,,0, are in &, , for some i, and dist(g,, ¢,) =1, the right side of (2.42)
is inserted on the right side of (2.44) and expanded as a sum of products for all
i=1,2,.... Since A* is finite, the combinatorial expansion described here ter-
minates after finitely many applications of (2.42), (when all resulting ensembles are
1-ensembles), and (2.41) follows.

We now check 1) and ii) in Lemma 2. If a current density ¢ has been obtained
by pairing ¢, and g,, in the sense of identity (2.42), e.g. ¢ =¢, +¢,, then

K(0)=3K(e,)K(e,).

If =9, 2=1,2, i.e. one of the first two terms on the right side of (2.42) has been
retained,

K(e,)—K(0)=3K(g,)-
Thus, given some g€ éayl, for some y, one easily verifies that
K@=3"" Tl 24 (2.45)

xyCsuppe

where n(g) is the number of applications of (2.42) that were necessary to obtain g. A
minute of reflection shows that

n(@) =N y(suppo),
which establishes ii) (see also Sect. 2 of [15]). Finally, ¢, is clearly of the form
¢, =(1/3y™(1/6)™,
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where n, and m, are the following positive integers: The total number of times
(2.42) has been applied in the inductive construction of &) is n,+m,, and n, times
one of the first two terms on the right side of (2.42) has been retained, whereas m,
times one of the second two terms has been retained. This yields i). [

Remarks. 1) Combining (2.40) and (2.41) one obtains
Eqduy)=)d, [T [1+K(e)cos(xe)lduj(), (2.46)

Y 0eN}
where {A/yl} is a family of 1-ensembles, and d,>0, for all . Moreover, K(g) still
satisfies ii) of Lemma 2.
Since any two current densities ¢, and g,#+¢, in some 7' satisfy

v
dist(,,0,) = ]ﬁ, we conclude that, for each subensemble &) .47},

§ TT K(o) cos(x(@))dps(2) =0,
eeé}
unless 09 =0, for all ge (f)@yl, for all y. This follows from (2.34) and (2.36). Thus all
factors on the right side of (2.46) labelled by some current density ¢ for which
00 +0 may be omitted. Therefore

Eydug)=3d, [] [1+K(e)cos(e)]dus(). (2.47)
ToRG

2) For the study of more general lattice gauge theories it is interesting to note
that Lemma 2 can be generalized by replacing 1-ensembles by k-ensembles,
k=2,3, ..., on the right side of (2.41). In ii) the exponent N,(suppg) must then be
replaced by a quantity N, (supp o), the definition of which along with upper bounds
can easily be inferred from Theorem 2.1 and Lemma 2.2 of [15]. The resulting
combinatorial scheme can be used, for example, to give a simple, new form of the
high and (in the discrete case) low temperature expansion for the expectation of the
Wilson (or disorder) loop in lattice gauge theories with interactions of finite range.
This permits us to prove, in particular, that any pure lattice gauge theory with a
discrete (abelian or non-abelian) gauge group and interaction of finite range does
not confine static quarks if § is large enough. This extends the result in [2].

2.7. A Change of Variables
Our purpose is now to start estimating
(L)) 4(B) =] dpa@)D5(@),
see 2.4, (2.28)~2.31), by making use of Eq. (2.47) for du (o) and changing variables
a—=a+T, (2.48)

where 7 is a 1-form defined as follows: Let ¢ be the 2-form given by

1 =(p¥)*eX
6(’)*):{0, p=(p*)*e

2.49
, otherwise, (249)
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where X is the rectangle defined in 2.4, with 0X' = . [If A is large enough, 2 CA
and dist(Z, 04)>0.] We set
1=—04;"c, (2.50)

where 4, is the finite difference Laplacian with 0 Dirichlet data on the outer
boundary of A* introduced in 2.5. Clearly

, O dt=—11 ,déA; 'o=—(d6+dd) ;A ‘o + 11 ju0dA Lo =0—¢,,
with " (2.51)
e =—1146d4, 0.

Under this change of variables
d,u?l(oc)—>duﬁ(oc)e_(”ﬁ)(““’d’)"*e_(1/2")(“”“”"*

— duﬂ(cx) n e—(l/ﬂ)(da)p*e— 1/28
peX

. e(l/ﬂ)(a,m)e—(I/Zﬁ)(eA,eA) . (2.52)

This follows from the definition of du’(«), see 2.5, (2.32)-(2.34) and of t by using the
fact that (da, e,) =0.

By (2.30)
Dﬁ)_‘(a)ﬂ n {e(l/m(da)l’*e_ llzﬁe(l/p)(dt)pk}
peX
=~ (1/P)(0.eq) 1—[ o LIPdD)ps 5 1/26 (2.53)
pel
Combining (2.52) and (2.53) we get
Da;(oc)duﬁ(oc)_)e —(1/2p) (e, eA)dﬂg(a) ' 254
Finally,
[T [1+K(o)cos((@)]~ ] [1+K(o)cos(eo)+ ()] (2.55)
oeN} =z
d0=0 et

Since d¢=0, ¢ =0dpu,, where u, is a 2-form with p(p*)e2nZ, for all p*C A*, and
suppp,£Q,S A* (see 2.3, Lemma 1). Thus, using (2.51) we see that

Q) =(dT, pg) 4+ = (0, g) — (6.4, M) pv (2.56)
so that by (2.49) and the periodicity of the cosine
cos(x(@) + (@) = cos (@) — (& 4, 1) 1) - (2.57)

Combining representation (2.47) of du («) with (2.54)«2.57) we obtain
(WL () =E 7 e~ WPCaen Yy g
v

- l_[” [1+ K(0) cos (@) — (&4, ) 4 1dp5(@), (2.58)
69=6

EA=Zdyj
Y

where
[T [+ K(g)cos(od0))1dus(). (2.59)

ey
d0=0



428 J. Frohlich and T. Spencer

2.8. The Renormalization Transformation
In this section we propose to renormalize the current densities g, 90—, and
activities K(g), K(¢)—z(f, @), in such a way that

§ T1 [1+K(o) cos(ade)— 0,)1dus(x)

ge N}
d0=0

= l;[f [1+2(B, @) cos((@) — 0 ) Jdui(@) ,
6925

with z(8,9) <1, for § sufficiently large. Here 6, (=0 or (¢4, 4,) 4+) are real phases.
Given some current density ge A" ;, it is easy to see that we can choose a subset %,
of links in supp e with the property that two different links in %, do not belong to
a common plaquette and that

¥ leyl2=clol3, 2.61)

xyeBo

where [|g]| gszmxyl", p=1,2,3, ..., and c is a purely geometrical constant, namely
xy

¢ t=card{b':b'#b, b'edp for some p with dpab}

=18, in four dimensions. (2.62)

Since dist(g,,0,) = ]/E, for two current densities ¢, and ¢, + ¢, in some ensemble
A}, the choice of 4, for a given current density ge.#}', can be made
independently of all other current densities in ./Vyl in such a way that (2.61) holds.

Our renormalization transformation is based on the following simple identity

Lemma 3. Let xy CA*, and let G(¢) be a function which does not depend on o . Then
[ et GoyduG(o)=e~ F2m . [ o= i G(a)dp(at) , (2.63)

where

o, =(1/n,)(0da),  —o
and

n,,=card {p*:p* CA*, dp*sxy}

=6, in dimension 4

(unless xy belongs to the boundary of A*).

Remark. It is important to note that &_, is independent of «,, and that n, <6, so
that

o~ Binxy)e? ée—(ﬂ/@ez. (2.64)

Proof. In the following, all formal calculations hold rigorously if du9() is first
replaced by duj (). Since the existence of the limit )0 does not pose any problem
(for finite A), that regularization is omitted right away.
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Our proof relies on explicitly integrating over o, , using the following obvious
equation for duS(«):

du(0)=do (@ [ € V2P@ido (2.65)
P*

xXyedp*cC A*

where dg, ., () is a finite measure independent of o . By changing variables,

oo i/ e,
we obtain
I H e—(1/2ﬂ)(da)§*eieaxydaxy
dp*axy
=j' H e~(1/2ﬂ)((da)p*+i(ﬂ/nxy)e)zeieaxye—(ﬂ/nxy)a do
Op*axy
= ¢~ (B/2nxy)e? —mxya[(éda)xy—nxyaxy]j" H e—(l/Zﬁ)(da)f,*da (2.66)
Xy * .
dp*axy v

By combining (2.65) and (2.66) we obtain

[ e Gl (o) = e~ W22 [ e~ e G)duya)

(2.67)
We set ~%,=suppo~%, and define a renormalized current density g by the
equation
()= Y %0
xye~ RBo
= Y 0,00t ) %0y (2.68)
XyeBo xye~ RBo

for an arbitrary 1-form o, with suppaC A*. Furthermore

Z(B,é)=K(@)eXp[—(ﬁ/2) > n;yleiy].

(2.69)
xXyeBo
By (2.61), (2.62), and (2.64)
2(B, ) = K(o)exp [ —(B/216)llell3] . (2.70)
Corollary 4.
Z4= X, ] [1+2.2) 005G,
do= O
(WL 4(B)=E 4 Te” 2P0 “’de [ [1+2(B,2)

eN}
do=0
+c08(o(@) — (£ 45 i) ) Jdp5(e).

Proof. We apply the following obvious identities

COS(O((Q)—BQ)=%ei(a(e)—eg) +lemi@ =00
whence

[ [1+K(e)cos(x(@)—6,)] Z Y [T (1/2)K(g)e @@ ~0a)
et sy H}

} {0(0)= £ Ljges; 0eé}
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where the first sum extends over all subensembles & C.A7';
eii(a(g)—eg) — e? i0, I—[ ei‘igxyaxy 1_[ ei'igxyaxy .
xyeBq xye~ Bo

We then use Lemma 3 to successively integrate out

1_[ ]._.[ eio'(Q)Qxyaxy S

08} xyeRBo

for all &} gm} and all {o(p)}. Since dist(g,,0,)= ]/5 for arbitrary ¢, 0, in A7}
with ¢, #0,, and by our definition of %, e Ji/,/l, the hypotheses of Lemma 3
remain valid after an arbitrary number n=0,1,2, ... of integrations. When all
integrations in each term have been carried out the above identities are applied in

reverse, with a(g) replaced by a(g) and K(g) replaced by z(f,0). [

2.9. Estimates on z(f3, 0)
We recall that
0<K(g)=3Mewra 7 Zigul (2.71)
xycsupp ¢
where {z,} is a sequence with the property that

0

S ort=1p 2.72)

(2m~lg=1
see 2.6 [(2.37), (2.38), and Lemma 2]. We now choose this sequence explicitly, for
example as follows:
z, =", (2.73)

where f3, is that positive constant for which (2.72) holds. A simple, geometric
estimate on N,(suppg) then yields

0<K(@= Y efrlenl, (2.74)
xycCsupp ¢

for some finite constant f;.
Combining (2.74) with (2.70) we obtain

0<z(B,2) Sexpl(B, — B/216)llell3]. (2.75)
Thus, if f>216p8, (a fairly large number, alas)
z(p,0) <1,
so that
[1+z(B,g)cos((@)—0,)]=0, forall geA}. (2.76)

Moreover, under the same condition,

z(p, @) <exp[5(B, — B/216) o] 31 exp[5(B, — B/216)L()], 2.77)

where L(g)(<|l¢||3) is the number of links in the support of g.
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2.10. Lower Bound on {W(Z£)) ,(B) with Perimeter Decay
It follows from (2.76) that for sufficiently large f

[T [1+2(8,2) cos((@)1dug(e) (2.78)

eN}
60=0
is a positive measure. This permits us to apply Jensen’s inequality to derive a lower
bound on {W(Z)) ,(f). Let {— .. denote the normalized expectation correspond-
ing to (2.78). ’
We shall make use of the following simple estimate:

1+ZCOS(°‘_9)=(1+zcoso¢)[1+ ZCOSoc(cosH-l)—kzsmocsm@}

14+ zcosa
2[\%2
> (14 z coso)ef® 000y (1 - Z)
where
E(o, 0)=(1+zcosa)” 'zcosa(cosf—1),
and

O(, 0)=(1+zcosa) ™ *zsinasing.

This inequality follows from Taylor’s theorem with remainder, applied to the
function log(1 + x), along with elementary estimates on trigonometric functions.
Thus, by Jensen’s inequality,

[ TT [1+2(B,8) cos((@) — 0,)]dps(®)

L
o=y (2.79)
g ZW%, l—[ {e*<E(d(§),0g)>m_5 e~ <0(fl(5),09)}¢% e~ 2(z(B,8)/1 —z(B, 5))205} .
eeN
do=0

But <0((@),0,)> =0, since O is odd in o, while {—) -, is even in o, and

~ z2B.0) ,,
CE((0), 99)>m5 = 1/21—_2(—[3,—@ 0;.
We now set
2
692(8/1,,“9)/1* and y(z)=1/21—i—z +2(1i—z)2

By combining Corollary 4 with inequality (2.79) we obtain the lower bound

(W(ﬁf))A(ﬁ)ge'(”m“"'“’ {Z /1%} H e*y(z(ﬂ,@))f’%}, (2.80)
Y e}
0¢=0

where 0=4,,=d(Z,,/Z,), and Z,, is the total mass of the measure (2.78). By
Corollary 4,

Sh=1. 281)
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Next, by Lemma 1, Sect. 2.3, and the definition of u,, see (2.56), Sect. 2.7,
10,1 =1(e4 )4l = max le4(p)l max [1,(p)l card(€2,). (2.82)

For each ge ./}, we now choose a plaquette p(¢) containing a link in suppe and
such that p(e,)#p(e,), for any two current densities ¢, +¢, in #'. By the
definition of €, (see Lemma 1, Sect. 2.3),

le 4(p) — & 4(p(0))|

< .
max APl leapl@)l |1+ max - e @)

for some geometrical constant c.
We now recall definition (2.51), Sect. 2.7, of ¢,. From that definition it follows
that

le 4(p) — & 4(p(0))]

- er0 o o HO™ (2.83)
Moreover by Lemma 1, Sect. 2.3,
max | (p)l = llell; = llel3 - (2.84)
Finally,
card(Q,) = const L(g)* (2.85)

(an elementary isoperimetric inequality). Let ¢(f)=1/2(8, — /216). We choose f so
large that

Z(f,9) < e~ cBllellz,—cB)L(0) <1-96, (2.86)

for some 6 >0, for all g€ J‘/yl and all y [see (2.77), Sect. 2.9].
We then derive from (2.82)—(2.86) that

W2(B,8))0% < const{e~Wlelz| o4
e~ PLOT ()Y e (p(0)? (2.87)
<d(P)le(p(@)*,

for some finite constant d(f).
By (2.80), (2.81), and (2.87),

W(Z)) 4(B) zexp[—{(1/2) + d(B) (e 4, €4)]
=exp[—(1/28) e 4] (2.88)

with f'=1/2((1/2B)+d(B)) .
The right side of (2.88) is a Gaussian expectation value of D,y() [see (2.54),
Sect. 2.7]. Recalling the definition (2.51), Sect. 2.7, of ¢,, we observe that

(6,¢,) <const(L+T),

as A7Z*.
This completes our proof of perimeter decay of {W(ZL))P), for sufficiently
large p.
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This result can be extended to the compact U(1) model on Z* with Wilson’s
action by combining the present techniques with an adaptation of Appendix B,
Lemma 4.3 and of the methods in Sect. 6 of [15] to the U(1) gauge theory. Since,
due to the analytical subtleties of modified Bessel functions, the details are rather
lengthy but fairly uninteresting we do not wish to present them here. (The reader
familiar with [15] will have no problems to supply them; see also Sect. 3.)

2.11. Masslessness of the Photon for Large

We finally prove a result which we believe is new and somewhat important.
The lattice approximation of the electromagnetic field strength is given by

—1 (—a% (pp> (d8,)p,d0,)~ ", for the U(1)-model with Villain action,

?,= (2.89)

p

ifisin(d6,), for Wilson’s U(1)-model.

We propose to show that, for large f, the two-point (more precisely: two-
plaquette) correlation of @, cannot have summable (“integrable”) fall-off. This
proves that the large § phase of the compact U(1) model is massless, i.e. the photon
is massless, for sufficiently large p.

As in previous sections, we only present the proof for the Villain approxima-
tion to the compact U(1) model. Most of our arguments extend, however, to a
general class of actions, and we believe that the result is a general feature of the
U(1) model in the weak coupling regime.

The observable corresponding to @, after a duality transformation, is (d) .. It
is therefore enough to estimate the behaviour of the two-point functions
{lodw)|*>(B), where p is an arbitrary 1-form satisfying du=0. We propose to prove
that

B (1, (= )™ ) = o )*X(B) < Bl (— 4) M), (2.90)

for some function f"(f) < which diverges to + oo, as — co.

/\Let (do),, denote the uv-component of the curl of « (the field strength), and let
(do),, denote its Fourier transform. By Fourier transformation, (2.90) provides a
lower and an upper bound on

(ORGRY)

in terms of an expectation value of l(goc\)uv(k)l2 in the Gaussian measure du°(«) with
charge g =B 1, (B")~ !, respectively. These Gaussian expectations are well known
to be discontinuous at k=0:

1im {[{d2),,(K)*>°(B) =0
e (2.91)
T <), (k)8 > 0.

Thus, <I@Hv(k)|2>(ﬂ) is discontinuous at k=0. As a consequence,

(d),,,(p)(d0) ., (P)>(B)
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cannot have summable fall-off, as dist(p, p’)— co. [Here p and p’ are two arbitrary
plaquettes parallel to the uv-lattice plane, and (d),,(p) =(do) ]
This proves our contention. (See also [21] for more details concerning a similar

argument for dipole gases.)
Next, we note that, by polarization, it suffices to prove (2.90) for real-valued

1-forms, u, with du=0, ie.
B (1, (= A~ ) = <alw)*> (B) S Bl (— A) ™M p), (292)

with f” as in (2.90), u real.
A stronger version of (2.92) is

2

eXP| 2 (1, (= 4)” IM)}

e (B)

2

e’ -1
T(u,(—d) W

<exp (2.93)

H

for arbitrary real ¢ and real u, with ou=0. By expanding (2.93) in powers of ¢,
subtracting 1, dividing by ¢* and taking the limit e=0, (2.92) follows.

Finally, it is clearly enough to prove (2.93) in an arbitrary, finite region A4,
replacing (—4)™* by V,, and (> (B) by <= (B).

2.12. Proof of (2.93) in Finite Volume
We fix a real 1-form u, with ou=0 and such that suppu is in the interior of A*. We
then define a 1-form, 7, by

t=¢fV, 1, (2.94)
where V, is the Green’s function of IT ;,0d. Next, by (2.47), Sect. 2.6

Egdpy)=3d, ]_[1 [1+ K(e) cos (@) 1du3(®)-
Tkt
We now change variables,
a—->o+7T,

with 7 given by (2.94).
By (2.52) and (2.55), Sect. 2.7,

d,uA(oc)—>d/,tA(oz +1)= e~ (1/P)da,d) ax = (1/2B)(dr, d) 4%
5y { Yd, T[] [1+K(o)cos(a(o)+ dr(ug))]duﬁ(a)} ,(2.95)

Y eeky
de=0

with éu, =0, for all g.
Moreover,

eea(u) N esa(u) eu(u) .
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We now observe that

—(1/P) (do, d7) o = — (),

~(1/26) s, d) o= = S 5,

and
() =B, V). (2.96)
Therefore
(e Wy (B)=e& PPV ang 1 {g dyfy(r)}, (2.97)
where
I (0)=] le [1+K(@) cos (o) + dt(u,)1dui() . (2.98)

Since dud(x) and cos(x(g)) are of positive type in «, and K(g)>0, for all o, we
immediately conclude that

S (1)L SI,(1=0)° (2.99)
Since
Yd g (x=0)=5,, (2.100)
Y
the upper bound in (2.93) follows from (2.97) and (2.99), by letting A 7Z*.

Finally, we establish a lower bound on .#.(c). This is achieved by using the
results in Sects. 2.8-2.10, with

0,=dt(u,), (du,=0).
By (2.79) and (2.80), Sect. 2.10,
I(OZY Ayy [] e 7EBD%, (2.101)
¥ oeA'y
d0=0
for sufficiently large f, where
j’ﬂé, EE; ld},Z”%’

Zyy=[ 1 [1+2(B,2)cosa(@)lduy(@),

geNy
50=0

and
Wz)<4z, for z=1/2; (2.102)
see (2.78)—(2.80), Sect. 2.10.

3 This part of the argument does not obviously extend to Wilson’s form of the U(1) model and has to
be replaced by a more complicated, direct one
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By (2.77)

2(B.2) s exp[5(B, — B/216)¢ll3]
-exp[3(B; — B/216)L(0)], (2.103)

where [, is a finite constant, and L(g) is the number of links in suppg, provided
p>216p,.
Next, using Lemma 1, Sect. 2.3, one finds

10,1=ldt(n,)] < max (d7),] - lell, card(€2,)

smax [(d),|- lell3 - const L(e)*, (2.104)
Peflo

see also (2.82).
We now fix a plaquette, p,, and a positive integer L. We must estimate the
cardinality of the set, A (p,, L), of current distributions defined by

Ndpo, L) = {QG N max I(dv),| =1(d7),,l, L(e) = L}
C{0:poCQ, Li@)=L}. (2.105)

Clearly, the length of the edges of 2, for some ¢ satisfying L{g) = L, is bounded by
L. Thus the support of every ¢ with the properties

L(g)=L and Q,Dp,

is contained in a cube with edges of length at most 2.L.

Given a cube, Q, with edges of length 2L, the maximal number of current
distributions {g;} C '/V;’l with disjoint supports, all contained in 2, and L(g;) = L, for
all j, is bounded by

42L)*/L=64L3. (2.106)
Thus, for § so large that f= 1/2(B, — p/216)>0,
Y B2 =Idv), > Y el const LPy(z(B, )

Qe w(po, L) e <(po, L)

\(dr),, | const L' te~ L max (loli3e
ell2

<constf~ 1[(dr)polzL“e"?L.

~5I|e||%)

lIA

Hence

o

XX (=B

L=4 geAN'<(po,L)

<constf~ 1|(dr)p0|2{ i L“e—ﬂ‘Lgc(ﬁ)l(dr)pOlZ}, (2.107)
L=4

for some function c¢(f) which tends to 0, as f— 0, exponentially fast. [We have used
that A (py, L)=0, for L<4.]
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If we now insert (2.107) into (2.101) we find

fy(f) > e~ cBlldeli3 Z j‘ﬂ{'
y

— o e®llal3

By (2.97),
<esa(u)>A(ﬁ) > o EhI2) Vawe= c(B)lldrll2

= ot (B/2)[1 = 2¢(B)/ BNk, Var)
b

where we have used (2.96).
This completes our proof of the basic lower bound (2.93) in finite volume and
thus of the masslessness of the photon for large f.

Remarks. 1) Using correlation inequalities [17, 24] one derives from the results in
this section the existence of massless, deconfining phases in all D-dimensional U(1)
gauge theories with D=4. Alternatively, a direct proof can be given by using a
duality transformation and a straightforward modification of the techniques
developed in this section (see also [15] and Sect. 4).

2) It appears that the techniques of this section along with connections
between the four-dimensional, dual U(1) theory and bond percolation are useful to
study the scaling limits for large f (ordinary, free QED) and for 7f,,; (massive,
confining QED). Our ideas and some results on bond percolation suggest that the
latter theory might be a non-trivial, confining version of QED.

3. QED Phases in the Four-Dimensional Z,, Lattice Gauge Theories, for Large N

3.1. Preliminary Remarks

In this section we prove inequalities (1.13) and (1.15), i.e.

WLy )™ (B)zexp[—d(L+T)],

Dy, >MP)zexp[—d(L+T)], D
for the four-dimensional Z, models, for all
B> BerU(1) (3.2)
[the critical value of § for the U(1) model], and all
N>N(p), (3.3)

where N(f) is an integer-valued function of § which diverges to + oo, as f— 0. Here
< Y™(P) is the infinite volume state of the Z, model at “temperature” B~ =g2. It
follows that for

N>N,, with N =N, (Ul)<owo (3.4)
there exist §(N) and B(N), with
BAN)<B(N)<co, and B(N)=B..(U(1), (3.5)
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such that for
BN)<B<BN)

both inequalities in (3.1) hold.

A standard high temperature expansion shows that (W(%)>™(8) has area
decay, for sufficiently small § (depending on N), and a low temperature expansion
(or a high temperature expansion applied to the dual model) can be used to prove
that (D,>™(B) has area decay when f is sufficiently large (depending on N).

Thus, for N> N, the Z, models have a “quark” confining high temperature
phase and a “magnetic monopole” confining low temperature phase, separated by
an open interval, (8(N), B.N)), of QED phases. It is believed that N.=5.

For the Villain approximation of the Z, models this result follows from [13] by
using self-duality and correlation inequalities, as shown in [16].

We reconsider the Z, models for the following reasons:

1) Our method will not rely on self-duality. This permits us to analyze a large
class of actions, including Wilson’s action, and to exhibit intermediate QED phases
in D-dimensional Z,, lattice gauge theories for arbitrary D =4.

2) Our methods involve a renormalization transformation which maps some
class of Z expectations in the intermediate QED phase onto expectations in a model
with local U(1) gauge invariance. (This is the phenomenon described in Sect. 1.)

3.2. Interpolation Between the U(1) and Z, Models

We consider a family of models interpolating between the U(1) and a Z,, model. Let
dpg(0) denote the infinite volume limit of the measures

d,LL/;(GA) = Zﬂ_i 1_[ effeestdtn) r[ dexy’
pca xycA
(3.6)
a,= Y 6, ACZ*,
xyCop
which correspond to the four-dimensional U(1)-model with Wilson action in a finite
region /. Instead, we could define dju(0 1) to be the finite volume functional measure

of the Villain model by replacing exp ff cos(d6,) by :Z_: exp|— g(d0p+2nn)2 .In
both cases the limit A /Z* exists, thanks to Ginibre’s inequalities [17].
We now define
dug0,)=(Zy )" T Eh)et<M=Idpy(6), (3.7
xycA
where
1 2n -1
f(/’l)= (_ j‘ ehcos(N@)d9> ,
2n (3.8)
and h hcos(NOyxy)
Z.a=J T €00y (6).
xyC

Clearly, du’[;(G ) approaches the Euclidean functional measure of the Z, model in a
finite region A with free boundary conditions (b.c.), as h— co. [ Actually b.c. turn out
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to be quite irrelevant in our analysis : We could replace dyy(0) by dpug(6 ,) in (3.7) and
(3.8) which would merely slightly complicate notations in subsequent formulas.]
Let {—) (p) denote the U(1) expectation, and { — ) ,(f, h) the one determined by
the measure (3.7). By Ginibre’s inequality [17], {W(Zp« 1)) (B, h) is monotone
increasing in A and in h, so that
WL A B ) ZKW(ZLL 1)) (B,
for arbitrary ACZ* h=0, and
WL NP = lim lim <W(Ly, 1)) 4B D)
A?Z* h7oo
= lim (WL, ) (B 1.

Thus, for f>f_,,(U(1)),

(WL )DNB) Z WLy 1) (B, h)
2 W(ZLxr) (B)
>exp[—d(L+T)] (3.9)

which proves the first inequality in (3.1).

3.3. Disorder Operator

We now turn to the analysis of the expectation value of the disorder operator and
propose to establish perimeter decay for sufficiently small f.

We closely follow the scheme developed in Sects. 2.4 through 2.10. The first step
consists in using the Fourier expansion

&h)yexp{hcos(NO} =1+ Y, Mg)cos(gNb), (3.10)
q=1
where
é(h 2n
Mq)= T | exphcos(NO) cos(gNb)do.
(0]
Clearly
0<Mg)<2, and Ag)—2, as h—oo. (3.11)

Let {{(q)} be a sequence of positive numbers with the property that

¥ o =1.

e.g. 3.12
& Up=ce, (c,<e™ ), 612
for some &¢>0 chosen later.
Then
14+ ), Ag)cos(gNO)= Y, {q)~ (L +z,ycos(gN0)), (3.13)

q=1 q=1
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with
0<z,y={(q)Mq) <2 'e*. (3.14)

With (3.7) this yields the following expression for the functional measure of the Z,
model in finite volume

duy(0,)=(Z} )~ "1(0 )dpg(0), (3.15)
where
109)=>c,, ] + Zyg., €08(q,,NO,)) s (3.16)
qaa xycA
and

qA = {qu}xyCA > CqA = 1_[ C(qu)_ ! *

xyCcA

We now redefine a current distribution, o, to be a function on the set, 4, of
directed bonds in A with values in NZ, of finite support. A 1-ensemble, &?,is a family
of current distributions, ¢, with the properties

suppeSA4, for all Qeo@l,}
dist(e, 0) = /2

for all ¢ and ¢ in &! with g+¢’ (see Sect.2.6). Repeating the combinatorial
expansion of Sect. 2.6, see Lemma 2 and (2.46), we obtain

10)=)d, ] (1+K(o)cosb(e)), (3.18)

geN}

(3.17)

where 6(0)=)_ 0.,0., v ranges over a finite index set, each Jl/yl is a 1-ensemble, and
xy

1) d,>0, for all y,
i) 0< K(g) <3Nitsurp0) l’[

xyCsupp @

(3.19)

Z| gy

[We recall that N (suppg) is the number of bonds within distance =1 of suppe.]
Since the measure du,(0) is invariant under U(1) gauge transformations, we can
impose the condition

50=0, (3.20)

as long as we only want to compute expectations of gauge-invariant observables in
the measure duj(6 ).

Next, we discuss the expectation value of the disorder operator D, .. We
choose the definition of Dy, , for 0 <h < o, such that for h=0 (U(1) model) and
h= o0 (Zy model) it agrees with the one proposed in (1.14). Thus

Dy, oaB)=(Z} )7 T] E(h)el s

xycA

‘[ TexpBlcos(df, + ¢,)—cos(dh,)1du,0), (3.21)
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where

(3.22)

p

_{2nf/N, for p*eX,
— 10, otherwise,

£=1,2,..,N—1, and X is the rectangular array of plaquettes in the 0—1 plane
bounded by &} , .
By (3.15), (3.18), and (3.20),

D, B )=(Z5 ) ‘{gd,f ] 1+KG@ cos@(e)]}
de=0
. l;[ exp flcos(dl, + @,)— cos(d0,)]dps(0) . (3.23)
In each term on the right side of (3.23) we make a real change of variables
0,,—0,,+1,,, (3.24)
where 7 is the 1-form determined by
1=04""9, (3.25)

with ¢ given by (3.22). (We are repeating here the change of variables already used in
Sect. 2.7.) Now, notice that

(dv),=(do4™ ),
=—¢,—(0d47'p),

=—¢,+¢,. (3.26)
By definition of ¢,
_ 2n¢/N, for xye,.r,
*(de), = {0 , otherwise. (327
Hence
e,~d 73,

where d is the distance between p and &, , 1.
Inserting (3.24)—(3.26) into the right side of (3.23) we find, using the periodicity of
the cosine and Lemma 1, Sect. 2.3,

Dy 4B 0)=(Z5 )7 Ld,I0), (3.28)
where
I(e)=] U,1 [1+ K(g) cos(0(g) + &(1,))12(d6 + e)dp4(0) (3.29)
ég=6
and

A(d0 + )= ] exp BLcos(dB, +dt,+ ¢,)—cos(dD,)]
p

=[TexpBlcos(df,+¢,)—cos(d0,)]. (3.30)
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[We have used (3.26), the fact that u, takes values in NZ and the periodicity of the
cosine to get rid of ¢.]

3.4. The Renormalization Transformation

Next, we must perform the renormalization transformation. It is a straightforward
variant of the one described in Sect. 2.8. (We draw on some ideas from Sect. 4 of

[15])

Given any current distribution ¢ in a 1-ensemble, ./}', we choose a set of links
4, contained in suppg, with the property that two different links in %, do not
belong to a common plaquette and such that

Y ol =(1/18)llell; (3.31)

xyeBo

see (2.62), Sect. 2.8. Since

dist(e,0,)2 /2,

for any two distributions g, ¢, in JVYI, 0, #0,, the choice of #, only depends on ¢
but is independent of nyl ~ {0}, and there is no plaquette containing a link of %,
and a link of %, for any g'e /'

Our renormalization transformation consists of integration out all variables

{0,,:xye B, 0e N]}.

Asin the proof of Lemma 3, Sect. 2.8, one sees that this can be reduced to evaluating
the integrals

S(Qxy) Ej’ eiaxyﬂxy l_[ eﬁ cos(dfp +£p)d6xy ,
p:0pd xy

xye$B,, o N.!. This is achieved by performing a complex translation,
0,0, +io
(see also Lemma 4.3 of [15]). Under this change of variables

S(Q ):e—agxyeéﬁ(cosha~ l)jeigxyﬂx_V
xy.

a]_! ig(o;d6,+ e, )ef <@ terdp (3.32)
p:0po Xy
where

iﬂ(O( ; de) —e~ B(cosha— l)eﬂ[cos(da + i) — cos (d6)] . (333)

Using the identity
cos (@ +io) — cos @ =cos p(cosha— 1} —ising sinha,
one sees that
max|ig(e; )| 1. (3.34)
Thus, the optimal choice of « in (3.32) apparently corresponds to minimizing

—ag,,+6B(cosha—1).
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For our purposes it suffices to choose
0=0,,=CoSIgNQ, ,,
hence

@~ %@xyp0B(cosha— l)éemﬁ—mlexyl, (3.35)

where ¢, and ¢, are finite constants.
We now define

F(Q ;dO+ g) = %ei(de(ug) +e(1o)) H H i,,(oc

xyC By p:0pdxy
+Le M@k Telke) T ﬂ igf(—o,;d0,+¢,). (3.36)
xyC By p:0pd Xy
By (3.33), F(g;d0+¢) is a real-valued function of 6 which, by (3.34), is bounded in
modulus by 1 and, for ¢ =0, is even in 6. Furthermore, we define

2(p,0)=K(@) [] er=wlew

xyC B,
=K(o)exp(1/18) [c, fL(0)—colloll; ] (3.37)

By repeating the arguments used in the proof of Corollary 4, Sect. 2.8, and making
use of (3.31)—(3.33), (3.36), and (3.37) we obtain

I(e)=] ];[“ [1+2(B,0)F(0;d0+ &) ]12(d0 + e)du,(0) . (3.38)

do,+ze,)

xy?

3.5. The Lower Bound for J (¢

We now estimate z(f,0) and then prove a lower bound on .#.(¢) which will
establish our main result, the perimeter decay of the expectation value (3.28) of the
disorder operator, D, _, for N> N(f) and all finite values of f.

From the upper bound (3.37) on z(f,0) we derive, using inequalities (3.14)
[bound on z,yJand (3.19) [bound on K(o)],

z(p, @) = K(e) exp(1/18) [¢; fL(@) = co il ]
exple,(BL(@)—(c;N—¢) (1/N)llell ;]

for some function c,(f)<c,f+c, and some finite constants c;>0 and c,. It
follows from the fact that a current distribution takes values in NZ that

(1/N)lelly = L(e),

(3.39)

so that if N>14¢/c,
2B, Q) Zexpl(c,(B)—esN)L(@)—cgllel 1 (3.40)

for some positive constants ¢ and ¢¢. [Given ff and N, one may now optimize in
the choice of ¢, see (3.12).]
Thus if N>c¢,f+c,, for some constant ¢, < oo,

z(p,0)<1,
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and
z(f,0)~0, as N-oo, (3.41)

exponentially fast, for arbitrary < co.

We now analyze the dependence on ¢, of the integrand on the right side of
expression (3.38) for .Z(¢). For this purpose we rewrite the factors
1+ z(p, 0)F(0;df + ¢), namely

1+z(p,0)F(¢;d0+€)=[1+z(p,0)F(¢;db)]

2(B, 0) {F(Q;d9+8)~F(Q;d0)})
14z(B, 0)F(o;d0) ’

and apply Taylor’s theorem with remainder to the functions In(1+x) and
F(g,d0+¢)— F(o,d0). This yields

1+z(f,0)F(¢;d0+¢e)=[1+z(p,0)F(g;d0)]

~exp1n<1+

-expO0 ,(¢;d0) expR,(e;d0), (3.42)
where
0 (B, 0)
. =__ . ) [ A O )
Og(gﬁdg) a/,{F(Q,dG—}- 8)'140 1+Z(B,Q)F(Q,d0)’ (343)
which is an odd function of 6, because F(g;d0) is even in 6, and
. . _ . 2
R (s:d)— — - (t 2(B.0) (Flo;d0++) F(a,de)}>
¢ 2 1+2(B, 0)F(0; d0)
62
. z(p, Q)WF(Q;dB'F/Wh:s
(3.44)

T it dfoF@ide

for some numbers ¢ and s in the interval (0, 1). By inspecting the explicit expression
(3.36) for F(¢;df+ Ae) and estimating the first and second derivative in A one
shows quite easily that

IR (¢; dO)| =k (¢)*2(B, ),
where (3.45)
ke)=C {Iﬁ(#g)l +BL(¢) max |8p|},
pesuppe
for some finite constant C, provided N is chosen so large that z(f, )< 1/2, for all
o€/} and all y. [By (3.40) this is the case for all sufficiently large N.]

Furthermore, from definition (3.30) of %(df+¢), Sect. 3.3, and Taylor’s theo-
rem with remainder we derive

RO + ) = O 40 R(E:40) (3.46)
where O(e; df) is an odd function of 6, and
R(e;df)= ) R(e,;db,)
p

with (3.47)
IR(s,;d0,) < (f/2)e;
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We now insert the right sides of (3.42) and (3.46) into (3.38) and subsequently apply
estimates (3.45) and (3.47). This yields the following lower bound on .7 ()

S (e)ze  PAIR TT [exp —k,(e)*2(B, 0)]

eeNS
d0=0
] TT [1+2(8, 0)F(@5 dO)]e™ Oty (0).  (3.48)
ee N}
do=0

Since [] [1+z(B,0)F(¢; d0)]duy(0) is an even, positive measure in 0 if N is so

eeN}
d0=0
large that z(f, 0) <1, for all ge ,/Vyl and all y, while ) 0,(e; d0) and O(e; db) are
e N}
00=0
odd functions of 6, Jensen’s inequality finally yields ‘
I (e) Z e Al { UV exp[—k,(e)*z(B, Q)]} -70). (3.49)
QEN 5
d0=0

We now estimate k,(¢).
Using Lemma 1, Sect. 2.3, we obtain

ko) =C [l +L@) max 1)
< C(const o] ;L(e)* + BL(0)) maxle,|
=Cipllell, Li@* max e,

see (2.104), Sect. 2.12, so that by repeating the arguments leading to (2.105) and
(2.106) and inserting the upper bound (3.40) on z(f3, ¢) we find

> ke(E)ZZ(B,Q)éCzﬁm3§(||9||f€_°5”9”‘) Y AL e DTN g2
QEN 5

0e '} L=4
d0=0
<c(B,N)llel3, (3.50)
for some function ¢(f, N) which tends to 0, as N— oo, exponentially fast, for each

B<oo.
We now return to our basic identity (3.28) for the expectation value of the
disorder operator and insert the lower bounds (3.49) and (3.50). This yields

(D) AP H)= 2 2,7,(£)] I (0)

Zexp[—{(/2)+c(B, N)} el 51, (3.51)
where
A,=(Z} )7 'd, s (0), hence YA, =1,
and
£0=1 T] [+ 25,00 (e; do-+2)15d0-+ )y (0). (3.52)

d0=0
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By (3.22) and (3.25), (3.26)
lell3 Z const(¢/N)X(L+T). (3.53)
Thus, for arbitrary h< oo and A CZ*,
(D%, 1> AP,y Z e consHENHL=T) (3.54)

for each ff < co and N > N(f), for some function N(f) < oo (with N(f) 70, as § 1 o0).
This completes our proof of the lower bounds in (3.1).

Remarks. 1) The main results of this section are identities (3.51) and (3.52), the
bounds (3.49) and (3.50) and the final inequality (3.54).

2) Identities (3.51) and (3.52) relate <D, . > B, h) to (a convex combination
of) expectation values of an observable, somewhat analogous to the disorder
operator, in the measures

Z0)71 Hl[1+Z(B,Q)F(Q;d9)]dﬂﬁ(9) (3.55)
St
which correspond to lattice gauge theories invariant under U(1) gauge transfor-
mations. [ The observable is defined as the substitution

dO—dO+¢,

to be compared with definition (1.14) of disorder operators. It can be viewed as a
renormalized disorder operator.]

The same comments apply to {W(Z, . 1)) 4(f, h), but we do not wish to present
the appropriate renormalization transformations for this expectation in the
present paper. (See however [15] for the solution of a similar problem concerning
correlations of fractional charges in a two-dimensional Coulomb gas.)

3) The techniques presented in this section can be extended to Zy gauge
theories in dimension 2> 3.

4. Transitions in Classical XY Models and “Hypergauge Theories”
4.1. Definition "of Models

In this section we comment on the phase diagram of a general class of U(1) lattice
models and their duals which are natural generalizations of the X' Y model and the
U(1) lattice gauge theory. They are of some interest for the statistical mechanics of
defect gases. For the group Z, such a class of models (generalizations of the Ising
model and the Z, lattice gauge theory) were first studied by Wegner in his basic
paper [25].

As a byproduct we obtain results on the phase transition in three- or higher
dimensional classical X Y models, and, by combining the results of this section and
of [15] with correlation inequalities [ 17, 24], some of the essential features of the
phase diagram of abelian Higgs lattice theories in three and four dimensions can
be established ; see [5].

Thus, for the classical XY model [11] and the Villain approximation in three
or more dimensions we find a proof of existence of a phase transition, accom-
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panied by spontaneous breaking of U(1) and the appearance of a Goldstone
excitation, and for the Higgs models we conclude the existence of a
superconductor—QED transition, [5].

A rank-k U(1) lattice theory is defined as follows: The configurations of a
rank-k U(1) lattice theory are functions

0:cy—0(c,)eS? 4.1)

defined on k-cells, c,, in Z” with values in the unit circle, identified with [ — =, ),
and with the property that

Oc)=—0(c,), 4.2)
where ¢, is the same k-cell as ¢,, but with reversed orientation ; see Sect. 2.3.
We set
dO(cer )= Y, 0Olcy), (4.3)
CkCOC 1 +1

where the orientation of ¢, is the one prescribed by the orientation of ¢, ;.
Let ¢, be a function on S* of positive type, e.g.

0,(0)= exzﬁcos@, ; (4.4
Y. exp —E(H-I—Zn/)z .
£=—o

The vacuum functional (equilibrium state) of a rank-k U(1) lattice theory with
inverse square coupling (inverse temperature) f in a finite region 4 CZP is given by

d0)=Z; 4 T @pdbc,s ) TT dolcy), (4.5)

ck+1CA cCA

where Z~ﬂ, 4 18 the usual partition function. [J
We propose to derive the phase diagram and the lower critical dimension, D,,
of rank-k U(1) lattice theories. We claim that

D, =k+3 (4.6
except for k=0 (XY model) where
D ,=2; see[15].

A natural observable to analyze is the following: Let S, be some closed, oriented
surface built out of k-cells in Z”. We define

W (S)= [] e™f 4.7
and
WS AB)V= [dug(0 )W,(S,). (4.8)

W, is the analogue of the Wegner-Wilson loop. Let Z, ., be a bounded, (k+1)-
dimensional region in Z” built out of oriented (k+ 1)-cells with boundary
02+ =5, By (4.2) and (4.7)

Wo(S)=[] emaey, (49)

Ck+1C 2K+ 1
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Note that, for k>1, duy0, and W,(S,) are invariant under the gauge
transformations

0(c,)—~0(c,) +dw(cy), (4.10)
do(c,) = Za (1)

where o is an arbitrary function defined on the (k— 1)-cells in Z” with values
in St
When k=0, ie. for the classical X Y model, S,_,={x,y}, (two sites in Z"),
W,(So) =m0 = [T md (4.11)
belXy

where X, is a line of oriented links joining x to y, and gauge invariance is replaced
by invariance under the global symmetry

0.—0.+w, wel—nmn). 4.12)

For the XY model, D, =2 (see [15]).

The results of this section concern the models in D =3 dimensions which have
the property that the dual models are Z (hyper)gauge theories to which our
methods apply.

The methods of Sect. 3 permit us to also study rank-k Z,-models in dimension
D=k+ 3. (They are defined in the obvious way.) As in Sect. 3 one can prove the
existence of intermediate phases, for sufficiently large N.

4.2. The Duality Transformation

Our analysis of rank-k U(1) theories relies on a duality transformation. Let
., (), neZ, denote the n' Fourier coefficient of a function ¢, (0) on S*. By
Fourier transformation

11 @, .,@o(cs ) T d6(cy)

ck+1CA cCA

= Y 11 &,..0lcsr)), (4.13)

n:on=0 cr+1CA

where each n is a divergence-free, integer-valued (k+ 1)-form with support in A
[see (2.19)]. Given some integer-valued (k+1)-form n, suppnCA, there exists
an integer-valued (k+ 2)-form, m, with

n=0m, and suppmCA4 (4.14)
[see Lemma 1, Sect. 2.3]. (A is assumed to have trivial homology. The multiplicity
of solutions, m, of (4.14) is then independent of n. For details concerning the special
case D=2, k=1 see Appendix A of [15].) We define
au==xm, (4.15)
which is a k*=D—k—2 form. Thus
I IT e (dO(cisy)) TT d0(cy)

Cck+1CA ckCA

=3 11 &, (xd0)(c,sy), (4.16)

[a] cx+1CA
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where ) ranges over all equivalence classes of integer-valued k*-forms, o, with
[o]

n=sxdo, suppaCA*. (4.17

Applications. 1) @, . =@y, for all ¢, ; CA. This yields

Zsa=Y 11 op(xdedces ). (4.18)

[a] cx+1CA

0 Z{(Ppa Coar CA~ZY iy
Cl+ 1 eimo(pﬂ, Crs1 Czk

With (4.18) this yields

WS> AB)
= Zp_i {[Z 1—[ s @p((*da)(cﬂ V) 1_12 @B((*d“)(ck+ D m)} (4.19)
al cre+1CA~ T+ Cr+1C2K+1

As an example, we consider the rank-k Villain models. One chooses

0

P 0)= ) exp[-§(9+2nf)2

>

£/=—
ie.
¢,(n)=constexp[ —n*/2f]. (4.20)
Then
WS AP =25 (1 expl=3dutoNctr 1),
[a] (crx)*C A*
where
PN Cer 1 =(Cs )" C sy 401
() {0, otherwise . “-21)
For the three-dimensional Villain model (k=0) we obtain
(WS> 4(B) =<7 (B)={S,S,> 4(B) (4.22)
so that
. 1
S.:8,0) =25 {3 T1 exo| - o dot 0107 .
[a] pC A* ﬁ
where
-1, if b=p*cCX,
= 4.23
(p) {O s otherwise, (423)

and X, is a path of links, b, (dual to plaquettes for D =3) joining x to y.
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Remark. One may also introduce disorder operators, Dis ., for rank-k U(1)
theories, in analogy with (1.14) and (3.21). It is easy to show that
<D§sn_k_1>A(ﬂ)=Z~,z;{Z [T opl(+dolcer) 1 ewﬂ}. (424)

[a] cx+1CA ckxC(0SD - —1)*

For k>0 and ¢, as in (4.20)
<D§SD_k_ 1>A(B) 2z exp[ —constvol(0S,_,_;)].

This follows from the result for the Gaussian expectation value, by using the
correlation inequalities of [24]. For the Villain model (k=0), <D§s1)_,> AP) is
related to the surface tension which vanishes in the thermodynamic limit. The
asymptotic behaviour for large S;,_,, A7ZP, can be determined by combining the
results of [15] (k=0, D=2) with correlation inequalities. See [5] for the three-
dimensional model.

4.3. The Main Results

We now study the expectation value (W, (S,)> ,(B) for a rank-k Villain model. As
in Sect. 2.6 we reexpress the dual model in terms of a Gaussian measure, du’(a),
defined,for D—k—2=1, 1e. D=k+3, by

eXp{ - g(u, Vm)}’ if op=0
0o piolit)

Jduifae™ = { 0, otherwise, (4.23)
where V, is the Green’s function of II,.0d [see (2.34), Sect.2.5]. When
D—k—2=0, o is a scalar lattice field, and du5(c) is the usual Gaussian measure
with Dirichlet b.c. at 04. In this case, the dual of the rank-k Villain model is
isomorphic to a D-dimensional Coulomb gas. For D=2 this gas is analyzed in
[15], where it is shown that it exhibits a Kosterlitz-Thouless transition. For D =3,
it is believed that there are no bulk phase transitions in this gas and that it exhibits
Debye screening [10], for all values of f. [This is because the Coulomb potential
behaves like dist “?* 2, for D =3, while in D =2 it behaves like log(dist).] The main
result of this section is that when

D>k+2
the rank-k Villain model has a massive smalil  phase in which

(W (S (B)<exp[ —constvol(Z7, )], (4.26)
where X7, | is a minimal region with 027, , =S, ; (this follows from a standard high

temperature expansion), and a massless large f§ phase where
(W, (S (P)Zexp[ —const vol(S,)]. 4.27)

The proof of (4.27) is a straightforward variant of the one in Sects. 2.4-2.10 which
we sketch below.
In conclusion, the lower critical dimension is

D,=k+3, for kzl1. (4.28)
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4.4. Sketch of the Proof
As in Sect. 2.6 one shows that, for a rank-k Villain model,

WIS 4(B)
=Z; 41 11 { 142 OZO: cos(qoz(ck*))} R (do) dpd(), (4.29)
CrxCA* (2n)~1g=1

where

2= T exp|~ 5200 0)+0.00) |

We now apply the combinatorial expansion of Sect. 2.6 to

Io)= ] {1 +2 ) cos(qoc(ck*))}. (4.30)
crxCA* (2m)~1g=1
We define a rank-k* current distribution, g, as a function on (k* =D — k— 2)-cells

in A* with values in 27Z.
By mimicking the combinatorial scheme of Sect. 2.6 we obtain

I(oe )= Zdy ]7[/1 [1+ K(g)cosao)], (4.31)

where y ranges over some finite index set, each A} is a l-ensemble, [ie.
dist(g,,0,) = ]ﬁ, for two distinct rank-k* current distributions ¢, and g, in A7,
and

1) cy>0, for all y
i) 0<K(g)=3Mieurrd  TT 70,

ckxCsuppe
where N, (suppp) is the number of k*-cells within distance <1 of suppg, and
z,= ePod® ,

for some constant f§, with the property that

e P =172,

(2n)~lg=1
Thus
WS 4B)=2Z; 4 {Z d,| 1T [1+K(o)cosa(o)] 2, (dx) duﬂ(a)} . (432

e}

Because of (4.25) we may omit all factors from the right side of (4.32) for which
000, provided D=k+3. (See [15] for D=2, k=0.)
Next, we change variables:

(4.33)

oo+,
where

=04,
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and ¢ is given by (4.21). Since

Il ydt=—@+e,, }

) (4.34)
ea=—1I,0dA "¢

with

we obtain, using Lemma 1, Sect. 2.3, and the periodicity of the cosine,

WS4 B)=2; 4 {Z d,| [} L1+ K(0) cos (o) + & 4(1,))] dpiylor + EA)}-(4-35)
6e=6

The renormalization of the right side of (4.35) is performed as in Sect. 2.8 (see also
Sect. 3.5, and Sect. 4 of [15]). It yields

WS 4B)=Z4 4 {Zd .l I}l [1+2(B, 2) cos () +& 4(u,)] dug(o+ 8,1)},(4.36)

where

z(B, @) Sexp[(c, —dB) el 3T expl(c, — d,B) L)1, (4.37)

for f>max(c,/d,,c,/d,). Here L(p) is the number of (k* =D —k— 2)-cells in suppog,
and ¢, ¢,,d;, and d, are finite, positive constants. A straightforward variant of the
estimates in Sect. 2.10 and of (2.104)-(2.107), Sect. 2.11, yields.

WS AP ZExD| = 561 @3%)
provided f is sufficiently large. Here
1
- ﬁ +d(p),

where d(f) is a finite function which tends to 0, as f— oo, exponentially fast [see
(2.80) and (2.87), (2.88), Sect. 2.10]. Finally, from (4.34) and the fact that the
gradient of the Green’s function of the Laplacian, 4= —(dd + dd), decays like,
(1/dist)’~1, we conclude that

lim (e, ¢,)<constvol(S,), (4.39)
ArzP

for D= 3. This completes our sketch of the proof of (4.27).
In the example of the three (or higher) dimensional Villain model (k=0) we
obtain from (4.38), (4.39), and (4.23)

$S,-S,>(B)= /Br;D 85,8, 4(B)
Zexp|— %ﬂconst vol(S,)

=exp(—C/p), (4.40)

for some finite constant C independent of x and y, provided D=3 and f is
sufficiently large. (The limit A4 7 Z” exists, as follows from Ginibre’s inequalities.)
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Inequality (4.40) expresses long range order in the spin-spin correlation of the
Villain model, for sufficiently large values of f. Thus, in the pure phases obtained
by ergodic decomposition of {— >(f), the continuous, global U(1) symmetry is
broken.

The masslessness of the large f phases of rank-k Villain models, with D>k + 3,
can be proven by generalizing the techniques developed in Sects. 2.11 and 2.12in a
straightforward way.

The techniques of our paper do not depend upon imposing special b.c. (They
apply to a very large class of U(1)-invariant b.c., see e.g. Appendix A of [15] for a
discussion of such b.c. for the two-dimensional, classical XY model.) None of our
estimates relies on translation invariance. Using the tools in Sects. 6 and 7 and
Appendix B and C of [15], we can extend our results to a fairly large class of
functions, ¢, in particular

¢40)=expfcosh.

These are definite advantages over the methods of [11] which rely on
translation invariance and reflection positivity. (Those methods do, however,
permit one to analyze spin systems with non-abelian symmetry groups for which
no useful notion of duality exists, such as the classical Heisenberg model.)

We believe that our methods ought to be useful for the analysis of the quantum
mechanical X Y model, models of interacting Bose gases and statistical mechanical
models of defects and dislocations in ordered media.
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