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Time-Delay in Potential Scattering Theory
Some “Geometric” Results
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Abstract. Results on time-delay in potential scattering theory are given using
properties of the generator of dilations (“geometric” method).

1. Introduction

The present paper is concerned with time-delay in potential scattering theory. Let
Hy=—4 and H=H,+V be the free and full Hamiltonian, respectively, in
A = L*(R"), with V(x)=0(x|"*#), f>1, as |x|— co. Existence and completeness of
the wave operators W, is well known. To define the time-delay, consider first an
orthogonal projection P in #. The probability of finding the state e ~*Hf in PA# at
time ¢ is given by |[Pe” "Hf 2,

The total time spent in PJ# is given by

0

| IlPe~™af2ar. (1.1)

— 0

It is not obvious that this integral is finite. Finiteness is in many cases obtained for
some f by proving local H-smoothness of P.

Let us briefly state the main problems in time-delay. Let P, denote multipli-
cation by the characteristic function for the ball {|x|<r}. Let fe #. e *Hof and
e ™W_ f are asymptotically equal as t— — 00. The difference of the times spent in
P, by these two states is the time-delay for the ball {|x|<r}:

AT(f)= _I (1P, ™ W_f1|>—||P,e” "o ||*)de. (1.2)

As r tends to infinity, one expects a finite limit, at least for a dense set of fe #. The
limit is the time-delay for f

AT(f)= iz AT(). (13)
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From stationary considerations one expects A7T(f) given as the expectation value
of a selfadjoint operator T

AT )=<LT. (1.4)

T is usually called the Eisenbud-Wigner time-delay operator. T is given explicitly in
terms of the scattering operator S=W%W_. Let S={S(1)} be the S-matrix
decomposition in the spectral representation for H,. T is given by

T= {—iS(i)*iS(l)}. (L.5)
dA
In order to define T by (1.5) one needs differentiability of the scattering matrix.
We give two results. First assume V(x)=0(x| ' “¢~¥) as |x|— co for some ¢>0 and
some integer k=0. Then S(4) is C* as a function of A with values in B(L*(S"™ ")),
§"~' the unit sphere in IR”. The result is obtained using the Kato-Kuroda
representation for S(4). The second result is obtained for V satisfying

- PYV(x)Sc(l+Ix)"17%  xeR",

for some ¢>0, >0, and /=0, 1,2, ..., k. For such potentials S(%) is C*. This result
is proved using a scaling argument.

The above problems (1.2)-(1.5) can be considered for any sequence P,
converging strongly to the identity. Geometric ideas related to the generator of

o 1 . .
dilations D= ?(x -V+V-x) have played an important role in recent developments
1

in scattering theory. See [8] for a review, and [21, 24] for important results, on
which our results are based.

Let P_(P.) denote the spectral projection for D corresponding to (— 00,0]
([0, ). P_A# (P, i) is the subspace of incoming (outgoing) states. In Sect. 5 we
prove

ET= T (IP_e™osf12 = 1P of| )t (16)

for V satisfying one of the above conditions with k=1. It is part of our result that
the integral in (1.6) is absolutely convergent for a dense set of f. Thus (1.6) shows
that the difference of the times e ~"#°f and e~ "#°Sf spend in P_ # equals the time-
delay. Replacing P_ by P, reverses the sign in (1.6), as expected.

In Sect. 6 results pertaining to (1.3) and (1.4) are given. The main results are
Theorems 6.2 and 6.4, which establish results on time-delay under general
assumptions on P, and S. The main application is to P,=y,(D), the spectral
projection for D corresponding to [ —r,r]. (1.2)~(1.5) are proved for this sequence
under the assumption V(x)=0(|x|”*~°) as |x|—c0. No spherical symmetry is
assumed. This choice of P, corresponds roughly to the localization |x-p|<r in
phase space. In the original formulation one had |x| <r in configuration space. For
states with finite energy support away from zero these localizations are almost
equivalent.

Let us now briefly mention some previous results on time-delay. The problem
was first studied by Eisenbud [7] and Wigner [29] in a stationary formulation.
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(1.5) was introduced by Smith [27]. The time-dependent formulation (1.2) and (1.3)
was introduced by Jauch and Marchand [10]. Results on convergence of the trace
of certain operators related to (1.2) was proved in [11] and thus established the
connection between time-delay and the derivative of the total phase shift (Krein’s
spectral shift function). (1.3) is not proved in [11].

Rigorous proofs of (1.2)-(1.5) have been given by Martin [20] for a class of
simple scattering systems [i.e. S(4) scalar]. It is essential in his proof to have S(4)
scalar. By considering fixed angular momentum he applies the results to potential
scattering for V radial, V([x|)=0(x|"*% as |x|—>co. These results are here
obtained as a special case of the theorems in Sect. 6. A presentation of Martin’s
results is given [1], together with some further discussion of time-delay, and the
condition on the potential is improved in [9].

Lavine [18] has found a different expression for the limit (1.3). Narnhofer has
proposed a different definition of time-delay, [23]. We have omitted discussion of
these subjects to keep the paper reasonably short. For more recent results in the
physics literature, see [5]. In classical scattering theory time-delay has been
discussed by Lax-Phillips [19]. See also Amrein and Wollenberg [2] for an
approach closer to the problems (1.2)—(1.5).

Note that [23] contains geometrical considerations showing that a spherically
symmetric choice for P, is natural.

2. Notation and Preliminary Results

This section contains the notation used and some preliminary results on various
spaces and operators. Our basic Hilbert space is # = L*(R"). The norm and inner
product are denoted | || and (-, -, respectively. The weighted L2-space is given
by

LIIR")={fe Lg R|[ flls= (1 +x?)"3f| . < 00} .

loc

Let #(R") denote the Schwartz space of rapidly decreasing functions, and &(IR")
the tempered distributions. For any m, se R the weighted Sobolev space is given by

H™R") = {f& &' R f 5= (L + X321 = A)"2f || 2 < 00} .

An equivalent norm is given by

1S s = (L= A)"2(1 4 X221 o
Note that H>S(R") = L2(R") and H*°(R")=L*(R"). The inner product on L3*(R")
induces a natural duality between H™*(R") and H ™™ ~%(R") for any m,seR. It is

denoted < -, ).
The Fourier transform % is given by

(FN (&) =@2m) "2 [ fx)e”™dx. 2.1)

& is bounded from H™R") to H*™(R") for any s,meR.
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Let Hy= — A. H, is an unbounded selfadjoint operator in L*(IR") with domain
9(H,)=H?*°(R"), but we will also consider H, as a bounded operator from
Hm,s(IRn) to Hm~2,s(]Rn)‘

In the present paper the dilation group, U(f), and its generator, D, play
important roles. Let fe # = L*(R") and 0eR. Then

[}
(UO) f)(x)=e2"f(e"x), 22)

and U(0)=e"?, where
1
:E(X'V+ V-x). (2:3)

D is essentially selfadjoint on S(IR"). D is considered both as an unbounded
selfadjoint operator on #, and as a bounded operator from H™*IR") to
H™ 1~ YR"). Note also that the condition

I(D?+1)*2f| < o0

is equivalent to the conditions
| Dif)|<oo for j=0,1,2,3.

Let ¢ CZ((0, 0)) and define ¢(H,) using the functional calculus. Using the
Fourier transform it is easy to see that ¢(H,) is bounded from H™(R") to H™*IR")
for any m,seR.

The quantum mechanical operators can be considered in various repre-
sentations. We use configuration space, momentum space, and the spectral
representation spaces for H, and D. These spaces are related by unitary operators.
To simplify notation, let Z=L*(S"" 1), $"~ ! the unit sphere in R". The spaces are
defined as follows.

H.= L*(R"), configuration space.

A, = L*(R"), momentum space.

H,= L0, o0 ; P), spectral representation space for H,,.

#,=L*R;2P), auxiliary space.

H,=L*(R;P), spectral representation space for D.

The unitary maps between these spaces are given in the following diagram.

A,
F F
U
H—2 A,
M
L4 12
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The operators are defined below. It is straightforward to check that the operators
are unitary, and that the diagram commutes. We omit the details.

T H,—H,, is the Fourier transform as defined in (2.1).
AU H,— K, is given by (Uf) (A, w)=27 120" 24 £(3112¢)
with

(@ '9) ()= "g)(1Elw)=2"21¢] T g(&%, ).
F=UF : #,.—H, gives the spectral representation for H,, viz. FH,F~' is
multiplication by A in 4,

M H,—~ A, is the Mellin transform. It is conveniently described by
M= /p/

v H,,— A, is given by (V' f) (1, w) e2 f(e )
w1th

(‘//_1h)(é)=(V_lh)(l?ilw)=lél_%h(lnlél,w).

I H,— A, is the one-dimensional Fourier transform of vector-valued
functions:
(71/) (o) I f@e " dr.

1/%—00

[As in (2.1) the integral is convergent in the mean for fe#,.]
9. H,— A, is given by Y= ~'. Explicitly we have

(%g) (% )=2"122"12g(3In 4, )
(@71 (1, 0)=2"eg(e, w).

As usual, the same letter is used to denote a quantum mechanical observable in
various representations. Hence H,= — 4 in #,, H,= multiplication by ¢? in /%,
and H,= multiplication by A in 5,

. . 1 .
Note also that in #, D= —217(x-l7+ V-x),in #, D=— —l_(é-V+ V-&), in

D =multiplication by —¢, and in 3, D= — (l% E{%) We have chosen the
above signs to obtain consistency with [24].

Let P, (P_) be the spectral projection for D corresponding to [0, o) ((— o0, 0]).
We have P, +P_=1. Due to the choice of signs P, is given by multiplication by
the characteristic function for (—co,0] in .

Using the operators summarized in the diagram above we can find P_ as an
explicit convolution operator in J#,. We state the result, but omit the computation.

Let vp denote the Cauchy principal value. Then P_ — 31 is represented in #, by

1 1 1
2w AR P (Inl—ln/A)' @4)

Boundedness of this operator can be seen directly using results on the Hilbert
transform, see e.g. [28].
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Let x(D) denote the spectral projection for D corresponding to [ —r,7]. In
H, x(D) is given by the kernel

R (g(lnl—ln,u))
4 A2yt Ini—Inu

For two Hilbert spaces # and % we let B(#, ") denote the bounded
operators from # to . As usual we write B(#)=B(H, H).

In many cases we write L? instead of L*(R"), H™* instead of H™(IR"), etc.
CKIR") denotes continuously differentiable functions on R, etc.

Kr(/la ,LL) = (25)

3. The Eisenbud-Wigner Time-Delay Operator

Let Hy=—4 and H=H,+V in #.=L*(R"), where V is a short range potential.
The wave operators

W, = s-lim ¢He~itHo

I
exist and are complete. Hence we have a unitary scattering operator S= W% W_.
In s, S has a decomposition S={S(1)}; S(1) is the scattering matrix. The

Eisenbud-Wigner time-delay operator is formally given by
d
T={—iS(A)*—=S);. 3.1
{ st 2500 31

In this section we give conditions on V that ensure the differentiability of
A>S(2) in operator norm on B(#). These results imply for a large class of
potentials the existence of T as a selfadjoint operator commuting with H,. For two
classes of potentials the differentiability of S(1) is well known. If V is short range
and dilation-analytic, S(4) is analytic, see [4]. If V is exponentially decaying, S(4) is
analytic, see for instance [3].

We consider the following classes of potentials. For simplicity we consider only
multiplicative V. Theorem 3.5 can easily be extended to a class of nonlocal V.

Assumption 3.1. a) V is multiplication by a realvalued function such that V defines a
compact operator from H"°(R") to H™ *#(R") for some > 1.

b) V is multiplication by a realvalued function such that V defines a compact
operator from H*°(R") to H>*(R") for some f> 1.

Obviously b) implies a). In case a) V: HS(R")—>H ~*#*5(R") is compact, and in
case b) V: H2S(R"—H®#*5(R") is compact, for any seR, because ¥ commutes
with multiplication by (1 +x?)¥2. In case a) H=H, + V is the quadratic form sum,
and in case b) H=H,+ V is the operator sum.

Assumption 3.2. Let V be a realvalued function. Assume that for some s>% and
integer k=0 the map

0—U(0) VU(—6), R>B(L* , L2)

is k times continuously differentiable. Here U(0) is the dilation-group, see (2.2).
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The following condition is sufficient for V to satisfy Assumption 3.2. Let
Ve CHR") and assume there exist >0, ¢>0 such that

e YV S el +1x]) ™12 (3.2)

for all xeR" and 7, 0=/ <k. If V satisfies (3.2) it is well known that H has no
positive eigenvalues, see [26].

The following results are derived using the explicit representation for the
scattering matrix given in [16]. Let us briefly describe it. Let y(u) be the trace
operator defined for fe C3(R") by (y(1)f)(w) = f(pw), x>0, we 8"~ 1. y(u) extends
to a bounded operator y(u)e BIH*™(R"), L*(S" 1)) for any s> 1, meR.

Lemma 3.3. Let meR, s>k+3, k=0 an integer. Then p—y(u) is k times
continuously differentiable in norm on B(H*™(R"), L*(S"™1)).

Proof. Consider first k=1 and m=0. Let T: u—y(u), T: (0, c0)— B(H>™, L*(S"~1)).
0

The obvious guess for the derivative is D T(u) = (1) e g— = ﬁx V.Let fe CO(RM.
ror o |x

We then have

([ rm= 1= D700 1= 4 § (L 10— F )

Hence

H(%(Tw +h)=TU)=DTU0 1

L2(Sn—1)
Ly of
= P
s {[Fwror-Fu) e
<|es 1
[jr R, E g ly(u+&)— )HB(HS LR, L2(S" - 1))d5
h

1
=c ”f”[[s(mn ’ n 9; [EPdé<c HfHHs(an),h[é .

In the last step we used the Holder continuity of y(u), see [16]. Since
0 . . . .
DT(nw)= y(u)a is continuous in operator norm, the result is proved for k=1, m=0.

Using the expression for DT(u) the result for any k follows easily. For m=#0 we
note that boundedness of y(u): H*™— L?(S" ') is equivalent to boundedness of

’y(:u)(l +x2)_’"/2 : HS’O_>L2(Sn— 1) )

Obviously y(u) (1 +x%) ™2 =(1 + u?)~™?y(w), and the result for m=0 follows from
this result. [
Let R({)=(H~—{)"? be the resolvent. The boundary values

R(A+i0)= 1if]g R(A+tie), >0, i¢o (H)

exist in B(H ™ "%, H" ") for s,s'> }. Here ¢,(H) denotes the point spectrum of H.



442 A. Jensen

The scattering matrix is given by
S(A)=1—mil"2~ 1AV F (V= VR(A+i0) V) F *p(A1/2)* (3.3)
for 1e(0, co)\o (H), see [16].

Lemma 3.4. Let k=0 be an integer. Let V satisfy Assumption 3.1 a) with f>k+ 1.
Let s,5'>k+4%. Then —R(A+10) is k times continuously differentiable as a map
from (0, 00)\a (H) to B(H™"*, H" ™).

Proof. The result is proved using the technique in [13]. Since we do not require
decay estimates in A, we can allow local singularities in V. Details are omitted. See
also [22] for similar results. [

Theorem 3.5. Let V satisfy Assumption 3.1 a) with f>k+1, k=0 an integer. Then
S(4) is k times continuously differentiable in A, .€(0, c0)\o (H), with values in B(Z).

Proof. Using (3.3) and Lemmas 3.3, 3.4 we see that all operators in the expression
for S(A) are k times continuously differentiable, provided we can verify the
conditions on s, s’ in Lemmas 3.3 and 3.4. Omitting constants and the factor 2" ~*
we have typical terms

d 2 L . d & g% 1/2\%
((ﬂ) ((4 ’2)/)) V(E) (F*)(2112)%)
and
£1 & d -
((adz) (y(/ll/z)?)) V((%) R(ﬂ-l—i())) V(ﬁ) (97*'})(].1/2)*) >

?1, 4, {5 non-negative integers satisfying 7, +¢,+7,<k. We now determine the
condition under which these expressions make sense.

d\%
(ﬂ) Fry(A e B(P,H" %) for s>/ +1,
Ve B(HY S H 1479,

dai

Hence f must satisfy f>¢, +/5+1.
For the second term we have

£y
(i) YA FeBH VP75 P) for B—s>/,+5.

a\ .
<ﬂ) FHy(MN* e BP,HY %) for s>/ +13,

Ve BHY S, H L9,
d\” ,
(ﬂ) ROA+i0)eB(H VF=S H"5) for B>/,+1,

and f—s>/,+3, 5>(,+ 3.
Ve B(HY =%, H-1A-%),

41
(%) YOI FeBH P75 P) for f—s >/, +1.
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Hence f# must satisfy
B>l + 0+ 1L,3>0,+1,p>0 +0,+1.

As ¢ +¢,+{;<k, we must have f>k+ 1. On the other hand, given f>k+1, we
can find s, s, such that the terms exist as continuous functions of A with values in
B(#). O

To prove the next result we use the dilation-group to relate a change in the
energy to a change in the potential. This is a well known technique in scattering
theory, see e.g. [12, Lemma 3.3] and for a recent application [6].

U(0) is given in (2.2). Define

V(®)=e 2*U(-0)VU(0).
Let S(4; V) denote the scattering matrix for H=H,+ V. Then
S(e®4; Vy=S(A; V(9)). (3.4)

This result can be proved using (3.3). It is interesting to note that (3.4) can be
proved without using (3.3), see [6].

Theorem 3.6. Let V satisfy Assumption 3.2 for some k=0. Then S(A) is k times
continuously differentiable in Ae(0, c0)\o (H).

Proof. Assumption 3.2 implies that 0—V(0) is differentiable k times from IR to
B(H" ™%, H™ %), s>3. Using (3.3) and (3.4) this gives the result. Notice that by
taking 6 small enough we can avoid possible eigenvalues for H. [

Theorem 3.7. Let V satisfy Assumption 3.1 a) for f>2 or Assumption 3.2 for k=1.
Let T be defined by

AT ={fe AJE[a,b])f=f for some a,b, [a,b]C(0,0)\c,(H)}
Tf = {—isu)* d%su)} f for fed(T).

T is essentially selfadjoint on Y(T), 2(T)CPD(H,), and T commutes with H,. E,
denotes the spectral family for H.

Proof. S(4) is differentiable by Theorems 3.5 or 3.6. S(4)*S(%)=1 implies

S 3‘% S+ (% S(l)) S()=0,

and hence for each Ae(0, 0)\o,(H), ——iS(/I)*ad—/lS()u) is a bounded selfadjoint

operator in B(Z2). Thus T is densely defined, symmetric, and for each
La,b]C(0, c0)\o (H), TEy([a, b]) is a bounded selfadjoint operator. This implies the
essential selfadjointness of T. Obviously T commutes with H,. [

T is called the Eisenbud-Wigner time-delay operator.

We have the following representation for TH,, which has a simple in-
terpretation, see [23].
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Theorem 3.8.
H,T=—1S*[D,S].

A. Jensen

(3.5)

on the domain 9 = {fe #|Ffe Cy(0, co;P)}. (See Sect. 2 for the definition of F.)

Proof. We have — ;D= {—il(% - %i}, see Sect. 2. Let ge C5(0, 00 ; 2). Then
as(a d
(T ) = { -5 52 g0} = {50 -2 — it st

which proves (3.5). [

4, Some Results Related to D

In this section we give various results on D to be used in the following sections. We

refer to Sect. 2 for the definitions.
We have on #(IR") (in configuration space)

UO)H,U(—0)=e%°H,,
which implies by differentiation on S (IR")
i[Hy,, D]=2H,.
We also have
U(f)e™ "oU(—0)=exp(—ite” *°H,).
Note that U(f) and e *#° map #(R") into L (R").

Lemma 4.1. On S(R") we have for k=1,2,3
tkHI(c)e—itHo__: i ngj,Dje—itHoDj’ ,
Jri'=0
where C;?j, are complex constants.
Proof. Let fe #(R"). Differentiation of (4.1) with respect to 0 gives
ePi[D,e” "]~ P = 2itH je~ 2 exp(—ite” 2°H,) f.
Setting 6=0 in (4.3) gives (4.2) for k=1. Differentiate (4.3) to obtain
eiOD[D, [D, e—itHg]]e—iODf
=4itH, e~ *exp(—ite” *°H,) f
+4t?HZe™ *exp(—ite 2°H,) f.
Using (4.3) we obtain
—4t?He *exp(—ite” *°H,) f
— _eiGD[D’ [D,e_i'HO]]e_iODf+ 2eieDi[D,e_i’H°]e_i0Df.

4.1)

(4.2)

4.3)
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Set 6=0 to obtain (4.2) for k=2. The result for k=3 is obtained by further
differentiation. We omit the details. []

Remark 4.2. (4.2) is valid for any k. This can be seen from the proof using
induction.

Lemma 4.3. Let 0= u<3. We then have

(1 x2) 2 (H g + 1) H e Ho(1 4 D)2 < |~
for all t=0. We also have

[(1+D*)*2(1+Hg) *Hie ™14+ D)™ Zc | ™* 4.4)
for all t#0. The norms are operator norm in B(L?).

Proof. The closure of (1+x?)™3*(1 + H,)~*?D/ [defined on &#(R"] is a bounded
operator, j=0,1,2,3. Let fe #(R"). Lemma 4.1 implies

P11+ x2) 7321+ Ho) " 2Hge "o f| < Cll(1 + D*)** .

The first result now follows from this estimate and complex interpolation.
To prove the second result note that i[H,, D]=2H, implies

D(1+H,) '=(1+H,) 'D—-2iH,(1+H,) *.
Repeated application of this commutation-result leads to the result
3
t(1+Hy) *Hge o= % C3.DIy(Hy)e oD/,
=0

where p(H,) is a bounded operator. The second result of the lemma is now proved
using complex interpolation. [

We use the following result due to Mourre [21]. Let y ., (¢)(x_(¢)) be the
characteristic function for [0, co) ((— oo, 0]).

Lemma 4.4. Let ¢peCJ((0,0)) and 0=y <p. Then there exists a constant
c=c(¢p, u, W) such that for teRR

I+ (O (D?+ 1) 742 e MHoG(H ) P, || S (1 +t) ™+, (4.5)
where the norm is operator norm in B(L?).

Proof. See [21, Lemma 1]. [

Lemma 4.5. Let feA#,=L*(R") and 1=g<co. Assume for some
$eCF((0, 0))p(H,)f=1, and for some u>1/q|(D*+ 1)'2f|| < co0. Then we have

fIIP_e”Hof|l9dt < oo (4.6)
0
and

32 [P, e Hofll9dt < 0. 4.7)
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Proof. We prove (4.6). The proof of (4.7) is similar. Taking adjoints we obtain from

. . i
(4.5) the following estimate. Let a <p' <u. For t>0 we have

IP_e o]
S|P_e ™o p(Ho) (D> + 1) 72| - [(D>+ 12|
Sc(l+0)7",

which implies (4.6). O

The following lemma gives a result on the wave operators which could be
obtained directly from the usual stationary phase argument for a dense set of f, see
e.g. [25]. The following lemma is useful, because it gives a condition on f, which
can also be verified for Sf.

Lemma 4.6. Let V satisfy Assumption 3.1 b) for some p>2. Let fe i, satisfy
G(H,)f=f for some ¢pe CT((0, 00)), and ||((D*+ 1)/*f|| < oo for some p>2. We then
have

1107, — e dt < oo 43)
[}
and
0
[ W —1)e ™o f | dt < 0. (4.9)

— 0

Proof. Consider first (4.8). We have for fe 2(H)=2(H,)
(W, — 1)f=io(j:7 e isHof s
where the integral is strongly convergent, and for any telR
(W, —1)e tHof=jo—itH }0 esHye~sHo £
¢
Hence to prove (4.8) it suffices to prove
j

for f satisfying the assumptions of the lemma. (Such f’s are obviously in the
domain of H,.) The result follows if we prove

| Ve sHo £|| dsdt < oo

~e—8

[Ve~SHof| <es™,  5>0

for some p>2.
Let f satisfy ¢(H,)f=f for some ¢eC3((0,c0)) and [[(1+D?)*f| <co. We
can assume 2<u=<p. Let ¢(A)=p(A)(1+2A) 12173, and define g=p(H,)f.
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Then f=(1+H,)~'"?H3g. We have [[(1 + D*)*?¢| < co since ||(1 + D?)*¢(H,,)
(14 D)™ g2y < 00, see [31] for a proof.

[Ve™isHo £l = Ve~ *Ho(1 4+ Hy) "' V2 HY gl
SV +Ho) ™M (L4232
. 1|(1 +x2)“‘/2(1 +HO)'9/2H8e—~isHo(1 —I-DZ)_"/:"“
(L + D2 2gl < cls| ™.
We used Lemma 4.3 and the result that V(1 + H,)™'(1+x%*? is bounded on

L? by assumption and u<p. Thus we have proved (4.8).
(4.9) 1s proved using

(W __1 —1tH0f —~itH j‘ elsHVe~lsHode

and the estimate given above. []
Remark 4.7. (4.8) and (4.9) are valid for any fe 2(H) satisfying for some ¢>0
Ve~ "ol =0(s|~>79)

as |s|—co. Such an estimate can be proved in the following manner. Let f satisfy
H(H,)f=f for some ¢peCF(0, o). Let &= 3dist(0,supp¢). F(|x| =d|s|) is multipli-
cation by the characteristic function for {x[lxl =0|sl} in A,

Ve~ Bt f| SI1V(H o+ 1) F(lx| ZdIs)l - I(Ho + DS |
+IV(H+1)7 - [ F(lx <dlshe™ ™ o(Ho+ 1)1
The first term is O([s|” #) by Assumption 3.1 b). We can obtain estimates
IF(xl<dlsDe™ " o(Ho+ 1) f | =O(s| "> 7)

using stationary phase arguments, see e.g. [8, 25]. The conditions on f have a form
that makes it very hard to verify them for Sf. Hence we prefer to give the above
arguments.

5. Time-Delay and the Subspace of Incoming (Outgoing) States

In this section we establish a connection between the time-delay operator and the
projection P_ onto the subspace of incoming states. P_ (and P,, the projection
onto outgoing states) was introduced by Mourre [21]. Roughly, our result states
that the time-delay equals the difference of the times f(f)=e “Hof and
(Sf)(t)=e "™ f spend in the incoming subspace. A similar result is true for P,
with the obvious reversal of sign.

The result is based on a representation of S*[P_,S] in 4, as an integral
operator with an operator-valued kernel (4, we B(%), 4,ue(0, 0)\o,(H). For
ge H#, with g having compact support in (0, o0)

(S*[P_.S19)(A) j g(wydu.

0
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Lemma 5.1. Let V satisfy Assumption 3.1 a) with > 2 or Assumption 3.2 with k=1.
Then S*[P_,S] is given by the kernel x(Z, 1); A, ue(0, c0)\o (H):

11 S-S

j. = — * L
) 2mi AM2pt2 ') Inl—Inp’ AEH,
(5.1)
k(A )—LS*(/{)iS()&) A=
T g > W AT
K(4, ) is continuous in 4, ue (0, c0)\o (H).
Proof. Let ge A, have compact support in (0, oo)\o (H). (2.4) implies
A—9d o0 1 1
* =1l ) -
(S*LP-.519) () "lirg( I+ ;Ls)s 4) 2m A2V In)—Inp
1
. S —
<S(#)g(u) S 00
, 1 ey SA) = S(w)
::l * (3 .
a%‘( I+ Aa) ami 7272 S AT T IR

Theorems 3.5 or 3.6 implies that S(4) is continuously differentiable in operator
norm. Hence
1 S-Sk d

JA2pY2 Inj—Inp c—izS(A) as Ao

Since g has compact support, the result follows using dominated convergence. [

Theorem 5.2. Let V satisfy Assumption 3.1 a) with >2 or Assumption 3.2 with
k=1. Let fe#, satisfy Ffe Cy((0, 0)\o,(H);?). Then

ST = _f (IP_e” osf]|>—|[P_e” o f|?)dt, (5.2)

where the integral is absolutely convergent.

Proof. First we show absolute convergence of the integral. Let f satisfy our
. . L d

assumptions. In the spectral representation D is given by D= {Zilﬁ —I—i}, SO we

have |Dfl|<oo which is equivalent to [[(D?+1)Y2f| <oo. Since S={S(4)} is
continuously differentiable (Theorems 3.5 or 3.6), a computation in the spectral
representation shows that [[(D*+1)2Sf|| < oo. We can now use Lemma 4.5 with
g=2, u=1 to conclude that the integral over (0, o) in (5.2) converges absolutely.
For t=0 we use the identity

“Pw e—itHOSf” 2 ”P, e—itHofHZ
=[P e o2 — || P e MoSS||?, (5.3)
which follows from the unitarity of S and e~ “#° together with P, +P_ =1, P, and

P_ both orthogonal projections. (5.3) and (4.7) show that the integral converges
absolutely for r<0.
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Let I(¢), >0 be defined by
I(e)= _Oj? e f o S* [ p_ Se™Hof gy,
We have by the first part of the proof
lim 6) = _}; (IP_ e o Sf2 — | P_ e~ o) 2)dy

The time-integral in I(e) can be computed in the spectral representation. Let g=Ff.
Using Lemma 5.1 we have

Ie)=§ de™ (j) da g dpe™ M {g(2), k(A g -

Since g has support in an interval [a,b]C(0,00)\o,(H), (5.1) implies
(4, )|l ) < C for all 4, ue[a, b], and we can interchange the order of integration

16)= 1 42 { dioli) i gt | dre” e

= | dA | dulg(2), x(4, g,
g (I) H<gA e D)
For a.e. 4 the following integral exists:

VD= [ oD 90>

& .
P (v)=— PR is the Poisson kernel, so we have
v

(4= 21{g(4), k(4,2 g(2)) as  &l0

for a.e. A. The Poisson kernel has the property that this convergence is dominated,
see [28, p. 63]. Hence

lp (= cllgll 5 (Pxllg(-)ll ) (2)
=clgMl5-hA)

for some he L?(0, o0). This gives the result
lim I(z) = § 2ndg(2), (4, 2)g(A)> d.
3

(5.1) and the definition of T show that we have proved (5.2). [

Remark 5.3. (5.3) shows that under the assumptions of the theorem we have

0

LTH=~ [ ddliP e ™oSf2 =[P e” o f]2).

- 0
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Remark 5.4. Other choices for projections P_ and P, on incoming and outgoing
states have been proposed, see [8, 30]. One can prove that (5.2) is true for the
projection P_ from [30]. The proof is similar to the one given above. We omit the
details. '

6. Phase-Space Description of Time-Delay

In this section we state and prove the results on the phase-space description of
time-delay mentioned in the introduction. Several of our results require finiteness
of integrals of the form

IR

for a dense set of f. In many cases this can be proved by showing local H -
smoothness of Q. See [14, 15, 17, 18, 26] for the definition of smoothness and local
smoothness. For the moment we assume finiteness of such integrals for fe 2,
dense.

Definition 6.1. Let {P,} be a sequence of orthogonal projections such that
s-}ln; P,=1. {P,} is said to satisfy condition (E), if there exists a dense set 2 CH#,
such that for all fe 2 and all r the integrals

j “Pre—itHofuzd[

and

T [P, e "M W_fl||?dt

— 0
are finite.

Theorem 6.2. Let {P,} satisfy condition (E).
(i) Let V satisfy Assumption 3.1 b) with >2. Let fe @ satisfy ¢(H,)f= f for
some ¢pe CF((0, 00)) and ||(D*+1)*2f|| < oo for some u>2. For any T,e R we have

lim Of di([|P,e " W_f|>—|[P,e” " f?)

= lim [ diP,e W f2 | Pe g ), (6.1)
To

where both limits either exist or are infinite.

(1) Let V satisfy Assumption 3.1 b) with >2. Let fe 9 satisfy ¢(Hy) f=f for
some pe CF((0, o0)\o (H)) and |[(D*+ 1) f ||+ [(D*+ 1y2Sf || < o0 for some pu>2.
Assume for each r

[IP,e oSt |2 dt< o0
0
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Then we have

Jim J dP,e” W fI [P o )
= Jim [ de(|P,e oS 2 ~ [B,e~ o), (62)
0

where both limits either exist or are infinite.

Remark 6.3. (i) A result similar to (6.2) has been proved in [ 1, Proposition 7.11] in
an abstract framework.

(ii) The assumption [|(D?+1)*2Sf|| < 0o, u>2 can be verified under additional
assumptions on V and f. Let V satisfy 3.1 b) with f>4, and let ||(D?+1)¥2f| < c0.
The assumption on f is equivalent to | D’f | < oo for j=0,1,2,3. Theorem 3.5 now
implies | D/Sf|| < o0, j=0,1,2,3, cf. the proof of Theorem 5.2. Hence the assump-
tion is verified with u=3.

(i) For any Ty, T,, —oo< T, <T,< 0, we have

T2
lim | di(|[P,e” ™ W_f|]* = | P,e” " f]%)=0
Ty
and
T . .
lim [ di(|P,e”" "o Sf (>~ |[Pe” " f]2)=0.
T,
Hence the important contributions to the limits in (6.1), (6.2) come from the

behavior of the integrand near t= + oo, as expected.

Proof of (i). It suffices to prove
0
lim [ (IP,e”™W_fI>~[P,e " f]?)dr=0.

For each r the integral exists by assumption. Using the intertwining relation we
have

0
_j (1P, e™ ™ W_f12~|[P,e” "o f||?)de
0
= | (e "Hof,(WEP,W_—P)e ofydr.

Define
g,(t)=Le M f(WEP,W_~P,)e "of).
Clearly ¢,(t)—0 as r—co for each t.

g ()= W_e Mo f P(W_—1)e” "Hof
+{((W_—1)e tHof p g=itHofs
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Hence
lg, I S2[ 111 - (W = 1)e™ o]

Using the assumptions on ¥V and f we have by Lemma 4.6 that the right hand side
is integrable over (— c0,0]. Dominated convergence gives

0
Jim | g(0dr=0.
Proof of (ii). Using the first part we see that it suffices to prove
Jim [ di(|P,e” ™ W_f||*— | P,e” "oSf]%)=0.
0

By assumption the integral exists for each r. We have

[ aw(|P,e” ™ W_f|?—||P,e” " 51 ?)

0

dte” Mo £, (W* P W —§*P S)e~itHof,

o= 8

Let
h(t)=<e Mo f, (W* P,W_—S*P,S)e  "Hof

For each ¢ we clearly have lim f,(t)=0. § is unitary and commutes with H,, so we

have
hr(t)z <e—itHoSﬁ (SW’EP,,W_ —PrS)e—itH°f>,
Now use SW* =W?% and W, S=W_.

h(O)={(W, =1)e "Sf,P,W_e "o f)
+ (e tHoSf (P W_—P,S)e tHof
=W, —1)e oS PW_e "Hof)
(TS E P (W, —1)e FHoSfY
OS2 f 1 |(W,. = e oS

The assumptions on V and Sf together with Lemma 4.6 imply that the right hand
side is integrable over (0, co). Dominated convergence gives

lim [ h(0de=0. [
0

Theorem 6.4. Let V satisfy Assumption 3.1 a) with §>2 or Assumption 3.2 with
k=1. Let {P,} satisfy condition (E). Assume P, given by an integral kernel
k(4 W€ B(2?) in the spectral representation. For each [a,b]C(0, 00)\c (H) assume

ess sup || x,(4, 1)l gy < 0.
Asuela, b]
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For each r assume in B(%)

S, (4, ) =1c,(2, W) S(2) (6.3)
for a.e. 4, 1.
Let fe % satisfy ¢(H,)f=f for some peCF((0, 0)\o,(H)), and for each r

[ IP,e ™ osfl2di< 0.
0

Then the following limit exists and is expressed as follows

0

m i (1P, e "o Sf[|2 —|P,e” "o f|2)dt =< £, Tf . (6.4)

¥ o0

Here T is the Eisenbud-Wigner time-delay operator.

Proof. Write g=F{. There exist a, b,0 <a<b < oo, such that g has support in [a, b].
By assumption the integral in (6.4) exists for each r

(1P, e” M oSf |2 — || P,e ™" f||%)de
0

= lim [ o™ (1P, e oS> = |[Pe~ 0| 2)de
0

The integral on the right hand side is denoted I(e, r). In the spectral representation
we have

I(r.e)= [ e [ dA | dpe"®#).
0 0

0

<G, (S(A)* (4, 1) S() — 1, (4, W) g(w)> dt .
g has support in [a,b] and |k (4, w)|| < C for a.e. 4, ue[a, b], so we can change the
order of integration, and carry out the t-integral.

1(,2) f di f At g, (S, (2 1) S(1) = 6, 1) g 1) -
Using (6.3) we have

bl )= 5oL (S )= g0

A
S(A
=—i<g( ), S(A)*1,(4, “)(—)/fi%l ( )>-

S(4) is continuously differentiable in norm by Theorems 3.5 or 3.6. We have
Iy, (2 il = C, gD 5190 5

for 4, ue(0, o).
Byl )by s ) as )0
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for A, ue(0, c0), where
A)—
=i{an e 0 X gy
—H
hr,O(j‘s /'t) = d
=i s 0 G0 35S o)) =

Hence

I(r,0)= li_r}% I(r,¢)

(s8]

= Eda [ du(—1) <gu>, S()*x, (. 1)

0

S(A)— S(w) ( )>
Ty 9wW)
By assumption

29

j Kr("{’ ,u)ﬁ(,u)du—»é(,l) as r— oo

0

in L*0, co ; #). Hence
. T d
lim 1(r,0)= | di <g<z>, ~iS(2)* (E S(A)) gu)> ,
0
or, using g=Ff and the definition of T,

lim 1(,0)=<£Tf>. O

In applications condition (6.3) seems to be difficult to verify. In two cases it is
trivially verified : When either S(1) or «,(4, ) is scalar. The first case is the one dealt
with in [20], simple scattering. Thus we have given a new proof of Martin’s result.
Notice that in this case P, is multiplication by the characteristic function for
{x“xl <r}. Condition (E) is satisfied, because P, is H - and H-smooth locally. Our
main application here is to the case where (4, p) is scalar.

Let P, =X (D), the spectral projection for D for the interval [ —r, r].

Lemma 6.5. Let V satisfy assumption 3.1 b) with §>4. Then {P,} satisfies condition
(E) with

D={fIp(Ho) f=f for some $eC(0, 0)\o,(H)) and [(1+D*)*?f]<a0}.

Furthermore, for each r and each fe P we have

0

[ 1P, e M08 2dr< oo .

0
P, is given in S, by (A, 1) defined in (2.5). It satisfies

ess sup [[x,(4, 1) )
A, uela, bl

for each [a,b]C (0, c0)\o (H). x,(4, 1) satisfies (6.3).
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Proof. Since |P,(1+D?*2|| (1 +r?*2, Lemma 4.3 gives for u>1/2
| P.e” ™Mol + Hy) *H3(1+D?) M2 <c(1+[t))~.
Let fe %, 2 defined in the lemma. Then we have

| IP,e™of|2di< 0.
The proof of Theorem 5.2 and Remark 6.3(ii) show fe 2 implies Sfe & under our
assumptions on V. Hence we also have

[IP,e” ™ oSf|2dt<o0.
(0]

We have
[Pe™ ™ W_fl<|(W-—1e “of|+|P,e oy,

(4.8) and the above result imply that |[P,e ™ W_f]| is square integrable over
(—00,0]. Using W_=W_S we have

IPe™ M W_fl| S|(W, —1)e” "oSf| + | Pe~ o5y,

so [[P,e”™W_{| is square integrable over [0, c0) by (4.9) and the above result.
The remaining results in the lemma follow from results given in Sect. 2. []

Theorem 6.6. Let {P,} be the sequence defined above. Let V satisfy Assumption 3.1
b) with f>4. Let fe #,=L*(R") satisfy Ffe C3((0, c0)\o (H); 2). We then have

CET=Jim  dilPe W f12~ [P o).

Proof. The result follows from Lemma 6.5, Theorem 6.2(ii), Remark 6.3(ii), and
Theorem 6.4. [

Remark 6.7. (i) The conclusions of the theorem are true under the following
assumptions: V' satisfies 3.1 b) with >3 and feA, H)f=/,
$eCo((0, 0)\o (H)), [(1+D>*f|+[(1+D*?*Sf|| <o for some u>2. If V
satisfies 3.1 b) with >3, we expect [[(1+D?*?*f|<oo to imply
[(1+D*)"2Sf|| < oo, but we have not been able to prove this result.

(i) The conclusions of the theorem are also true under the following
assumptions: V satisfies 3.1 b) with $>2 and 3.2 with k=3, and f satisfies
(14 D?)*2f| < co. This result is true, because 3.1 b) with f>2 is enough to apply
all the results except the one requiring {(1 +D?)“?Sf| < o for some u>2. But 3.2
with k=3 implies S(/) three times differentiable, so we get [|(1+D?)*2Sf| < .
This result also requires an obvious modification in the definition of Z.
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