Communications in
Commun. Math. Phys. 78, 137-150 (1980) Mathematical
Physics

© by Springer-Verlag 1980

The Field Copy Problem:

to what Extent do Curvature (Gauge Field)

and its Covariant Derivatives Determine Connection
(Gauge Potential) ?

Mark A. Mostow
Department of Mathematics, North Carolina State University, Raleigh, N.C. 27650, USA

Abstract. We show that a connection of a principal bundle is determined up to
(global) gauge equivalence by the curvature and its covariant derivatives
provided that the infinitesimal holonomy group is of constant dimension and
the base space is simply connected. If the dimension of the infinitesimal
holonomy group varies, there may be obstructions of a topological nature to
the existence of a global or even local gauge equivalence between two
connections whose curvatures and covariant derivatives of curvature agree
everywhere. These obstructions are analyzed and illustrated by examples.

1. Introduction and Notation

We follow the definitions and conventions of Kobayashi and Nomizu [7]. Let P
be a fixed principal bundle with gauge group G over a base space M, and let
7 : P— M be the bundle projection. The group G may be any Lie group (we denote
its Lie algebra by g), while M and P are smooth (=C®) manifolds, and 7 is a
smooth map. We denote the (right) action of G on P by (u, g)~>u-ge P, where ue P
and geG. Let w be a (g-valued) connection 1-form on P and Q its curvature
2-form, as defined in [7]. In physical terms,  is a gauge potential (usually denoted
A in physics), and Q (denoted F in physics) is the gauge field it determines. If X is
any smooth vector field on M, let X denote the (w-)horizontal lift of X to P. [Thus
oX)=0and © X =X, for all ue P.] If f is a C* vector-valued function on P,
one defines the covarzant derivative of f along X to equal the usual derivative X {f of
f along X.

Given local coordinates (xl, ...,X,) on an open set V'CM, we let 0,=0/0x; and
denote 6 by D,, so that D, f is the covariant derivative of f in the zth direction.
Now choose any C* local trivialization P[V——> V xG. This is equivalent to
choosing a local gauge (section) on V, namely, the section corresponding to
V x {1} CV x G, where 1 is the identity element of G. Then the restriction w|V X G

equals 6+ Z Adx,, where 0 is the canonical left-invariant g-valued 1-form on G

and the 4;: V x G—g are smooth functions of type ad, that is, A,(u-g)
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=ad,_,(4,w) for all ue P[V~V x G and all ge G. Recall that as a tangent vector
on ¥V xG, D;=0,=0,— A,, but that when we compute the covariant derivative of
any function f:P—g of type ad, D, acts as 0;+ad,,, that is [7, p. 97]

D;f1,=3; f1,=0:f1,+ [Afu), fu)].
The curvature has components
Fj=20Q(0;,0,) = 0,4, — O A;+[A) A,

which are also functions on V x G of type ad. By covariant derivatives of curvature
we mean D,F,, D, D, F,, etc, which are all functions of type ad on VxG
[7,p. 97]. To be concise, we will let I be a multi-index (i, ...,i,) of r integers i;
between 1 and n=dimM (here r=0,1,2, ... is called the order of I), and let D,F
denote D; D;,...D; Fy. 1f I is empty, then D,F; means F,. If o' is another
connection, we let D;, D} denote covariant derivatives with respect to «’, and
let Q' denote the curvature of w'.

A gauge transformation of P is a map B : P— P mapping each fiber to itself and
satisfying B(u-g)=B(u)-g for all ue P, ge G. In a local trivialization ¥V x Gz P|V,
the map B can be written in the form B(x, g) =(x, b(x)g) for some function b : V—G.
Equivalently, B=(id, L)), where for he G, L, : G—G denotes left multiplication
by h. Applying B corresponds locally to changing from the gauge (section)
xH>(x, 1) (xe V) to the gauge x+(x, b(x)). We could allow b and B to be C! maps,
but as we shall see in Sect. 2, we might as well assume they are C*, so we shall do
this.

In gauge field theory there has been considerable work to find out how many
different potentials w can give rise to the same field Q. If G is abelian, then Q=dw
so that Q'=Q if and only if & — w is a closed 1-form. In the case of a non-abelian
group G, Roskies [9] and Calvo [2] found sufficient conditions on Q for Q to
determine w uniquely.

Now two gauge potentials w and ' are considered physically equivalent if
they are gauge equivalent (denoted here by w~ «’), that is, if there is a gauge
transformation B:P—P which pulls back the 1-form o' to w [we write then
B¥(w')=w], or equivalently, which maps w-horizontal vectors in P to
o'-horizontal vectors. (We say for short that B takes w to ') Hence another
natural question to ask is:

If w and o' have the same curvature Q, do w and ' have to be gauge
equivalent?

In the abelian case the answer is yes if M is simply connected. The reason
is that w—w' is then a closed 1-form which can be written in the form
n*(df) for some f:M—g; if we define a gauge transformation B:P— P by B(u)
=u-exp(f(n(w)) [or B(x,g)=(x,g+exp(f(x))) in coordinates — here exp : g—G is
the exponential map] — then B*(w')=w'+ n*(df)=w. In the nonabelian case the
answer is no; a counterexample was exhibited in [10]. Thus if G is non-abelian, the
curvature alone is insufficient to determine the connection up to gauge
equivalence.

If we consider the curvature together with its covariant derivatives we are led
to the field copy problem:
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If Q= and all corresponding covariant derivatives of curvature are equal (i.e.
in each coordinate chart, D,F; =DF’, for all j,k and all multi-indices I of all
orders, at all ue P), do w and ' have to be gauge equivalent?

Gu and Yang [6] proved that the answer is no by exhibiting two connections
w, o', satisfying the hypotheses, which are not gauge equivalent on M. In their
example, w and ' are locally gauge equivalent in the sense that M can be covered
by open sets U, for which w|U,~/|U,. That is, one can define gauge transfor-
mations B, on P|U,==n"}(U,) taking  to ', but the B, do not piece together to a
global gauge transformation B. They believed that this example demonstrated the
general behavior, that is, that if (2 =Q" and) D,;Q =D}’ for some w and «’, then &
and ' must be locally gauge equivalent [and may or may not be (globally) gauge
equivalent].

It turns out, though, that w and @' are guaranteed to be locally gauge
equivalent when D, Q=D}Q’ only if several hypotheses are added. (I shall exhibit
an example in which @ and o’ fail to be locally gauge equivalent.) There are
topological obstructions both to finding local gauge equivalences and to piecing
together local gauge equivalences to a global gauge equivalence. These obstruc-
tions depend not on the base space per se but rather on the topology of its subsets
on which the dimension of the infinitesimal holonomy group is constant. In this
paper I shall solve the field copy problem by analyzing the obstructions and
obtaining conditions for w and o’ to be locally or globally gauge equivalent.

2. Results and Examples

A key role in our results is played by the infinitesimal holonomy group ¢'(u) and
its Lie algebra g'(u) (as defined in [7]). Given a connection w on P and a point
ueP, g'(u) is defined to be the linear subspace of g generated by the values of all
(Fj and) D, F;, evaluated at u (this is independent of the choice of coordinates).
The facts we shall need about infinitesimal, local, restricted, and global holonomy
are listed at the beginning of Sect. 3 below.

We start with a simple well-known result.

Theorem 1. Let P be a C* principal bundle with group G over a connected manifold
M, and let w,w be two connections on P. Suppose B:P—P is a C* gauge
transformation with B¥*(w')=w. Then B is uniquely determined by any one of its
values B(u), for any fixed ueP.

Proof. Since B takes w-horizontal vectors to w'-horizontal vectors, it maps
w-horizontal curves to w’-horizontal curves. Thus the value of B(u) determines B(v)
uniquely for every point v on every w-horizontal curve starting at u. The fact that
B(v-g)=B(v)-¢ for all ve P and ge G determines B of any point of P not already
considered. Q.E.D.

Let B be a gauge transformation taking w to '. If B locally equals (id, L))
(see Sect. 1), then b satisfies the usual partial differential equations

b™10,b=(A4;—ad,, - 4)eg 1)

where A;=A,(x, 1) and A;=A{(x, 1). (In particular, observe that if w and " are C*
and B is C', then B is in fact C*, since if b is C" then so is 0;b for all i, so that b is
Cn + 1‘)



140 M. A. Mostow

We would like to find necessary and sufficient conditions on w and «’ for these
partial differential equations to admit a solution b, that is, for w and ' to be gauge
equivalent (on ¥V x G). For necessary conditions, observe that if &= B*(w’), then

D,F; at (x,1)=adb(x)_1(D’,F}k) at (x,1) forall x,Ijk. )

[This can be proved easily from the definitions by exploiting the relationships
between the pullback (B*) of the differential forms " and Q' and the pushforward
(B,) of the tangent vector 5i (see [7]) and by using the fact that D,F, is of type ad.]

Conversely, suppose we are given w, ', and b for which condition (2) above
holds. We want to know if w is gauge equivalent to w'. Let w” = B*w', where B is
the gauge transformation corresponding to b. Clearly it is equivalent to find out if
w and " are gauge equivalent. But

D,F ;=D{F}. ©)]

Hence our necessary conditions (2) will be sufficient if and only if condition (3) is
sufficient. It turns out that condition (3) is sufficient to guarantee a solution only if
certain topological conditions are satisfied. To isolate the differential geometry
from the topology, we first study the special case in which dimg'(u) is constant. We
remark that Gu and Yang [6] have a somewhat different proof of a local version
of the following theorem. They do not explicitly assume dimg'(1) to be constant,
but their proof depends on this assumption or one similar to it.

Theorem 2. Let P be C*® principal bundle with group G over a simply connected base
manifold M, and let w be a C* connection on P for which dimg'(u) is constant on P.
Let o' be any other C* connection on P, and suppose that @ and ' have identical
curvatures and covariant derivatives of curvature, that is, that in each chart,
(Fy=F and) D;F; =D}F, at allue P for all j, k, and multi-indices I. Then w and
w' are (globally) gauge equivalent. In fact, given any ue P and any ge C4(g'(1)), the
centralizer of g'(u) in G [ ={ge Glad,(X)=X for all Xeg'(u)} ], there exists a unique
gauge transformation B:P—P satisfying (a) B*(w)=w and (b) Bu)=u-g.
Conversely, if B is a gauge transformation satisfying B*(w')=w and if ueP, then
Bu)=u-g for some ge C4(g'(u)).

Remark. The hypotheses imply that @ and o’ have the same infinitesimal
holonomy Lie algebra ¢'(u) at each u.

The proof of Theorem 2 will be given in Sect. 3. Now we shall give a
generalization of the theorem and discuss some consequences. We shall let
h(w,y,u) denote the holonomy of a connection w around a loop y in M using a
reference point u in the fiber of P over y(0) (see Sect. 3 below or [7] for the
definition of holonomy).

Theorem 2'. Same hypotheses as Theorem 2, except that M need only be connected.
Let ue P and x =m(u). Then there is a right action of the fundamental group ©,(M, x)
on C4(g'(u)), where the latter is regarded only as a manifold [i.e. the action need not
respect the group structure of Cglg'(u))/]. The action is

gly1=h(e',y, w)gh(w,y,u)~ ", )
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where ge C4(g'(u)) and y is any piecewise C* loop in the class [y]en,(M, x). There is
a gauge transformation B:P— P with B¥(w')=w and Bu)=u-g if and only if g
belongs to Cg(g'(u)) and is invariant under the action of n,(M,x). ( There may not be
any such g.)

Remark 1. Theorem 2’ is related to the general result that any two connections
w, o’ admit a global gauge equivalence B taking o to «’ and u to u-g if and only if
gh(w, y,u)=h(w',y,u)g for all loops y at x=mn(u). (This is precisely the condition
that allows one to construct B by following the procedure in the proof of Theorem
1.) In the general case one must verify this equality for every loop 7, since the
condition may hold for one loop and fail to hold for a loop homotopic to it. If the
hypotheses of Theorem 2’ hold, however, one need only verify (4) for one loop y in
each homotopy class.

Remark 2. Although Theorems 2 and 2' as stated require all the covariant
derivatives to be equal, results of Gu and Yang [6] and of Deser and Drechsler [3]
show that it suffices to require only that all corresponding covariant derivatives of
order <r be equal, where r is some integer depending only on the group G.

Remark 3. The right side of formula (4) makes sense for all g in G, but it need not be
independent of the choice of y within its homotopy class unless ge Cg(g'(1)).

Corollary 1. Let P be a C*® principal bundle over any manifold M, and let w, o' be
C® connections satisfying (Q=Q" and) D,F ; =D\F for all I, ], k. Suppose that
g'(u)=g for all ue P, and that C4(g), the centralizer of g, equals {1}. Then v =w'.

Proof. Cover M with open balls U, and let P,=P|U,. By the theorem, there exists
B,:P,— P, with B¥(w'|P,)=w|P,. For any ue P, B,(u) = u-g for some ge C4(g'(u)).
But C4(g'(w)) = C4lg)=1{1}, so g=1 and B,(u)=u. Hence w|P,=id*(«'|P,)=w'|P,.
Therefore w=w’. Q.E.D.

Remark. A slightly stronger statement than Corollary 1 can be proven directly.
Replace the hypothesis that the centralizer C4(g) of g in G equal {1} by the weaker
condition that z(g), the center of g (={Xeg|[X, Y]=0 for all Yeg}) equal {0}.
Since D;f=0,f+[A, f] for each g-valued function of type ad on UxGCP
[7, p. 971 we have

0=D|D;F),— D,D,F;,=(D;—D)D,F ; =[A;— A, D,F;].

Hence A;—A; commutes with span{D,F;}=g. Therefore A;— A;ez(g)={0}.
Hence A;=A4; and o=w’. Q.E.D.

Corollary 2. Let P be an analytic principal bundle over a simply connected manifold
M, and let w, &' be C* connections on P for which (Q=€ and) D\F ;= DiF. If @
is analytic (@' need not be), then w and ' are gauge equivalent.

Proof. In this case, dimg’'(u) is constant [7], so that Theorem 2 applies. Q.E.D.

Remark. Gu and Yang [6] proved a result (their Theorem 4) similar to Corollary 2,
using a different method.

Let us now apply Theorems 2 and 2’ to the field copy problem in the general
case, in which dimg'(u) need not be constant on P.
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Thus suppose that w,®’ are any C® connections on P (with arbitrary
connected base manifold M) and that D, F, =D} F, for all I, j, k (in every chart).
Let {V,} be the collection of maximal connected open subsets of M on which dimg’
is constant. Pick a point u, in each P,=7" (V) and let x,=n(u,). Let S, = C(g'(u,))
if ¥ is simply connected; if ,(V,)# {1}, let S, be the set of elements of Cg(g(u,))
which are invariant under the action of =, (V,, x,) (S, may be empty). By Theorems
2 and 2', the elements of S, are in one to one correspondence with the gauge
transformations taking w|P, to «'|P,. For geS§,, let B, , denote the unique gauge
transformation of P, for which B («'|P,)=w|P, and B, (u,)=u, g. The problem
of finding a global gauge equivalence B between w and ' reduces to finding
choices of g,€S, for each a in such a way that the map v B, , mapping U P, to
itself can be extended to a C* (and hence C*) map B : P— P. Such an extension B is
unique if it exists, since U, P, is dense in P, as one can show easily using the lower
semicontinuity of dimg’ (or see [8, p. 108]). Moreover, B is determined by its value
at any one point of P, by Theorem 1.

We illustrate these ideas now with examples. For concreteness let
P=R? xSO(3). Identify g=s0(3) with the three-dimensional cross-product Lie
algebra and let {e,e,,e;} correspond to the standard basis of that algebra. For
example, we may let

00 0 0 0 1 0 -
e,={0 0 -1 e,=| 0 0 0 es;=| 1 00
0 1 0 -1 0 0 0

(see [1, p. 24]). Let (x,, x,) be the standard coordinates on R?. Let f : R—R be any
C* function for which f~*(0) is some closed interval g<x=<r. Let h: R—R be any
C* function with h(x)#0 if and only if g<x<r. Define a connection
w'=0+) Adx; by

A((xy, x5), g)=ad, -, (f(x)e; +X,e,))
A,=0.
Define another connection w by
A (x4, %,),9)= A7 (x4, X,), )+ adg" 1(h(xy)ey)

A4,=0.

The curvature €' has one component
F,=F=0A4,-0,A,+[4],4},]

= —f(X1)62 [at ((x4,x5), 1]

while
F=F.
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Now, acting on functions of type ad, the covariant derivative operators at
((x4,x,),1) are

Dy =0,+ad,
Dy=0,=D,
D, =D +adyx,,, -

Define open sets V,, V,, V5 in R? by the conditions x, <g, respectively ¢ <x, <r,
respectively x, >r. On V;UV,, h(x;)=0, so that D, =D’. On V,, f(x,)=0, so that
F'=F=0. It follows that D,F=D}F' for all multi-indices I on V,uV,UV;, and
hence on R2, by continuity.

The infinitesimal holonomy Lie algebra g'((x,,x,), 1) equals 0 on V, and g on
VyUVs. Hence its centralizer G, . = Cg(a((x},X,), 1)) equals G on V, and {1} on
V,uV,. By the previous discussion, the gauge transformations of V, x G taking w
to @’ are in one-to-one correspondence with the elements of G=SO(3), while on
V, xG or V, x G only the identity map takes w to w'. Suppose there is a global
gauge transformation B on P taking w to w'. Such a map must be the identity on
(V,UV3) x G. If B=(id, Ly, ,,), then b : R?—G must satisfy the partial differential
equations

0,b=A4,—ady, ., -A] [at ((x;,x,),1)]
0,b=0.
Hence b=b(x,), and b(x,)=1€G for x,<q or x,=r (using continuity for
X, =g or r).
For g<x, <r we get
0,b=h(x,)e; (at ((x;,x,),1)].
The unique solution satisfying b(q)=1€G is

b(x,)=exp ((xg h(t)dt) el>e G.

Letting H(x,)= [ h(f)dt, we compute
q

1 0 0
b(x,)=| 0 cos(H(x,)) —sin(H(x,))]|.
0 sin(H(x;))  cos(H(x,))

Thus b(r)=1 is satisfied if and only if H(r)=2nn for some integer n. Since the latter
is not usually true, we see that in general, no global gauge transformation B taking
w to o' can exist. Our argument shows, however, that B can always be defined on
{x, <r}oron {x, >q}. Also, our constructed b(x) always equals 1 for x; =g, and if
b(r)=1, then b(x,)=1 for all x, 2r. Hence w~ ' on R? if and only if H(r)=2nn.

This example can be modified to construct w and w’, again on R? x SO(3), with
D,F; =DjF}, which are not gauge equivalent even when restricted to an
arbitrarily small neighborhood of (0,0) in R? Indeed, the formulas for 4; and 4;
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remain the same, but we change the functions f and h. For n=1,2,... let
V. ={xeR|l/(n+1)=x=1/n}. Let V;={1=x}, and V_,={x=0}. Choose f to be
any C* function from R to itself which is zero precisely on those ¥, with n odd and
at the point 0. Let & be a non-negative C* function which is zero precisely on those
V. with n even. These choices are possible since for any closed set CCR" there
exists a non-negative C® function k:R"—-R with k~1(0)=C [4,p.17]. Now
suppose there existed a neighborhood U of (0,0) and a gauge transformation B
taking w|U X G to o’|U x G. For any large enough even n and some open interval J
around 0, U contains (V,uV,, ,UV,,,) xJ. But by the previous example, B can be

defined on this set if and only if | h(f)dt is a multiple of 27. Since these integrals
14

are all positive [(n+ 1) is odd] and approach 0 as n— oo, it follows that for large
enough 7 the integrals are never multiples of 2z. Hence B cannot be defined on U.

The foregoing examples illustrate that the configuration of the open sets V, C M
on which dimg’ is constant strongly influences the existence of a gauge transfor-
mation B taking w to o’ when D, F ;, = D;F,. We shall now find conditions on {V}
which guarantee that such a B always exists globally, respectively locally. We shall
content ourselves with convenient sufficient conditions only, since the enormous
variety of configurations possible seems to preclude any set of simple necessary and
sufficient conditions. (See Remark 1 after Theorem 3.)

Definition. Let M be a C® manifold and let {V,} be a collection of disjoint, open,
connected subsets of M whose union is dense in M. The collection {V,} is said to be
good if

1. There are only finitely many V,.

2. Each V, is simply connected.
3. Each V, is a C' submanifold of M with corners, having interior V, and

boundary V,— V,. That is, on some neighborhood U of any point of V,—V, there is a
C! chart of M under which the set
{(x1,%p .., x,)ER"X;>0,j=1,2,...,k}

for some 1<k<n (which we shall call a sector) corresponds to V,nU, while its
closure corresponds to V,nU.

4. The V, have at least one common intersection point X.

5. For all V,, V,, every point ye V,nV, is connected to x by a piecewise C* path
lying entirely in V,n\V,. In particular, V,nV, is connected.
Definition. Let M, {V,} be as before. Then {V,} is said to be locally good if M can be
covered by open sets U each having the property that the collection of all components
of V,nU is good in U.
Theorem 3. Let P be a C* principal bundle with group G over any base manifold M.
Let w, ' be connections on P for which D F ;= DF’, in each chart and at all ue P,
for all 1, j, k. Let {V,} be the components of the interiors of the subsets of M on
which dimg' =0, respectively 1,2, ...,dimg. (More generally, let {V,} be a collection
of disjoint, connected, open subsets of M whose union is dense in M and on each of
which dimg' is constant.) Then

a) If {V.} is good then w and ' are always (i.e. with no more conditions on w
and ') gauge equivalent (globally on P).

b) If {V,} is locally good then w and ' are always locally gauge equivalent on P.
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Remarks. 1. The converses are false. For example, if we separate R? into four
regions by removing the x,-axis and the parabola x,=x?, we get a configuration
which is not good, since no C* chart in a neighborhood of the origin can map
either “wedge” onto a quadrant of R?, as required. Nonetheless, the conclusions of
Theorem 3 are true for this configuration.

2. In the example given in which there was no global gauge equivalence, {V}
failed to be good because {¥}} lacks a common point of intersection. In the
example of no local gauge equivalence, the basic problem was the lack of local
finiteness of {V,} near {x, =0}. This caused there to be no common point of
intersection. Away from {x; =0}, the collection is locally good.

3. Proofs

We will need the following facts about holonomy. Their proofs are collected in [7].

1. ¢'(u) is a sub-Lie algebra of g.

2. g'(u-g)=ad,-(g'(w) (hence dimg’ is constant on each fiber of P).

3. Ifue P and v is a piecewise C* path in M starting at x =r(u), let § denote the
(w-)horizontal lift of y to a path in P starting at (0)=w. If y is a loop in M, then §(1)
=u-g for some ge G, and h(w,y,u)(def)=g is called the holonomy of w around y
with reference point u. For fixed u and w, {h(w,y,u)} CG is called the holonomy
group ¢(u) of w with reference point u, while the subgroup ¢°(w)= {h(w, y,u)|y is
contractible} is the restricted holonomy group. For any open neighborhood V of x
in M, let ¢°(u, V)= {h(w,y,u)|y is a loop contractible in V}. Then ¢*(u), the local
holonomy group of w at u, is defined to be the intersection N¢°(u, V) over all
connected open neighborhoods ¥ of x. The Lie algebras of ¢*(u), ¢°(u), p(u) are
denoted g*(u), g(u), g(u), respectively (the latter two are equal).

4. ¢'(u) Cg*(u) Cg(u).

5. The dimension dimg'(u), regarded as an integer-valued function on M, is
lower semi-continuous. That is, for each integer m, {n(u)e M|dim g'(u) =m} is open.

6. If dimg'(u) is constant on P, then ¢'(u)=g*(u)=g(u) for all ue P, and ¢'(u)
= ¢*(u)=¢(u).

7. If P and w are real analytic and M is connected, then dimg'(u) is constant.

8. If u,ve P are connected by an w-horizontal path in P, then g(u)=g(v). It

follows that if U is an open set in M with dimg’ constant on P|U, and if u, v are
connected by a horizontal path in P|U, then g'(u)=g'(v).
Proof of Theorem 2. First we prove the theorem locally, using a local trivialization
P|U =~ R" x G. Without loss of generality, we may take our reference point u, to be
(0,1)e R" x G. By the discussion after Theorem 1, a C® gauge transformation on
P|U with B¥(w)=w and B(u,)=u,-g, exists if and only if there exists a C!
function b : R"— G satisfying the system of partial differential equations

b(x)"'0;b=Ax,1)—ad,,-:4{(x,1)eg=TG,

with initial condition b(0)=g, [for then we can define B(x,g)=(x,b(x)g)]. To
simplify the computations we shall think of G as a matrix group and g as a matrix
Lie algebra, but it is possible to complete the proof for any G without doing so.
Thus we can write

0;b=b(x)4(x)— A(x)b(x)e TG, ,
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where A(x) means A(x,1), etc. and bA; and A4jb are computed by matrix
multiplication. Now if a solution b(x) existed, then its graph I = {(x, b(x))} would
be a submanifold of R" x G. (Remark: This R" x G should not be identified with
P|U. Tt is, rather, a local trivialization of Ad P|U, where Ad P is the bundle over M
with fiber G associated [7, p. 55] to P by the adjoint action of G on G. Ad P is not a
principal bundle.) The tangent space of I" at (x, b(x)) would be spanned by vectors

X(x,b(x))=0;+0;b=0,+ b(x)A(x) — A|(x)b(x)e T(R" X G) . px)) -
Let us therefore define vector fields X; on all of R" X G by
Xi(x,9)=0;+gA(x)— A{(x)g .

Let Z(x, g) be the linear subspace of T(R" x G), ,, spanned by {X(x,g)}{_,. Then
Z is a C* n-dimensional distribution (=field of n-planes) on R" x G. A graph I' as
above containing (0,g,)eR" x G exists if and only if # admits an integral
submanifold through (0, g,) which projects down to R”" (under 7) in a one-to-one
and onto manner.

We check first if  is integrable. The Theorem of Frobenius [7, p. 10] says that
Z is completely integrable (admits integral submanifolds through every point of
R"x G) if and only if [[X , X, 1], , always lies in Z(x, g). Here we write [[, ]] to
denote the bracket product of vector fields, as distinguished from [, ], the Lie
bracket on g. But n (X (x,9))=0,€ TR}, so that = ([[X,X,1])=L[[2;d,1]1=0.
Hence [[X;X, 1], is a vertical vector. But the only linear combination
Y .c.X (x, g) which is vertical is the zero vector. Therefore ' is completely integrable
if and only if [[X , X, ]]1=0 for all j, k. Breaking up this bracket product into terms,
we compute that [[g4 (x), g4,(x)]]=g[4(x), 4,(x)], since on each fiber {x} x G,
gA; and gA, are left-invariant vector fields. On the other hand, [[4)g, 4;91]
= —[4/(x), 4)(x)]g. (Proof: The flow generated by A’g is (1,g)exp(t4))g. By
[7, p. 15],

[[4)9. 4911 = lim ™ (449 — exp(t4)) d; exp(—t4)g)

d ,
=- (E adexp(!A’j)(Ak)> g

= —(ad 4, (4})g

=—[4)4.g.)
Furthermore, [[gA(x), 4;(x)g]] =0, since the flow of g4 (x), respectively of A}(x)g,
on {x} x G is a one-parameter family of right, respectively left, translations of G, so
that the two flows commute (see [7,p.16]). Also, [[0;,gA4,(x)]]1=0,(g4,(x))
=g0,4,. Collecting terms, we get

[[Xjaxk]] = g(ajAk - @kAj + [Aja 40— (ajA;c - akA;' + [A}, Al
=gF; —F9e T(R" X G) ,-

Hence the condition [[X ;,X,]]1=0 is satisfied only at those (x,g) for which gF ,(x)
= F';(x)g, that is, where

Filx,1)=ad - F(x,1). (5)
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Let Q, denote the subset of R" x G satisfying this condition. Now % satisfies the
Frobenius condition on Q,, but & need not be tangent to Q,. Indeed, if X, is
tangent to some curve in Q, at (x,g), then [[X;,gF;—Fyg]]1=0 at (x,g). We
compute, in a manner similar to that of the previous calculation,

0=go,F jk(x) —o,F ;k(x)g + [[gA{(x)— Aix)g, gF jk(x) —F ;'k(x)g]]
= gaiij - aiFljkg +glA(x), ij(x)] —[4; F;'k]g
= gDiij — D;F;.kg .
Thus all the X, are tangent to Q, at (x,g) only if
(x,9)e Q; =(def){(x, 9)e Qo|D;F y(x)=ad, - D;F(x) for all i, j, k} .

Define
0,={(x,g)eR" x G|D1ij(x) =adg‘ lD}F}k(X)

for all j, k, and all I of order <r}.

A similar calculation shows that the X; are tangent to curves in Q, at (x, g) only if
(x,9)€Q, ;. Finally, let Q = n,Q,. Since D, F ;, = D F, by hypothesis, and the linear
span of the D, F(x) is g'(x, 1), we see that

0 ={(x,9)eR" x Glge C4(g'(x, 1))} -

We must answer a crucial question before can apply Frobenius’ Theorem to ZQ :

Is Q a submanifold of R" x G?

Since dimg/'( ) is constant by hypothesis, g'(u) = g'(v) if u, ve P are connected by
a horizontal path (by property 8 of g'). For each xe R", let y* be the (radial) path
t—tx from 0 to x, and let t+>(tx, f*(t))e R" X G be its w-horizontal lift starting at
(0,1)eR" x G. One can show that f¥(1) depends smoothly on x. We have ¢'(0, 1)
= g/(x, X (1) =ad 1y -1 (9'Cx, 1) (by property 2 of ). Thus g(x, 1)=ad .«.1,(0, 1)
and Cy(g'(x,1))=ad ;«;)(Cg(g'(0,1))). The map from R"X G to itself defined by
(x,9)(x,ad ;x4)9) is a C* diffeomorphism mapping R" X C4(g'(0,1)) onto Q.
Therefore Q is a C* submanifold of R" x G.

Now we can conclude by our earlier calculations that Z is tangent to Q and
that Z|Q satisfies the Frobenius condition. Therefore, through every point of Q
there passes a unique maximal C* submanifold (called a leaf of &) of dimension n
which is tangent to %. Since m, maps %, , isomorphically onto TR, the
restriction of 7 : R" X G—R" to any leaf LCQ is a local difftfomorphism (at every
point of L), by the Inverse Function Theorem. I claim that in fact = maps L
diffeomorphically onto R".

To see this, we shall use a sort of “analytic continuation” of gauge transfor-
mations (the word analytic is used only to evoke a similar construction in complex
analysis: we continue to assume only C* smoothness rather than actual ana-
lyticity of maps). Let y be any C! path in R". Let (y(0),g) be a point in Q, and let L
be the leaf containing (y(0),g). By the preceding results, there is an open
neighborhood V of y(0) and a map b : V— G such that the map x(x, b(x)) is a local
smooth inverse to n|L. By the remarks at the beginning of the proof, b gives rise to
a gauge transformation B, taking |V to «'|V. On the other hand, the con-
struction in the proof of Theorem 1 yields a function f:[0,1]-G with the
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property that if a gauge transformation B exists which takes w to o’ and maps
(7(0), 1) to (y(0), g), then B(y(t), 1)=(y(t), p(¢)) for all te [0, 1]. Pick a number >0 so
that for all non-negative t <7, y(t)e V. The uniqueness of B implies that S(t) = b(y(t))
for all te[0,7]. For all te[0,7] the point (y(¢),5(¢)) lies in the leaf L, so by
continuity, (y(t), f(z)) also lies in L. We have shown that the set {z|(y(¢), f(t))e L} is
open, closed, and nonempty. Hence (y(¢), f(¢)) lies in L for all te [0, 1]. Thus we see
that the map n|L : L— R" has the property of unique path lifting (as do covering
spaces [5]). By lifting radial paths in R" up to L we can construct an explicit
inverse s: R"— L to the map =n|L. Hence LCR" x G is the desired graph I', and the
desired gauge equivalence is the function b : R"— G satisfying s(x)=(x, b(x)). This
completes the proof of the Theorem in the case that the base space M is R".

The proof of the Theorem for arbitrary simply connected base manifolds M is
similar, with the following modifications. The submanifold Q is contained not in
R"x G orin M x G but rather in the bundle Ad P (over M) alluded to earlier in the
proof. We can think of a point we AdP in the fiber over xe M as being an
automorphism w: P_— P, of the fiber of P over x. That is, w(u-g)=w(u)-ge P, for
all ueP,, geG. If R"xG is a local trivialization of P|V, then w acts as a left
multiplication, i.e. there exists some he G (depending on w and the trivialization)
for which w(x,g)=(x, hg) for all geG. Clearly a gauge transformation of P is
precisely a global section of AdP. The map =n|L : L— M is shown to be a covering
space map (see [5] for the definition of and basic results about covering spaces).
Since M is simply connected by hypothesis, | L is a homeomorphism, by covering
space theory. Its inverse map s:M—LCAdP is the desired global gauge
transformation. Q.E.D. Theorem 2.

Proof of Theorem 2'. The proof of Theorem 2 carries over almost completely. We
find in the end that Ad=n|L:L—M is a covering map, but not necessarily a
bijection. Given any C* path y in M starting at x, and given a point w,e L lying
over x,, there is a unique lift y,,  of y to AdP lying in L and satisfying y,, (0) =w,.
For L—M to be a bijection, it is necessary and sufficient that y,, (1)=7,,.(0)=w,
for all C" loops y at x,. By the theory of covering spaces, ,,.(1) is independent of
the choice of y within its homotopy class (leaving endpoints fixed).

Pick u,e(fiber of P over x,). Let g,€ G be the group element for which w(u,)
=uy-g,. As before, g e Cqg'(uy)). Given v, let 5, respectively ¥,, be the w-,
respectively w’-horizontal lifts of y starting at u, respectively u,-g,. Then

1. By definition of holonomy around a loop, ,(1)=u, - h(w,y,u,), while

F2(1)=(ug-go) - M, 7, ueg0) =uogo ad,; 1 h(e',y,uo)
[7, p. 72]
=u h(e’,y,4g)g, -

2. By the construction of y,,, we have 7,(t)=y,,()(7,(?)) for all ¢.

3. Pick a local trivialization for P over a neighborhood of x, in which u,
corresponds to (0,1)eR" x G. Then 7,(1)=(0, a(w, y, uy)), 7,(1)=(0, (', 7y, u4)g,),
and y,, (1) is left multiplication of G by

Hy(go) = (def)h(w/’ V, uo)goh(a), V, uo) -1 .
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The maps H, : G—G have the following properties:
a) H, maps C4(g'(u,)) to itself.

Proof. Since §,(1) and §,(1)e {(0, g)lge C4(g'(uy))}, and since C4(g'(u,)) is a group,
we must have H,(go)€ C4(g'(u5))-

b) Ify, 6 are piecewise C, loops in M at x, and y ¢ is the concatenation 7, then
0, then

Hy*é(g()) = Ha(Hy(go)) for all g,e Cyl(g'(uy))-

c) If y and § are homotopic loops at x, and if g,eCq(g' (1)), then
Hy(go)=Ha(go)~

Proof. By construction, H,(g,) is the endpoint of the lift of y to the covering space
L— M, where L is the leaf of Z containing the w,e Ad P satisfying wy(u,) =, go.
By covering space theory, H (g,) depends only on the homotopy class of
y. Q.E.D.

In summary, 7,(M, x,) acts on the set C4(g'(u,)) (We ignore its group structure)
by

golv] =Hy(go)~

The covering map L—M is a bijection if and only if g, is invariant under the
action, that is, if and only if

h(w,ﬁ ys uo)goh(w’ 'V7 UO)_ ! = gO

for all piecewise C! loops y in M at x,. It suffices to verify this condition for a
collection of generators of 7,(M,x,). Q.E.D. Theorem 2".

Sketch of proof of Theorem 3. Part (b) will follow immediately from part (a), which
we shall now prove. Following the discussion after Theorems 2 and 2’ and their
corollaries, we let S, denote the set of gauge transformations taking w|V, to «'|V,.
We think of these as sections of Ad P|V,. Our problem is to choose an s, from each
S, in such a way that u_s, can be extended to a global C* section of AdP. Using
the hypothesis that {V/} is good, and applying techniques similar to those used in
the proofs of Theorems 1, 2, and 2', we prove the following:

1. Every seS, can be extended uniquely to a section § of Ad P|V,, where ¥, is
the closure of V.

2. For any fixed a and fixed ye V,, the set of values S,,={s(y)e AdPlseS,} is a
subgroup of the fiber of AdP over y.

3. For any s,e S, and any s,eS,, if 5, and 5, agree at one point xe ¥,n¥,, then
they agree on all of V.7,

4. By definition of goodness there is a point x common to every V,. By Step 3,
the possible values of 5,(x) (a fixed) form a subgroup S, , of the fiber of Ad P over x.
The intersection S, =nN,S, . is not empty, since it contains 1. Pick any wyeS,, and
choose an §, for each a so that 5,(x)=w,. By Step 3, 5, and 5, agree on V,n¥,.
Therefore U,5, defines a function s:u,V,=M-—>AdP. Since each restriction
5|V, =5, is continuous, and since {¥,} is a finite closed cover of M, s is continuous.

5. The map s is C! (and hence C*®, by the discussion after Theorem
1). Q.E.D. Theorem 3.
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