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Classical Bounds on Quantum Partition Functions*
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Institut fir Theoretische Physik, Universitdt Wien, A—1090 Wien, Austria

Abstract. Explicit bounds on the quantum partition functions are given in terms
of classical partition functions, incorporating effective pair potentials, which
account for Fermi- and Bose-statistics, respectively. The bounds may be used for
the limit # — 0 and eventually for showing the interchangeability of the classical
with the thermodynamic limit. A simple derivation of the thermodynamic limit
for free particles with general dispersions is given.

Introduction

The correspondence principle for partition functions is quite an old problem. There
exist heuristic discussions in text books and expansions in #, but they are
mathematically unsatisfactory. The problem may be divided into two points:
1) How is the trace over the Hilbert space related to the phase space integral?
2) How does the 1/N! for fermions and bosons originate?
The first question is settled in some detail by now [ 1-9], the second one is answered
in this paper.

The main results appear in 2d and 2e, equation (29), (30), (43). They concern the
canonical ensemble and read, expressed in the free energy:

Fo(H,) S Fo(H) S Foy(H, + Ve(h, B)) for fermions
and
F o (H, —Vg(h, )< Fp(H) < Fcl(ﬁcl) for bosons

(cl stands for “classical”, F for fermions, B for bosons, § = 1/kT). The Hamiltonians
are supposed to be of the form

N
H= ) p}+V(x;...xy)
i=1
and H, is the same function of canonical coordinates instead of the operators p;, x;.
Almost no condition restricts the set of allowed potentials ¥, one has only to make
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sure, that the Hamiltonian and the partition functions are well defined, and that the
Golden Thompson-inequality may be applied to exp(— SH). For the lower bound
on the free energy the kinetic energy per particle may also be some other functions of
its momentum. For the upper bound the configuration space has to be divided into
cubes. The comparison Hamiltonian is

N
ﬁcl = Z (ptz + C) + U(xl' . 'xN)’
i=1
with U a stepfunction, which is constant on each cube and dominates V. The
correction potentials V; and Vz may heuristically be understood as effective pair
interactions, which mimick the effect of quantum statistics. They go to zero in the
limit # —0 as well as ¢, and also H,, converges to H,, in this limit, provided V is
sufficiently well behaved and one lets the diameter of the cubes approach zero more
slowly than #. ,

Provided that H, — Vj is thermodynamically stable, which is the case, if H,
involves a sufficiently strong short range repulsion, all of the above bounds remain
sensible in the thermodynamic limit. The interchangeability of the limit N — co and
h — 0 posses therefore little problems, it is mainly a question of the continuity of F
in H . It is not treated here. The reader may consult [4] for those questions and also
for the history of the subject.

To achieve some completeness, the proof of several well known results have been
included: The use of coherent states for bounds on partition functions goes back to
Lieb [5] and Berezin [6, 7]. The original use of the Golden—Thompson inequality
[8, 9] was just to give the bound of our section 2a, but the present proof is simpler
than the original one.

The logical interrelations of the sections are the following: 1a is needed for 1b and
1c, 1d and le are used in 2e, 2a gives the prerequisites for 2¢, 2d and 3. 2d, where the
left hand sides of the above equations are derived, uses also the Appendix B.

The indices used throughout the paper are: B, F, M B, cl, to indicate Bose, Fermi,
quantum mechanical Maxwell-Boltzmann or classical Maxwell-Boltzmann statis-
tics, respectively. N and D indicate the presence of Neumann or Dirichlet boundary
conditions.

1. Microcanonical Ensemble
The usual definition of the entropy as a function of the energy is
Sp,p(E)=1log Trp g0(E — H) (la)

for fermions and bosons, respectively, and
1

for Maxwell—Boltzmann—Statistics. Since the O-function cannot be treated with our
methods of part a) and b), we investigate rather the mean energy as a function of the
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entropy, defined for Selog N
E(S)=inf Tr PgH, Pg=P¥=P2 TrPg=é". Q)
PS

We assume that the range of P is in the space with the appropriate symmetry.

a) A Lower Bound for Discernible Particles

Let us assume that the Hamiltonian is operator-bounded below by H®, which allows
for a diagonal representation with the coherent states (Appendix A):

HeHo = [ 22 g )25<e). 3
= (Znh)?’N 0 < ()

We abbreviate the integral and normalization as [ dQ(z). (2) becomes:
E(S) = infTr [ dQ(z) Ps|z) Hy(2)<z| = inf [ dQ(z)<{ z| Ps|z ) H(z)
Py Ps

;i;tffdQ(Z)fs(Z)Ho(Z), 0= fs(2=1, [dQ@)fs(z)=¢° (4)

(where we have used [ dQ(z) {z|Pg|z) = Tr Py).

For that expression to become small, it is necessary that fg concentrates as much
as possible at those z, where H, is small. Therefore one need only consider
characteristic functions of sets Ag:

E(S)2 E,(S)=inf [ dQ(2)Ho(2), [ dQ(z) =", (5)

As Ag s

The inverse of the function E,,(S) provides us with an upper bound on the number of
states such that the sum of the energies does not exceed a prescribed value.

b) A Lower Bound for Fermions
Again we use (4), but with the additional restriction that Pg < Py, where Py is the
projector onto the antisymmetrized wave-functions:

Py Z a(p) Ups (Up‘//)(xr"xzv) = W(xpu)----xp(N))- (6)

N! pes (N)

(#(N) is the group of permutations of {1,2,... N}, a(p) is the sign of the
permutation p.)
That implies:

1 N 1 1
(z|Pslz) <{|Pglz) :N—! . O'(P)ilz—l1<zi|zp(i)> :N—!det<zi12j> éﬁ!- (7)

(The N-particle coherent state |z) is a tensor-product of the 1-particle coherent
states |z;». For the last inequality see ref. [10])
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And we arrive at

Ey(8)Zinf-1 | dO()Ho(2), | d2(z) = N1 (®)
ag N1ag ds

which with permutation symmetry of H,(z), is equivalent to using eq. (5) but with the
restriction that

vpe#(N), p#id:(x;....xy)€As=(Xp1)- - - Xpv) € As-
¢) Bounds for Non Interacting Discernible Particles in a Box

N
I a cubic box of length 7, (1) and (2) become, with H= —#2 Y, 4,

i=1

nZ 3N
S(E)=log ) 0<E—h2—2 y n?), )
{ny ...n3N}eZ3+N 1 i=1
2
E@S)= inf Y (hzn—z‘;n?) Y =e". (10)
AseZiN {n ...n3yleds / i Ag

The sums may be regarded as integrals over step-functions: For Neumann-
boundary-conditions we associate each n= {n,...nyy}, (1;6{0, 1, 2, ...}) with the
cube x:m; = x;<n;+1}. For Dirichlet-boundary-conditions only those n are
allowed, for which n; # 0, and we associate n with the cube {x :n;, —1 < x; < n;}.
Formally:

(ny(x)); =[x;], (p(x));=[x]+1

which implies

(nN)2 = (X)2 = (nD(X))Z

and
d3Np

Sy(E)2 S, (E)=1og V" | W0<E - zptz) = Sp(E), (11)

E\(S) < E,(8) £ Ey(S) (12)
where (with V = £3)

_ ) d3Np d3Np

— N N _ S 3
Ecl(S) A:?é‘w V JS (27‘Ch)3N(pi)’ V ;L (271’h)3N (1 )

To obtain bounds in the other directions one may use Robinson’s method of
comparing Dirichlet- and Neumann-boundary-conditions [11]. E, evaluates to

2 -1 3N 2/3N
4 2 1 1" —2/3 S(1+2/3N).
h < +3N> < <—2 +1>) vV e
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d) Bounds for Non-Interacting Bosons

Suppose the 1-particle states ¢, to belabelled by n = 1,2. . . . Certain N-boson states
may be labelled by (n,, n,...ny) with n; <n;, ;:' This stands for the symmetrized
product state of ¢, which is an eigenstate of the Hamiltonian

N
Hy= Z h;
i=1
with eigenvalue E = an,. (When h¢, =¢,¢,.) We want to compare the situation
with the case of discernible particles: There, the N-particle eigenstates are the tensor
products of not necessarily different ¢, ’s, and to a given collection of n;’s there exist
N! /n k, ! different eigenstates to the eigenvalue E = anl. (k, is the multiplicity of

occupation of the level n, ) k,= N and 1 < N!/[]k,! £ N!.) Therefore

(ny,..., N i (ny, ..., ny) N'
ny<n, <. not ordered
1
2b&ﬁa > %ﬁ—2%>=&m@) (14)
Sy, ..., ny) i

not ordered

For particles in a box this may now be further developed into a classical bounds.

e) Bounds for Non-Interacting Fermions

As for the bosons, the N-fermion states may be labelled by (n,. . . ny), but with n,
strictly smaller than n; , ;. This restriction forces us to find another correspondence
between the fermion states and groups of indiscernible-particle-states: The group of
NY/TTk,! product-states with the occupied levels (1, n,. .. ny) (where the n; are
ordered) is now compared to the fermion state (n,, n, + 1, ny+2...ny+ N — 1),
which has the energy

Zgn,+(8nz+l_8n2)+(8n3+2—8n3)+"'* +(8nN+N—1_8nN)
N(N —1)
2

For particles in a 3-dimensional cubic box of length / it follows from number-theory
that indeed

é Zanx + sup (En +1 8n)‘
i n

h2n?
/2

sup(8n+1—8n)§A:5 (15)

is finite (Appendix C). For Neumann-boundary-conditions the 5 may be replaced by

1 The ns are not the usual occupation numbers!
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3. (We conjecture that in 3 space dimensions that sup is also finite, if regions of a
more general shape are chosen.) The extra term in the energy is the same as would be
present as the effect of a mutual interaction with strength 4 and range at least the
diameter of the volume.

sziong 3 o a0 a) sl - 0)
ny)

(ny... i

not ordered (163)

Without correction, the bound is in the other direction, since each fermion state
corresponds to N! states of indiscernible particles with the same energy (but not all
states of the indiscernible particles are reached in this direct way):

Sug(E) Z Sp(E). (16b)

It has to be remarked that the above method works only in at least three space
dimensions. A more general upper bound for the energy may be found by another
correspondence of groups of eigenvalues of discernible particles to the eigenvalues of
the fermion system: We “forbid” the discernible particles to occupy the N — 1 lowest
levels and consider for them the partition function with H =) h; replaced by
Y h;0(h; — &y). The group of eigenstates for which the levels (ny, ..., ny), N <n,
<n;,,, are occupied has higher energy than the fermion state (n; —(N
—1),...,ny_; — 1, ny) and therefore

1
Se(B)zlogyy X 0<E - Za,,‘>, (17a)
. (ny...ny) i

not ordered, n; > N

and

Ex9)= inf———' ) <Z£n,>a (ny...ny)eAg=n;2 N,

AsN-(nl Lony)edg \ i
Y =Nl (17b)

(ny... nN)eAS

2. The Canonical Ensemble

a) Discernible Particles: Upper Bound to the Partition Function

The Hamiltonian is supposed to be of the form H = K(p) + V (x), e~ #X® defining an
integral kernel in x-space:

™ KY)(x) = [ Kx(x = »)y (1) d*"y.
We will make use of the fact that K(0) is just the classical phase-space integral:

1 3N
Kx(0) = <2 h) [ d*Npe™ PK®., (18)

An upper bound to the partition function is found by use of the Golden—Thompson
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inequality:
N!1Qyp(B):=Tre P&V < Tre  MXe PV = [d*Nx K¢ (0)e V'@
3N
_ (BT g 19
Qrh)> :

The classical Hamiltonian is defined by replacing the p- and x-operators by
coordinates.

The following bound goes back to Lieb [5]. It has the disadvantage not to be
immediately applicable to all Hamiltonians (this topic is discussed in the Appendix
A). Furthermore, the bound is weaker than (19). On the other hand it remains valid,
when the exponential is replaced by any convex and decreasing function, and for
other types of coherent states [5, 4].

We suppose, that the Hamiltonian has an operator-bound below, which is
representable by the coherent states as

H® = [dQ(2)|z) Ho(2){z| < H. (20)

Denote the complete set of eigenvectors of H as {i,}. One has

Tre™ M =% exp (— B<Y, I HIY, D),

and since the exponential is a monotone function:

exp(— <y, [H|Y,») Z exp(— B<Y,[HO|v,>)
= exp(— [dQ() |y, |2 [P BH(2)).

Since {dQ(z)|<{¥,lz>> = ||y, ||* = 1, we may use the convexity of the exponential:

N10yp(B) < [dQ(2) YK, |20 Pe™ Mo = [dQ(z)e™ P, 21

b) Discernible Particles: Lower Bound to the Partition Function

With the completeness of the coherent states and again by the convexity of the
exponential one has [5]:

N1Qu5(B) = [dQ(z) Tr |z){zle™ P = [dQ(z)e P, (22)

¢) Bounds with Quantum Statistics, Involving the Coherent States

We use the form of the completeness relation which is valid in the N-particle-space
for bosons and fermions (Appendix A), due to Thirring [15]:

1= 3771400 [ a*)2@ [ atz)
: i=1 i=1

and denote ]—[ a*(z;)|Q)=|z,....zy) =|z). These states are not normalized: For
fermions it is known that by the Hadamard-theorem [10]

(z]2)p = N1 z|Pplz)y = det{z|z;> = 1. (23a)



32 B. Baumgartner

For bosons by the Marcus—theorem [12]
(zlz)p = N<z|Pplz) =per{zjz;) < 1. (23b)

This has to be remembered when one uses the convexity of the exponential:

QF B(ﬁ) fdQ(Z) (zlz)e™ B(z|H|2)/(z]2) 24

=T
It is not easy to write down the scalar products and expectation values as functions
of z. But it may be seen that, for N fixed, in the classical limit, (z| z) converges to 1 and
(z|Hz) to the classical Hamiltonian almost everywhere. Everywhere for bosons, for
fermions for those z, where all z; are different.

If one uses coherent states with compact support, that is to say, |z;» is given for
z; =0 by the wave function ¢(x;) and the support of ¢(x) is D, a set with finite
diameter /, then one has in the case, that all [r; — ;| =  (r is the space coordinate of z)
(z|z) = 1, and by the locality and symmetry of H also (z]H|z) = {z| H|z). One gets a
simple bound by restricting the integrations to this region:

—N' [ dQ@)exp(—p<z|H|z)). (25)
Irn=mnl 21

This restriction simulates a hard core potential, and the r.h.s. of (25) equals the
classical partition function with the Hamiltonian

Qr,5(f) 2

Y119 —p)P g+ [V ... v [1160: = x)Pd*Ny,

H(p, x)= if all |x; — x| > ¢
0 if some [x; — x;| < 7.

(j; is the Fourier transformed ¢.

If V(x,....xy) = Y. V(x; —x;), then

i<j

H(p,x)—Z(Pl +2pi(lpl¢> +<DIP* P> + X Vx—x;),

i<j

P (x {f V(x =z —yPlo(—2)Pdzd%y, |x[>¢

x| =7.

For the upper bound, we make the observation, that the Hamiltonians are often
in a form, which allows to regard them as operating on the whole-N-particle space
without restriction from the statistics. We assume therefore (20) and write the
partition function as a trace over the whole space, but including the appropriate
projection operator, given by eq. (6) for fermions and similarly for bosons (without
the o(p)). One gets analogously to eq. (21):

Qp.p(B): =Tr Py pe™ P2 < [dQ(2){z| Py plz ye™ PHo®), (26)
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We may use (23a):
1 - z
O0r(f) = ]—V—!I dQ(z)e™ P11, (27)
For bosons we use the corollary from Appendix B:

0s(A) = 1,40 exp (~ BH(2) + X (a2, (8)

i<j

d) Bounds with Quantum Statistics, Involving the Golden—Thompson—Inequality
The kinetic energy is supposed to be of the form K (p) = Y’ k(p;),e ™ ** giving rise to an

integral kernel K x(x — y), which is positive definite, since e~ #X is a positive operator.
Therefore, for any N and (x,... xy), the matrix (m;;) = (K, (x; — x;)) is positive
definite:

1
Qp(B) S Tr Pre™ Xe™ " = N1 f d*Nx det (m;;)e” BV (9

1 d3Nxd3Np

< e
= N T@rh) N

[dNx(K, (0))%e™ PV = ) (29)

1
N!
For the first inequality in (29) as well as for the corresponding step in (30), it is of
course essential, that not only K + ¥V, but also K and V separately commute with the
appropriate projector P or Pp.

For bosons, we use the corollary of Appendix B for the matrix a;;(x)=
K, (x; — x;)/K, (0):

05(p) = ]—Vl—'[ d*Vx (K, (0))" per (a;;(x))e ™ #¥ ™

3N 3Np
éi_ d*"xd

11 Gy P (- B+ T Val— ;). (30)

i<j
The effect of the bose-statistics is here estimated by the effect of an attracting

interaction-potential Vz(x)= EKk (x)/K(0). For the non-relativistic kinetic energy,

k=p? itis

5o ( ﬁhZIXIZ) (1)

e) Bounds with Quantum Statistics, Involving Jensen’s Inequality

Va(x) =~ exp (—

We assume in this section, that H=K + V, K=Y p?, V =V(x,....xy). For any
orthonormal set of wave functions {y,} one has

Tre M2 Y exp(— B, HIY, D).

We divide the physical space into cubes with sidelength #, denote their centres by ¢
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and choose as (,,} the eigenfunctions of the kinetic energy with Dirichlet boundary
conditions on the faces of the cubes. Such a  may be characterized by the numbers
of particles in each cell, p(¢) (a non-negative integer) and in addition by the occupied
levels in each cell (n, ... n,);:

Tre 2 Y Y exp(—BKIp. (n)s}]1—BVIp. {(n)g}]), (32)

P (&)} {(n):}

Y p()=N,
4

P

K[p, {(n)e}]1= ; Y Eney

Vip, {(ni)g}] = <‘//p, (n,-)l V|¢p,(n,-)>»

The ¢,’s constitute the spectrum of —#24,, on L*(C), C a cube with sidelength 7.
Firstly, we aim at removing the dependence of V' [p, {(n,),} ] upon the levels and at
giving an upper bound to it in the form U [p]. We define the comparison potential U
as the step function

Ulxys oo xn) = U(E(xy), ..., £ (xy)) (33a)

where &(x) denotes the center of that cube C(&), in which x is located (the boundaries
are inessential), and
U ... ¢y = sup Vi(xg...Xy) (33b)
x1€C(&y). . . xNeC(éN)
If this sup happens to be infinite, it may nevertheless be used consistently in the
sequel with the definition e™ ® =0. U dominates V' pointwise, and obviously

Vip, {(n)e}1= Ulp, {(n):]=ULp].

Since the contributions to K[p, {(n;),}] from different cells are additive, and
since the occupation numbers (n;) of different cells may vary independently of each
other, one may rewrite the r.h.s. of (32) with V replaced by U as

P
Z eXp(_ﬁU[p])nTrg,p(c) exp(—ﬂ Z P%),i)- (34)
{0} ¢ i=1
Tr, , means the trace in the space of (anti) symmetrized wave functions for p
particles in the cube C(&).

U[p] is the potential energy U(&,. . .. &y of any lattice configuration (¢,. . . &y)
which has the lattice occupation numbers p(&). Adopting the convention 0! =1,

there are N '<l_[ p(&) !) such lattice configurations. The sum over {p(¢)} may

¢
therefore be transformed into a sum over configurations (&,. .. &y):

Tre P2 >

P
exp (— U, .. &N [ p(O)! Ty ,exp (— By p%,i>
14

i=1

1
Dy
Nl Ty
1

N!

Y exp(—BUE;... &) — BLF(B, p(&)). (35)

(ST )
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In the second step we have introduced a modified free energy of p particles in a cube
C():
1 14
F(B, p)= _EIOg<P!Tf¢,p eXp(*ﬁ.Zl PlzJ,i)) (36)
which is bounded from above by the free energy of discernible particles, using the
methods of 1d and le):

1 —1
FB,p) < —Elog Tré,pe‘”""-kp(pz—)d, (37)

Ao 0 for bosons
" |5h2m%/¢*  for fermions.

The trace is here over the Hilbert space for discernible particles. The extra term for
fermions may be written as a pair interaction

Velx, y) = Ve(C(x), (1)),

0
nen={ 70 (9)
Writing Fp,(B, p) = —%log Tre™ #%2* we have:
1
Tfe—ﬂHémé Zf eXP(—ﬂFp(ﬂ,P(fi))—B.z‘VF(éi, &) —BUE,. .. &N)
1.8y i<ij (39)

But for discernible non-interacting particles the free energy is a sum over the free
energies of the individual particles:

1 2
Fp(B,p)=pfB), f(B)= —ElogTrle'”’“’, (40)

Tre‘ﬁH2$ Z exp<—‘8<2f(ﬁ)+ Z VF(éi, éj)"" U(é1€N)>> (41)
. él...é‘,\, i i< j

For f(f) one finds upper bounds:

(B = —~1~10g (/35 @p e_ﬂ"2> +c(B, h, £) (42)
B (2mh)y? T
h?//? if ph?/0% = 4/n
B0 167/8 if ph?/¢% < 4/n
—%mg (1 - 37;1\/%) if ph?/0% < 1/97.

Now, one may reinterpret the sum over the &, together with #3" as integral over the
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step functions:

Tre‘””g—J\%de(p,x)eXp<~ﬁ<zi:P?+ Y Velxy, x;)+ U(xl...xN)—FcN)).

tl<J
(43)
If U is a stable potential, that bound has a thermodynamic limit, which commutes
with the classical limit, if the classcial free-energy-density is continuous in the
limit U — V. This is the case, if Simon’s microstability contition holds ([4]).

3. The Grand Canonical Ensemble

For mutually interacting particles one may use the results of part 2) to bound each
single term of

E(2)= %Z”Q(ﬁ, N).

For noninteracting particles, only the upper bounds for fermions and the lower
bounds for bosons may be summed up explicitly, and they give the bound by
classical MB-Statistics. One can do better:

The partition function may be expressed as a function of the one-particle-
Hamiltonian:

B2}, r =Tt fy,p(h). fp,p() = +log (14 ze™.

These are convex functions and the coherent states, |w) =|r, s), may be used
successfully:

d3 d3 d3 d3
j-“—@;h): Jo, rIKWIhlwD) = Tr fp p(h) = j(i;T);fB,p(ho(W)). (44)

For bosons, one has a slightly better upper bound: expand f3(h)= Z%e‘ P
bound each term with the help of the Golden—Thompson-inequality and sum up the
series:

*pd?
Tr ) = [ s SaCha(p, ) (45)

The interchange of the expansion with both the trace and the integral is allowed, in
view of the Lebesgue dominated convergence theorem.

Eq. (45) is not only stronger than the r.h.s. of eq. (44), it is also applicable to a
wider class of Hamiltonians. It may be used for photons, where h(p, x) =|p| + V(x),
for example, and for V' (x) unbounded from below.

The differences between upper and lower bounds vanish in the thermodynamic
limit for free particles, provided one lets the coherent states vary as ,(x)
=y(¢~ Y/*x), where ¢ is a characteristic length of the system. This is therefore an
elegant way to derive the thermodynamic functions for free particles: Whenever the
kinetic energy is k(p), where k is not too wild (a ¥*-function with polynomial growth,
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for example):

3

. d°p _
Jim &) p = & [ tislog (1 £e ) (46)

Appendix A. On the Coherent States

The basic definitions are as follows [13]: Let ¢(x) be any normalized #?*(R")
function, denote it by |0> and define

lz>:=W(2)]0),
where W (z) is the Weyl-operator:
W(Z) =e~ irs/Zeirpeisx’ 7= (7’, S),

r and s vectors of R".

Then the identity on Z2(R" is 1= [dQ(z)|z){z|.

Consider an operator H on #?(R") and suppose, for the moment, that it is given
as

H= fdQ(z)HO(z)lz><z|. (A.1)
Then, if all w are in the form domain of H, define
H(w): =<{w|H|w) = [dQ(2)p(w — 2)H,(2), (A2)

where p(z) = |{0|z)|% and the Fourier transform of A.2 is

H(u) = p(u)Ho(u). (A.3)

This formula makes sense, if H,(z) is only polynomially increasing. H, is then a
tempered distribution. When does the inversion of A.2,

Ho(w) = Hu)/p(w)

make sense? If ¢(x) is a Gaussian, then also p is a Gaussian, and H/p will be no
longer only polynomially increasing, for general H. But it is certainly so, if H is a
distribution with compact support. This is the case, by the Paley—Wiener theorem
[14],if H(w) has an extension to an entire analytic function of exponential type. H, is
then a function of the same type. This is a sufficient and clearly not a necessary
condition, but it covers the cases, where H is a polynomial in p, x and several
exp (ik;x), for instance.
Now consider H = p? + V(x). A representation of p? in the form

p* = [dQ(z)|z) K(s){z| (A4a)
exists, if ¢ is in the operator domain of p and is given by
K(s)=5>+2{lpd>s+2{dlpp>* — (pd|pd>. (A.4b)

Similarly, the operator identity
V(x)= [dQ(2)|z) Vo(r)< 2] (A.5a)
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holds for
V(x)= [ Vo(r)(x —r)*d"r. (A.5b)

It is either difficult or impossible to find the representation in this form for usual ¥,
but for ¥ bounded from below one can find bounds: Take an absolutely continuous
¢ with compact support in the domain D, and define

Wo(x) = inf V(x — y), (A.6a)
then
[d@)z) Wy(r) <zl S V. (A.6b)

The following version of coherent states for bosons and fermions is due to W.
Thirring [15]: Set
a*(z) = [a*(x) (W (z) ) (x)d"x, (A7)

N

l2)= ] a*(z)|9), (A.8)

i=1

where |Q) is the no particle state. Then

|2)p,r =~/N!Ppplzy....2x), (A9)

where |z;...zy» is the unsymmetrized product of the |z;>. We have then the
following representation of the identity in N-boson or fermion space as the projector
Py or Pp:

1
ﬂB’F = PP’Fjd.Q(Z)lZ><Z|PB’F = mde(z)|z)(z|. (A.10)

Appendix B. On Permanents

The permanent is defined as

N
per A = Z l_[ ai,p(i). (B'l)

pes (N)i=1

It admits an expansion quite similar to the one for determinants: Denote by °A4, , the
(N —1) x (N — 1) submatrix of A without the k’th column and I'th row: (°A,);; =a;;,
i#+k, j #+1 The expansion formula is

N
per A= Y ayper®A4, (B.2)
k=1

for any L
In considering upper bounds one may use as a first step that

per Czperd, if c¢;=|a;l, (B.3)

and treat in the sequel matrices with positive elements.
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Theorem. Let A be an N x N matrix with 0 <a;;=a; Sa; =1 forall i, j. One has
the inequality

perd< [ (1+ay).

1Si<jEN

Proof. Replace the I'th row of A by the row (1, 1, ..., 1) and denote this matrix as
P (A). Because all g, ; are positive, per P (A) = per A holds. Now one proves

per P(A) L [ (1+ay) (B.4)
i, j,i<j
by induction on the rank N:
a) For N=1, A equals P(4)=1, and per 1 = L.
b) Suppose (B.4) to hold for (N — 1) x (N — 1) matrices and use the expansion (B.2)
for the N x N matrix P,(A):

N
per PI(A): Z aklo(Pl(A))kl‘ (B.5)

k=1
Now, °(P,(A)), = °4, and, for k # I:

O(PI(A))kl = PI(OAH).

9 A4,,is not a symmetric matrix, but °A4,, is, and P,(°A4,)) differs from P,(°4,)) only by

the interchange of two rows, an operation, which has no effect upon the permanent.
(This is immediate from the definition B.1) For P,(°4,,) B.4 applies:

per O(PI(A))kl = per Pk(oAll) = H 1+ aij)- (B.6)

i, i< jiFl,jFl
Since the r.h.s. does not depend upon k, and since
Yag=1+ Y au= [] (1+ay),
K INEY kk#1

this inequality together with (B.6) used in (B.5) gives (B.4). q.e.d.

Corollary. If A is a symmetric matrix with |a;;| <1, then by (B.3):

per A< 1:[ (1 + la;!), (B.7)

i<

and, since 1 + x < e*:

per A <exp < Y la; |> (B.8)

i< j

The following simpler proof of the weakened, but generally valid inequality (with

restricted validity first proven by Thirring)

per A <exp <Z IaijD (B.9)
i
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is due to A. Pflug (private communication):

N
per A< Z n |ai,p(i)| = 1_[(1 + |aij|) = l—lexP Iaij|'
peS(N)i=1 i,j i, j
The second inequality arises as follows: The product of all (1 + |a;;|)is equal to a sum
over all subsets M of the set of pairs {1.... N} x {1... N}:

n(1+laijl)= Z l_[ laij[~

i, j Me{l...N}x{1...N}(i, jdeM
But the N'! permutations of & (N) define a special subclass of the 2V " subsets M. , of
the form {(i, p(i))|1 i< N}.

Appendix C. On the Sums of Squares

It is a classical result of number theory, that n # 4°(8m + 7), n, a, m non-negative
integers, is a necessary and sufficient condition for n to be the sum of three non-
negative squares [ 16]. The maximum number of consecutive integers, which are not
representable by three squares, is therefore two: One of them has to be odd and is
therefore 8m + 7, the other must be 8(m + 1), since 8m + 6 is not divisible by four.
The simplest example is m = 13, giving 13.8 + 7 and 14.8 =427 as consecutive
numbers which are not the sum of three squares.

The above consideration solves the question of the biggest gap between
consecutive energy levels in a cube with Neumann boundary conditions. For the
Dirichlet boundary conditions one has to find the maximum number of consecutive
integers, which are not the sum of three strictly positive squares. If n is a sum of two
squares, n + 1 is a sum of three squares, so, the worst situation one can think of, is a
sequence n to n + 4 of the form

8m+7, 4°@k+7), 1?, P+1,

none of them being a sum of three positive squares. It may be, that such a sequence
does not really occur, but we have the desired upper bound on the energy gap.
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Thirring and A. Pflug.
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