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Abstract. We show that for the regularized exponential interaction A :¢*? : in d
space-time dimensions the Schwinger functions converge to the Schwinger
functions for the free field if d>2 for all o or if d=2 for all o such that || > o,

1. Notations and Results

In this paper we study the space-time cut-off exponential interaction in d space-
time dimensions V, =1 {:e**™:dx, where A is a bounded subset of R, 1>0 and
A

the corresponding Euclidean measure du (§)=Z "e ™" 49du (&), u, being the free
Euclidean field of mass 1 on R? [1], aeIR and :: being the Wick ordering (see
below for details on notation). Such models of quantum fields were introduced in
[2], and in [2,3] it was shown that if d=2,J¢| < |/4n then V,e L,(du,) and i, is a
(non Gaussian) probability measure. The existence of a measure p, of the above
form was shown for all d 22 and arbitrary « in [4], see also [5] and, for a different
proof, [6]*. In [5] it was shown that in the case d >4 the regularized (ultraviolet cut
off) version of the measure u, converges as the regularization is removed to p,. In
the present paper we tackle, using a modification of the basic idea of [5] together
with methods of [7], the case d =3 and also the case d =2 for |x] large. The results
of the present paper were announced in [10]. Let us now give the notations and
state the results. We define the free field on R with ultraviolet cut off at distance
y~N y>1, N a positive number, as the Gaussian field &,

ENx)=[Ay(x—y)E)dy, xeR?, (1.1)
where A4, is the kernel of the operator
1+ka
,YZN 2
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1 Other references for the exponential interaction are e.g. [8, 9]
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and &(x) is the free Euclidean field of mass 1 on R? [1] i.e. the Gaussian field with
mean zero and covariance operator (1—4)!, 4 being the Laplacian on R? k, is

. d—1 .
the smallest integer larger or equal to 5 Thus & has mean zero and covariance

operator

1 yZN 1+ka
- A 1.
CN 1—4 ('})ZN—A) ( 3)

The choice of k, is such that Cy(x) is a Lipschitz continuous function on R?
vanishing at infinity together with its local Lipschitz constant.

Let I be a cube. The exponential interaction with infrared (i.e. volume) cut-off I
and ultraviolet (i.e. momentum) cut-off y~V is defined as

a2
*2—CN(0)

Vo {O)=A[ 1" :dx=)fe eV (1.4)
I I

Since Cy is Lipschitz-continuous with bounded Lipschitz constant, the distri-
butions &, are almost surely continuous with respect to the probability measure y,
of the free Euclidean field ¢&.

The Euclidean probability measure associated with (1.4) is defined by

dpy, (&)=Z(N,I)" e™"™1Odpy(&), (1.5)
Z(N,I)=[e™ ™19y (&), (1.6)

The Schwinger functions of uy ; are defined as

Sy, if1r o S)=1] ﬂ Sy (O (17)

for f,,..., f,e L(RY), where {,) denotes the duality between #'(R%) and S(RY).
The ground state energy Ey ;(4,) is defined as

1
Ey (A, 0)= mlogZ(N, I). (1.8)
Our result is the following:

Proposition. 1) If d=2 there exists a,> |/4n such that for all «>o, and all A=0:
(i) lim Z(N,I)=1;

N- o

(i) 131}1 Syalfis s S =] l;[1 o ©dug(8).-

for all fle FRY), i=1,...,n.
2) If d>?2 the above relations hold for all «=0, all =0, and, furthermore, the

limit lim Ey ;=0 is attained uniformly in I.
N—-

Remark. 1) It is known [3] that for d=2 and a? <4x the lim Vi (&) = V(&) exists
N—-o©

in L*(du,) and is non zero. Hence (ii) does not hold in this case. In this case
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hm Sy.{{f1, ---» 1) are the Schwinger functions of a non Gaussian measure and in

fact the limit I—IR? gives the non trivial Schwinger functions of the exponential
interaction studied in [3, 8].

2) The existence of lim Sy ,(f}, ..., f,) was shown foralld =2, VaeR, V1 =0in
N—->©

[4] (see also [5] and for a different proof [6]). In [5] it was shown that for d =4,
VoaeR, VA=0 lim ¥} ; exists u,—a.s. and is zero u,—as., which a fortiori yields

N—o

the statements in the proposition, in this case. This is related to the irreducibility of
the energy representation of Sobolev-Lie groups (Ismagilov and Vershik, Gelfand,
Graev [11]).

2. Proof of the Proposition

Since Vy ;=0 we see that (ii) follows from (i), by dominated convergence. In fact (i)

is equivalent to lim e "¥1=1 in u,-measure.
N Mo
— 0

Let us now prove (i). We introduce an auxiliary Gaussian measure [y
describing a Gaussian field &, with covariance operator:

C~N=y2N(1+kd)(,y2N__A)~2-—kd if d>2

Cy=Cy it d=2. -
It is easy to check that Cy <C,. We shall realize the field &, in the form

Ey(x)=Cy(0)2n(r™x), 2.2)
where 7 is a Gaussian random field with covariance C,, satisfying the inequality

0=Cy(0)~Cylx~y)Zalx—yl,  Cy0)=1, (2.3)

for some N-independent constant a>0. Notice that for d>2, Cy is actually
N-independent. Also Cy(0) is proportional to y~?N if d>2 and to N if d =2. Since
Cy=C, we can use the “conditioning inequality” (e.g., [9a]) to obtain (for a
derivation in our case see the Appendix)
12Z(N,I)=[e""™1dy,
2 fe_ﬁN'Id/lN»

with
Ni=ife O gy, 4
Hence, if A4 is an arbitrary (iy-measurable set,
12Z(N, D= | e " Eamy&). (2.5)
We choose !

A={EJIEX)SBY/N(CyO) 2V xel}
— (&)< B|/N,Vxel}
= () 4, (2.6)
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where yV* is the homothetic image of I by the scale factor y¥, g denotes an element
of a pavement of yM by unit cubes (assuming the sides of Y™ integer, for simplicity)
and

A,= (&I B)/N,Vxeq).

Denote by y,, the characteristic function of the event 4,. The choice (2.6) yields
then from (2.5)

12 Z(N, D2 exp{—Alle 2 " OemNEo1y
T 24 Gy &Y. 27
acyNr
We now see that to prove (i) it is enough to prove
| 1_[ Iadiiy—1 as N-oo
qCyNr
[using the observations following (2.3)]. This can however be obtained from
FIT radinzt= % 0=,y 2.8)
qu T qCy™M

In fact it is well known that (2.3) implies
[(L=y, )iy Sc,e™™,  YB2B,, 2.9)

for suitable chosen constants ¢, ¢,, B, >0 (see, e.g., [ 7], where some of the original
proofs are quoted: the earlier proof goes, essentially, back to Wiener). Hence from
(28), (29):

| 1_[ Kadin 2 1= Ily™N e e PN 1, N-oo, (2.10)
qcyMr
for all B large enough (B*>c; 'logy?). This then proves (i), hence by what we
remarked at the beginning of the proof, all the statements in the proposition,
except for the uniformity statement. The latter follows however from the better
bound in [7]

§TT 24, iy Zexp { — |I[y"™Neye =8N} 2.11)
q

valid for B> B, and for suitable chosen constants ¢}, ¢, B, >0, (N, I)-independent.
This ends the proof.

Remark. The methods of [ 7] should, in principle, allow to deduce (2.11) even in the
case d =2: the proof however cannot be trivially extracted from [7]. Originally we
were hoping to obtain such a bound with some extra work: it was then pointed
out to us by Frohlich that, in any event, the elementary bound (2.9) could be used
for the same purpose, losing only the uniformity property.

3. Comments

The above proof is clearly based on the following heuristic argument: the
covariance of the field & is smooth and Cy(0)~y“~?N if d>2 and Cy(0)~N if
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d=2. Hence the field |£y(x)| should never exceed by too much By |/ Cy(0) if By is
very large. Therefore

a2 ~
Ve rSAlle” 7O, a0 (3.1)

If By, is so chosen that the r.h.s. of (3.1) tends to zero the result will follow provided
one can show that the phase space restriction |&y(x)| < By ¢ »0) does not cause a
substantial loss of phase space: this is indeed the content of the estimates (2.10),
(2.11). Actually if d>2 any choice By =BN?, 6 23, would be sufficient : for d =2 the
situation is quite delicate and one has to choose By=B [/ﬁ which, however, is
good only for o large enough.

Appendix

We shall derlve the “conditioning inequality” (2.4). Since CNSC we have that
Cy=Cy -G 18 a positive definite operator, hence there exists a Gaussian random
fleld 5N with covariance Cy. If we consider &y and & as two independent random
fields then &, has the same distribution as &y +&y. Hence

2
f NO agimy™ 2 MO g gy

Z(N,I)=[|[exp|—

-G,

where py is the probability measure corresponding to &, thus by Jensen’s
inequality

-y j[ 5 Cw(0) aéN(x)
1

N,I)=[exp

a2z
~—=—Cn(0) )
. j e 2 N gatNg W(E)dx

ey

But since

j'e_ %CM(O)eaiN,(x)d,u;V(éév) =1,
(24) follows.
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Note added in proof. E. P. Osipov has recently shown o, =]/8r (Novosibirsk preprint).





