Communications in
Commun. Math, Phys. 68, 45-68 (1979) Mathematical
Physics

© by Springer-Verlag 1979

The Classical Field Limit of Scattering Theory
for Non-Relativistic Many-Boson Systems. 11

J. Ginibre! and G. Velo?

! Laboratoire de Physique Théorique et Hautes Energies, Université de Paris-Sud, F-91405 Orsay,
France
2 Istituto di Fisica A. Righi, Universita di Bologna, and INFN, Sezione di Bologna, I-Bologna, Italy

Abstract. We study the classical field limit of non relativistic many-boson
theories in space dimension n >3, extending the results of a previous paper to
more singular interactions. We prove the expected results: when 7 tends to
zero, the quantum theory tends in a suitable sense to the corresponding
classical field theory, and the quantum fluctuations are governed by the
equation obtained by linearizing the quantum evolution equation around the
classical solution. These results hold uniformly in time and therefore apply to
scattering theory. The interactions considered here are so singular as to require
a change of domain in order to define the generator of the evolution of the
fluctuations, but sufficiently regular so that no energy renormalization is
needed.

1. Introduction

This is the second paper in which we study the classical field limit of non-
relativistic many-boson theories with two-body interactions in space dimension
n=3. A mathematical treatment of this problem has been given previously by
Hepp [5] for suitably regular potentials and in finite time intervals. In [2] we have
extended Hepp’s results to more singular potentials and to the case of infinite time
intervals (scattering theory). We refer to the introduction of [2] for a more detailed
exposition of the problem and of the results. They consist in proving that, when
h—0, the difference between the Heisenberg field operators and the solution of the
classical field equation is O(h'/?) and evolves according to the equation obtained
by linearizing the quantum evolution equation around the classical solution. In a
suitable representation of the field operators the estimates are uniform in time and
imply the convergence, when #—0, of suitable matrix elements of the wave
operators and of the S-matrix.

Various degrees of difficulty arise in the problem, depending on the regularity
of the interaction potential V. The role of this regularity is best understood from its
bearing on the definition and properties of the unitary group of operators U ,(t,s)
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describing the evolution of the quantum fluctuations around the classical limiting
solution. In [2] we have treated the most regular case, namely when the generator
H ,(t) of U,(t,s) has the same domain as H,+ N where H,, is the free hamiltonian
and N is the particle number operator. This corresponds to potentials Ve LY, as
far as local regularity is concerned. The present paper is devoted to the study of the
next level of singularity, where a change of domain is necessary but where H,(t)
still has the same form domain as H,+ N and no energy renormalization is
needed. This corresponds to potentials Ve L2/ For more singular in-
teractions an infinite energy renormalization for the fluctuations and possibly a
change of Hilbert space will be necessary. The situation is somewhat analogous to
that encountered in relativistic quantum field theory [4].

In order to implement our program we need to control both the classical and
quantum theories. The classical theory is studied in [3] and the relevant results are
summarized in Sect. 2 of [2]. Our treatment requires the local regularity condition
Ve L}/% so that the greater generality achieved in this paper as compared to [2]
takes place for 3<n<7. In particular for these values of n our analysis covers the
case of a potential ¥V =Clx|™? with C>0 and 2<y<l+4+n/2.

In order to derive the necessary estimates for the more singular potentials
considered here we need stronger regularity properties of the classical solutions
than in [2]. In addition we need a boundedness property of some operators
uniformly in # and in time (see Condition 2.1). Under a suitable stability
assumption on the potential V [see (2.46)], this property can be proved in bounded
time intervals. However for infinite time intervals it can only be reduced to time
decay estimates of the classical solutions which are likely to hold for smooth
dispersive solutions, but which we are unable to prove from first principles. In the
derivation of the main results we shall therefore keep Condition 2.1 as a technical
assumption.

This paper relies heavily on [2] and is not supposed to be readable by itself. In
particular we shall freely use the notation and results of [2]. Proofs will be
shortened or even omitted whenever similar to those in [2].

The paper is organized as follows. In Sect. 2 we study the evolution operators
both for the quantum theory and for the quantum fluctuations around the
classical solution. In Sect. 3 we proceed to the proof of the announced convergence
as h—0. The main results are stated in Proposition 3.1 for finite time intervals and
in Theorem 3.1 for infinite time intervals.

2. The Quantum Theory and the Quantum Fluctuations

In this section, we derive the properties of the quantum evolution operators W(z, s)
and W(t,s) defined by (1.25) and (1.45) of [2] and of the operators U,(t,s) and
U,(t,s), defined by (1.22) and (1.41) of [2], which describe the evolution of the
quantum fluctuations. To a large extent we follow Sects. 3 and 4 of [2], with which
most definitions and notation are common. In particular, we denote by ||, the
norm in L?= L4(IR") except for g=2 where the subscript 2 is omitted, by # the
boson Fock space, by #y the N-particle subspace (in particular 7, = L?), by |||
the norm of @ in 2 and by |||A]]| (resp. |||Allly) the norm of a bounded operator A
in A (resp. in #y). If A is semi-bounded, we denote by Q(4) its form domain and
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by Q*(A4) the dual of Q(A) where the duality is defined by the scalar product in J#.
Throughout this section, we omit the dependence of the various operators on the
canonical operators a.

The Weyl operators are defined by (3.5) of [2] and satisfy Lemma 3.1 of [2].
The evolution operator U(t,s)= U(t —s) is defined by (3.14) of [2] for potentials V
satisfying (3.12) of [2]. The operators H,(k=2, 3, 4) are defined by (3.15)-(3.24) of
[2] for k=2,3 and by (1.63) of [2] for k=4.

We recall that if n=>3, if Ve L"? + L® and if v is the operator of multiplication
by V in #,, then for any ¢ >0, there exists b, >0 such that the following inequality
holds in the sense of quadratic forms on #,NQ(H,) (=H"):

[v|< —ed+b,. 2.1)
From this it follows that

e

IZED) (4

i<j

(ki—kj)z—i-Ee),
where I, is defined by (5.2) of [2] and k; is the momentum of the i-th particle,
..ge{z i(ki—kj)z—i—i(Z k,.)Z} +1b,N(N —1)
i<j i
<IN(eH,+b,N). (2.2)
In all this section, we assume that V satisfies the condition:
VelPt+LP> with 2n/(n+2)<p,<p, S. (2.3)

We recall that for any g, 1 ¢ < o0, the conjugate index g is defined by 1/g+1/g
=1.

We first derive some properties of H,(t). In the following three lemmas
(Lemmas 2.1 and 2.2 and Corollary 2.1), the time dependence of ¢ and of the
various operators is omitted.

Lemma 2.1. Let V satisfy (2.3), V=V, + V, with Ve L?, and let pe L*L*"2. Then
1) N"1G and N~ 'K are bounded and satisfy

NGl =gl =cos 24)

NN TKIN S KI Sco, (2.5)
where

Co= Z I, el35 - (2.6)

2) Corresponding to the decomposition V=V, +V,, let L=L,+L,. Let 0=,
=Min(p,—1,1) for i=1, 2, and define q; by

2/q;+(1+0)2p;=1 for i=12. 2.7)
Then
L:"Llé%clzl_‘Z(l.Vzll _0!;) for l: 17 2 ) (28)
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where
¢ = {[lpP(V) =<l 2 V0 + =0 )2 29)
3) Let in addition (1—a)n/2<p, for i=1,2. For any ¢>0, let b, be such that
v "< —ed+b, for i=1,2. (2.10)
Let weC, |w|=1. Then
oL+dL*<i(c, +c,)(eHy+ (b, + )N +2). (2.11)

Proof. 1) The first inequalities in (2.4) and (2.5) are obvious, while the last ones with
(2.6) follow from Holder’s and Young’s inequalities.

2) Let ¥ in A have finitely many particles and smooth wave functions. Let
X=(x{,...,xy) Then for 0o, <1,

LY ? :del'%fdy1d.V2¢(yZ)§_0(yZ)V;(y1 =) PX, yy, yZ)IZ
élcizde%deﬁdyle;(Jﬁ - yz)ll MY, vy, Y2)I2
by Schwarz’s inequality,
‘..———%Ciz(Y’,FZ(IViIl"“")Y’}. (2.12)

For 1+40,<p, the quantity ¢, is estimated as in (2.9) by the use of Holder’s and
Young’s inequalities. Note that g, (i=1,2) lies in the allowed interval [2, 2p,].
3) Note first that the condition p, = p, =2n/(n+2) ensures that the conditions
14+o,<p;, and (1—o n/2<p, are compatible, while the latter ensures that
[VI'~*eL"?+ L* and therefore that for any ¢>0, there exists b, such that (2.10)
holds. It then follows from (2.2, 8) that
L¥L,<1c2N(eH,+b,N). (2.13)

From the inequality

o ol

c. 1/2 c. —1/2
(5'(1\@2)) —wL(jN) J =0 (2.14)

we then obtain
oL+ ®LF £5c(N+2)+(Ge;N) ' LFL,
<lefeHy+(B,+ )N +2) (2.13)

from which (2.11) follows immediately. Q.E.D.
Lemma 2.1 has immediate consequences for the operator H,.

Corollary 2.1. Let V satisfy (2.3) and o€ L>* L2, Then the operator H, defined by
(3.15)+(3.21) of [2] is bounded from Q(H,+ N) to Q*(H,+ N) and norm continuous
as a function of ¢ in L* NL*P2, Furthermore, there exists a constant ¢; =1 depending
on V but uniform in @ for @ in a bounded set of L*L*P such that

LHy+c5(N+ 1) SH, +¢5(N+ 1) S3Hy+ (N +1)). (2.16)
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Proof. We prove only the inequality (2.16). By (2.11), there exists a constant b
depending on V but uniform in ¢ as stated above such that

+(L+L*)<LH,+Db(N +1). (2.17)
The estimates (2.4), (2.5), and (2.17) imply

T Ho—(b+2¢o) (N+1)SH, <3H,+(b+2¢,) (N + 1) (2.18)
from which (2.16) follows after choosing ¢, such that c; = Max(1,2b +4c,).
Q.E.D.

For the estimates of the next section, we shall make essential use of the
regularization operator P _defined in Sect. 3 of [2]. P, is bounded from Q*(H )
to A (because |k|g(k) is bounded) and satisfies the following property:

Lemma 2.2. Let V satisfy (2.3) and let pe L*. Then P, H, and P, H, are bounded
operators from Q(H,) to A, and the former is norm continuous as a function of
pel?

Proof. We first prove boundedness. Because of the particle number cut off, it is
sufficient to prove that R A4,, R, A% and R _H, are bounded from #,nQ(H,),
AH,NQ(H,) and #,NQ(H,) respectively to #. One then sees easily that it is
sufficient to prove that the one particle operator ¢, V, is bounded from H' to L2,
where V) is the operator of multiplication by the function V(x)=Wx — y) uniformly
with respect to y. We factor g,V as follows:

2 Vo= le V" 2 v 2y, (2.19)
Now

[Vt e 2 4 p
and

VIVt De [y e

Since ge L' nL?, the first factor in the R.H.S. of (2.19) is bounded in L2 by Holder’s
and Young’s inequalities, while the second factor is bounded from H! to L? by
Holder’s and Sobolev’s inequalities, or equivalently by (2.1). Uniformity in y is
immediate. This proves boundedness. Continuity follows from the fact that A% is
linear in . Q.E.D.

We are now in a position to prove a regularized version of the differentiability
of W(t,s), which is defined as in Sect. 3 of [2].

Proposition 2.1. Let V satisfy (2.3) and V_e LM™@0-"2) 4 712 ot pe (R, H' N L2P?)
and satisfy the Eq. (2.9) of [2]. Then for all vectors We # such that W(t,s)¥P e %(R,
Q(H,)) as a function of t for fixed s (of which there exists a dense set ), P, W(t, s)¥ is
differentiable in # with derivative given by

i% P, W(t,5)¥ =P, (H,(1)— Hy+h2H(t)+ hH (1))

Wi, ). (2.20)
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Proof. For ¥ in the dense set & defined by (3.46) of [ 2], Wit,s)¥e4(R, Q(H,)). For
such ¥, the proof is identical with that of Proposition 3.1 of [2]. Therefore for
Ye

P, (W(t',s)—W(t,s)¥ = —i } dtP, B(t)W(t,s)¥, (2.21)
where
B(t)=H,(t)— Hy+h'?Hy(t) + hH (7). (2.22)

By Corollary 2.1 and Lemma 2.2, vaé(r) is bounded and norm continuous in 7
from Q(H,) to . ~

We now take ¥ such that W(t,s)¥Pe%(R, Q(H,)) and prove (2.21) for this ¥ by
a limiting procedure. Since U ,(s) and C(g,(s)) are fixed unitary operators and since
U,(t) and C(g,(t)) are bounded and strongly continuous in t as operators in Q(H ),
it is sufficient to show that any ®e# such that U(:)@e%(R, Q(H,)) can be
approximated by a sequence @, Z(H)n%,(N) in the sense that U(f)®, tends to
U(t)® in Q(H,) uniformly in compact intervals. Since N commutes with both H,
and H, one can first approximate @ in this sense by vectors in %,(N) and therefore
restrict one’s attention to the case where @e % (N). For such a @, one can take

1/n

@,=n | drU(x)®
0

as a strong Riemann integral in Q(H ). Then

1/n

U@)(@,—®)=n | de(U(t+1)— U(1))®
0

and therefore

1@ (®,— (p)”Q(HO) = o <Stu<p1/n (U +17) = U)®l o) -
Since U(t)@e%(R,Q(H,)), it is uniformly continuous on compact intervals. This
proves the required convergence, and therefore (2.21) for all ¥ such that
Wi(t,s)¥eb(R, Q(H,)). Differentiability follows from (2.21). Q.E.D.

In order to prove our main result in Sect. 3, we shall need an additional
property of W(t,s) which we state in the form of the following condition.

Condition 2.1. 1) There exists a fixed (i.e., independent of t, s, and h) dense set , in
H such that for any e D, for any seR, W(-,s)¥Pe%(R, Q(H, + N)) and W(t,s)¥ is
bounded in Q(H,+N) uniformly with respect to h for 0<h=<h, for some h,
depending only on V, and uniformly with respect to t, s in compact intervals.

2) In addition, for any Ye2,, W(t,s)¥ is bounded in Q(H,+ N) uniformly with
respect to h for 0<h=<h, and uniformly with respect to t, s in R* (resp. R, resp.
R).

[The uniformity in ¢, s is relevant to ensure the uniformity in ¢, s of the #—0
limit in the corresponding ranges of ¢, s and the existence of the #—0 limit for the
wave operators Q, (resp. the wave operator Q_, resp. the S-matrix).]
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Under the additional assumption that the potential be stable in a suitable sense
(see Condition 2.2 below), we shall prove part 1) of Condition 2.1. However, we
shall not be able to prove part 2) from first principles, and we shall only reduce it
to some decay properties of the classical solution ¢(t). This will be done at the end
of this section after the study of the quantum fluctuations, to which we turn now.

In order to define the unitary groups U,(t,s) and U,(t,s) we need to solve the
eyolution Egs. (1.22) and (1.42) of [2] with time dependent generators H,(f) and

H,(t)— H,. For the regular potentials considered in [2], the perturbation H, — H,,

was bounded by N, and it was therefore simpler to disregard U ,(t, s) and con51der

2(t s) directly. Since here H, — H,, is only bounded by H,+ N (cf. Corollary 2.1),
this is no longer the case, and we shall therefore study U (t s) first. The existence
and relevant properties of U »(t, s) will follow immediately from those of U,(t,s).
We shall make extensive use of the spaces #° defined for —1<5<1 by
H°=Q((H,+N)’) if 620 and by #°=Q*(H,+N)?) if §<0. Note that these
spaces are different from those with the same name used in [2].

Proposition 2.2. Let V satisfy (2.3) and let pe G (R, L>NL*P2). Then there exists a
unique group of operators U ,(t,s) satisfying the following properties :

1) For each ée[—1, +1], U,(t,s) is bounded and strongly continuous with
respect to t, s in A°.

2) U,(t,s) is unitary in .

3) U,(t,s) is strongly differentiable from #* to #~* and

U,(t,5)=H,()U,(t,s). (2.23)

Proof. This is a special case of a general result of Kato [6], (Theorems 4.1, 5.1, 5.2,
and Remarks 5.3 and 5.4), where we take X =#"""' and Y=#"'. The proof is
greatly simplified by the fact that we deal with a scale of Hilbert spaces, and we
restrict our attention to the verification of the main assumptions. That #* and
# ™1 are H,(t)-admissible for each ¢ and that H,(¢) is norm continuous in ¢ from
#?* to # " follows from Corollary 2.1, from the estimate (2.26) below and from
Proposition 2 of [7].

There remains to be proved that H,(t) is stable in #* and/or in # ™! (one
follows from the other by duality), or equivalently that the Kato approximants
with stepwise constant generator are uniformly bounded in ! and/or in # ~ ! for
t, s in a compact interval. Let therefore I be a compact interval and choose the
constant ¢y such that (2.16) holds for all tel. Let A,(t)=H,(t)+c5(N+1) and
define the family of equivalent norms in #~*

ol =4, 2. (2.24)
From (2.11) with ¢é=1 and from (2.16), it follows that

+i[H (1), A,(t)] = £ 2ic,(L(r)— L*(1)) (2.25)
Scyleq(t)+ey(t) (Hy+ (51 +1)N+2)
<2¢,(0)4,(0), (2.26)
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where
e (t)=(c5+b, +1)(c,(t)+c,(1) (2.27)

and ¢((t), i=1, 2, are defined and estimated by (2.9).

Furthermore, from estimates similar to those in Lemma 2.1, it follows that
A,(t) is norm differentiable from #'to # ~! and that its time derivative satisfies
the estimate

+ Az(t) S4c(ON + (1 () +c5(8) (eHy + (56 +1)N+2), (2.28)
where

colt)= .;1 Vil tel 25,101 25, (2.29)

O =1vIS "ol lol, for i=12, (2.30)

where g, is defined by (2.7) and ¢ is the time derivative of ¢. From (2.28) with e=1
and (2.16), we obtain

+ A, (1) £2¢45(1)A,(1), (231)
where
es(t)=4cy(t)+ (b, +2) (¢, (t) + (1) (2.32)

and we have used the fact that c; = 1. Using (2.26) and (2.31), one easily shows by
differentiation and integration that for all de#~! and all s, tel,

lexp(itH (1))@, = exp(|zlc, () [ P, » (2.33)

|&), Sexp (j dr%(r)) 1. (234

By Proposition 3.4 of [6], these estimates imply that H,(t) is stable in # .
Stability in #! follows by duality. Q.E.D.

As a by-product of the proof of Proposition 2.2, we obtain norm estimates for
U,(t,s) in A+,

Corollary 2.2. Let Vand ¢ satisfy the assumptions of Proposition 2.2 and choose c,
such that (2.16) holds for all t in some interval I of R. Then

1) For any @ in # ™1, for any t, s in I,

U, S)‘P{héexp( fdfﬁ(f)> 2], (2.35)
where
A1) =c (1) +c5(7). (2.36)

2) Define the norms
2], =|(Hy+N+1)*"2] (2.37)
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in #*! and denote by |||-||| , the corresponding operator norms in #=*. Then for all
t,sinl

U (e, 9|« =(Bes)'? exp(

i dre(t)

), (2.38)

Since U (?) is a unitary group both in #* and # ~', [equipped with the norms
(2.37)], the properties of U,(t, s) imply similar properties of U,(t, s)

Corollary 2.3. Under the assumptions of Proposition 2.2, U,(t,s) satisfies all the
properties stated for U,(t,s) in that proposition, with however (2.23) replaced by

i% U,(t,s)=(H, ()~ Hy)U,(t,5). (2.39)

Furthermore f]z(t, s) satisfies the estimate (cf. (2.38))

10,569l <(Bea) eXp(

} dre(t)

>. (2.40)
We next study the behaviour of Uz(t, s) as t and/or s tend to + co.

Proposition 2.3. Let V satisfy (2.3), let pe@' (R, L>NL*?2), let ¢ be bounded in
L?AL*P2 yniformly in t for teR* (resp. R™, resp. R), and let the functions ct)
(i=1,2) defined by (2.9) and c(t) (i=0, 1, 2) defined by (2.29) and (2.30) be integrable
at +oo (resp. at — o, resp. in R). Then

1) U,(t,s) and U 4(t, s) are bounded in # =" uniformly int,s for t,s in R* (resp. in
R™, resp. in IR).

2) Let in addition c(t) defined by (2.6) be integrable at + oo (resp. at — oo, resp.
in IR). Then, when t and/or s tend to + w0 (resp. to — o0, resp. to + 0 ), U,(t,s) has
norm limits as an operator from #*' to # ' and therefore strong limits as an
operator in #° for —1<5<1.

Proof. By the boundedness property of ¢ and Corollary 2.1, one can choose the
constant ¢, such that (2.16) holds for all 7 in R* (resp. R™, resp. R). Part 1) then
follows from (2.38), (2.40), (2.36), (2.27), and (2.32). Part 2) is proved in the same
way as part 2) of Proposition 4.2 of [2]. Q.E.D.

We conclude this section by analyzing Condition 2.1 for stable potentials (see
below), proving part 1) and reducing part 2) to decay estimates on the classical
solution ¢. This requires first some estimates on H,(¢) stated in the next lemma
(where the time dependence is omitted for brevity).

Lemma 2.3. Let V satisfy (2.3) and let oe L>*L*P. Then A, (defined by (3.24) of
[2]) satisfies the estimate

A% Ay 2N =TV, (2.41)
where c is defined by (2.6). Furthermore, for-any weC, |w|=1, and any LeRR,

W2 (wAy +@A%) £22coN + A7 hI (V). (2.42)
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Proof. Let @ be a vector in # with finitely many particles and smooth wave
functions. Let X =(x,, ..., Xy). Then

(A;2)X)=[dx Y @)V (x—x)PX,x)

1<isN

so that
[A3®|> < fdX [dx Y [V(x—x)| [ OX, x)?

13

“N Sup [ dylp()I*[V(x—y)

S¢o{D, 2N = DI, (V)P) (2.43)

by Schwarz’s inequality. This proves (2.41). In order to prove (2.42), we note that
for all JelR,

(AN)2 = (AN — 1)) "2 4%5) (AN)V2 — w A4 (AN —1))"VH =0 (2.44)
and therefore

WAy +DASAN+ A" (N=1)"1A%A4,, (2.45)
from which (2.42) follows by the use of (2.41) and the replacement of A by
2icoh™ M2 Q.E.D.

We now restrict our attention to potentials satisfying the following stability
condition:

Condition 2.2. (Stability of the potential.) There exist >0, f, 20 and f, =0 such
that the following inequality holds in the sense of quadratic forms

Iy (V=nlVI)+ BoH,+ BN Z0. (2.46)

This condition is closely related to the stability condition used in Statistical
Mechanics ([8], pp. 33-40). In particular, if the modified potential V —y|V|
obtained from the original one ¥V by slightly reducing its positive part and slightly
increasing its negative part is stable in the sense of [8], Condition 2.2 is satisfied
(with f,=0). We refer to [8] for the description of a large class of potentials
satisfying this condition. Positive potentials obviously satisfy Condition 2.2 (with
B 0= B 1 =0).

For potentials satisfying Condition 2.2, Lemma 2.3 implies the following result.
Lemma 2.4. Let V satisfy (2.3) and Condition 2.2, let h<h,=Min (1, (4f,)~ 1), and
let e L?>NL*P2. Then the following inequalities hold in the sense of quadratic forms

JHy+hH, +cg(N+1))SA () S35(Hy+hH, 4 cg(N + 1)), (2.47)

$Hy+ ey (N+ 1) SA (DS 2(H +hoH, +2cg(N + 1)), (2.48)
where A(t) is defined by

A (t)=H,(t)+h"*H,(t)+ hH ,+cg(N +1) (2.49)
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and cg is a constant depending only on c4 and on the constants , f,, and f,. One can
take for instance

3
c8=%c3<1+2—n) +B,.

Proof. The result follows by an elementary computation from (2.42) with various
choices of Aand w=® = 41, from Condition 2.2, from (2.16) and from the fact that
cy=4c,. Q.ED.

We can now prove the following result.

Proposition 2.4. Let V satisfy (2.3) and Condition 2.2, let hy=Min(1,(48,) ") and let
pe% (R, L*NL*P2), Then

1) Wt,s) is bounded and strongly continuous in t at fixed s from Q(H,+h,H,
+2cg(N+1)) to QHy+N) and Wi(t,s) and W(t,s) are bounded and strongly
continuous in t for fixed s from Q(NH,)"*?/*+ N?) to Q(H,+ N). Boundedness is
uniform with respect to h for 0<h=h, and with respect to t and s in compact
intervals.

2) Let in addition ¢ be bounded in L* ~L*P uniformly in t for teR* (resp. R,
resp. R), and let the functions c(t), i=1, 2, defined by (2.9), c|(t), i=0, 1, 2, defined by
(2.29) and (2.30), ¢,(1)*'? defined by (2.6) and c;(t)*'* defined by

o= 2 IIVill, 9135, (2.50)

be integrable at + oo (resp. at — oo, resp. in R). Then the boundedness properties of
1) hold uniformly for t, seR™ (resp. R™, resp. R).

Note that part 1) [resp. part 2)] of Proposition (2.4) implies part 1) [resp. part
2)] of Condition 2.1 with &, =Q((NH,)""?/*+ N?).

Proof. We prove only the statements relative to W(t,s), from which those relative
to W(t, s) follow immediately. Let I be an interval (possibly unbounded) of the real
line and let us choose the constant ¢, such that (2.47) and (2.48) hold for all trel.
This is always possible if ¢(t) is bounded in L*~L?P> uniformly for teI. The case
where [ is bounded (resp. unbounded) is relevant for the proof of part 1) [resp. part
2)]. Let now # be fixed and define 4,(t) by (2.49). From (2.11) with e=1 and (2.42)
with A=c,(f)”/? it follows that

HilH,(0)+ 1 2Hy(6)+ hH, A4(0)]

= Ficg(2AL(1)— L*(1)) + A5(t) — A%(1) (2.51)
<eg{(c, (0 +¢x(0) (Ho + (B, + DN +2)

+eo(t)2 (N +hH )}
<2cq(t)A,(1). (2.52)

where

cs(O)=2(cg+b, +2)(c,(t)+c,(t) +co()1?). (2.53)
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Furthermore A,(¢) is norm differentiable from Q(H,+hH,+cg(N+1)) to Q*(H,,
+hH, +cg(N +1)) and its time derivative satisfies the estimate

+ A (1) S4cy(ON + (¢} () +¢5(0) (Hy + (B, + DN +2)

+cp(OV*2N +hH,)
=2¢,(0)A,(1), (2.54)

where

() =2(c5(t)+2cH(1)*?) (2.55)

and c¢4(t) and cj(t) are defined by (2.32) and (2.50) respectively.
Let now s be fixed and define

Dy ={WeH: Clp,(s) Ve DH)NDN)}. (2.56)

By Lemma 3.1 of [2], W(t,s)¥ is strongly differentiable in s for all ¥ in 2,.
For such ¥, one can then estimate by differentiation and integration

1A ()W (e, )P, (s)” 2P|

-exp{

This estimate extends by continuity to all ¥ in Q*(H,+hH,+cg(N +1)). By
duality and use of (2.48), it implies the estimate

I1(H o+ c5(N + D) 2WA(L, 5) (H o+ hoH , +2cg(N + 1)) 12|

} (2.58)

t

§ dr(ce(r)+¢4(0)

N

} . (2.57)

<232 exp{

Jdr(cg(t)+c4(7))

for all he(0,h,] and all ¢, s in I. The boundedness properties of W(t,s) from
Q(Hy+hoH,+2cg(N + 1)) to Q(H,+ N) both in parts 1) and 2), follow immediate-
ly from the estimate (2.58). Strong continuity follows from weak continuity and the
continuity of the norm, which in turns follows from similar estimates. Finally,
boundedness and strong continuity of W(t,s) from Q(NH,)"*?*+N?) to
Q(H,+ N) follow from the preceding results and the inequality

H,<B,(NHy)"t 24+ N?), (2.59)

where f8, is a constant depending only on V. (2.59) follows from Sobolev’s
inequality and elementary estimates. Q.E.D.

The integrability conditions of ¢,(t), i=1,2, and c{(t), i=0, 1,2, that appear in
Proposition2.4 are the same as in Proposition2.3. For dispersive classical
solutions with suitably regular initial data, they follow from our general theory of
the classical equation [3]. This is not the case, however, for the integrability
conditions of ¢,(t)'/? and cy(¢)!/?. These conditions are equivalent to the in-
tegrability of || (1), and [|@(1)] ,;, i=1,2. For solutions of the free equation with
suitable initial data, they are satisfied provided p, <p, <n/2, a condition that we
shall require anyway in order to control the #—0 limit in Sect. 3. Since dispersive
solutions of the classical equation tend to behave asymptotically in time like
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solutions of the free classical equation, it is reasonable to expect these integrability
conditions to hold also in the interacting case.

We shall not go further in the reduction of Condition 2.1, and we shall use it as
a technical assumption wherever needed in Sect. 3.

3. The Limit A—0

In this section, we prove the main result of this paper, namely the strong
convergence of W(t,s) to U,(t,s) uniformly in t,s. We follow to a large extent
Sect. 5 of [2] with which most of the notation is common. In all this section, we
assume that V and ¢ satisfy the conditions

VeLPr+LP> with 2n/(n+2)<p,<p, =0,
V_ELMax(pl,n/2)+Ln,/2 ,

(R H NL*") NG (R, L>NL>P2), (3.2)

and that ¢ satisfies the Eq. (2.9) of [2]. We define b, and b, by (5.3) and (5.4) of [2]
and B;=I(b,), i=1,2 (cf. (5.1) and (5.2) of [2]). In all this section, we assume that
part 1) of Condition 2.1 is satisfied and that the set &, which appears in this
condition is such that 2, NQ(NB,) is dense in #. Note that by definition
2, CQ(Hy+ N). We take a fixed Ye Z,nQ(NB,), we define ¥ (t),i=1,2, by (5.7) of
[2], and we start estimating the quantity | ¥,(t)— ¥,(1)]|%, which we decompose as
in (5.8)-(5.13) of [2]. We consider the various terms J, of this decomposition
successively. As in Sect. 5 of [2], we omit the dependence on v, x, most of the time.

(3.1)

Lemma 3.1. 1) J, tends to zero as v,x— o0 uniformly for ¥ in a bounded set of
Q(H,+N).

2) J, tends to zero as v,k— oo uniformly for t,s in a compact interval and
uniformly for ¥ in a bounded set of Q(H,+ N). If in addition the assumptions of
Proposition 2.3, part 1), hold, the convergence is uniform for t,s in R™ (resp. R™,
resp. IR).

Proof. We note that

1-P=1-0+1-R<l-0g+TI(1—-0,) (3.3)
SO ) HG+HN D), (3.4)
where
Y= Sl;p(1~é(k))(k2/2+1)". (3.5)
Therefore
Jo=0 T ) P13, (3.6)
TS0y )PP L0 (3.7)

The assumptions made on g ensure that y, —0 when x— cc. The result then follows
from (3.6) and (3.7) and Proposition 2.3, part 1). Q.E.D.
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We now turn to J,.

Lemma 3.2. J, satisfies the estimate
J,£2 idt{4))260(‘t)+((51 +2v " o ||, et 267 12D y2

(e (@D OO P+ (3.8)

for any £ >0, where g, is the particle number cut off function, o' its derivative, c(-),
i=0,1,2, are defined by (2.6) and (2.9), and

V2= Sgp(l—é(k))(k2/2+1)_l/2- (3.9)

In particular, if the assumptions of Proposition 2.3, part 2), and Condition 2.1 hold,
J, tends to zero as v,k— o0 uniformly for t,s in R (resp. R™, resp. IR).

Proof. We observe that

[H,(1), P1=[H,(1),c]R +0[H,(x), R] (3.10)
and

[H,(x),06]=(0(N +2)— 6(N)) L(z) + (a(N — 2) — o(N)) L*(z). (3.11)
By the same argument as in the proof of (2.11), we obtain

+i[H,(t), 61<2v ™ Yo ||, 3 (e (0) + () (eH g + (b, + )N +2)
<, +2v Yo, (e (D) + eyt (Hy+ N +1). (3.12)

On the other hand

+i[K(r)+ G(1), R]
<M= 1 4)7 V2 [k(1)+g(2), 1— 0, ] (A— £ )~ V2|||, (H o+ N)
<4y,c0(1)(Hy +N) (3.13)
by (2.4), (2.5), and (3.9).

Finally, we estimate []:(r) + L*(7),R]. By the same argument as in the proof of
(2.8), we obtain easily

[L¥(1), RI[R, L{)] = 3¢{(0)°IH(L~R)| V' (1~ R)) (3.14)

for i=1,2. Using (2.10) and momentum variables, we obtain for any ¢>0

Z(l* k))z( (ki_kj)2+58>
i<j

< —2- NHy+2b,N ¥ (1—a(k))*

b

NHy+2by2N(H,+N). (3.15)

N ™
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By the same argument as in the proof of (2.11), (3.14) and (3.15) imply the estimate
+i[L(t)+ L*(z), R1S ("% + 27 12b y2)
(e (D) + ey (N(H+N+1). (3.16)

Collecting (3.12), (3.13), and (3.16) and using Schwarz’s inequality, we obtain (3.8).
In order to prove the last statement of the lemma, we note that y,—0 when kx— o0
and that the sum (¢"/2+2¢~ ¥/2b y2) can be made arbitrarily small by fixing first ¢
sufficiently small and then x sufficiently large. Q.E.D.

We next turn to J; and J, in a first step, we obtain the crude estimate

J, S2h1271 }drn P, (%), I(Hy+ N +1)"Y2H (1)P¥ (1) (3.17)

for i=3,4. By part 1) of Condition 2.1, by Lemma 2.2 and Proposition 2.2, the
integrand in (3.17) is a continuous function of 7. At the present stage, we can
already prove the convergence of W(t,s) to U,(t,s) in finite time intervals.

Proposition 3.1. Assume that V satisfies (3.1), that ¢ satisfies (3.2) and the Eq. (2.9)
of [2], and that part 1) of Condition 2.1 holds with 2, NQ(NB,) dense in . Then

s-im W(t,s)=U,(t, s) (3.18)
-0
uniformly for t,s in compact intervals.

Proof. The proof is analogous to that of Proposition 5.1 of [2]. Q.E.D.
We recall that, for stable potentials in the sense of Condition 2.2, part 1) of
Condition 2.1 holds with 2, nQ(NB,) obviously dense in J# (see Proposition 2.4).
We are now left with the task of estimating J, and J, uniformly in time. For
this purpose, we need more refined estimates than (3.17). We define the operator
V, in A, by

V,=V({l—4,)"'V, (3.19)

where 4, is the Laplace operator in the difference variable, and the operator g, (1)
in #, by

9,(0= [ dylo(r, P V-5 4)"1V,, (3.20)
where V, is the operator of multiplication by V,(x)=V(x—y) in .

We also define

V1) =Uo(0)* V,Uy(t)l 4, (3.21)

G1(1) =uo(1)* g,(Tue(1), (3.22)
and

O(1)=Uy(1)P{r) for i=1,2. (3.23)

We can then estimate J, and J, as follows.
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Lemma 3.3. J, and J, satisfy the estimates
TS0 [0 (0, PN G DP (2
(P01 + 200 )2 P (0), PTT ()PP (02} (324

J S22 Edrn W (1)), (1), PLL(V, ()P ,(2)> 12 . (3.25)

Proof. In this proof we omit the T dependence. We consider first J, and estimate
successively the contributions of A% and A4, to the scalar product <‘P1,H PY¥,>
(cf. (3.23) and (3.24) of [2]).
(W, ASPY )y =( D, ATPD,)
= Z<<151> > Vi Pcbz)(l)> (3.26)
ifj
where {, >, denotes the N particle contribution to the scalar product in J#, the
subscripts i and j label the variables that occur in V, ¢, denotes the classical
solution taken as function of the variable i and (P®,);, denotes the wave function
with variables different from i.
The previous scalar product is estimated as

K@, ATPP))| = Z<4>1, > ( %Aj)<1’1>”2

i*j N
L (PO VA= 34)7 Vi POo) a2 (3.27)
i*j
by Schwarz’s inequality and where 4; is the Laplace operator in the variable j,

o= %{<¢1’(HO+N)¢1>N(N_ 1) fdyle()*
'<P¢25Z(Vy)j(]1—%Aj)—l(Vy)jP¢2> }1/2 (3.28)
J N-1

=Y (P, (Hy+N)P DN* (PP, NT,(g,)PP,>+2, (3.29)
N
by inspection,
<[P, (P, PNT,(g,)PP,)""? (3.30)

by Schwarz’s inequality applied to the sum over N.
We next consider the contribution of 45 to J;:

(P, APV, =(P,,A,PD,)

= Z Z <(p1(z)q’zv V'jP(pz>N- (3.31)

N i%j
Therefore

K@y, A PP, )| < ;{z <d)1(,)(/)p(]1 4, )(Pz 1(1)>N}

{Z (D, PV, (A= 4,)" VPO, Dy }1/2 (3.32)
iFj
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by Schwarz’s inequality, and where 4,; is the Laplace operator in the difference
variable x;—x; Now —4,,< —$(4,+4),) and therefore

z <(p1(i)€01, (1— Aij)(Pi(p1(i)>N§ “q0|l2<¢13 (Hy+N)P Dy
i¥j

+ 3 1IVIIP (P, NP >y . (3.33)
On the other hand, the last bracket in the R.H.S. of (3.32) is simply
{:}=2®,, PIL(V)P®; ). (3.34)

Substituting (3.33) and (3.34) into (3.32) and applying Schwarz’s inequality to the
sum over N, we obtain

KDy, AP (1V0]? +20 0% 2P || (Do, PTL(V )PP (3.35)
(3.24) follows from (3.30) and (3.35).

We next consider J,. We have to estimate

(¥, H,PP,>=(D, H,PD,>= Z<q§1, 3 Vl.jpcpz>. (3.36)
N

i<j

By Schwarz’s inequality

K@, HPD,)|=< ;K@l, Y (]]'—Aij)¢1>1/2

i<j N
'<@2,P Z Vij(ﬂ_Aij)_lViqu)2>1/2}
i<j N
<P, (Hy+N)®, >3 D, 5 NP, (V) PP,)'>. (3.37)

From this, (3.25) follows immediately. Q.E.D.
The next step is to estimate the two matrix elements that occur in the R.H.S. of
(3.24) and (3.25). Using the definition of P (cf. Sect. 3 of [2]), we obtain

(¥, (2), PNT(G,(2))PV 5(1)) S2v( ¥, (1), I'1(G2:(D) V(7)) , (3.38)
where
g.r(0)=0,9,(t)o, - (3.39)

The R.H.S. of (3.38) is then estimated exactly in the same way as in [2], (see
Lemmas 5.5 and 5.6 of [ 2]), with the only difference that g, replaces g,. We collect
the relevant results in the following lemma.

Lemma 3.4
CHL(0), Ty (G502 <P, By O 2 llg (1) 20,0 (1)bT 121
+ [dr|(N+D)2,() ] {lllg,(t) %0 cuo(t — T)g(x )],

+2[19,(0)" 20 ot — (T ys} - (3.40)

In order to estimate the second matrix element that occurs in (3.24), (3.25), we
fix an interval I CIR (possibly unbounded) and choose a constant ¢, according to
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Corollary 2.1 such that (2.16) holds for all ¢ in I. We let then s, tel and therefore
tel. From the definition of P, we obtain easily

PIL(V)P<y3: (V) (Hy+cs(N+1) 71, (3.41)
where
Vir=RV,R|, , (3.42)

v, is the constant (depending on v and ) defined by

Pi= (SupNa(N + 1)2)<Sup(c3 + %kz)@(k)z) , (3.43)
N k
so that
ESY (2c3 + Sup kzé(k)2> , (3.44)
k

and the dots : : denote the normal product. More precisely, I',(V,) is for each N a
sum of two particle operators, and for each term of the sum the operator
(Hy+cy(N+1))"* acts on the (N — 2) remaining variables. Using (2.16), we obtain
for all tel

(P,(1), PL,(V, (1) PP, (0)) < 392M (1, 7)?, (3.45)

where we have introduced the function

M y(7,7) = (W,(0), T (Var(D) Ay (1)1 W, ()2, (3.46)
with
A, (1)=U4(0)* 4,(0)U (1), (3.47)
Var(0)=Uo(0)*VyxUo(x). (3.48)
and
Ay(t)=H,(t)+cy(N+1). (3.49)
In order to estimate M 4(t, 1), we estimate first M4(t,s) and
Ms(r, v)=dM (7, 7)/d7 . (3.50)
Clearly
M(t,5)=< ¥, TV, g(0) A,y (s) " - V2, (3.51)

This quantity is readily estimated by the following obvious lemma (cf. Lemma 5.7
of [2]):
Lemma 3.5. M .(t,s) satisfies the estimate
M(z,8) S 2V 2, Iy(Vig(0) 9512
<212, B, Py 2 (1~ 4,) 7 PVRU(0)by 2], (3.52)
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We now estimate M 5(1,7'). We recall (see the proof of Proposition 2.2) that 4,(t)
satisfies the following inequality, in the sense of quadratic forms on Q(H,+ N):

+ {4, (1) +i[H,(z), A,(0)]} S26(1) 4, (1), (3.53)
where ¢(t) is defined by (2.36), (2.27), and (2.32).

Lemma 3.6. M (t,7) satisfles the estimate

IM (7, 7)| et )M 5(1,T) + N2, (1)|
A= 4,)"PVRU (e~ )G, + 4w, (t, el 3
+2“2|| P |(1—4 +)” ”ZVRUO(r—r’)L*(r’)!POH s (3.54)

where w,(t,U)=w, is the positive one-particle operator, the square of which has
integral kernel

wixy, xy) = [dx,dxydyV,(xy,X,5%),X5)
[0tto(t—TIK(T)] (x4, Y) [0 U0 (T — TIR(T)I (X, ¥) (3.55)

with V, defined by (3.19).

Proof. We start from the identity

2iM5(r,r'>M5<r,r'>=< W0, [Ty 1 ) — Ho]
Pyl o)) (356
~ _ d
=——<‘P2(‘E’), :Fz(V4R(t)){ (7)) <1—A2(r)
+[A,(t), Hy(t)— HO]) L) 1} ‘Pz(r’)>

F VL), T ([Var(0), K@)+ GE)DAL(T) L P,(0))
F VL), (Vg ()AL (E) i< LHT) P, (7))
(WL (0), L)< Ty(V, g (1) A, (1)L WL (T)), (3.57)

where we have classified the various terms in the commutator with H,(t)—H,
according to their connectedness with V,x(7). In particular in the last two terms,
the notation < means that L and L* should be contracted with Vg namely that
the operator ¥, acts on one or both particles created by L* or annihilated by L
[1]. The two contributions thereby obtained will be referred to as having one or
two contractions respectively and will be written with ¢ or —=.

Using (3.53), we estimate the first matrix element in (3.57) by

IS 281 M o(z, 7). (3.58)
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By Schwarz’s inequality, the second matrix element is estimated as

[<CO1=2Im P ,(7), T (Vig (DK (T) + GENALT) L P,
SOM (1, )P ,(T), TH((K(2) + GV, (D) (K () + G(T)
AT )y
SOM (1, 7)(1—4,) " PVRU o(— ) (K@) + G, N2 P,
(3.59)

where we have used the definitions of V4R, K, and G and the inequality (2.16) with
¢;=1, and the factor 4,(v)"! has been used to cancel one power of N coming
from I',. By further use of Schwarz’s inequality (see the proof of (5.60) in [2]), the
contribution of K is estimated by

(@ —4,)2VRU (1= K@), S2lIw,(t, 7)o, (3.60)

with w,(t, ') defined by (3.55).

The last two matrix elements in the last member of (3.57) are complex
conjugate to each other. We consider the term with L*. By Schwarz’s inequality,
we first obtain for i=1,2,

[P (1), (Vi) A(0) ™ 1= LH )W)
SM (0, V)WL), L) 7= Do (Vag(t) A7) Th: 12 L) P,(1)) 2.
The term with two contractions (i =2) is further estimated by
LEM ()WL), Ay (1) T LTV ELHT) W o, Var(D) LHT) P L2
S2PM (0, 7) [P (L~ A4,) 7 P VRU (1~ )L¥T) ¥ | (3.61)
in a similar way as in (3.59). In order to estimate the term with one contraction
(i=1), we first use (2.16) to replace Az(r) "' by (N+1)7', apply once more

Schwarz’s inequality to the summation over the uncontracted leg of L* and L,
thereby obtaining

S22M (1, U)W (1), L(t) = Dy (Va (D) (N + 1) 7 L2 LA P, (2)) 12
S2VEM (1, 7) (W), 2 (0 ,w30,) WL () 2, (3.62)

where w, is defined by (3.55).
Collecting (3.58)—(3.62), we obtain (3.54). Q.E.D.
Lemma 3.6 provides an estimate of the form

IM (7, 7)| L&t )M (1, 7) + f(z, 7)) (3.54)

which we shall use in the integrated form

M (t, 1) S M (1, s)exp G d7’ E(r’))

+ fdf/ f(z,7) exp<f dr” E(r”)) . (3.63)

In order to complete the estimation of J; and J,, we proceed as in [2], making
essential use of the dispersive properties of the free evolution expressed by
Lemma 5.9 of [2]. We recall that V and ¢ satisfy the assumptions (3.1) and (3.2),
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and that b, (i=1,2) are defined by (5.3) and (5.4) of [2] with > 1. We shall write
V=V, +V, with Ve L?, i=1,2. The following two lemmas are the analogues of
Lemmas 5.11 and 5.12 of [2].

Lemma 3.7. Let [>2,1=n/f, and |=p,. Define I, a and A(t) by
1/=Max(0,1/p,—1/l—1/n) for i=1,2, (3.64)
a= _ Sup [(L-30)7"?|,(=Max(1,2'%a,), (3.65)

229=2n/(n—2)

where | -||,.., denotes the norm of an operator from L% to L? and a, is the constant
in the Sobolev inequality (5.68) of [2], and

AE(T)=aazlf|_"/'Z lelz Vil - (3.66)
Then

Mg(0) 20 uo(0bT V21l S ()] (1), (3.67)

(=4, VRU (1)b; 2|, =27 " (7). (3.68)

Proof. We first note that for suitably regular v

)2yl =<y, g (D)2

={{dylo(t, y)|>Cp, V=3 4) V,p)}'/?
= llo()| Sl}}p [(1—3 4"Vl (3.69)

From there on, the proof of (3.67) follows by the use of Lemma 5.9 of [2], part 2),

of Holder’s and Young’s inequalities, and of Sobolev’s inequality in the form (3.65).
The proof of (3.68) is first reduced to an estimate of a one-particle operator by

the use of Lemma 5.10 of [2], and then proceeds along the same lines. Q.E.D.

Lemma 3.8. Let [=2, [=p, and 1/1=1/p,—1/2, define I; by (3.64) and q; by

1=2/q;=1/p;= 1l for i=12, (3.70)
and let

lg.(z

iz, r')=a( Vi, u@un) Qnlt—|)~""

i=1,2
: <i=1,2 1Vill, |i<P(T')|i§;>' (3.71)
Then
lllg (1'% uo(x —T)g(Il; < (D)l (z, 7). (3.72)
92(1)! 20 ot = TVK(T) s = (D) 14(7, ), (3.73)
(L—4,) 2 VRU(t— )G, =2 pifz, ), (3.74)
L=4,) 7 PVRU(t— o) LX) P 27127 py(r, 7)), (3.75)
lwa (T, e,y = Hlwa(z, DIl S ple, ), (3.76)

where w,(t, ') is defined by (3.55).
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Proof. The proof of (3.72) and (3.73) proceeds as that of (5.79) and (5.81) of [2],
with the additional use of (3.69) and Sobolev’s inequality in the form (3.695).
In order to prove (3.74), we note that for i=1,2,
(L —4,)" 2 V.RU(x—1)G()lIl,
S =407 VLIV =" RU (e — )Gl

SIE— )72 w0 2 Sup|[V;,[" ™" uo(r = T)g (@Il (3.77)

with (1 —6;)/p;=1/I+ 1/, and where v, is the operator of multiplication by ¥}, in
H,.
In the last member of (3.77), the first factor is estimated by the use of Holder’s
inequality and Sobolev’s inequality in the form (3.65), while the last factor is
estimated in the same way as in the proof of (5.80) of [2]. The proof of (3.75)
proceeds as that of (5.83) of [2], with an additional use of (3.65).

We finally turn to (3.76). The first inequality is obvious. To prove the second,
we write for pe L?

[wy(z, )l = {dyl(1— 4" V(p®06)lI3}?,
where
0,=[ouo(t—1)k()](,y)

and |||, denotes the norm in L*(R” x IR"),

L= Z |I(]1*A)_1/Zvi“2«—s;

i=1,2
n n
vl )l

: {f dy{f dn (j dé 2)s4/2r/s;}1 2

2 @@= 20 g {f dyll 10,212

i=1,2

=alvl '=Zl , Vil vs(t. 7). (3.78)

3

I

IA

where s; is defined by 1/s;=1/2—1/I—1/I; and y(z,7') is defined by (5.86) of [2].
Now (3.76) follows from (3.78) and (5.89) of [2]. Q.E.D.

Collecting the estimates contained in Lemmas 3.3-3.8 and neglecting a few
numerical factors to simplify the final expression, we obtain

Ty J, <2 de) V0], Infe) {<2vh)“2u<pn (¥, B, W)
8 1

+3(h”2||<p(f)llgx+hv1’2)v3<¥’,32¥’>”2eXp(

; dt'e(r")

)

+6jfdfll ¥, (0l jdf’ Infyiz, 7) (N + D2, ()]

-{(2vh>”2nqon A2 () g+ Yy exp(

f dt"e(t")

)} (3.79)



Classical Field Limit. IT 67

where we have used the fact that ||(7)| =|/¢| is actually independent of <, || - || ;;:
denotes the norm in the Sobolev space H*, and the Infimum is taken over the
values of [ allowed in Lemma 3.7 for 4; and in Lemma 3.8 for y;.

We now state our main result. Since it is an extension of Theorem 5.1 of [ 2] to
the present case, we refer to [2] for the complete statements, and indicate here only
the necessary changes in the assumptions.

Theorem 3.1. Let n>3 and let V satisfy

n 2n
VelPr+ [P2 ith Max|—,——|<p,<p, <
€ + wi ax(4,n+2) P2=py
V_eL"?,

n
2’ (3.80)

Let r and v’ satisfy the (compatible) conditions

<.t (3.81)

- <3 + " 3y (3.82)
LetX,,, Z,(-) and Z () be defined by (2.1), (2.2), and (2.11) of [2]. Then parts 1) and
2) of Theorem 5.1 of [2] hold.
_ Let in addition k=3. Then part 3) of Theorem 5.1 of [2] holds, with however
W(t,s) and U,(t,s) now satisfying Propositions 2.1 and 2.2 respectively.

Let in addition k=3 and let Condition 2.1 hold with 2 nQ(NB,) dense in .
Then parts 4) and 5) of Theorem 5.1 of [2] hold.

Proof. We refer to the various statements by their numbering in Theorem 5.1 of
[2]. The proof is almost identical with that of the latter and we indicate only the
necessary changes. Parts 1) and 2) require no change. In order to prove the first
statement in part 3), which refers to finite times, it suffices to prove that ¢ satisfies
(3.2). This follows immediately from the definition of Z,(RR), from the classical Eq.
(2.9) of [2] and the condition k = 3. The second statement in part 3) is obvious as
far as W(t,s) is concerned. In order to prove it for U ,(t,5) it is sufficient to prove
that in addition to (3.2), ¢ satisfies the assumptions of Proposition 2.3, namely the
integrability at + oo (resp. at — oo, resp. in IR) of the quantities c/(t) and c(¢) for
i=0,1,2, or equivalently the integrability of I|qo(t)||§ and [@(@®)], o), for g=2p,
and g=gq,, i=1,2. Since the time decay of || ¢(t)],, as expressed in the definition of

Z,(R), improves with increasing g, we choose a,=Min(p,—1,1) in (2.7) so as to
make g, as large as possible. Since g, <¢, and g, 5 2p,, itis suff1c1ent to consider the
case g =g, =Min(2p,,4). The previous integrability condition then follows from
the time decay of [ o(t)],, and [|¢(?)]l,, which in turn follow from the definition of
Zo(R), directly for ||p(1)]],, and through the use of the Eq. (1.67) of [2] for [|p(1)]l,,-
This condition reduces to 1—2/g, >1/n and is satisfied since p, <n.

The proof of parts 4) and 5) proceeds in the same manner as in Theorem 5.1 of
[2]. By Proposition 2.3 and Condition 2.1 respectively, the factors
[(N+1)Y2¥,(r)]| and |¥,(x)|, in (3.79) are bounded uniformly in # and
uniformly in 7, 7/, s in the relevant intervals. It is then sufficient to prove the
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integrability at + oo (resp. at — oo, resp. in R) of ||o(t')||, for i=1,2, with g;=q/(])
defined by (3.70), both for [=n+¢ and |=n—¢ for some ¢>0. By the definition of
Z,(R), the integrability condition reduces to 1/p,— 1/I>1/n and is satisfied because
P, =p,<n/2. QE.D.
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