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Abstract. The partition function of a degenerate quadratic functional is
defined and studied. It is shown that Ray-Singer invariants can be interpreted
as partition functions of quadratic functionals. In the case of a degenerate non-
quadratic functional the semiclassical approximation to the partition function
is considered.

Section 1. Introduction

The degenerate Lagrangians are important in quantum field theory. For example
the action in gauge theories is invariant with respect to infinite-dimensional group
of local gauge transformations and therefore the corresponding Lagrangian is
degenerate. To calculate the physical quantities in gauge theories one must impose
the gauge conditions, but final results must be independent of the gauge
conditions. The physical quantities in the gauge theories and other theories
described by degenerate Lagrangians were expressed through functional integrals
by Faddeev and Popov (see [1]).

In the present paper we give a rigorous treatment of the case when the action is
a degenerate quadratic functional (Sects. 2 and 3). Our results can be useful when
dealing with various questions on quantum field theory. For example, they are
connected with so-called anomalies. These results can be used to study the
instanton contribution in Schwinger functions (Sect. 5). Our assertions can be
applied outside of quantum field theory too. They are closely related with the
theorems proved in [2, 3]. Namely, we show that the Ray-Singer torsion [2] can
be considered as a partition function of action which is invariant by diffeo-
morphisms. The independence of Ray-Singer torsion on the choice of riemannian
metric can be interpreted as independence of the partition function on the choice
of gauge condition. In a similar way one can get invariants constructed in [37] and
new invariants. One of the new invariants will be described below.

Part of our results was formulated in [4]. A short review of some mathematical
results used in present paper can be found in [5].
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2 A. S. Schwarz

The functional integrals for partition functions of quadratic functionals are
gaussian and therefore they can be expressed through determinants. We must
define therefore the determinant of infinite-dimensional operator and some related
notions.

We say that the non-negative self-adjoint operator B in Hilbert space is regular
if for t—>+0

Sp (exp (—Bt)—II(B))= Y. o, (B)t ¥+ 0(t") , 1)

where ¢ >0 and k run over finite set K of non-negative numbers. The symbol IT(M)
denotes here and later the projector on the kernel of operator M :

H(M)x= Z (x’f;)f; s

where f; run over zero modes of M. The trace Sp M of operator M is defined as

z <Mei’ ei> s

where e; run over orthonormal basis. [Always when we consider the trace of
operator M we suppose that the operator M is of the trace class, i.e. the sum of the
eigenvalues of (M*M)Y? converges.] The zeta function {(s|B) of operator B for
large Re(s) can be defined by the formula

—-s__l_00 _ _ s—1
{s1B)= ). 4; —F(S)g Sp(exp (—Bt)—II(B))r*~ “dt @

where 4; run over non-zero eigenvalues of B. For other s the zeta function must be
defined by means of analytic continuation. It is easy to check that for regular
operator B the analytic continuation of {(s|B) in the half-plane Re(s)> —¢, ¢>0

can be written in the form

1 B)
{(sIB)= o (kZK ‘:"f k) + { Sp (exp (— Bt)— II(B))t*~ dt
+f (Sp (exp(—Bt)—I(B)— Y. ak(B)rk)ts-ldt) ) 3)
0 keK

We define the regularized determinant D(B) of the regular operator B by the
formula

d
log D(B)= — 75 S61B)l=o -

This definition is correct because {(s|B) is analytic at point s=0. It follows from (3)
that

logD(B)= Y k™ 'ay(B)—I"(1)xy(B)

keK,k*0

- of Sp (exp (—Bt)—II(B))t ™ 'dt
1

© ey

(Sp (exp(—Bt)—I(B)— Y, ock(B)t_")t'ldt ) 4)

keK
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If B is an operator acting from Hilbert space #, into Hilbert space s, and the
operator B*B is regular, then one can define the regularized determinant D(B) as

D(B)=exp (—% ;—SC(SIB*B)> =D(B*B)"*. )

If B is a self-adjoint regular operator this definition of D(B) concide with the

preceding one.
We define smooth regular family of operators as a family of regular operators
B(u), 0=u <1, satisfying

d

(S0 €9 (=B —TTB) - 3. B < ©
for 0=t<1 and

2 (Spexp (~ B~ B < Cyt ™ )

for t=1. (Here K denotes finite set of non-negative numbers, N is an arbitrary
number, the positive constants ¢, C, C do not depend on u.)

We say that the operators A, B acting in Hilbert space # form a regular pair if
B is a non-negative self-adjoint operator

Sp 4 (exp (—Bt)—I(B)) = kZK BAIB)t™*+0(t%) t)

for t— +0 and
Sp A(exp (— Bt)—II(B))=0(t %) )

for t—co. [Here as in (3) K denotes a finite set of non-negative numbers, ¢ >0, N as
an arbitrary integer.] If A=1 then the pair (4, B) is regular if and only if the
operator B is regular.

Let us consider differential operators on a compact manifold M (i.e. differential
operators acting in the spaces of sections of vector bundles with the base M). The
coefficient functions of differential operators (as well other functions under
consideration) will be always supposed smooth. The family of differential oper-
ators depending on parameter u, 0<u =<1, will be called smooth if the coefficient
functions are smooth with respect of all arguments (including u). Further in
present section we use the notations 4 or A, for differential operators and the
notation B for self-adjoint non-negative elliptic differential operator.

Lemma 1. The operator A, exp(—Bt)A4, is of the trace class for t>0 and
Sp A, exp(—Bt)A,=Sp A,A, exp(—Bt)=Spexp(—Bt)A,A4, .

Lemma 2. The function Sp A(exp (— Bt)— II(B)) decreases faster than any power of
t at infinity.

Lemma 3. For t— +0
SpAexp(—Bi)=Y ¥(A|B)t *+0(t")
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—2l
where >0 and k= nT, lis an integer. (Here n denotes the dimension of manifold
M and m denotes the order of operator B.)
Lemma 4. If M is an odd-dimensional manifold, then ¥ (A|B)=0.

The coefficients ¥,(A4|B) can be calculated by semiclassical method. They are
given by local formulae. In other words the following assertion is correct.

Lemma 5. If the coefficient functions of operators B, and B, coincide in the
domain GCM and the coefficient functions of A vanish in M\G then
Yo (A|B,)=Y,(A|B,) .

It follows from Lemma 2 and Lemma 3 that the pair (4, B) is regular and the
coefficients f,(A|B) are given by f,(A|B)=¥,(4|B)—Sp AII(B), f,(A|B)=¥,(A|B)
for k>0. For arbitrary elliptic operator C the operator B=C*C is a non-negative
self-adjoint elliptic operator ; one can therefore define the regularized determinant
D(C) for arbitrary elliptic operator.

Let A(u) be a smooth family of differential operators and B(u) a smooth family
of self-adjoint non-negative elliptic operators (0=u=<1). We assume that
Sp II(B(u)) =dim ker B(u) does not depend on u.

Lemma 6. The function ¥, (A(u)|B(w)) is smooth with respect to u and
Sp A(u)exp (— Bu)t) — Y. P (Au)|Bu)t ™ < Ct*
k

for 0<t<1

ISp A(u)(exp (— Bu)) — II(B)| S Cyt ™"
for t=1. (Here ¢>0, N is arbitrary, C and Cy do not depend on u.)
Lemma 7.

dSpexp(—Bu)t)
du =5
It follows from Lemma 6 and Lemma 7 that B(u) is a smooth regular family.

The lemmas above can be derived from well known results. In particular
Lemmas 3-6 can be deduced from the results of [6] and [7].

dBL”) exp (— B(u)t) .

Section 2. The Partition Function of Quadratic Functional

Let & be a quadratic functional on a pre-Hilbert space I i.e.

FN)=LSLF> 1)

where S is a self-adjoint operator acting in Ij. If the functional % is non-
degenerate (i.e. Sf =0 if and only if f=0) and S? is a regular operator one can
define the partition function Z of & as D(S)™ /2 =D(S?)~ '/, [Formally we can
define Z as the functional integral of exp (— &) over I;,. The formal calculation of
this gaussian integral leads to the answer (det S)™ /2]
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Let us consider now the quadratic functional & on pre-Hilbert space I, and a
linear map T of pre-Hilbert space I into I} satisfying

P+ Th)=2(f) @)

for every heI. [It is easy to check that the requirement (2) is satisfied if and only if
ST=0.] It follows from (2) that every element hel, generates a symmetry
transformation of &. If T'+0 then the functional ¥ is degenerate. We assume that
there exists adjoint operator T* defined on I and taking values in I3 ; the
operators §2 and T*T will be supposed regular. Then we can define the partition
function of & as

Z=D(S)"'2D(T) . 3)

(This definition will be justified in Appendix by means of Faddeev-Popov trick.)
By definition D(S)=D(5?)'/?, D(T)=D(T*T)'? and therefore

Z =D(S?)~YV4D(T*T)/* .
It is easy to check that S?+ TT* is regular operator and
D(S* + TT*)=D(S*)D(TT*)

(this equality can be deduced from relations S*- TT*=0, TT*S?=0 which follows
from ST =0). The non-zero eigenvalues of TT* coincide with non-zero eigenvalues
of T*T and therefore D(TT*)=D(T*T). Hence we can represent the partition
function in the form

Z=D(0,)~"*D(0O,)**, (4)
where

O,=S8*+TT*, ®)]

O, =T*T. (6)

If S is a regular operator then the partition function can be represented in the form
Z=D(S+TT*)"2D(T*T) . 7

It is important to note that not only the functional & but also the map T and
the scalar products in the spaces I5,I; are used in the definition of partition
function. We will study now the variation of partition function by variation of
scalar products in I, I; and by variation of T. Our proofs will be based on the
following Lemma.

Lemma 8. Let us suppose that

d
== 2. A, Sp(exp(—tA ) —II(A,w)

du o <em

d
=12 X SpR)(Esp(~1Tw) ~IITw), ®)



6 A. S. Schwarz

where A (u) is a smooth regular family of operators for every q and (R (), T,(w)) is a
regular pair of operators for every u and r. Then the variation of the expression

o= 3 AJogD(A,u) )
0=g=m
by infinitesimal variation of u is given by the formula
dojdu= 3, Bo(R,WIT,u) . (10)

O=r=n

It follows from (8) that
d% L Ao A )=k 3 B(R,W)T,w)) . (11)

To calculate the derivative of a(u) we represent logD(4,) in the form (1.4) and
use (8) and (9). We see that

do _ _ S Y BRIT)— j Sp(ZR(exp(—tT) H(T)))dt

du k*0 r
~ g o (Sp (X Rfexp (—1T) ~ ()~ T TARTY)ds

Using the regularity of the pair (R,, T,) we obtain (8).

Let us study now the variation of partition function by variation of scalar
products in I"y and I;. We begin from the formal calculations. Let {, >§ and <, >}
denote the scalar products in I, and I; depending on the parameter u, 0<u<=<1.
The partition function Z(u) is equal to

Z(w)=D(T,(u)~ "*D(0, w))**

where
Oo(u)=S*(u)+ TT*(u) , (12)
O,u)=T*w)T (13)
S(u) and T*(u) are defined by the formulae
F(N)=LSWL 6 =LLSWf>5 (14)
T*w)f,9>1 =</ Tg)5 - (15)

The variation of scalar products by infinitesimal variation of u can be described by
the operator BY satisfying

<f 9i=<Bif.9>i=<fBig)} . (16)

It is easy to check that
dS(u)/du= —B&S(u) , 17)
dT*(u)/du=T*u)By — B4 T*(u) (18)
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and therefore
dy(u)/du= —B,S*—~SB,S+ TT*B,—TB, T*, (19)
d0,(u)/du=T*B,T—B,T*T. (20)
Using the relations

exp(—t)T=Texp(—t;), exp(—tO)T*=T*exp(—tl],),

(21)
exp(—t,)S =Sexp(—t],)
we obtain
d
@(— 2Spexp (— Oy(w)e)+ 3 Sp exp (— I, (w)1))
dad dd
=it3p< e (- Dot)) —%Sp< Texp (- Dlt))
= —1tSp(B,S?exp(— Lyt)) — ¢ Sp (B, T*Texp (— [, 1))
+ 3tSp (B, TT*exp (— Lyt))+ 2t Sp (B, T* Texp (— ;1)
—2tSp(B,TT* exp (— [yt))
d
=t%(§SpBoexp(— Oot)—3Sp By exp (— ;1)) - (22)

Now we can use Lemma 8. We see that the variation of logZ by infinitesimal
variation of scalar products is equal to

2Bo(Bg] Do) — 3 Bo(B11 0, (w) -

To justify the consideration above we must impose some requirements. Let I
and I} be spaces of smooth sections of vector bundles ny(Ey, M, Fo,p,) and
n(E;,M,F,p;). One can define naturally the scalar products in I, and I if the
hermitian structures in #,,#, are fixed. (We say that the vector bundle is provided
by hermitian structure if the base is a riemannian manifold and the hermitian
scalar product is introduced in the fibres.)

Let & be a quadratic functional on Iy and T a differential operator acting from
I, into I},. We will say that & is an elliptic functional with respect to T if the
operators [, and [, are elliptic. [As earlier we define S, [J, and [, by the
formulae (1), (5), (6). The definitions of S, [1,, [1; depend on the choice of hermitian
structures in #,,7,, however we shall show that the ellipticity of [J,, [];, does not
depend on this choice.]

We consider a family of hermitian structures in #,,#, depending on parameter
u. (As always we assume that this family is smooth.) The variation of correspond-
ing scalar products {, )} in I}, I; by infinitesimal variation of hermitian structures
can be described by means of operators Bf, B} defined by (16).

Theorem 1. The variation of partition function Z of elliptic functional & by
variation of hermitian structures in ,,n, can be given by the formula

dlog Z/du=3B(By| ) — 3 Bo(BiI 1) . (23)
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The proof of this theorem follows immediately from the considerations above
and from the lemmas of Sect. 1 which permit to justify our formal calculations.

Let us consider the case when the operator T(u) has not zero modes and every
zero mode of operator S(u) can be represented in the form T(u)g. [Only in this case
the Faddeev-Popov trick permits to interprete Z(u) as partition function corre-
sponding to the gauge condition T*(u)=0.] In the case under consideration
I(,)=1(,)=0 and therefore

dlogZ

T =2 VoBoI To)— 2 ¥o(BiI TT) - (24)

If I, I, are spaces of sections of vector bundles with odd-dimensional base then it
follows from (24) and Lemma 4 that the partition function Z(u) does not depend
on u.

Let us take for example the functional

S=[onrdo= e w,0,w,—0wm)dx, (25)
M M

where M is a three-dimensional oriented compact riemannian manifold, o = w,dx*
is a 1-form, d denotes the exterior differential. It is evident that & (w+dA) =% (w)
therefore we can consider the partition function Z,, of (25) with respect to
operator d acting from the space of functions (0-forms) into the space of 1-forms.
(The riemannian metric generates scalar product in these spaces.) It is easy to
check that

Zy=D(4,)"14D(4,)** , (26)

where A,=d*d+dd* is the Laplace operator on the i-forms. [The operator 4,
transforms the function 4 into —FV*F,A and 4, transforms 1-form w=w,dx* into
o' = —(VV,w,)dx* — Rbw,dx"] Let us suppose that the one-dimensional rational
cohomology group of M is trivial and therefore IT(4,)=0. Then it follows from
Theorem 1 and Lemma 4 that Z,, V(M) ~ /2, where V(M) denotes the volume of M,
does not depend on the choice of riemannian metric in M. (More general assertion
is proved in Sect. 5.)

It is useful to generalize the functional (25) assuming that the forms take values
in flat vector bundle. If the one-dimensional and zero-dimensional cohomology
group of M with coefficients in this bundle are trivial [i.e. I1(4,)=11(4,)=0] then
Z,; does not depend on riemannian metric. (This assertion is proved in [2]; it can
be deduced from Theorem 1 too.)

Let us study the variation of partition function by variation of operator T. It
follows from (1) that

FS(f+Th=(f)

if T"=TQ where Q is an arbitrary operator. Hence one can consider the partition
function Z(¥, T') of & with respect to the operator T'. We will study the
infinitesimal variation of T and prove (at formal level) that for "= T(1 +¢R), e—>0

log Z(¥, T')=log Z(¥, T)— 1efo(R + R*| ;) +0(¢) - @7
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Really,
Ol — o =(S2+ T'T*)— (S? + TT*) = T(R+ R*)T*+o0(e) ,
3, — O, = T'* T'— T*T = ¢(R*T*T+ T*TR) +0(e).
Using (21) we obtain
—4Sp exp (— Tot)+ 3 Sp exp (— Oy t)
—(—4%Spexp(— Oyt)+2Sp exp (— [,1))

= — %st%Sp (R+R¥)exp(— O, t)+o(e) .
This relation permits to derive (27) from Lemma 8.

Let & be an elliptic functional with respect to linear operator 7. It is easy to
prove that then & is an elliptic functional with respect to operator T'=TQ where
Q is an invertible differential operator of order zero. We consider a smooth family
Q(u) of invertible differential operators of order zero and partition functions Z(u)
constructed by means of functional & and linear operators T(u)=TQ(u).

Theorem 2.

dlog Z(u)

= — 3Bo(Rw + R*w)| O, (w)

where

R(w)=0"" (u)(dQ/du) .

To give a rigorous proof of this theorem one must justify the formal
calculations leading to (27) be means of lemmas of Sect. 1.

Section 3. Resolvents

Let us consider a quadratic functional % on the linear space Ij,. The sequence of
linear spaces I; and linear operators T; acting from the space I into the space I;_,
will be called a resolvent of the functional & if Z(f + T;h)=(f), T, T,=0 (here
i=1,...,N, fel,,hel). If ¥ =0 the notion of resolvent coincide with the notion
of complex. If I are pre-Hilbert spaces one can consider the operator S in I
satisfying

FN=LSL1>=LL5F> (1)
and adjoint operators T;*. We assume that operators S? and T;*T; are regular. Then

we can define the partition function of % with respect to the resolvent {I}, T,} by
the formula

Z=D(S)""* ] DTy, (2)

1<isN
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(This definition will be explained in Appendix.) It follows from our assumptions
that the operators

Oo=S*+T, T}, (3)
O, =T*T+71T,,T%,, i=1,..,N “4)
are regular too and
D(0,)=D(S)D(T, T#)=D(S)*D(T,)*, D(0)=D(T*D(T;,,,)".
We see that the partition function can be represented in the form

[T Do) )
0=Zi=N
where v,=(—1)""(2i+1)/4.

Let us suppose now that I'=1I'(y,) is a space of smooth sections of vector
bundle #,(E;, M, F;, p;). We say that {I,, T} is an elliptic resolvent of & if S and T,
are differential operators of order m and one can choose hermitian structures in #;
in such a way that the operators [J,, i=0,1,..., N, are elliptic. (The operators [,
must be defined by means of scalar products in induced by hermitian structures in
;) If N =1 then & is an elliptic functional with respect to T. If ¥ =0 the notion of
elliptic resolvent coincide with the notion of elliptic complex.

Lemma 9. If {I;, T} is an elliptic resolvent of the functional &, then the operators
[, are elliptic for arbitrary choice of hermitian structures in ;.

The assertion of Lemma is well known in the case of =0 (i.e. in the case of
elliptic complex). Namely, if the complex is elliptic, it is easy to prove that the
sequence o(T}) of symbols of operators T} is exact. This property of symbols does
not depend on the choice of hermitian structures in #; and is equivalent to the
ellipticity. In the general case we note that fixing the riemannian metric in the base
M, of n, we can define the scalar product < f, 9>, where f eI, and g belongs to the
space I consisting of smooth sections of vector bundle #; dual to #,. Using this
scalar product we represent the bilinear form corresponding to the quadratic
functional & in the form {f}, Sf,» where f,, f,€I; and S acts from I into I. It is
easy to check that ST, =0 and therefore we can consider the complex

0 . LLEL LEN pQUELEIN ) 0. (6)

FN—I

One can define elliptic resolvent of functional & as such a resolvent that the
complex (6) is elliptic. This definition is equivalent to the previous one, however it
does not use the hermitian structures in #;. [It uses the riemannian metric in M,
however one can verify that the exactness of the sequence of symbols of operators
entering in (6) conserves if the metric in M, is replaced by the other one.]

Lemma 10. If {I}, T;} is an elliptic resolvent of functional &, Q, for 1<i< N are
invertible differential operators of order zero acting in Iy and Q,=1 then {I,, T}
where T, =Q Y T.Q, is also an elliptic resolvent.

One can prove this assertion using the definition of elliptic resolvent given by
the proof of Lemma 9.

Let us consider an elliptic resolvent {I}, 7;} {I'(n,), T.} of functional &, a
smooth family of hermitian structures in #; depending on parameter u and






