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Abstract. We prove that the interaction among neutral atoms in Thomas-
Fermi theory behaves, for large separation [, like I'l”7. The constant I' is
independent of the atomic nuclear charges, but does depend on the relative
positions of the nuclei. We also show that I" is not a simple sum of pair terms,
i.e. in TF theory three and higher body terms persist into the asymptotic (in /)
region.

1. Introduction

We investigate the interaction among neutral atoms in Thomas-Fermi (TF) theory
and prove that the interaction is asymptotically (const.) [~ 7 for large separation, L.
The non-neutral case will not be discussed because there the interaction is
asymptotically (const.) ™! for elementary electrostatic reasons.

The TF theory is defined as follows (see [1] for a complete discussion and the
basic theorems): Define the functional

&(0)=2[0(x)* dx— [V(x)o(x)dx +5 [ [o(x)e(y)lx —y| tdxdy+ U
Vix)= izﬂx—RJrl (1.1)

j=1

U= Y zz{R—R|™’

1<i<jsk -

for positive functions g(x) on R® in L3> L'. &(p) is the functional appropriate to a
system consisting of k nuclei of charges z,>0 and located at R,eIR>. The TF energy
is defined to be

e(zy,...,z; Ry, ..., R)=min &(g) (1.2)
0
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which we shall frequently denote simply by e(z ; R). The important fact is that there
is a unique function ¢ which minimizes &(p). It has the property that

fox)ydx=2z= i z; (1.3)

j=1

(i.e. neutrality) and satisfies the TF equation
0*P(x)=d(x)=V(x)~ fo(y)x—yl " Hdy. (1.4)

This g is also the unique non-negative solution to (1.4). Equivalently

k

—(@n) g+ 3= Y z5(x—R). (1.5)

j=1

We want to investigate e(z; R) as the |R,|— co. It is relatively easy to prove that
k

ez;R)— Y e"(z;) as [R}|—» o0 and |[R;— R |—co, all i#j, where e*(z) is the energy

(1.2) for an_ atom, i.e. k=1, z, =z (which is obviously independent of R;). Hence we
consider

k
fh=e(z;IR)— ) e*(z) (1.6)
i=1
where IR=(IR,...,[R,), corresponding to a uniform dilation of the molecule.

We will prove two principal results: If we write

f(h=C(z,R)"’ (1.7)
then

(A) C(L,z,R) is an increasing function of [, (1.8)

(B) ll-i}?o C(Lz,R)=I'R)>0, I'(R) finite (1.9)

exists. I is independent of the nuclear charges z.!

It is amusing to note that in the quantum theory there is also an [~ 7 long range
(van der Waals) interaction for closed shell atoms provided retardation effects in
the Coulomb interaction are taken into account. However, the sign of I'(R) is
negative instead of positive in the quantum theory and its physical basis is
unrelated to that of the TF theory [9].

The fact that I'(R) is independent of z in TF theory comes essentially from the
following fact: The ¢*(x) for a neutral atom located at R=0 is asymptotically
given by Sommerfeld’s formula [5] (see also [17) o(x)~(3/m)%x|~ ¢, which is
independent of z. The [~ "I interaction comes, in some sense, from the overlap of
the tails of the atomics ¢’s.

Previously obtained, related theorems include the following: (a) Teller’s
theorem [6] (see [1]) which says that f(I)>0 for all I; (b) The theorem [2] that if
e(z; R) is decomposed (by means of successive substractions) into 2, 3, 4, etc. body
terms then the even-body terms are all positive and the odd-body terms are all
negative (assuming all z;>0); (c) The theorem [3] that the pressure and
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compressibility are positive, i.e. f(I) is a decreasing, convex function of [ (the
convexity theorem is stronger than the statement that the compressibility is
positive).

We are aware of only two previous analyses about the asymptotic nature of
f(]). One is a preprint [4] by Lee, Longmire and Rosenbluth in which a numerical
evaluation of f(I) is carried out for two atoms of equal nuclear charge. They were
unable to determine the asymptotic form of f(I), but estimated that f(l)~cl~ 7. The
other is a variational calculation by Roberts [10] of the same homonuclear
system. He derived variational upper and lower bounds to f(I) using (1.1) and
Firsov’s principle [11]. The two bounds had a common term f,(l) and different
additional terms ~I~ 7. Roberts claimed that f,(I)~1~°. If so, this would violate
the theorem of our paper. Upon closer examination, however, we were able to
show that f,(I)~ 17, thus reestablishing consistency with our result.

We will also show that I'(R), for k=3, is not a sum of pair terms, ie.

I'Ry,...R)* I',(R,R;),
15i<jsk

where I', is the I' for two atoms. All the many body terms are present, i.e. they
all have the same (non-zero) I~ 7 dependence. By (b) above (Ref. [2]) we know the
sign of these higher-body terms. In the statistical mechanics of many-body systems
it is customary to assume that only two-body interactions are present, especially
for large distances. In TF theory this is not so. Admittedly, TF theory is not the
same as the correct quantum theory based on the Schrodinger equation, but it is
not entirely unrelated to it. In particular the TF energy is asymptotically equal to
the correct quantum energy as the z;— oo, all i (see [1]). Therefore the result
obtained here may not be entirely without significance.

First we will prove that I7 f(l) is bounded above (we know it is >0 by Teller’s
lemma). This upper bound is obtained by a variational calculation in Sect. II. It is
simpler than Roberts’ [{0].

In Sect. 111, Theorem (A) (1.8) will be proved. The results of Sect. IT and III
imply Theorem (B) (1.9). Section III also contains two different formulas for I'(R).
These are not very explicit, however, for they require the solution of some TF
equations; for the second formula this TF equation has strong singularities. Some
mathematical aspects of these equations are given in the appendix.

Section IV contains the proof that I'(R), for k=3, is not a sum of pair terms.

II. Upper Bound for Molecular Energy Differences

k
Here we obtain an upper bound for f=e(z;R)— > e*(z;) by a variational

=1
calculation. Let By, ..., B, be balls centered respectijvely at R,,...,R,, of radii
A, ..., A, and such that the B, are disjoint. Let g{x) be the atomic, neutral TF
density for an atom of charge z; located at R,. If y; is the characteristic function of
B, set 9(x)=9,(x)y(x) and §,(x) =, (x)[1 — x{x)]. As variational g for the molecule
Kk

take o(x)= ) 0,(x). Although [6<Z, it is still true that &(0)=e(z;R) because

j=
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K

e(z;R) is the absolute minimum of &(g). Thus f<&@)— ), e(z;)=g. Since
j=1

0(x)2,(x)=0 for i=j, an easy computation (bearing in mind the TF equation for

neutral atoms and Newton’s theorem for non-overlapping spherical charge

distributions) gives

k
f29=Y 4+ Y QQIR-R|, (2.1)
j=1 15i<jsk
where
A.:%j@.( )5/3dx+2”9 Wlx =y~ Ydxdy 22
Q;=fa,x

Since ¢(x) < (3/n) Ix— R~ ¢ for all x (see [17), this latter function can be used in
(2.2) and (2.1). Thus

0,<(6/m34; >
A,<3574(68/35)4;

If (2.3) is inserted in (2.1) and if the R; are replaced by IR; (and likewise the 4;
by 14;), we see that

FSCR,,...,R)I. (2.4)

Note that (2.4), the bound (2.1), with the values (2.3) is independent of the z; for all
R,,....R,, not just large R,, ..., R,.
For two atoms separated by a distance R we can choose A, =A4,=R/2 and
obtain [using (2.1) and (2.3)]
2

f:_ emolecule _ z eat(zj) §R~ 7(3/7’(3)421 1(43/35) .

j=1

(2.3)

II1. The Interaction at Large Distances

k

As before f(l)=e(z;IR)— ) e"(z)).

=1
By scaling [1] one hasJ that
e(z;IR)=1""e(I’z;R). (3.1)
Thus
k
Clz,R)=l"f(h=e(Pz;R)— ) e (Pz). (3.2)

j=1

Our problem is to show that the right side of (3.2) has a limit as [—o0. In fact we
will show that

h(z)=e(z;R)— i e*(z)) (3.3)
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is an increasing function of z [in the sense that h(z)=h(z') if z,=z, i=1,...,k].
Thus, by Sect. II, h(z) has a well defined, finite limit as min {z,} —oc0. We call this
limit I'(R). Since h is increasing, C(l, z,R) is increasing in I. Hence I'(R) >0 because
C is not identically zero.

We use the fact that e(z; R) is differentiable in z [1] (in fact it is at least C? in z
[3]) and

e,=0e/0z,= lim [$(z;R:x)~z[x—~R| '], (3.4)

where ¢(z;R;x) is the TF potential for the neutral molecule at the point xeIR3,
Therefore

h;=0h/0z;= XII_H% [o(z:R;x)— @™ (z;; R;; )] (3.5)

This is positive (unless z;=0 for all j=1i) by the strong form of Teller’s lemma ([1],
Theorem V.6).
We can now derive explicit formulae for I'(R). The first is to consider h(4z).
Differentiating with respect to A, using (3.5), and then integrating gives
0 k
I'R)= fd/l{ z; lim [d)(/lz;R;x)—q&a‘(),zj;Rj;x)]}. (3.6)
0 =1 xR,

i=
It is not obvious from this formula that I'(R) is independent of z. But we know that
it is independent of z (provided all z;>0) by the previous remark (monotonicity of
z—h(z)). Therefore we can take z=2°=(1,..., 1) on the right side of (3.6). Having
done so, it is then obvious from (3.6) that I'(R) is a symmetric function of R;.

A second advantage of formula (3.6) is that we will use it in Sect. IV to show
that I'(R) is not simply a sum of pair terms (for k= 3). From [2] we know that the
3, 5, etc. body terms are <0 and the 2, 4, etc. body terms are =0. The point we
want to emphasize is that all these terms are non-zero for large / in the sense that
they all have the same [~ 7 behavior.

Next we present another formula for I'(R) which is quite unsymmetric in the R,
but which leads to an amusing variation of the TF equation in which strong
singularities appear. First suppose k=2 and consider

hy=0h/0z, = lirg {d(zy,2,; R, R, x)— ™ (z s Ry 5 %)}
=y,(z,,2,; R, R,). (3.7)
Then

h(Z)-—— _‘. d51w1(s1a22;R17R2)>
0

because h=0 when z, =0. Now, for x+=R,R,, ¢(z,,2,; R, R, ;x) is increasing in
z, (by Teller’s lemma). Let

Pz, 00;R,R,;x)= lim ¢(z,,2,;R,,R,;X). (3.8)
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We will prove in the appendix that the limit in (3.8) is finite, and it will be identified
as the solution of a TF equation with prescribed singularities at R, and R,.
Moreover (Prop. AS), as z,1 o0,

V(24,255 R, Ry Ty (24, 005 Ry, R,)
= lim [z, 50 1R, Ry 1)~ 67(2, R 1 0)]. (3.9)

Given this fact, and the monotone convergence theorem,
I'(R)= [ ds;p,(sy, 00;R,,R,). (3.10)
0

The case k>2 can be handled in a similar way. We illustrate this for k=3.
Write

Wz, z5,z5)=e(z,2z,,z3; R, R, Ry)
—e(z,5,25; R, R3)—e™(z, R )+ h(zy,25). (3.11)
We already discussed  lim  h(z,, z;) in the k=2 case. The remainder of the right

Z2,23 o0

side of (3.11) is, by a similar argument

zdslwl(sl,OO,OO;Rl,Rz,R3) (3.12)
where
(s, 0,0; R, R, Ry)
= lm [§(s;, 00,005 Ry, Ry Rysx) = ™51 3 Ry 5x)] (3.13)
and
(s, 00,005 R, Ry, Ry X)= zzlzi?—lmo ¢(5,.25, 253 R, R, Ry 5X). (3.14)

IV. Non-Vanishing of the Three and Higher-Body Interactions

The k-body energy &(z,, ..., z,; Ry, ..., R,) is defined by successive differences of the
total energy e. If a={a,,...,q,} (I=k)is a subset of the integers K={1,...,k}, let

e(a) denote e(z,,...,z,; R,,,...,R,), and |a| =1 be the cardinality of a. Then
dK)= ) (=K lle(a) (4.1)
$cack
with e(¢)=0. Thus,
e({1,2})=e(z,,z,; R, R,)—e"(z,)—e™(z,)=h(z,,z,; R, R;) 4.2)

is the two-body energy,

e({1,2,3})=e({1,2,3}) —e({1,2}) —e({1,3})
—e({2,3)+ e ({1} +e"({2}) +e"({3}) (4.3)
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is the three-body energy, and so forth. In terms of h=e—) e*, we can also write
(4.1), for |K|=2, as

gK)= ) (=1)KI~lalp(q) (4.4)

$CacCkK

since Y. (—1)"'=0for |[K|=1.
SCHCK
It was shown in [2] that the sign of &(K) is (—1)’X! for all z and R. This was

done by noting that &(K)=0 when z, =0 and that

0e(K)/0z, = lim (K ;x)

xRy
where
PK:x)= Y (=K lga;x). (4.5)
$CacK

It was shown that (— 1)"y(a; x) =0, for all x. Furthermore, it was claimed in [2],
but not explicitly proved, that (—1)hp(a;x)>0, all x, including x=R,. When
la|=2, this is just the strong form of Teller’s lemma [17.

As we saw in Sect. ITI, if R,—[R; then h(a)—[~ "I'(a), with Ia)=IR,,,...,R,).
Furthermore I'(a) = lim h(a). Therefore, the asymptotic form of the k-body energy

is 177 (K) with

e (K)= Y (= 1)KI-lir(g), (4.6)

$Cu<K

In [2] we were content to prove that (— 1)lg(K) =0, but now we must prove
that (— 1)'Xlg_(K)>0 in order to be certain that the asymptotic dependence of &(K)
on [ really is /77 and not some higher power of 1/I. For ¢ ({1,2})=I'({1,2}), we
already know this by the strong form of Teller’s lemma. For the same reason,
I'(K)>0 for all K.

In this section we will do two things: (i) We will prove explicitly (by refining the
method in [2]) that ¢ ({1,2,3})<O0 for all distinct R, R,, R,. The proof can be
extended to [K|=4, but it involves the combinatorial lemmas given in [2]. (ii) We
will give a simple proof that ¢ (K) is not identically zero for all R ,...,R,.

To prove that ¢, ({1,2,3}) <0, use the expression (3.6) (with z, =z, =z,=1) in
(4.6). Thus, it is sufficient to prove that

PX) =0 53(%) = 1 ,(x) = b 3(x)+ ¢ (x) 4.7)
has the property that

lim y(x)<0. (4.8)

x— Ry

In (4.7) the notation is that ¢, ,5(x) = (4, 4, 4; R, R,, Ry x), etc. If (4.8) is true for
all >0 then integration with respect to 4 gives ¢ ({1,2,3})<0. From now on we
set =1 for simplicity.
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By the TF equation (1.4), v is continuous everywhere since the |x—R;|™*
singularities cancel (see [1]). We show that y(x) <0 everywhere as follows:

(@A) A= — A 4 IR+ pI2 — 32 4.9

everywhere in R,
First observe that if a, b, ¢, d are real positive numbers such that

d=(b and ¢)=a (4.10)
then

b2+ 3P <@+ d¥ +3a P b+ c—a—d)
where

()" =(Ix[+x)/2.

This is an easy consequence of the convexity of the function t—3/% If a= ¢, 5,
b=¢,, c=¢,; and d=¢,, the inequality (4.10) (for each xeR?) is just Teller’s
lemma. Therefore we find,

—(@4n) Ay 23/ (=) ",
that is
—(@n)" Ay +clx)yp <0

where ¢(x)=(3/2)¢1/4(x) on the set {xitp(x) <0} and ¢(x)=0 on the set {x]y(x)=0}.
Since [1] each ¢ behaves like [x—R;| ™! near the singularities, Ape L} for every
p<2. It follows from the L? regularity theorem that yeH ; also c(x)eL{;C for
every p<6 and in particular for some p>3/2. In addition (x)—0 as |x|—c0; the
strong maximum principle (see [7]) implies therefore that either y <0 every-
where or y=0. If p=0 we would have ¢,,+¢3=¢;,;+¢, and
G+ PR =p3A + 3% This is possible only if ¢,y =¢,, orif ¢, =¢, 5. Since
¢123> ¢, and ¢, ,,> ¢4 for all x (strong form of Teller’s lemma: [1], Theorem
V.6) we conclude that y(x) <0 for all x.

As remarked before, a similar argument, together with the combinatorial
lemmas of [2], proves that (—1)®ly(K;x) (which is a continuous function) is
strictly positive. Thus (—1)¥le_(K)>0.

We turn now to the alternative proof that ¢ (K) is not identically zero. It
hinges on the following:

Lemma 1. Let R ,...,R,_, be given and suppose that R{" is a sequence of vectors
such that RW—R, _,. Then

IR,,...R,_ ,R™M—T(R, ,R™—IR,...R, ;). (4.11)
and

I(R,,..,R,_, R™)>T(R,, ...R,_,). (4.12)

To use Lemma 1, suppose |[K|=3 and let e =¢ (R, ..., R,_;, R™). Then, since

(—1)*'=0, we have from (4.6) and Lemma 1:
{k—1,k}CacK
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Lemma 2. [f R{">R, _, and if k=3, then

Ry, R, RP) > —¢ (R, .., R, _ ).

Corollary. Since ¢,({1,2})=T({1,2})>0, &,(K) is not identically zero.

The proof of (4.12) is easy. One can use (3.6), together with the continuity of the
TF ¢ in R, and dominated convergence. Alternatively, one can use (3.10)—(3.14)
and the method of Proposition A.6 in the appendix. Next we consider (4.11).

k—2

(4.11) is empty if |[K| < 2. If |K| = 3, write the left side of (4.11) as Z Aj(n) where
i=1
Am)=T(Ry,...R_ |, R =T (R, 1, ... R, ,RP).

We claim 4n)->I'(R;..,R,_)~T(R;,,, o R_)=4,, for j<k-2, while
4,_,m)—-I'R,_,,R,_{)=4,_, in which case we are done. Now, as shown at the
end of Sect. III,

4n)= g dzjjirg wiz;5x;n)
Wiz xin) =z, 0,...,0; R, ..., R x)— ¢™(z;;: R, x)
while

A;= [ dz; lim y (z,;x)
0 -R,

X

Yilz;ix)=¢(z;, 00,.., 0 R, . R ;%)= Mz R x).

To complete the proof of (4.11) we use Proposition A.6 together with dominated
convergence. [

Appendix

Our main purpose here is to study the function ¢(z,,z,,...,z,;R,...,R;;X) as
some of the z;—o0. This will lead to a TF differential equation with “strong
singularities” and we will study existence, uniqueness and other properties of these
equations. Some of these results were alluded to in the main text.

We begin with a Lemma about solutions to the TF equation away from
singularities (results of this kind, which are due to H.B., are quoted in [8]).

Lemma A.1. Let By, be the open ball of radius R in R* and suppose ¢(x) =0 is locally
bounded in By and satisfies the TF differential equation

—(4m) "4+ ¢ =0 (A1)

in Bg. Then ¢p(0)<cR™* for some universal constant c. In particular ¢ £(20/m)?. ( We
do not know the best constant c.)

Proof. Consider the function y(x)=cR*[R*—|x|*]”* in B,. It is easy to compute
that —(4m)™ ' 4w +1p>2 =0 in B, provided ¢=(20/m)%. We claim that ¢ <. First,
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we can always assume that ¢ is bounded on By (replace R by R—¢). Then
—(4n) " A —p) + 2 —p*? <0 and therefore

1
— 1A= =) +[ (@7 =y —y) " =0.

Since (¢ —y)* =0 on the boundary of B, we have
1
- JA-pNp—w) = [ W-pIP20
an 4 o2
Therefore

J@*2 =R =) =0

and thus ¢ <y a.e. However 4¢ is bounded and so ¢ is continuous. Hence
dO)=pO)=cR™* O

Corollary A.2. Suppose ¢ satisfies the TF differential Eq. (A.1) outside some
bounded set. Then ¢(x) must go to zero at infinity at least as fast as c|x|™*.

Next, we consider the behavior of ¢(z,, ...,z ; Ry, ..., R ;X) as z,, ..., z,— oo for
fixed z;,R,,R,,...,R, (we assume, of course, that the R; are distinct). Our main
result is the following

Proposition A.3. Asz,, ...,z T+ 0, d(zy, ...z, ; Ry, ..., Ry s X) T p(x) where ¢(x) is the
unique positive function which is locally bounded except at the R, and satisfies, in the
sense of distributions, the TF equation :

—(4n) ' Ap+¢>* =0 (A.2)

k
in R\ [ ) {R;}, and
i<

|p(x)—z,|x—R || remains bounded as x—R,, (A3)

lp(x)—(3/m)?|x — R )|~ *| remains bounded as x—~R(j>1). ’
In fact

0=p(x)—(B3/n)*|x—R | *Zclx—R,* (A4

as x—R; (j>1) for some constant ¢ (which can depend only on min |R;—R}).
i*j

Proof. We will give the proof for k=2 the extension is trivial. We know (see [1])
that

Pz, R, x) =Pz, 2,5 R, R, X) Sz s Ry X) + (255 R, 5x)
(23R ;X)) SP(2,2, R Ry x) Sz s R x) + (2,5 R, %)

By scaling and by Sommerfeld’s asymptotic formula [5] (see [1])
Pz53 Ry 13/m)x =R, ™% as z,—> 00,

(A.5)
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if x£R,. Consequently (A.2) and (A.3) follow immediately (use monotone or
dominated convergence theorem). We show now that the solution of (A.2) and
(A.3) is unique. Assume ¢ =0, ¢ =0 are two solutions of (A.2), (A.3) which are
bounded except near R, and R,. It follows from standard elliptic regularity theory
that ¢, $ are C? except near R, and R,. Let =0 be a smooth function with
compact support such that R ¢supp (&), R,¢supp (£). We have upon multiplication
of the difference of the corresponding equations (A.2) by &(¢ — ¢), and integration
by parts, that

(4m)” IZ
+[ (@ = )P - )E=

Therefore, integrating by parts again,

S0 B e+ IS 00—

[(@2 =N —h)E 5!4) PrPaL.

We now choose ¢=¢, where £,71 and £, has the following properties :
0=¢,21,
¢ x)=0 outside B,,,(0) and on B,,,(R)UB,,,(R,),
¢(x)=1 on BON\[B,,(R;)UB,,(R,)].
where B,(R)= {x||x— R|<r}, and
lAénlécnz on Bl/n(Rl)UBl/n(RZ)a
|48, 1=C for n<|x|<n+1,

with C independent of n.
Hence we find

8n[ (@2 = Np—P)E, =Cn* | |p—of

Bi/m(Ry1)
+Cn* | =P+ C [ 1p—¢.
Bi/m(R2) n<|x|<n+1

As n— oo the right side goes to zero (since |¢ — @| is bounded near R, and R,, and
| — | goes to zero like |x|~* at infinity (see Corollary A.2). Thus ¢ =¢ a.e. The
fact that

0<p(x)—(3/m)?|x—R,|~*
follows by taking the limit in (A.5). The other inequality in (A.4) is a consequence
of our next proposition. [
Proposition A.4. Assume ¢ =0, ¢ is locally bounded on the set {x|0<|x|<2R} and ¢

satisfies

—(4n) 1 Ap+ 932 =0 (A.6)



242 H. Brezis and E. H. Lieb

in the sense of distributions on {x|0<|x|<2R}. Then

R
PS(/mPlx| 4+ o for [x|<R,
where c is the same universal constant as in Lemma A.1.

Proof. By scaling we can always assume that R =1. The proof is divided into three
steps.

Step 1. Set w(x)=(3/m)*x|”* and u=max {¢,y}. Then we have
—(@n) MAu+u®?<0 on {x|0<|x|<2}. (A7)
This is a consequence of the following:
—(@n) ' Ap+y¥*=0 for |x|>0.
Since u=(1/2)(¢ + v +|¢ —vl), we deduce from Kato’s inequality (see [12]) that
AuZ (124 + Ay +sign (¢~ )4 — )
= (4/2(§¥2 +p¥2 4172 — )

=4nmax {¢>?, 32} =4nu’'?.

1
Step 2. Let u(r)= p—s | u be the spherical average of u. We shall prove that
|x|=r
() <3/m)*r 4 +cr®, for O<r<t, (A.8)

with the universal constant ¢ £(20/r)%. Indeed by averaging (A.7) we find

+(4m) Y@+ %a’nﬁgo, for O<r<2.

By the convexity of the function t—>t*'? we have #*/?> <u*? and thus for 0<r<2
2
—(@n)” Yu" + ;1_4’)—1-53/2 =<0. (A.9)

We now introduce the function v(r) defined by the relation
u(r)=(n/3)%r*u(r), O<r<2.

It follows from the definition of u that v=1 and by Lemma A.1, v(r”) < c(n/3)? for
0<r<1. Using the relation

i#(r)=(3/m)*r~*u(r’) (A.10)
and (A.9) we obtain

=" 7) + (12/49)0( T )(ju(r )2 — 1) 0.
With t=r"7 we find for 0<t <2’

— 120"+ (12/49)(v!/? — 1) 0. (A.11)
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It follows in particular that v is convex. By Lemma A.1 v(t) remains bounded as
t—0. Thus lim v(t)=v(0) exists. We must have v(0)=1; otherwise for small ¢ (A.11)
t—=0

leads to v”(t) = at ~ ? with some o >0 and thus v(f) = c — alog t, which contradicts the
boundedness of v. We deduce from the convexity of v that v(t) <1+ c(rn/3)%t, for
0<t<1, since v(1) £c(n/3)%. By (A.10) we have now for 0 <r<1

A <@/m)2r 4 +erd.
Step 3. For |x| <1 define
(3/m)*x| ™ * + x| = w(x). (A.12)

It suffices to prove that u=max {¢,p}=w. For [x|=1 u(x)Zw(x) because
P(x)Sw(x) and ¢(x) S w(x) by Lemma A.1. Next we observe that

—(@4n) Ao+ w¥*20 for |x|>0. (A.13)
Indeed we have
—(@n)" Mo+ w?? = - 3/n)[(3/n)*r ¢ +cr]
+((3/m)*r~*+cr3)32 =(3/2n)cr =0,

[using the fact that (1+a)*'? =1+ (3/2)a]. Combining (A.7) and (A.13) we find for
O<|x|<2

—(@n) A —w)+uP? -2 0. (A.14)

Let &,(x) be a sequence of smooth functions such that 0<¢, <1,

1 for {x|>%
¢x)= ,

1

0 f ——

or Ix{<2n
|4¢,| < Cn?.

Let 0(t) be a smooth function such that ¢ =0, 0(t)=0 for t <0, 6(t)>0 for t>0,
t

O(t)<1fort=1. Set j(t)= f 6(s)ds so that 0<j(t) <t for all . Multiplying (A.14) by
0

£ (x)0(u—w) and integrating by parts on |x|<1 we find (using the fact that
u—w=0on |x|=1)

@m~ | Vu—o)VElu—-o)+@n)™" [ Vu—w)?E0u—o)

x| <1 x| <1

+ | W =¥ 0u—w)<0.

Ixj<1

Using the relation V(u— w)f(u— w)=Vj(u—w) and integrating by parts again we
obtain

] if 1(u3’2—w3/2)c’,.9(u—c0)§(4n)”‘' If 1j(u—w)Aé‘n_S_an [ ju—o).
x{< x| < 1 1
2n <<y
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But j(u—w)<(u—w)* <(u—y)* =u—y (since p<w). Consequently,

[ @P—0u-o)=Cn®> [ (u—y)
[x]<1 ~1‘<[x|<L
2n n

,.5 dar

S

=Cn? | (—y)dnridr<Cn®
2n

;’i»-n——,:[»—

by Step 2. As n—co we obtain

[ W= w¥)0u—w)=0
x| <1

and therefore u=<w for [x|<1. [
Remark. One can improve the conclusion of Proposition A.4. In fact, let p denote

the positive solution of p(p+1)=18 (p>3). Assume (A.6) holds with R=1. Then

2
0= (%) X% 4 el =)

for |x| < 1. Indeed, using the same argument as in Step 3, it suffices to verify that

@(x) satisfies
—(@n) Ao+ @ * =0

which follows from an easy computation.
Next we prove Proposition A.S about the interchange of limits that was used at

the end of Sect. I1T and which will also be used in Proposition A.6.

Proposition A.5.
lim lim [$(z;,2,, .23 R R,y o Res ) — 0%z s Ry 5 X)]

zp2 00 xRy
= lim [¢(z,, 0, ...,0; R, Ry, .., Ry X)— ™ (z, 3R, 5 X)],
xRy
Proof. For simplicity we assume k=2.
Step 1. The right side of the last equation exists. To simplify matters set:
d(x)=¢(z,,0; Ry, R, ;X)
¢(n)(x):¢(zpn;R1aR2;x)

P*(x)=¢™(z; ;R ;x).

We know that in the sense of distributions in R*\{R,}
(A.15)

I |
— A0+ [T =2,0(x~R,).

Recall that [1]

0260 - )5 (2 vt
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Clearly
3 2
$00+ (2] bR LR Ry,

Therefore we can pass to the limit in (A.15) using dominated convergence. This
leads to

1
- 2“7{4‘(]5“"753/2:215(3‘_1{1)
in the sense of distributions in IR*\{R,}. It follows that
1
— o AG— )+~ ()2 =0
T

in the sense of distributions in R3*\{R,}.

Finally observe that ¢3/2 —(¢*)3?e L? (R*\{R,}) for each p<2. Now we rely

on the regularity theory for elliptic equations: if a function u satisfies Aue L? (€2)
with p> 5 on an open set QCIR” then u is continuous on €.

It follows that ¢ — ¢ is continuous on R*\{R,}.

Step 2. Recall Dini’s Lemma: Let f,(x) be a sequence of continuous functions on a
compact space K such that f,(x)7 f(x) (pointwise) as n—oo. If f(x) is continuous,
then in fact f,— f uniformly in K.

[In particular lim lim f(x)=lim lim f,(x)].

In our context choose

1x)="(x) = ¢*(x)
J(X)=d(x)— *(x)

and K any small ball around R,. [
Finally, we consider the behavior of the solution of the TF Eq. (A.2), (A.3) with
strong singularities as two of the strong singularities coalesce.

Proposition A.6. Suppose k=3 and R, ...,R, _,z, are given. Let R{" be a sequence
of points in R* such that R’ —R, _, as n—c0. If ¢,(x) is the solution to (A.2), (A.3)
Jor Ry, ...,R" and ¢(x) is the solution for R,,...,R,_, then ¢ (x)—p(x) as n— o0
(x#R,). Moreover,

lim [¢,(x)=¢*(z,; Ry ;x)] - lim [(x)—p™(z; ;R 5 x)] .

x—~ Ry x— Ry

Proof. For simplicity, we give the proof for k=3. As in the proof of Proposition
A.3 we have

G/mPlx—R,I" =, (x), Vx. (A.16)
Also we have [1]
(23R 3= ¢,()S ™z R x)+ G/’ [Ix = Ryl * +x = RPIT4]. (A7)

It follows that ¢, is bounded on every compact subset K of R*\{R,}U{R,} and so
is A¢,. Therefore ¢, is bounded in C*(K) and by the Theorem of Ascoli we may
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extract a subsequence ¢, which converges to a limit ¢ uniformly on every
compact subset of R*\{R,}U{R,}. Clearly ¢ satisfies

—(4m) "' Ap + > =0

in the sense of distributions on R*\{R, }U{R,}. In addition we deduce from (A.17)
that |p(x)—z,|x—R,|™!| remains bounded as x—R,. Also, we know by
Proposition A.4 that

P(X)=(3/m)*[x =R, +c (A.18)
for x near R,. Combining (A.16) and (A.18) we see that
lp(x)—(3/m)*|x — R,| ™%

remains bounded as x—R,. We know by Proposition A.3 that these conditions

determine ¢ uniquely and thus ¢ must coincide with the solution obtained in
Proposition A.3. [
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