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On the Proof of the Positive Mass Conjecture
in General Relativity

Richard Schoen and Shing-Tung Yau

Abstract. Let M be a space-time whose local mass density is non-negative
everywhere. Then we prove that the total mass of M as viewed from spatial
infinity (the ADM mass) must be positive unless M is the flat Minkowski
space-time. (So far we are making the reasonable assumption of the existence of
a maximal spacelike hypersurface. We will treat this topic separately.) We can
generalize our result to admit wormholes in the initial-data set. In fact, we
show that the total mass associated with each asymptotic regime is non-
negative with equality only if the space-time is flat.

0. Introduction

This is the second part of our paper on scalar curvature of a three-dimensional
manifold and its relation to general relativity. The problem in general relativity
that we address is the following: An isolated gravitating system having non-
negative local mass density must have non-negative total mass, measured
gravitationally at spatial infinity.

Mathematically, the positive mass conjecture can be described as follows: Let
N be a three dimensional Riemannian manifold with metric tensor g;;. Then an
Z‘]a‘]a 1/2

a

initial set consists of N and a symmetric tensor field h;; so that u=

where p and J are defined by
u=%(R— 2 hh,+ (th:)z) ,
a,b a
Ji= Vb [hab_ (Z hi) gab}
where R is the scalar curvature of our metric.

If N is a spacelike hypers'urface in a space time so that g;; is the induced metric
and h;; is the second fundamental form, then the above condition says that the
apparent energy-momentum of the matter be timelike.
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An initial-data set will be said to be asymptotically flat if for some compact C,
N\C consists of a finite number of components N,,..., N, such that each N; is
diffeomorphic to the complement of a compact set in R3. Under such diffeo-
morphism, the metric tensor will be required to be written in the following form

4
ds? = (1 + M) (Z(dx")z) + ) pdxidx!
27‘ i ij

where
1
pi;= o <_2) >
}
1
Vp, i 0 (V_3>
and

1
VVp,.j=0<r—4) .

The components of h;; will also be required to be of order 0(%)

The number M (Arnowitt, Deser and Misner [1], Geroch [9]) is called the
mass of the end N,. This definition is motivated by the observation that the spatial
Schwarzschild metric can be written asymptotically in the previous form so that
the number M is precisely the Schwarzschild mass. From now on, we shall call N;
an “end” of N and we denote the total mass of N; by M,.

In this formulation, the (generalized) positive mass conjecture (Arnowitt et al.
[17, Brill and Deser [3], Geroch [2]) states that for an asymptotically flat initial
data set, each end has non-negative total mass. If one of the ends has zero total
mass, then the initial data set is flat in the sense that the curvature tensor vanishes
and the second fundamental form h;; is trivial.

In this paper, we will settle the major case of the conjecture assuming Y h¢=0.

The most general case will be discussed in a forthcoming paper.

There have been several contributions on this problem prior to our work. (We
learned most of these from the excellent survey articles of Geroch [2] and
Choquet-Bruhat, Fisher and Marsden [4].) In 1959, Brill settled the problem in

case ) h®=0 and the data respect an axial symmetry. In 1968, Brill and Deser [3]

a
showed the conjecture is true up to second order perturbations from flat data. This
last result was greatly improved by Choquet-Bruhat and Marsden [5] to the effect
that the conjecture is true if the data is close enough to the flat data in a certain
smooth norm. In the Stanford conference in differential geometry, Geroch divided
the conjecture into several special cases. One case had a direct appeal to the
geometers. This case says that if a metric has non-negative scalar curvature in R?
and if the metric is euclidean outside a compact set, then the metric is flat. In her
thesis in 1977, Leite was able to settle this case under the assumption that the
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manifold can be isometrically embedded into R*. In 1976, Jang [6] was also able
to settle the conjecture if the metric g;; is flat. Finally the conjecture was also
known if the data is sperically symmetric (Leibovitz and Israel [7], Misner [8],
Jang [6]). However, none of these methods had been carried out to cover the case
that we deal with. (It should also be mentioned that Deser had a proof for the
supergravity setting and Geroch had an argument to settle the conjecture
assuming some statement that remains to be proved.)

The basic idea of our proof is quite simple. It is basically geometric in nature
which enables us to deal with the case where the manifold is not diffeomorphic to
R3. While there are more details to be carried out in this paper, the basic ideas are
already in our previous paper.

For simplicity, let us assume the manifold is diffeomorphic to R®. Then
assuming the mass is negative we construct a complete surface embedded in R3
whose area is minimal among all compactly supported deformations of the
surface. By using the second variation formula, we prove that the surface is
topologically the plane. As in the previous paper, we plan to use the Gauss-Bonnet
theorem to arrive at a contradiction. However, as the surface is non-compact,
there are technical troubles involved which we are able to overcome. These
arguments provide a proof that the total mass is non-negative. If the total mass is
zero, then we have a way to reduce it to the previous case unless the Riccei tensor is
identically zero. Since M is three-dimensional, Ricci flat implies flat and the
reduction finishes the proof of the theorem.

1. Statement of Results

The theorems in this paper deal with asymptotically flat metrics on 3-manifolds.
Let N be an oriented three-dimensional manifold (with or without boundary)
which has the property that there exists a compact subset K of N so that N\K
consists of a finite number of components N, N,,...,N, with each N, being
diffeomorphic to IR* minus a ball. We call the N, ends of N. We suppose that N is a
manifold of smoothness class C°. Let ds? be a C° positive definite metric on N.
We say that ds? is asymptotically flat if each boundary component of N has
positive mean curvature with respect to the outward unit normal, and on each N,
there is a coordinate system x!, x?, x® in which ds*> has the expansion
3
ds*= ) g,dx'dx’ with the g,; satisfying the following inequalities for some k, k,,
iL,j=1
ks posi]tive constants.

M\* k
glJ=<1+Z> 511+h113 ,hljléH—lr‘ZJ (1 1)

|oh |0oh

2 3
ij’él__i_?a ijlél_i_—r4

3 1/2
where r= ( Y (xi)z) and 0 is the Euclidean gradient. The number M = M, is the
i=1

total mass of N,. We note that (1.1) implies that the Christoffel symbols
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—0(1/r ) and the curvature tensor is O(1/r3) as r—o0. Let R be the scalar
curvature function for ds?. We now state our first theorem.

Theorem 1. Let ds* be an asymptotically flat metric on an oriented 3-manifold N. If
R=0 on N, then the total mass of each end is nonnegative.

Our next result concerns the case when total mass on one end is zero. In this
case we wish to show that N is flat. In order to prove this we need to add the
following assumption to (1.1)

(1.2)

ij

1+
for a positive constant k,.

Theorem 2. Let N be an oriented 3-manifold having an asymptotically flat metric
ds®. Suppose for some end N,, (1.2) is satisfied and the total mass of N, is zero. If
R=0on N, then ds* is flat. In fact, N is isometric to IR® with the standard metric.

2. Proof of Theorem 1

Throughout this section we work on a fixed end N,, and suppose that x*, x2, x> are
asymptotically flat coordinates on N,. Suppose these coordinates describe N, on
R*\B, (0), where B, (0)={|x|<0,} and r=|x| denotes the Euclidean length of
x=(x*,x?,x). We denote the total mass of N, by M, omitting reference to k. We
will suppose that M <0 and R =0 in contradiction to Theorem 1. The proof then
involves three steps, the first allowing us to assume R >0 outside a compact subset
of R*\B, (0), the second is to use the assumption M <0 to prove the existence of a
complete area minimizing surface, and third to use second variation arguments to
show that this is impossible if R=0.

Step 1. If ds* is asymptotically flat on N with R >0, and with the total mass of N,
negative, then there is an asymptotically flat metric d3* conformally equivalent to
ds? having R=0 on N, R >0 outside a compact subset of N, and having negative
total mass for N,.

Proof. Let R*\B, (0) represent N, as described above. Let 4 be the Laplace
operator on functions, so that for a function ¢ on R*\B, (0)

1 & 0 . 0
Ap=—— 2 i 9@
? Vg i,jzﬂ ox' (V;g 6x’>

where as usual, g=det(g,) and (9¥)=(g;)”". We calculate the asymptotic
expansion of 43 on R*\B, (0) using (1 1). We see that

=% (s ) o

i

—)~—+0(1/r ) (2.1)

- M rocm.
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It follows that there is a number ¢ >0, so that

1
A;<O for r=zo.

Choose t,= — 8£’ and let {(t) be a C® function which satisfies
Oo
t  for t<t,
t)=13t (2.2
) =% for t>2t,, )

(=0, "(=0 for te(0, ).
Define a C° function ¢:N—R by

3t
(p=1+70 on N\N,,

p(x)=1 —I—C(—— M) on R*»B, (0)=N,.

4r
From (2.1) and (2.2) we see that
Ap=0 on N, and 4d¢p<0 for r>20. (2.3)

We now define a new metric
d3? = p*ds* .

The metric d3 is asymptotically flat since on all ends other than N, it is a constant
multiple of ds?, and on N, we have

~ M4 M4 1/,.2
gi}.—(l—ﬂ> <1+5> 3, +0(1/r?)

M\* ,
=<1+5) 5,+0(1/r?) .

Thus the new mass of N, is M = % <0. The well-known formula for the scalar

curvature R is
R=¢ °[—84¢p+Rq] .

Thus (2.3) implies that R=0on N and R>0 for r>2¢ on N, This concludes the
proof of Step 1.

We replace our original metric ds? by d3? but maintain the notation ds?, so that
we are assuming R>0 on N, R >0 outside a compact subset of N,, and M <O0.

Step 2. There exists a complete area minimizing (relative to ds?) surface S properly
imbedded in N so that SN(N\N,) is compact, and SNN, lies between two parallel
Euclidean 2-planes in the 3-space defined by x?, x2, x>.



50 R. Schoen and S.-T. Yau

Proof. Let 0>20,, and let C, be the circle of Euclidean radius o centered at 0 in
the x'x2-plane. Let S, be the smooth imbedded oriented surface of least ds*-area
among all competing surfaces regardless of topological type having boundary
curve C,. A discussion of this known existence result is given in the Appendix to
this paper. We wish to extract a sequence g,—c0 so that S, converges to the
required surface S.

We first show that there is a compact subset K, N so that we have

S,N(N\N,)EK, forevery o>20d,. (2.4)

That is, we show that the S, cannot run to infinity in an end other than N,. To see

this, let N, be another end, with asymptotically flat coordinate system y?, y?, y?

associating N, with R*\B, (0) where B, (0)={y:|y|<7,}. In this coordinate
3

system, the metric ds? has the form ds> =}’ g;,dy'dy’ with g;; satisfying (1.1). We
ij=1
’ o’y

calculate the covariant hessian of the function [y|?, that is D;lyl*= ayay

0
— Do —(|y]?). By (1.1) we see
a%ayj(ly,) y (1.1)

Dylyl*=26;;+0(1/lyl) as |yl->o0

where 6,; is the Kronecker delta. In particular, we see that there exists 7, >1, so
that the function [y|? is a convex function for |y| = t,. Since dS,=C, which lies in

N,, we may apply the maximum principle to conclude that

S,AN,CB,(0).

Since N, was any end of N other than N,, we have established (2.4).
We now analyze the behavior of S, N,. In fact, we bound the height of S,nN,
in the x> direction. For any h>0, we let

E,={xeR*:|x*|<h}.
We show that there exists a number h >0, so that
N.,nS,CE, forall o>20,. (2.5)

To accomplish this, we again use a maximum principle, this time for the function
x? restricted on S,NN,. We must first compute the asymptotic behavior of the
covariant hessian of x> on N,. If D is the Riemannian connection for ds?, define I},
by

0 0

3
= o ,;1 4oox!

Then I f.j has the following expression in terms of ds?
09im  09im 09
=1 gm [ %Yim m _ “Yi 2.6
=29 (8x’ + oxt ox™ (2.6)
The hessian of any function ¢ is given by

0% 0
= Gxiaxd _D;a?; ﬁ((p) ’
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By direct calculation using (1.1) and (2.6) we have

Mx/ Mx! Mx?
bt a0 — g0, 0(1r). 27)

Jj3 r

3. 3
Dyx*=—1Ij= 3

Let & be the maximum for x* on §,NN,, and suppose this maximum occurs at the
point x,€S,. If h<a,, we have established (2.5). So suppose h>g,. The tangent

. 0 0
space to S, at x, is then spanned by ﬁ(xo), W(XO)' Let v, v, be tangent vector

fields to S, defined in a neighborhood of x, and satisfying v,(x,)= %(xo) for

i=1,2. Let (q;)); <; j<, be the restriction of ds* to S in terms of the base field v;,v,.
Let V' be the induced connection on S,, and note

v0;x° =V, 0,(*)=v0,x> =D, v,(x*)
+{D,v;, vyv(x?)
where v is the unit normal field of S,. Evaluating at the point x, we have
Vx> =Dy;x> + hyv(x?)

where h;;={D,v;,v)(x,) is the second fundamental form. Contracting with respect
to (g;;) we have

2 2 2
Y 4= Y ¢'D;x*+ Y. q7hv(x7) .
Lj=1 ij=1 Lj=1
2
Since S, is minimal we have ) ¢'h,;=0, so applying (2.7) we see
i,j=1

2 2Mh
Z ‘1”171'1'3‘3 T +0(1/r) .

i,j=1

2
Since M <0, we see that h sufficiently large implies that ) ¢"F;x*>0 at x,
i,j=1
contradicting the fact that x> attains a maximum there. A similar argument gives a
lower bound on x*[g . and we have established (2.5)

Now, let ¢ >20, and define the set
A,=(N\NU{x:]x] 2 00, (") + (%) <02}

For any o>, (2.4) and (2.5) imply
S,nA4,S(K VE)NA, (2.8)

which is a compact subset of N. We now quote a local interior regularity estimate
for area minimizing surfaces which is discussed in the Appendix.

(2.1) Regularity Estimate. Let U,(x) denote the geodesic ball of radius r about
xeN. There exists a number r,>0 so that for any point x,€S, with
U, (xo)nC,=0, it is true that S,nU, (x,) can be written as the graph of a C?
function f, over the tangent plane to S, in a normal coordinate system on U, (x,).
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Moreover, there is a constant ¢, depending only on (N,ds?*) which bounds all
derivatives of f, up to order three in U, (x,). (Note that both r, and c, are
independent of ¢.)

It then follows from (2.8) and the Regularity Estimate that we can choose a
sequence o{®— o so that S,o NnA, converges in C? topology. Since this can be
done for any ¢ >20,, we can take a sequence ¢;— oo and by extracting a diagonal
sequence we find a sequence 0,—o0 so that S, »S, an imbedded C>-surface,
uniformly in C? norm on compact subsets of N. The surface S is properly
imbedded by (2.8), and is clearly area minimizing on any compact subset of N.
From (2.4) we have SN(N\N,)C K, and hence SN(N\N,) is compact. From (2.5) we
have SAN,CE, which is the region between two parallel 2-plane in IR®. This
completes the proof of Step 2.

The final step in the proof of Theorem 1 is to use the condition on the scalar
curvature to derive a contradiction.

Step 3. The surface S constructed in Step 2 cannot exist.
Proof. For any =0, let S, be the set

S5y =[SA(N\NY]ULSNB,(0)] .

The S, form an exhaustion of S, and we can see
Area (S,) = C,0? (2.9)

for a constant C, independent of =0, To prove (2.9), we note that if S has
transverse intersection with dB,(0) then this intersection is a union of oriented C?
Jordan curves on 0B,(0) which bound S, It follows that these curves bound a
domain QC0B,(0). Thus we have 0S,, =0, so we can apply the area minimizing
property of S to conclude that

Area (S ,)) < Area (©2) < Area (0B,(0)) .

Since (1.1) implies that ds? is uniformly equivalent to the Euclidean metric on
1R3\B00(0), (2.9) follows for those ¢ > ¢, for which Sn@B_(0) is transverse. Since this
is true except for o in a set of measure zero, (2.9) follows for any o=0, by
approximation.

We can use (2.9) to bound the integrals of certain functions on S. For a>0 we
have

®(d 1
j1+r S(£)1+r i(%sj1+r“>dt

d
NENT (dt Area (Sy) )

If a>2, we can integrate by parts and apply (2.9) to get

< Area(S,,)+ f

0 a—1

< 2
£1+ra=‘72"°+“i(1+t“)

© a+1

<c20'0+c2aj T ——dt

Area (S,)dt
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It follows that we have

]

—— <o whenever a>2. (2.10)
s1+r

Applying similar reasoning, we have for g, <0, <a,,

1
| = =2C,loga,/o, . (2.11)

Ste\Seoyy

We now introduce the second variation inequality for S. This inequality
expresses the fact that up to second order S has smallest area in a one-parameter
compactly supported deformation of S. Let e,, e,, e, be orthonormal (with respect
to ds?) vector fields defined locally on N. We use the notation

K;;= sectional curvature of the section {e;e;} .

The Ricci tensor can then be written
3
Ric(e)= ) K
j=1

where we let K;;=0. The scalar curvature R is then given by
R=K,,+K;3+K;;5 .

Let v be the unit normal vector field of S, and choose a frame e, e,, e; =v adapted
to S. Let A denote the second fundamental form of S, i.e. the matrix in terms of
e, e, is

hij=<{D,v,e;> .

It is well-known that A4 is a symmetric quadratic tensor on S. We let |4
the length of 4 with respect to ds?, ie.

|I? denote

2
1412 =% hi.

i,j=1
The condition that S is a minimal surface is
Trace(A)=h,, +h,,=0. (2.12)
The second variation inequality (see [10]) for S is
gf[Af+(RiC(V)+ 141%)f1=0
for any C? function f with compact support on S. After integration by parts we see

f(RiC(V)JrHAHZ)f2§£HVfH2 (2.13)

N

for any C? function f with compact support on S. By approximation we see easily
that (2.13) holds for any Lipschitz function f with compact support on S. The
Gauss curvature equation expresses the Gauss curvature K of S as

K=K,,+h  h,,—hi,. (2.14)
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Applying (2.12) and the symmetry of 4 gives
A4|*=K,,—K .
Putting this into (2.13) gives

g(Ric(v)+K12—K+%|¥Al|2)f2§ i ez .

That is, we have

g(R—K+%HAHZ)f2§glIVfHZ- (2.15)

We now choose a suitable cutoff function for f in our inequalities. For 0 >0,
define a function ¢ by

1 on Si
2
B logaT
log p on S(o.z)\S(a)

0 outside S,

Let g be a Lipschitz function on S satisfying |g|<1 and g=1 outside a compact
subset of S. Setting f'=¢g in (2.13) and applying the Schwarz inequality gives

i(RiC(VH ||A|)2)¢292§2£92H V<P1|2+2£§02H 71k

2 Ivr|?
+2[9*7gl* .
(log 0)? Sta)\S(e) rt. i

IIA

Because of (1.1), there is a constant C, with |[Vr[|*?<C;. Thus our inequality
implies by rearranging and using the definition of ¢ and ¢

2C 1
A|?g? < 3 — +2[IVg|I*>+ [IRic(v)|g> .
S;[-) ” ” g = (IOg 6)2 S(gz)j‘\s(a) rz :!:I g, il )Ig

Applying (2.11) we have
[ 14179%>=2C,C, (logo) ™ +2 [ |[Vgl1* + [IRic (vlg* .
S N

S(o)

Letting 0— 00 we conclude

iIiA1|292§2£ Vgl + £|RiC(V)Ig2 (2.16)

for any Lipschitz g with |g]| <1, g=1 outside a compact subset of S. By (1.1), we

have Ric(v)=0(1/r?), so choosing g=1 on S and applying (2.10) and a=3 we

conclude from (2.16) that j”AH2 < o0. (The formula (2.16) with g==1 will be used
5

later.)
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Formula (2.14) implies that |K|<|K,,|+ || 4]|*. By (1.1) we have K, =0(1/r?) so
(2.10) implies [|K,,|<oo. Thus we have
S

[IK|<co . (2.17)
S

We now use the function f=¢ in inequality (2.15) and let 6—>c0 as above to
conclude

[(R—K+3[4]%=0.

Since R=>0, and R >0 outside a compact subset of S, we conclude

[K>0. (2.18)
S

Remark 2.1. The Cohn-Vossen inequality says that | K <27y(S), where x(S) is the
S

Euler characteristic of S. Combining this with (2.18) we see immediately that S is
homeomorphic to R2.

In light of (2.18), the proof of Step 3 will be finished if we can show | K <0.
S

Since this is a very important part of our proof of Theorem 1, we give two proofs of
this inequality. The first proof is conceptually very clear, and has the advantage of
being more general than the second. The first proof, however, uses a deep theorem
of R. Finn [11] and A. Huber [12] concerning the Gauss-Bonnet theorem on open
Riemann surfaces, while the second uses no outside results and is special to our
situation.

Claim [K<0.
N

First Proof. We first note that inequality (2.17) and Remark 2.1 imply, by a result
of A. Huber [13], that S is conformally equivalent to the complex plane. Thus
there is a conformal diffeomorphism F:C—S. Let D, denote the disk of radius ¢ in
C, and let C, be the circle of radius 0. For i=1,2,... let L,=length (F(C,)), and let
A;= Area (F(D,)). The simply connected case of the theorem of R. Finn [11] and A.
Huber [12] says that

. L?
£K=2n— lim - (2.19)

i— o
i

Thus to show | K <0, it suffices to show
S

L?
lim ——2>1. 2.20
2 Gna, = (2.20)
Since § is properly imbedded in N with SN(N\N,) compact, we see that F(C,) lies
outside any compact subset of N, for i sufficiently large. Thus for large i, we let L;
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be the Euclidean length of F(C,). Inequality (1.1) implies
D<(+o(1)L? as i—o. (2.21)

For the immersed disk X, of least Euclidean area with boundary curve F(C)), we
have the well-known inequality whose proof can be found in [14]

L2

A(Z )= 4n

where A( -) is Euclidean area. Let f be an oriented surface of least Euclidean area
among all surfaces of boundary F(C,) regardless of topological type (sce
Appendix). Since A(Z )<A(Z ), we have

L2

AZ)< L T (2.22)

Because F(C)) lies outside any compact set for i sufficiently large, we can find a
sequence g;— 00 with Z nB, (0 )CZ \F(C)). Since from Step 2 we know that F(C,)
{xe]R3 IX*|<h}, it follows that 3,CE, by the convex hull property of
mlmmal surfaces. Since Z does not retract onto its boundary circle, there is a point
xer n{(0,0,x3):x%cR}. A well-known inequality (see [15]) implies
A(2,nB,(x,)) = 7% Thus we clearly have
A(Z,nB,(0) =(1 +o(1))na? . (2.23)

We wish to compare the ds*-area of 3, with the Euclidean area, but we cannot do
it directly since ;1 B, (0) may be nonempty, and ds? is not defined on this part of
Z We get around thls problem by modifying Z near 0. Let 6e[o,, 0,4+ 1] be such
that 0B;(0) and Z have transverse (or empty) intersection. We can then find a
domain Q; on 6Ba(0) so that

0Q,=3,n0B.(0) .

We then define a new surface X, by
2=(Z\B,0)uQ; .

Now (2.23) implies /](ZNi)—> o0, so we let /]l:;l(fi), and conclude
A= +o(1)AE)

which combines with (2.22) to give

r2

A, Z(140(1) L;t (2.24)

By the area minimizing property of X, we also have A(£)<A, so A,—c0. By
choosing g; smaller if necessary, we take

AZnB,(O)< /4, (224a)

and A2 "B, (0))— co. This can be done because of (2.23) and (1.1). If the ; remain
bounded, say g, < for all i, then by comparison as in the proof of (2.9) we would
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have
A(Z;nB (0)) <4ng?

which would imply that A(fimBai(O)) is a bounded sequence. Thus we must have
g;—00. It then follows by asymptotic flatness

A(Z\B, () S(1+o(1)4, .
Combining this with (2.24a) we have
AZ)S(A+o(1)4;, as i—oo. (2.25)

Using the area minimizing property of S and inequalities (2.21), (2.24), and (2.25)
we have

2

Ai§A(Ei)§(1+0(1))«‘~1i§(1+0(1))%
§(1+0(1))% as i—o0 .

. L2 . . .
We thus conclude lim a 1’4 =1 establishing (2.20). This completes the first proof

1—> 00

of our claim.

Second Proof. We now give a proof of the claim in which we directly apply the
Gauss-Bonnet theorem with boundary, and estimate the boundary terms. For any
xeR3, let x'=(x!, x2,0), and let ' =|x'| =((x!)* + (x?)?)*/2. Consider the cylinder

P, ={xeR*:r<gq}.

For any 6 >0, for which 0P NS is transverse, we have by Remark 2.1, at least one
circle in this intersection which is not homologous to zero in ]R3\Pa0- Choose one
of these circles, and let D, be the connected component of this circle in
SAL(N\N,)UP,]. We claim that for ¢ sufficiently large, D, is a disk. To see this,
recall from the first proof that S is conformally equivalent to €, so we have a
conformal diffeomorphism F:C—S. Now F~*(D,) is a bounded, connected region
in €. By transversality, the function # changes sign across each boundary
component of F~}(D,). If F~(D,) is not simply connected, then there is a bounded
domain O contained in C\F~(D,). Thus on dF(0) we have 1 =g, and inside F(0)
at some points we have ¥ >¢. Thus # takes a maximum at some point of F(0). We
claim that (+)? is a subharmonic function on S for 7 sufficiently large, which will
give a contradiction. We calculate

2
i i i
Ax'= .Zlejejx v,ex' .
=

Now e;x'= <ej, %‘> +0(1/r), so
2 0 0 0
Axl: .Zl <Vejej’ 5)?1—> +h1]<V; axi> - <Vejej, §>} +0(1/r2)
=

=0(1/r?)
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2

since ) h;;=0. Thus we have
=1

2 a 2
Ar)y? =2 <ei,ﬁ> +0(1/r) .

i,j=1

] o 0
Since both {e,,e,} and {@’ W}

intersect in at least a line, so the norm of their projection is asymptotically
2

2
bounded below, i.e. Z <e,., %> =1-0(1/r). So we have

i,j=1

span 2-dimensional subspace of IR3, they must

Ar)?=2—-0(1/r) as r—o.

Thus for r sufficiently large, in particular for  sufficiently large we have A(#')? > 0.
Thus it follows that D_ is a disk for o large.

We may choose the D, to be increasing, so that D.> D, when ¢ > 0. Since S is
connected, the D, form an exhaustion of S, and we apply the Gauss-Bonnet
theorem on D, so that

[ K=2n— [k

Do Do
where k is the geodesic curvature of 0D, relative to the inner normal. Thus, our
proof will be complete if we can find a sequence o;,—c0 so that

[ k=z2n—o(1) as i-oo. (2.26)

Do,

In a neighborhood of 0D, we choose a frame e,, e,, e; where e, the positively
oriented unit tangent vector of dD, e, is the inner normal to D, and e; =v is the
unit normal of S in R? relative to ds?. The geodesic curvature k is given by

k={D,ey,e;> .

Since ¥ =0 on dD_, we have {e,, Dr'y =0 on 0D,. Differentiating this with respect
to e, gives

<Dele1, Dr'y +<ey, DelDr’> =0.

Now (1.1) implies that Dr’ = % +0(1/0) and

e 1/, 0N 9 2
D, Dr'= i <e1, 6x3> e +0(1/c%),

so we have

x' 0 2\?
<Dele1,';> +1/a—1/cr<e1, > —0(1/0)|D, e, ]| +O(1/5?) .

ox®
Since D, e, =ke, —h, v, this gives
X' X' 1 o \?
k<ee>;> +1/o—hy, <Va ;‘> - E<e1, ﬁ> =0(1/0')HD91€1” +O(1/O‘2) .

(2.27)
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Suppose oe[7,26]. We now apply the divergence theorem for the vector field

53 On the volume enclosed by D,;\D;, dP,;, dP;, and the plane annulus
X
Q- ={x:x3=—h,G<r <26} where h is a bound on |x*| for xe SNN, (see Step 2).

By (L.1), div% =0(1/3%), so we have

0
A (sts) —a@)=0a)

where we have used the fact that <é%’ n> = 0(1/o) where n is the unit normal of

0P,; and 0P;. Applying the area minimizing property of S on D,;\D; as compared
with the union of Q. and the part of 0P,;U0P; between S and 5, we have

A(D;\D;) S A(2)+0(5) (2.28)

Combined with the above inequality this gives

0
1— <v,k> <0(0) .
Dzaj\DE 0x?
The coarea formula (see [16, p. 258]) gives

Zj& | 1—<v8> dsdt = | |7 (1= (v 0
G D25n0P: ,ax?’ —Dzaﬁ(Pza\Pa) ,8)(3

where ds is arclength on D,;NdP,. Since

D250(Py5\P5) EDy5\D5
we can combine these inequalities

Zf I 1 I Vdsde=0 2.29

—(V,—= ) |dsdt<0(0o) . .

5 DzamaPt( < 3x3>) =00 229
Again using the coarea formula we have

27

| L(D,;n0P)dt= { V] .

G D151 (P25\P3)

Combined with (2.28) this gives
25

J L(D,;00P)dt =0(5) . (2.30)

We must now bound the second fundamental form of S on dD,. To do this, we
apply inequality (2.16) with the following choice of g

0 for xeSN[(N\NYUP ;7]

/

7

g(x)= log l/g for xeSn(P;\Pz5)
log |/
1 for x¢SNL(N\N)UP;] .
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This implies

) 2 v | .
141° E ——=; R R | |Ric (v)] .
S\[(N\N1)UPs] (log 1/;) sneapys (1 ) S\IN\N)UPy3]
This implies by (1.1)
2C 1
[ 14rs— S o(1/r?).
D251 (P25\P5) (log l/; snbys) ()7 syewoorys

Similar reasoning as that used in deriving (2.10) and (2.11) using 7 in place of r and
the fact that x> is bounded on SNN, implies
1
—7 =O(10g l/g) .
Sn(P5\Py3) ()

0(1/r3)=0(1/5?) .

S\[(N\N)uPy5]

It therefore follows that
| Al>=o0(1) .

D250 (P25\P5)

The coarea formula gives
25 :
L U N U 7

g D25n0P, D25n(P25\P5)
This then implies

26
| i [ 14l2dt=0(1) . (2.31)

25N 0P

Now (2.29), (2.30), and (2.31) imply that there exists ae[a, 2] satisfying

| (1—<v,i3>)§0(1), L(D,.néP,)=0(c),

D25n0P, 0x

,‘ ”A||2=0(1/0') as ¢—o0 .
D25n0P,

Applying the Schwarz inequality and the condition on boundary length we have
(5,5, 141 SLD:z03P)-o(t o) =o(1) .

Dy5n0Ps

Since 0D, is one component of D,zNdP,, we have shown

0
(e s
L(0D,)=0(c) (2.32)
f Al =o(1)) .

0Ds
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We use (2.32) to estimate the terms in (2.27). Note that (2.27) and (2.32) imply

X' 1 0 \?
k{ e,,— )| =0(1)+0(1/o D,e |+ — <e ,—> . (2.33)
I e )| =omot e+ I (e
To bound the last term, we note that by (1.1) we have
0 \? 0 \? 0 \?
<el,a—x3> + <e2,ﬁ> =1—- <V,W> +O(1/O’)
which implies by (2.32) that
0 \? 0 \?
agd <el,w> + <e2’ﬁ> —0(1) . (234)
We now give a pointwise lower bound on <e2,%> . In fact we show that
sup(l ¥ <x—, e2>) —o(1). (2.35)
0D g

We first note that by (1.1)

’ 2 4 2 / a 2
1_<%,e2> =<%,v> +O(1/a)=<%,v—ﬁ> +0(1/0)

2
+0(1/0)

V— —

ox3

= 2(1 - <v,%>) +0(1/0) .

Then applying (2.32) gives

[1- <§,e2>2 =0(1). (2.36)
9D

/

. . . X .
Now since e, is the inner normal to D, and Dr'= — + 0(1/0) is the outer normal,
o

’

we have <%, e2> <0(1/o), so

(e = i)
=>(1-0(1/0)) (1 + <x;', e2>) +0(1/0) .

Combining with (2.36) then gives

[ 1+ /x—l,e,,\ =0(1). (2.37)
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Since dD, is not homologous to zero in R*\P, , its projection onto the x'x>-plane

must be the circle of radius ¢ centered at zero. We therefore have
L(éD,)=2nc—0(1) .
Now (2.37) and (2.38) together imply that there is a point x,€dD, with

1+ <x—/, e2> (xg)=0(1/0) .
o

Differentiating 1+ <x—, e2> along oD, gives
o

o (bt (B

—h12<%/, v> +0(1/0)?

2 2
= (<6_j3 e1> N <a—i3 e2> ) LA +0(1/0%) .

Applying (2.32) and (2.34) we see

i)

0D
We now write for any xedD,,

1+<xl >(x) 1+<£’ e2> x0)+xfoe1 [1+<x—l e2>]

Thus combining this with (2.39) and (2.40) we have established (2.35).
Now (2.33), (2.34) and (2.35) together imply

I kl=0(1)+0(1/0) | [D,e;l -

0D

=o0(1).

Since D, e, =ke,—h,,v we have
ID,,eq | Ikl + 1Al ,
so integrating and applying (2.32) we have
[ 1D el = | Ikl+o(1).
oD, Do

Combining this with (2.41) gives

[ ID, e l=0(1)
0D
[ Kl=0(1).

0D

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)
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We may now rewrite (2.27) using (2.32), (2.34), and (2.42)

[ k= | k<1+ <—)—CL e2>) +1/aL(0D,)—o(1) .

0Do oD g’
Applying (2.35), (2.38), and (2.42) then gives
[ k=2rn—o(1).

D&
Since this holds for ¢ arbitrarily large (in any interval [, 25], & sufficiently large),
we can choose a sequence g;,— co for which (2.26) holds. This completes the second

proof of our claim.
This finishes the proof of Theorem 1.

3. Proof of Theorem 2

In this section we prove Theorem 2 which says that if for some end N,, (1.2) holds,
the total mass of M, is zero, and R =0, then ds? is flat. We first note that by
throwing away the other ends outside a convex ball, we may assume that N has
only one end, so that N\N, is compact.

We will need the following Sobolev inequality for functions with compact

support on N.

Lemma 3.1. There is a constant ¢, >0 depending on N and the constants k, k,, k
of (1.1) so that for any function { with compact support on N, we have the inequality

(54’"’)”3 <c, [IDC)?.
N N

Note that we do not require {=0 on ON.
Proof. We prove the inequality by contradiction. If it were not true, we could find
a sequence of functions f; with compact support and with

[ff=1, [IDAIP<1)i. (3.1)
N N

Since N, is identified with ]R3\B60(0) and ds? is uniformly equivalent to the
Euclidean metric, we have the inequality which follows from the Euclidean
inequality (see proof in [17, p. 80-81]).

<§ (ﬁ)6)1/3§(00n5t) [ IDAI? .
Ni Nk

Thus by (3.1) we have | f,°—0, so we have f,—~0in L%norm on N,. If we choose a

Ni
precompact coordinate neighborhood ¢ C N, for any C! function g defined on ¢
we have the following inequality which comes directly from the Euclidean
inequality of the same form

inf (j(g—ﬁ)ﬁ)mg(const)j |Dg|? .
BeR | § v
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Applying this inequality and (3.1) to the functions f;|,, we find a sequence f3; so that
[(fi=B)°—0.
Y

Since [ ff=1, the sequence f3; is a bounded sequence, and by extracting a
N

subsequence we may assume f3;—f. Thus we have f,—f in L°-norm on 0. Since
fi—0in L°-norm on N,, we must have =0 on each coordinate neighborhood 0,
so we have f;—0 in L°-norm on N in contradiction to (3.1). This proves Lemma
3.1

We will have need to study equations of the form

Av—fv=h on N (3.2)
where f, h are functions which satisfy
SISk, (141370, JhI Sk (L+7%) 71,
0f|1Skg(1+75)"1,  |0h|<kg(147°)~"

on N,. Let f, f_ be the positive and negative parts of f, so that f=f, —f_ and
fl=rfi+ /-

Lemma 3.2. Suppose (1.1) holds and N, has zero total mass. There is a number ¢, >0
depending only on N and ki, k,, ky of (1.1) so that if

(g(f_)”)” <é

then (3.2) has a unique solution v defined on N satisfying v=0(1/r) as r— oo and

(3.3)

ov . .
— =0 on 0N, where n is the outward unit normal vector to ON. Moreover, the

on
solution v has the properties

A
v=—-to, lo|Sko(1+72)71,
0| Sk o(1+1)"1, 00w <k, ,(1+r%)~?

1

on N, where A= — in | fo+h, and the constants kg, ko, k,, depend only on k, k,,
TN

ks.

Proof. Throughout the proof we use ¢,;,c,,c5... to denote constants depending

only on ki, k,, kj.

To prove the existence of v we solve the problem for 0 >0,
Av,— fv,=h on N?=(N\N,)U(B,(0)nN,)
v,=0 on 0B/0)

ov,
E]__O on ON .

(3.4
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If v, satisfies (3.4), we can multiply by v, and integrate by parts to obtain an
integral bound on v, as follows

[ IDv>=~ [ fv2— | hv,
No No No
< [ (fowi+ [ Ikl
No Ne

< (Ngof_3ﬂ>2/3 (Nfc vg>1/3+ (1§6|h|6/5)5/6 (j‘ 03)1/6 )

No
We note that if h=0, we can apply Lemma (3.1) to obtain

[ IDv]><egey | [1Dv,)? .
No Neo

Thus if we choose ¢, <1/c,, we see that 4v— fv has trivial kernel for problem (3.4),
and hence standard linear elliptic theory (see [18, p. 262]) implies the existence of a

unique smooth solution v, of (3.4). By (3.3) we have ( [ In® 5)5/6§cz, a constant
NO’

independent of o. Applying this, Lemma 3.1, and the hypotheses we have

(j u§>1/3§30c1 (5 v?)”3+clc2(§ vfj)”6.
Na

N7 Ne

. 1 . . .
Choosing ¢, = EP and using the inequality |ab| < a* + 3b* we have
1

([eeP=t(]

Ne Neo

(] ) e

No

which gives
[v9<c,
No

where ¢, = (2(c,c,)?)?. Standard linear elliptic estimates (see [17, p. 161] for the
interior estimate and [17, p. 242] for the estimate on ON) now imply that
{v,:06>0,} is equicontinuous in C? topology on compact subsets of N. Thus we
may choose a sequence o;,— o0 so that v, —v uniformly in C*-norm on compact
subsets of N. Thus vis a solutlon of (3. 2) defined on N satisfying

@ =0 on OJN, and

On

3.5
fv°<c;, suplv|=Zc, . (3.3)
N N

(The supremum estimate follows from the L° estimate and standard linear theory
[17, p. 161].)
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To analyze the asymptotic behavior of v, we derive a potential theoretic
expression for v. For x,ye N, let

1/2
0.)= Z 900 (v = x) (y7 — x7)
i,j=1
By direct calculation we have
A, Lo (0] = —4n6 (y)+ . ()

where J () is a point mass at x, and by (1.1) y,(y) satisfies
lpWIScslx—yl72x|7° for yeB(x). (3.6)

Again by (1.1) we see that for y¢ B (x) we have

1 1 1

lw.I=c + + . 3.7

R [T T e e g L (B T 37
Also we have

i Hx=yS00)Sclx—yl, e 10,00 =Scq (38)

lim [x|[o,(»)]™'=1.

Y_’OO

Multiplying (3.2) by [o,(y)]™"', integrating by parts twice on the set D5(x)
={yeN,:0.(y)=6} where 6e(c/2,0) and /2> |x|, and applying (3.6)

dmu(x) = [ w0 V9w dy— | (fo+m)») e 1" [/ g(y)dy

D&(x) Da(x)
1 0 0
to [ =dAp) = [ o) (o] TidA) (39)
T (ox(y)=5) 0N {0x(y) =5} on
ov
= 5 0em] A+ | v [gx(y)] LdA()
8B4 (0) ch0<0)

where ]/édy is the volume element of ds? and dA is surface area with respect to
ds*. Applying Stokes’ theorem we see from (3.2)

ov
I on

{ox(y) =7}

——(y)dA(y)

S R N Y

2Boy(0) 0N Dl 2Boy(0) N DXy

From (3.3) and (3.5) we have
) fU+hI =S¢ -

Dz(x)
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Therefore,
61) ’
+ci0=cyy .
{ox(») =5} 8n B4(0) on ro=ri
From (3.8), Area {0, (y)=5}<c,,57,

{ex(») =3}

By (3.5) and the coarea formula we may choose 6e(0/2, o) so that

IR

<c¢,36 ¢y, 02)5/6<

35_2 j [v]

{ex(y) =a}

|

so we may apply (3.8)

)1/6
{dx(y) =5}

<c,,0 1/3( { 06)1/6.

6 -1
V7=¢y50

{ox(y) =5}

Thus we have

| v [Qx(y)] Scs

{ex(y) =0}

{ex(y) =5}

o2,

We now let 6—co0 and apply (3.10) and (3.11) in (3.9) to get

dmo(x) = wa(y)v vV g(y)dy

- j (fo+h)(y

-

By (0)

+ [ v

2B, (0)

%@wm-

)Le.(»1~ " [/ g(y)dy

YdA(y)

[@x V17 HA(y).

From (3.5), (3.6), and (3.7) we have

Bi(x)

() 1/ 9(»)

§c17l I o ldy+  §

Ni\B

dy’

§c18|x|_3+019< j (

1

+_—
Il e —y1?

R3\Bj(x)

[w. We(y)ldy

1(x)

1

1

A+ x—y?

6/5 \5/6
) dy) .

T AT P

67

(3.10)

(3.11)

(3.12)

(3.13)
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The following inequalities are easily checked
dy 5/6
<m3\1£1(x) (1+|y()”’51x—y|18/5>
dy )5/6
<
_< xj;\Bl(x) (L [y 2 e —y| 1813

B
dy 5/6
( 11 (0) (1+1yl) 12/5|X Y|18/5)

2

dy 5/6
+ ( ) 1 125w 18/5)
R3\ (B)x| (0)UByx| () A4y x =yl
2 2

S gl ™24 Pl 732 4 x| 7)< cfx] 72

Similarly
dy 5/6
_<_ -2
(.Rs\m (1+|y:)18/5|x—y|“/5) =il
dy
=i Scy,

R\Byo) XY
Thus it follows from (3.13) that

W) 1/ 9(») dy‘ Scpslx 72 (3.14)
It follows from (3.3), (3.5), and (3.8) that
I (fo+h) () eI /gy dy‘ Scpqlx|7?

Bjx| (x)
Z

x| [o.0)] ' Scps for y#BL(x)

We may thus apply (3.8), (3.3) and the dominated convergence theorem to the
functions (fv+h)(»)Ix| Lo, ]~ )/ g(y) ANi\BLs () where y, denotes

the characteristic function of A to conclude that

lim [ J (fo+h) ) Le.I ' ey dy

= Nj (fo+h)(» Vg(y)dy . (3.15)
Then by (3.12), (3.14), (3.8), and (3.15) we have

A= Jim dzxi()=~ [ (fo+1)0) 1/ gdy

- ® (3.16)

0Bgy(0) ON
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SO we may write
v=—+w
-
where
4mo()= [ p.op0) Vo0 dy= [ (o +h)le0)™ - Ixl™] Vgdy

- a Clo0) " =[x 1dAG) + | v—[@x(y)] YdA(y) .

2By (0) 8B4, (0)
(3.17)
We see directly that
lo (0™t = IxI" S g ng—ﬁ
which combined with (3.17), (3.3), and (3.8) shows that
lo(X)|Zc,,(1+7*)™ 1 for xeN,. (3.18)

To estimate the derivatives of w we record the following Schauder estimate
whose proof can be found in [17, p. 161]. Let L be an elliptic operator on the unit
ball of IR® of the form

3 2
L =
Y a9) gazz Z B 555 +elh(d)

iL,j=1

where &= (£, €2, &%) is the Cartesian coordinate in the ball. For any function ¢(¢&)
defined on an open set 2 and real number 4 with 0<A<1, define the following
norms

[@lo.o=sup|e(&)l
seQ2

lp(&)— (&)l
b =
[@ly 1.0= iug [0p(O)] +100lo. 1.0

Iﬁolo,g,(z:

9l2,1,0= sup 10(E)] + sup 1001 +100¢lo 5,0 -

Let B, ={&:|&] <r}. Suppose there is a positive number A so that

> la;il0,2,8, + Z bilo.a, tlclo. 15, =4,
W \ (3.19)
AP Y a O vieR\(0}, VEeB, .

i,j=1
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It then follows that for any C** function u on B, we have
lul, 15y, SC(Luly 5 5, +1ulo p,) (3.20)

where C depends only on A, A.
We now fix a point xe N,, and assume that o= %|x,| >0, We then let

t= )

where y is our asymptotic coordinate on N,. If we let u(&) =w(y), a;;(§)= g(y), b (&)
=ag (y)I(y), and (&)= —a*f(y) we have

0* 0
Lu(€) = a,8) 557 + L0 g +elOn

=c*(dw(y)— fo(y)) .

Now dw— faor=Af|y|”t+h—AAd|y|” ! by (3.2) and the definition of w. From (1.1)
we see that

2137 Il Y I 202 11 R [N D

These together with (3.3) imply

|Lu|o,/1,Bl =C300° TE

It is clear from (1.1) that (3.19) is satisfied for our operator Lu with a constant A
independent of a. Thus (3.20) gives
luly 55,, Sc31(0” Ay lulo,p,) -

By (3.18) this gives for any 4, 0 <A<

-2
’uIZ,A,Bl/z =¢3,0

In terms of w, this implies
00(xo)| S c350%0l 7%, [00c(xo)l S c5lx0l ™7
This establishes the required growth properties of o. The expression for 4 follows

by integrating (3.2) over (N\N,)U(N,nB,0)) using the boundary condition

g—z =0 on 0N, and letting 0— o0.

To prove uniqueness, suppose ¥ is another solution of (3.2) satisfying v=0(1/r)

and % =0 on dN. Then u=v—7 satisfies

Adu— fu=0, u=0(1/r), %=O on ON. (3.21)
We show u=0. Let § >0 be any number, and let E;={xe N :u(x)=4J}. Because u
tends to zero at infinity, we see that E; is compact. We multiply (3.21) by u and
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integrate over E;

{udu= | fu*.

Es

Integrating by parts and applying (3.21) we have
[ IDul*=~ | |Du]— | fu?
Es

Es < Ejé ;;i)uz < (Efd fg/z)m (,.i u6>1/3
__<_80 (EJ u6)1/3 )

Applying Lemma 3.1 with {=u—6 on E;,{=0 on N\E; we have
(f (u—5)6>1/3§c1 | IDuj? .
E5 Ed

Combining these inequalities and recalling the choice of ¢,

( j (M—5)6)1/3 §C1’30 ( j’ u6)1/3 § % ( j' u6)l/3 .

Es Es Es

Since u=0(1/r), we see that [u®<oo, so we may let 6—>0 and deduce a
N

contradiction unless u 0. Since —u also satisfies (3.21) we must have u =0, so that

u=0 on N. This concludes the proof of Lemma 3.2.
The next lemma deals with conformal change of metric on N.

Lemma 3.3. Suppose ds® is an asymptotically flat metric on N satisfying (1.2). Let
R be the scalar curvature function of ds?, and suppose R satisfies

[ R s,
N

where ¢, is defined in Lemma 3.2. Then there is a unique positive function ¢ with
0g

Zn =0 on N so that the metric ds> = @*ds? is asymptotically flat, scalar flat, and

has total mass

1

M=—
Proof. In order for the metric p*ds? to be scalar flat, the function ¢ must satisfy

Ap—LRp=0. (3.22)
The function v=¢ —1 then satisfies

Av—§Rv=3%R . (3.23)
In order for ¢*ds* to be asymptotically flat, v must satisfy the asymptotic

conditions of Lemma 3.2. Now Lemma 3.2 applies directly to give a v satisfying

(3.23) with g—s =0 on ON. Thus ¢ =v+ 1 satisfies (3.22) with _60% =0on ON. In order
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to prove that ¢ is everywhere positive on N, we let E={xe N :¢(x) <0}. Since ¢ is
asymptotic to one, we see that E is compact, and if E is nonempty, we multiply

(3.22) by ¢ and integrate by parts on E using g—:(: =0 on dN to obtain

Ra_/z)z/s ( 6)1/3 .
e e
Applying Lemma 3.1 to this inequality we have

<£§06)1/3 §‘7130 (£§06)1/3

1
which is a contradiction since g, < T We conclude that ¢ =0 on N. That ¢ >0
1

on N now follows from the Hopf maximum principle. The usual proof works
.. 0

directly on the interior of N, and the boundary condition % =0 allows an easy

modification to show ¢ >0 on 0N (see [17, p. 61]).

To show that N has positive mean curvature relative to ds*=@*ds? we note
that if H is the mean curvature function relative to ds* and H the mean curvature
relative to ds?, a direct calculation gives

_ 1 4 Oo 1
H = —5 _— ] = —H
o’ (H+ ® 5n) e
so H>0. This finishes the proof that ds? is an asymptotically flat metric on N. The
formula for M follows from Lemma 3.2.
A special case of Lemma 3.3 is the following corollary which was proved by
O’Murchadka and York [19] in case N is diffeomorphic to IR3.

Corollary 3.1. If M =0, R=0, and R is not identically zero, then there is a metric
conformally equivalent to ds* which is asymptotically flat, scalar flat, and so that N,
has negative total mass.

Theorem 1 and Corollary 3.1 imply that an asymptotically flat metric
satisfying the hypotheses M =0, R =0 must have R=0 on N. We assume now that
ds* is such a metric and that (1.2) is also satisfied. We define a one-parameter
family of metrics ds? on N by

3
dst=Y (gy+1S;)dx'dx’
Bi=1

where S,; is the Ricci tensor of ds®. These metrics are defined in a neighborhood of
t=0 by (1.1) and (1.2), and ds} =ds?. For t sufficiently small, ds? is asymptotically
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flat by (1.2) and because 0N has positive mean curvature relative to ds?, so by
continuity ON also has positive mean curvature relative to ds? for ¢ small. Let R, be
the scalar curvature function of ds?, so that we have R,=R=0. A known formula
(see [20]) gives
d . .

R, = ;ER,IFO: — AR + 86 Ric— ||Ric||? (3.24)
where Ric=(S;)) is the Ricci tensor, and

00 Ric=S};,, [Ric|* =g"g"S;Sy -

Since R=0, we have 4R=0, and a direct application of the second Bianchi
identity shows

06Ric=24R=0.
Thus (3.24) becomes
R,=—|Ric||?. (3.25)

Since R, =0, it follows from (1.2) that for ¢ sufficiently small we have
.é (j' Rt312>2/3 égo ,
N

where ¢, can be taken independent of t for small t. Applying Lemma 3.3, we find a
function ¢, so that the metric @;*ds? is asymptotically flat and scalar flat. The mass
M(t) of this metric is

M(t)= 32 th(p, Vgdx (3.26)

where /g, is the volume factor for ds?.
. M. . -
We will prove that T exists at t=0, and can be computed by differentiating

(3.26) under the integral sign. For small h, let ¢ be defined by

(h) §0h (pO
ET

Let A, be the Laplacian for the metric ds?, and let 4 be the differential operator
defined by

1
APy = E(Ahv_AOU) .

Let R = —(R,—R,). The function ¢ satisfies the equation

= =

Agp™ —ERyp™ = — AP, + LRM g, . (3.27)

By (1.1) and (1.2), we see that this equation satisfies the hypotheses of Lemma 3.2.
Since ™ is O(1/r), that lemma implies

lp"|<y (147" on N, (3.28)
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where y, is independent of h. Standard linear theory applied to (3.27) shows that
™ has a local C** bound depending on C* bounds on R, and —A4®¢, + 1R®¢,.
Since these bounds are independent of h, we can find a sequence {h;} tending to
zero so that ¢, converges in C*# norm for any f<a uniformly on compact
subsets of N to a C** function ¢, which satisfies

Ao@— %Roﬁ% =—A5po+ %RBQDO
where

,_d ,_d
A0=%At|t=0’ and Roza;Rt,t=0'

By (3.28) we have ¢y =0(1/r) so the uniqueness part of Lemma 3.2 implies that the
limit ¢y, is independent of the sequence {h;} we have chosen. Thus it follows that

d . .
’ @, exists at t =0 and is equal to ¢;. From (1.1) and (1.2) we have constants y,, 5
independent of & so that

RPI<y,(1+r279) 7 1gP=y5(1+r """ on N, (3.29)

1 .
where g”‘)=z(gh—g0). We now apply (3.28), (3.29), and the dominated con-

vergence theorem to conclude that M'(0)= — M(t)|,_, exists and

dt

’ 1 ’ 1 !
MO)= =55 [Ro(@, /g dx— 33 [ Rowo [ godx -

Since R, =0 and ¢, =1, we may apply (3.25) to conclude
1
M0)=— ic|? . .
0)= 55, [IRicl (330)

If Ric is not identically zero, (3.30) implies that M'(0)>0 and hence by choosing a
suitable 1,<0 we. would have M(t,)<0. The metric ¢}ds? would then be
asymptotically flat, scalar flat, and N, would have negative total mass in
contradiction to Theorem 1. Hence we conclude that Ric=0, and because we are

working in dimension three, ds? is flat. This completes the proof of Theorem 2.

Appendix

In this appendix we give a brief discussion of the Regularity Estimate (2.1), and the
existence of smooth solutions of the two-dimensional problem of least area for
surfaces (regardless of topological type) having a given boundary curve in a
Riemannian 3-manifold with boundary of positive mean curvature. These results
are well-known so we mainly give references and briefly indicate a few of the
simpler arguments involved. The (interior) Regularity Estimate (2.1) and the
existence theorem are part of the powerful approach to minimal surfaces which
has developed through the use of geometric measure theory. A thorough account
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of this field is given by Federer [16] where Chapter 5 discusses the applications to
variational problems of area type. We refer the reader to the introduction to that
chapter for an account of the people involved in the developments of this theory.
The Regularity Estimate (2.1) can be extracted as a very special case of the
material in Section 5.3 and Theorem 5.4.15 of [16]. A more differential geometric
approach to this estimate can be found in [21].

The existence of an area minimizing current S, (surface with singularities)
having boundary curve C_ follows from 5.1.6 of [16]. The above mentioned
regularity theory implies that S, has no singularities in the interior of NnS,. We
will show that the positive mean curvature of N implies that S, lies entirely in the
interior of N, and hence S, /C, is completely regular. To see this, consider a
boundary component B of N. For ¢ >0 sufficiently small, the open set 0,={xeN:
dist(x, B)<t} for O<t<e retracts smoothly onto B, and the parallel surfaces
B,={xeN:dist(x, B)=t} for 0 <t <¢ are smooth surfaces diffefomorphic to B=B,,
Let v be the outward unit normal vector field to B, and for 0 <t <e¢, extend v as a
vector field on @, by parallel translation along geodesics normal to B. Thus on B,, v
is a unit normal vector field. The fact that B has positive mean curvature with
respect to v says that div(v)>0 on B where div(-) is divergence of a vector field
taken on N. By continuity we then have

div(v)>0 on 0,

for some te(0, ¢). The theory of Chapter 5 of [16] also gives us an open set V,C N
so that

S,=av,

in the sense of geometric measure theory. Let # be the outward (to V) pointing unit
normal vector field of S, (which exists almost everywhere with respect to
Hausdorff 2-dimensional measure), and apply the divergence theorem, Theorem
4.5.6 of [16] to the open set O,n V. If this set is not empty we have

[ vyd#?— | 1d#?>0

Sen0; BNV &

where #? is Hausdorff 2-dimensional measure on N. This implies Area (B,NnV,)
< Area(S,Nn0,) contradicting the area minimizing property of S,. This shows that
S, lies strictly away from 0N as claimed.
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