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Abstract. We prove the existence of the limit Gibbs state for one-dimensional
continuous quantum fermion systems with non-hard-core, non-negative, rap-
idly decreasing pair interaction potentials. Existence of the limit Gibbs state is
also established for one-dimensional continuous quantum boson systems with
pair interaction potentials as above which, in addition, increase sufficiently fast
at small distances.

0. Introduction

The mathematically rigorous theory of phase transitions in systems with infinitely
many degrees of freedom [1-3] is now developped in the main for the class of spin
systems (see, e.g., [4, 5] and references there). The case of continuous systems,
particularly, of continuous quantum systems (c.q.s.) is more difficult. Even
fundamental physical notions such as those of time evolution and equilibrium
states have yet no satisfactory definitions, except a number of exactly solvable
models [3, 6]. One of principal difficulties is that the Hamiltonians of c.q.s. in
bounded domains are unbounded operators.

The main method for studying the c.q.s. is now the Wiener integral repre-
sentation based on the Feynman-Kac formula and used first by Ginibre [7]. This
method allows one to exploit an analogy between classical and quantum systems
and to investigate dilute quantum gases [7] and one-dimensional c.q.s. [8]. In
particular, in [8] we considered the case of one-dimensional c.q.s. with a hard-
core, long-range interaction between particles.

The present paper deals with several types of one-dimensional c.q.s. where the
particles interact via a non-hard-core long-range interaction potential which is
non-negative and rapidly decreasing. We establish here the existence of the limit
Gibbs state in the infinite volume. Its properties such as regularity (cluster
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property), etc., which illustrate the absence of phase transitions will be proved in a
separate paper.

Notice that c.q.s. have, in general, some properties which are surprising from
the point of view of a “traditional folklore”. In particular, even such model as the
one-dimensional free boson c.q.s. may exhibit a phase transition [9]. This suggests
the detailed study of “simple” classes of c.q.s. where the physical arguments lead to
the hypothesis about the absence of phase transitions.

The method of the paper is analogous to that used earlier in the case of one-
dimensional classical systems [ 10]. The main step in the proof is a transfer matrix
formalism (see Section 8) combined with some preliminary estimations (Sections
5-7).

In the Appendix we briefly sketch generalizations of the results to some other
classes of one-dimensional c.q.s.

In the second part of the introduction, let us fix the interaction of particles we
consider. Denote RY =(0,00) and R!=[0,cc). Suppose &:R.—>R. is a
C°-function, possibly having a singularity at the origin!.

We shall impose the following conditions:

a) there exist d=0 and a monotonic function w:RY—R! such that
rlirg e"p(r)=0 for every a >0, and @(r)<y(r) provided r>d,

b) there exist d°>0, a>1 and a monotonic function ¢~ :R! —R! such that

-
[w(a2tInln1/t)/?)dt = o0, and @(r)=y(r) provided r<d".
0

Condition b) is used only for the boson case. The more strong condition is
sufficient for b): for some ¢>0 and d] >0

a4
[y Tidi =+ 0.
]

Let A be a bounded interval of R'. As usually, we consider the n-particle
Schrodinger operators H,(A) in LA(A™):
Hy(A)=0, H,(A)=—1/2d*/dx?,
0 ) ! 0.1)
HM)=—-12Y */oxi+ Y  ®(x,—x), n=23,....
i=1

1<i<jgn

They are symmetric on natural domains in L*(4"). We shall deal with the self-
adjoint extension H ,(A) of H,(A) which is given as follows. Consider the semigroup
of operators in L*(A") given by the kernels

W(R", 3" = [ dPto 5@ (&)

)'cn, ;.n
exp[ = U(@")],x",j"e A", t>0, 0.2)

see [7, (2.7)] whence the notations are taken. We take, as H,(A), the generator of
this semigroup. It corresponds to the Dirichlet boundary conditions on 9A" 2

We exclude the case of non-zero hard cores considered in [8]
The extension of the results to other types of boundary conditions on 94" will be given in the
second part of the work
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and, if @ is “too singular” at the origin, on the diagonal part of A" [as we shall see,
it is the case if @ satisfies condition b) above]. See [7, Section 1.3] for connections
between (0.1) and (0.2).

1. Gibbs State in a Finite Volume
We adopt in the main the definitions and notations of [1, Chapter 1, 3, 5-7]. Let
QCR! be a bounded Borel set (b.B.s.), #(Q)= (—B LZ(A™) be the Fock space of a

n=0

boson (¢= +) or fermion (¢=—) c.q.s. in Q, AL, be the C*-algebra of bounded
operators in #,(Q) and A° be the B*-algebra of the infinite boson or fermion c.q.s.
in R': A¢ is the completition (in norm) of the inductive limit (or union, if one
prefers) 2 of . Let {t,,ac R'} be the group of space translations acting on 2.

Given a bounded interval ACR*, we denote H, (A4)=P, ,H (AP, where the
operator H (/) is introducted in the preceding section, and P, : L*(A")— L7 (A" is
the “canonical” projection. Let feRY and ueR!; consider the positive operator

Ej ()= @ e exp[—fH, (A)] in A (A). If

E%v u, A4 = Z ¢ o trL%(A") exp [ - ﬁHe,n(A)] <L 5

then Ej (A) is of trace class, and Zj = Ep, 5. ().
The Glbbs state of the c.q.s. in A is given by

Gl )= (0G5, a4 AU, -
where g5, =(5% , )7 Ej . (A).

Proposition 1.1. Let @ satisfy conditions a) and b) above for ¢= + and condition a)
above for e= —. Then for any feR. and ueR', 5 ,  <oo and the RHS of (1.1)
defines a state of W,.

The proof of Proposition 1.1 is carried out in Section 3. It is convenient to
consider G , 4 as the state of the C*-algebra 2° using the “canonical” inclusion
AL =W I QCA, then the restriction of Gy, , to A}, is given by a positive trace
class operator g3 % | in #,(Q) with trfa(mgﬁyf,/l— 1:

Gy a(A)= trﬂs(g)gﬂ:‘z,AA ,  Ae,. (1.2)
It is not hard to check that, with the “canonical” identification #,(A)
=K (Q)RQH(A\Q) (see [1, Section 7.11),

50 a =005

The operator g,} " 4 being of trace class is given by its kernel ¢5%

. Bou, A
e

U Q’"} —C! [Q° consists of the unique element (vacuum)]. Namely, if
=0 m=0

(—B , f,e LHQ"), then ¢52 , f = P f,. where
=0 n=0

0

LEY= X Aoy 4 XL IAGT,  Xe@. n=01,... (1.3)

m=0 0Qm
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Actually, in our case, gj’; @ (x",y™) takes only real values and vanishes for m=n
(see [7, Sections 1.3 and 2.17]). Hence, we deal with a function
02 4 | (@' x2)-R!

0

n=

2. Results

In what follows we always suppose that @ satisfies the conditions of Proposition
1.1 and do not specify this every time again. Let A—R" denote the set of finite
intervals A CR" directed by inclusion. The main results of the present work are the
two following theorems:

Theorem 1. Let AcU:. For any fe R and peR* there exists the limit

z,u(A)_ hm G;} i, 4(A)

The limit state G ,: W —C" is locally normal and invariant under action of the
group {t,,aeR'}.

Theorem 2. The states G}, are extremal points of the set of locally normal states
invariant under action of {t,,aeR'}.

In this section we give a sketch of the proof of the both theorems. The first (and
main) step in the proof of Theorem 1 is

Theorem 3. For any b.B.s. QCR* the operators gﬂ .4 converge to a limit g;’.ﬁ as
A—R* in the Hilbert-Schmidt norm in #,(Q):

: Q50
HS- lim g% =55 (2.1)
The operator gﬂ . is non-negative and of trace class with tr%(g)g;’ﬁ: 1.

It follows from Theorem 3 and from Lemma 1 of [11] that the operators g
converge to the limit gﬁ . in the trace norm in #,(Q2). Hence, for every Aer there
exists the limit (2.1), and for 4eWp, G (A)=tr, od) uA This implies the
convergence of Gj , ,(A4) for any 4e U~

The invariance property of Gj , follows from the relation

agﬁ u_g; {j+a7 (22)

where Q+a={xeR' :x—acQ} and g5, g5 %" * are considered as elements of A°*.
To prove Theorem 2, it suffices to verify that

hm Gﬂ AA T, A= Gf,’y(Al)Gz‘“(Az), A, A e W (2.3)

in the case ¢=~, we can consider A4,,4,eU_ . [1, Sections 6.3 and 7.1].
Moreover, in both cases it is sufficient to take AL A, eA*. Let Q,,Q,CR"be b.Bs,
and ae R' be chosen so that Q,N(Q,+a)=0. Denote Qa)=Q,u(Q,+a).
Let the operator 3% correspond to gy by the identification

H(Qa) ~ H(Q,)RH#(Q,). It is not hard to check that Equation (2.3) for 4, A,
(QI!; even fOT €= —), i=1,2, follows from

lim g6 20— ge @ e 2l =0,

laf= o
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or, due to Lemma 1 of [11], from the corresponding Hilbert-Schmidt norm
convergence.
Summarizing what is said above, we formulate

Theorem 4. i) For any aeR' and bB.s. QCR' the operators g3% obey (2.4).
i) For any b.Bs. Q, and Q,

lim 113520 — g4 @g5 %l s =0. (2.4)

la[~

In Sections 3-8 we prove Theorem 3. The proof of Theorem 4 will be
completed in the next paper.

3. The Ginibre Representation

The analysis of g% , is based on the representation of the kernels g3 % , in terms
of Wiener mtegrals used by Ginibre [7]3. We will use (with little changes) the
notation system and definitions of [7]. For brevity, we omit, whenever it is
possible, the indices f, u, and e.

At first, let e=+ (bosons). Z} introduced in Section 1 has a general
representation [7, (2.33)]. As we shall show, condition b) imposed on ¢ allows us
to simplify this representation and reduce, in a sense, the Bose statistics to the
Maxwell-Boltzmann one.

+

Proposition 3.1. Z; obeys the representation [7, (2.16)]:
= dYo,(Y)exp[ ~ U(Y)+fn(Y)], (3.1a)

[4]

where [ A] is the collection of the finite families of simple (time length ) closed
loops starting in A, n(Y) is the number of loops we Y and the measure dY is given by

[(7, (2.12)-(2.13)].

Proof. Repeating the arguments of [7, pp. 358-361] which lead at [7, (2.31)-

(2.33)], one has to show that non-trivial permutations n give the zero contribution

in the final result [7, (2.33)]. In fact, the problem is to prove that, given x,,x,eR’,
B

x;#x,, the equality u(w,,w,)= [ ®(|w,(t)—w,())dt=o0 holds for aa. pairs
0

(w4, m,) of the simple trajectories with w,(0)=w,(f)=x,, 0,(f)=w,(0)=x, w.r.t.

the measure aleCl oo )><dPxZ (). Since co(t) w,(t)—w,(t) also forms the
Wiener process, one has simply to show that j(l’) (lo(t)))dt = oo for a.a. w w.r.t. the
measure dP’ .

Every trajectory w with w(0)= —x, w(f)=x passes through the origin (one-

dimensional case!). We use the fact that the (random) moment ¢, of the first
passage through the origin is a Markov moment and the Wiener process is strictly
markovian (see, e.g., [ 12, Chapter 1, Section 4]). As a consequence, we have that,

3 Formally speaking, singular potentials in one dimension are excluded from consideration in [7],

see condition A)in [7, p. 346]. However, the formula [7, (2.7)] [(0.2) of Section 0] and all others related
to the Wiener integral structure (particularly, those leading at [7, (2.31)(2.33)]) keep the sense for our
case and are used without making such a reservation every time again
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given the value t,€(0, f), the (conditional) probability distribution for the piece of
the trajectory (w(t)te(t,, f5)) is merely given by the measure dPg’“x’O. Hence, the
B-to
problem is reduced to the proof that | @(|w(f))di=oc for aa. @ wrt the
measure dP§ . 0
Now we use the loglog low for the Wiener motion: for (P§ °)—a.a. o,

li}a}osgp(Zt Inln 1/t)""w()l=1 ([13,Chapter 6, Section 4, Theorem 4]).

Substituting v~ instead of @ and a(2tInIn1/1)}/2, a> 1, instead of |w(t)|, we arrive at
condition b). This completes the proof.

Next pass to ¢= — (fermions). For this case we also modify formula [7, (2.33)].
Given Y, a finite family of simple closed loops, we set: «® (Y)=0 if there exists a
pair w,w'eY, w+w', with Oirtlgﬁ lw(t) — @'(t)] =0, and o (Y)=1, otherwise.

Proposition 3.2. 5 obeys the following representation :

E7=§ dYa, (Yl (Y)exp[ — U(Y)+ Bun(Y)], (3.1b)

(41
where, as above, dY is given by [7, (2.12) and (2.13)].

Proof. Let S,(A) denote the n-dimensional symplex {X"=(x,,...,x,)eA":x; ...
<x,}. The mapping T,:feL*(A")=n!(fls, )€ L*S,(A)) is an isometry.
Consider the self-adjoint operator H(S,(4)) in L*(S,(A)) given by the RHS of (0.1)
with the Dirichlet boundary conditions on dS,(A4). It is not hard to check that
H(S (A)=TH_ (A)Ty. Hence,

2 (amyeXPL = BH_ (AT = [ dR" [P, (@ (0@ exp[ — U(@")].

Sn(4)
Now (3.1b) is obtained by the summation procedure and a simple change of
notations.
We are now prepared to prove Proposition 1.1.

Proof of Proposition 1.1. Since «° <1, for the both cases ¢= +, =% is less then or
equal to the RHS of [7,(2.16)]. Since @ =0, the functional U is also non-negative.
Then [7, (2.17)] (with B=0) gives:

B Sexp[(2np)” %Al ]

which is finite for all fe R and ueR'. Q.E.D.
[t is convenient to introduce the “fictitious” functional oY =1. Then we can
write the unique formula for e= +:

E = dYo (Y)x°(Y)exp[ — U(Y)+ Bun(Y)]. (3.1)
[4]
Let QCAbe ab.B.s; the kernels (", 7"), X", 7"e Q", n=0, 1, ..., are defined by*
Bun
R, P)=em 1S [ dY [ dXo (X, Y)
noer s
X, Y)exp[ - UX, Y) + Bun(Y)] . (3.2)

In what follows we shall use the notation [@] for denoting the space of the finite sets of simple
closed loops w starting in @ for arbitrary b.B.s. @ CR!

4
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Here n_=n_(X",J") is a permutation of n’th order satisfying the condition: x;
SX;= Y, Sy, 1S6jSn, i), and [X",)"]. is the collection of families X
=(wy, ...,w,) of simple (time length f) trajectories with w{0)=x,, w(f)=y,_;, and
finally, dX =dP% X).

B P
Proposition 3.3. The following representation holds :
OREN T =(Z )7 B ). (3.3)

Proof. We omit the detailized proof: (3.2) and (3.3) are analogous to [7, (2.10)-
(2.15)]. The change of the domain of integration {dY([4\Q] in (3.3) contrary to
[A]in [7]) is caused by the difference of the traces in the definitions of our ¢ and
of the RDM in [7]. The functional «° in (3.2) plays the same role as in (3.1).
Notice that the kernel (3.3) is a continuous function of X", y". This follows
easely from (3.1) and (3.2) in view of properties of the Wiener measure and the

continuity of the function ¢. Hence, by the Mercer theorem,

Y Jax (xR =t 09 =1.
n=0 OQn

It is useful to write down bounds for the kernels o2 (cf. [7, Section 2.1]):

whooh bt y) n 1
dE NS PE )= | dxem—
I, 3] < n

< b, n=01,.., (3.4)

where ¢ e RY depends on f and u. Moreover,

o0

Yo ddpeE <o, Y | dRWE,E)<w0. (3.5)

n=0 Q" XOn n=0 Qn

We conclude this Section by indicating two “Poissonian” properties of the
measure dY repeatedly used below. The first of them is identity [7, (2.14)], and the
second one is given by

fay ... § dY, f(Y, .., Y)= fdYfyW, , y®), (3.6)

(A1 [An) (4]
k
where A, ..., A, are bBs., () A=A, 4;nA;%0 for i+jand Y? is the part of Y
s=1

including those loops @ which start in A,, 1 <i,j<k. The integral in the LHS of
(3.6) will be denoted as | d(Y,,..., ¥;).

(41
4. Convergence of the Kernels ¢
In this section we reduce Theorems 3 and 4 to statements about the kernels ¢f.
Theorem 5. For any b.Bs. QCR" and all X", 3" Q", n=0, 1, ..., there exists the limit

lim (X", ") = 0®(%",7"); (4.1)

A—R!

for fixed Q and n the convergence is uniform in X", " Q".
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The limit operator g% in #(Q) is given by g%f = (P f,, where f, consides with
n=0
the RHS of (1.3) where ¢% is replaced by the limit kernel ¢
Given ae R, denote by aj the vector (a, ...,a)e R™. Let Q,,Q, CR"' be b.Bs. and
a be chosen so that Q,N(Q,+a)=0. Let 3*® denote the kernel of the operator
729 in #(Q,)® #(Q,). Clearly,

~Q(a)( T =ny.ony o2\ __ AR(a)(gny on =Ny .37 =n —=n
9 ()(x'fl,x22>y11,yzz)—Q ()(Xl‘,X22+aoz,y'il,Y22+aoz):

R e Qi n=0,1,...i=1,2. 4.2)
Theorem 6. i) For any b.B.s. QCR! and aeR* and for all X", 7"e Q", n=0,1, ...
Q%R ") =% TUR" + T, T+ ). (4.3)
ii) For any b.Bs. Q,,Q,CR" and all 3, yeQr, n,=0,1,...,i=1,2,
(111}2 o7, X L V) = 0P R, Ve R, 7R) - (4.4)

Theorem 3 follows from Theorem 5. In fact, the limit kernels ¢®(X", }") obey

(3.4) and, due to (3.5), the limit operators ¢ are of the Hilbert-Schmidt class.
Moreover,

[o”(x", 7") — of(x", 7)1 <4P(x", 3")°

and hence, by Theorem 5 and the Lebesque convergence theorem, (2.1) holds.

Clearly, g% is non-negative. Since the convergence in (4.1) is uniform, the limit
e 9]

kernel is continuous. By the Mercer theorem, tr, 9= ) | dX"¢(X",X"), and
n=0 Qn

hence, by the Lebesgue convergence theorem, trmmgQ =1

Similarly, Theorem 4 is a consequence of Theorem 6. The relation between the
statements 1) of the both theorems is obvious, and now we explain how to get ii) of
Theorem 4 having ii) of Theorem 6. The kernel o satisfies a bound analogous to
(3.4); its RHS is denoted as ¥ (X1, X52; V1%, ¥52). It is not hard to check that, for
fixed Q, X7 and y, i=1,2, ¥, monotonically decreases w.r.t. a for a=a® (a'”
depends on Q,,£,). Hence, for such a

(7@}, X5 7. ¥y) — @ (X7, 7)e (X7, 7))
SV X)L X525 V1L, 757 + PR P PR 7)1
The kernel ¥, satisfies bound (3.5) as well as ¥. Due to the Lebesgue

convergence theorem, (4.2) and (4.3) imply (2.4).
In Section 5-8 we give the proof of Theorem 5.

5. Preliminary Estimates

To be definite we suppose below that n =1 in (4.1); the reader can repeat all
arguments for n=0 without difficulties. We also can suppose without loss of
generality that X", 7" in (4.1) are chosen so that n_ is the identity permutation and
omit the index < in [X", "] .. Our arguments will be applied to the both cases ¢=
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+ simultaneously. Fix a b.B.s. QCR! and denote y_ =infx, y, = supx y=1/2(y_
+7.). Next fix t,,t,eRY. Let A=(a_,a,) be a boundf:c!l2 interval w1th

a_Zy—(ty+t,),a, gy+(t1+t2); (5.1)
consider the partition of A into four parts®:

A== —t7) A(+H)=[0. 7 +1,],

A =)=(a_,y—1,), A(+) =0 +13,a,). (5.2)

For brevity, denote: A, =A,.(—)uAd,(+), # =1, E. Elements of [4,] ie., finite
sets of simple closed loops starting in A, are denoted by Y,.

a- - ty /}Q\\ ;/+12 . i
B S s AR TN
e Ay ()] e Agl+)—»]

Fig. 1. The partition

Fix X", 7"e Q" and let

E(Al,)AE = f d(Yp, YI)O‘A(YE)“O(YD Yp)
[4]

exp[ — U(Y}, Yg) + Bun(Yy) + Bun(Yy)], (53)
ﬁ/m
EVSR T = fdYy,v) | dXo,(Yy)
' nl e [, ]
00X, Y, Y exp[ — UX, Yy, Yp) + Bun(Y)) + fun(Yy)], (5.4)
and
Q(A”Q( L) = (~<1>A) 1~<1>9( 7). (5.5)

The RHS of (5.3) and (5.4) differ from those of (3.1) and (3.2) in view of the absence
of o,(Y;) and o ,(X).

Lemma 5.1. There exist constants q,,c,,c,eR’ depending only on B and u such
that®

[0 2(x", 3" — (X", T S nehey exp(—c,yt3) (5.6)

whenever t,>q,.

Proof of Lemma 5.1. Our proof is similar to that of Lemma 2.1 in [14]. Clearly,
29, TE S 1 We claim that (B4, )7 'E, 2 1 —¢} exp(—c,t7) where ¢, c,eRY

depend only on f3 and u. In fact, replace [1 —o,(Y))] by the sum > [1—o (w)] in

weYr

5 The indices have the following meaning: I =“internal”, E =*“external”

®  The factor 1/n! is omitted for brevity from the bounds we establish below
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the integrand for 24, —Z . Using [7, (2.14)] we then have

E(Al,)AE <eﬁ“ j d(U[l—OCA CO)] jN d YE7 Y)OCA( E)

[A1]y

exp[— Ulw, Y, Yp)+ Bun( Y1)+ﬂ/m Yp)],

where [4,], is the set of simple closed loops @ with w(0)e A;, dw is given by [7,
(2.32)]. Since @ =0, U(w, Y, Yz) = U(Y}, Yz), and the integral { d(Yy, Y;) is less than
orequal to £, . The integral [dw is estimated using the standard formula for the
probability of deviation of a Wiener trajectory (see, e.g., [13, Chapter VI, §5,
Corollary 2]) and does not exceed ¢ exp(—c,t;). This gives the estimate claimed
above.

Take g, so large that ¢} exp(—c,t{)<1/2. Then the inverse ratio (5,)"'2Y),
<1+42¢) exp(—c,t}) and the LHS of (5.6) is

<[Q(A])AF(€ - (:(AUAE) IHA(X V)]
FEDTEIEIEY T EY, 1T, (5.7)

where the second term is <2¢j¢) exp(—c,t?). It remains to estimate the first term
in (5.7), i.e., the difference Z{"2(x", ") — £4(x", ). The arguments similar to those
used above give that it is less than or equals ncjyc; exp(—c,t7) (the factor n appears
in view of the bound 1 —a, (X, Y)< > [1—a,(@)]+ > [1—a,(w)]). This gives
the assertion of Lemma 5.1. weX we¥y

6. Local Particle Number Bounds

For technical reasons we now assume that y, y,, and a, are integers. The
arguments below may be easily extended to the general case. For the rest of the
paper we also choose t, to be of the form 7+ #(IP(c; Int)+3) where y=1/2(y,
—%_), t=1 is an integer, IP denotes the integer part, and c;=c,(B, ) will be
indicated in Section 8.

Every set (5.2) is divided into the unit intervals (j,j+ 1) where j is an integer. We
denote them as 4, (+ ;k), k=1,2,..., # =1, E. The order of the numeration of the
unit intervals is different for different sets (5.2), and we will choose it in Section 7.

Given Ye[A], denote by [(Y) the maximal deviation max sup |@(t)— @(0).

weY 0=t
Given Y,e[A,], denote by Y, (4,k) its “local” part consisting of loops weY,
starting in A4(+,k):

Yo+, k) =Y, n[4.(+,k)] k=12, ..., #=LE.

Next fix two sequences of positive integers N =(n,,n,,...) and L=(l,,/,,...) and
set: nl=ng, D=1, and nP=n,, [F'=I, k=1,2,.... We say that Y, is (N,L)-
regular if n(Y (+k)=n™, (Y (k)<L k=1,2,..., #=LE. Similarly,
Xe[X", y"] is called (Y, L)-regular if n<n, and I(X)=max sup|d(t,)—d(t,)| <l,.
Let the indicator functional y, , be given by okt

1,if X and Y, are (N, L)-regular, # =1 E

In X, Y Yp) = {0, otherwise.
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Denote
:(AZ)N L= f d(YEa Y)/N L(Yl, YE)O‘A(YE)O‘ (Yp Y, )
[4]
-exp[ — U(Y,, Yp) + Bun(Yy) + fun(Yy)], (6.1)
Bun
E(AZ,)’Q (x", _n) | 5 d(YE, YI) j (l'XXN’L(X, Yp YE)“A( YE)
(VYo (&7, 571
a(X, Y, Yy exp[ — UKX, Yy, Yg) + pun(Yy) + fun(Yy)] (6.2)
and
ORI T =(E PN DT EDVLEL T (6.3)

We consider a particular case by choosing ny=1l,=1P(1/6¢,Int) and n,=n,
+k, L=1,+1/2k, k=1,2,.... The LHS’s of (6.1)-(6.3) are then denoted as =),
=0 Q(X ?") and o2k ?(x", ") respectively.

Lemma 6.1. There exist constants q,,c,, cs€ R, depending only on 8 and u such that
ol h (%", 7" — oY =" 7|
<ncpc,(tInt)exp(—cy(Int)Inini) (6.4)
whenever t=q, and n,>n.

Proof. First, assume we have the general sequences N, L. Clearly, (£}, )~ 2L
< 1. We claim that

(E(Al.)AE)_IE(AZ,) 21 —cy[ty(exp(— )+exp( csngInng))]

+ Y (exp(—c,l2) +exp(—csn,Inny))], (6.5)
k=1
where ¢, cseR%. In fact, the factor [1—yy (Y, Y,)] in the integrand for Z),
— &Yy does not exceed ) [1— zy (Y, (%:k))] where the sum is taken over all iy
=FE,I,x=+ and k=1,2,.... Consider separately a single term corresponding to a

given 4 .(x;k). To estimate the single term we write the integral j d(Yg, Y,) as
(4]
|ody,Yy) Y? and replace U(Y",Y,, Y;) by U(Y,, Y,) and the in-
[A\A4# (¢ k)] [4% (¢ k)]
dicators a(Y?, ) by of-). Slnce U(Y°, Y, Y,) = U(Y,, Yy), this leads at an expression
which is more than or equal to the starting one. Now the integral {dY° may be
separated, and our single term is bounded by

FodYl— gy (YO exp[Bun(YO)IZ0,, - (6.6)

(4% (k)]

The factor [1— In. (Y%)] does not vanish iff either n(Y°)>n{* or I((Y?)>[{*.
The first possibility gives a contribution which is estimated by exp(—csn{* Inn{*))
(this may be easily derived from the definition of the measure dY). The contri-
bution of the second possibility is estimated using the same arguments as in the
preceding section and does not exceed ¢ exp(—c¢,(I{*))?). Taking n{*’ and I{*’ as it
was indicated above and suming the bounds obtained over #, x and k, we arrive
at (6.5).
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With our choice of ¢,, n,, and [,, bound (6.5) takes the form
EQ)TER =1 (tIndexp(—cs(nd)Inlnt)=1—p5()

(we omit intermediate calculations). Take g, so large that n(t)<1/2 for all t>g,.
Then for t 24,

0<EP)IED,, ~1=20(0).
Now the LHS of (6.4) is

S[ORR V) = (EG ) T ER PR )
FER,)TERATL TNER) T ED,, 1], (67)

The second term of (6.7) is less than or equal to 2¢gn(t). To estimate the first term
we use arguments similar to those we used above (cf. the corresponding part of the

proof of Lemma 5.1). The first term is bounded by ncfy(t). Lemma 6.1. is proved.

7. A Cutoff Interaction
Let us now choose the numeration of 4 (£ ;k)s. Leto, ,=6_ _=1,0, _=0_ .
=0. We set:

A5k =0+t k-0, ,,yF£i,+k+6, ), k=1,2,....

The order of 4,(+ ;k) may be arbitrary (see Fig. 2).
The functional U figuring in (6.1) and (6.2) and describing the “interaction” of
B

trajectories is the sum Y u(w, ') of terms u(w, w')= | d(|w(t)— w'(t))dt giving the
0

contritution of every pair of simple trajectories (see [ 7, Section 2.1]. We intriduce a
new “cutoff” term u"’(w, w’) by

wow,w) if |Jw0)—ao'0)<h,
0, otherwise.

UM, )= {

Next, define U,(Y,, Yp)[resp., U, (X, Y,, Y)] as U(Y,, Yy)lresp., UKX, Y;, Y)] with
replacing the terms u(w, w’) by u”(w, ') in the following cases:

a) either w or ' is a simple closed loop from Y,

b) w belongs to Y; and w’ belongs to X.

Let 200 EQ%9(x", 7" and o{XX"7") be defined by formulas (6.1)-(6.3) with
replacing the functionals U by U, with h=1P(c, Int)+ 3.

e ——— e e ]

Fig. 2. Ordering and the graphs for [[*)n{*’
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Lemma 7.1. The following bound holds :

o= 7 — o T AR I < () (7.1)

where Hm &(r)=0.
t— o

Proof. Clearly, U,(Y,, Yp) < (Y,, Yy). We wish to write down an appropriate upper
bound for U(Y,, Yy)— U (Y}, Yy) whenever yy (Y}, Yy)=1.

7 Vb

¢ ' s } | L 1 |
t t T t T T T T 1

t—u——/A 7 {—u-»

Fig. 3. The cutoffs. Broken narrows indicate the broken interaction

It follows from the definition of U, that U(Y,, Yz)— U,(Y,, Yy) is equal to
2 % 2 Yo uopo,)-ueho,)]

®i,%2= & ki ko ky) #Gea, k) oY, k), i=1,2

LD VDY > [u(wy, @) —uP(w, 0,)]. (7.2)

xix2= 1 ki ka 0eY G ky), 02eY 1(x21k2)
Suppose yy (Y}, Yp)=1. First, consider the first line of (7.2). Every internal sum
Z vanishes whenever d= sup |x; —x,|<h; otherwise, it does not exceed

@i, ®2 wedr(x,. k)

pniy(d,), where d, =d—2— 21, With our choice of ng, I, and h, we have: fng
<cg’(1r1t)2 and the condition d>h implies that d >2/3c3 Int. Hence, the whole
sum in the first line of (7.2) is bounded by c”t(lnt) Y (k) where c
zcg(ﬁ,u)eRﬁ. k=2/3csInt

Similarly, every internal sum ) in the second line of (7.2) vanishes whenever
d <h, otherwise, it is less than or Célujil to Bngn,, w(dz) where d =d— 2—ly—1,.- A
simple analysis shows that with our choice of n,, I,, h and the ordermg of A( +.k)’s,
we have: fngn, < cot(Int) (Inf+k), and the condition d>h implies that a’
>1/6cyInt. The whole sum in the second line of (7.2) is bounded by
it Y k*y(k), where ¢ =cy(f, p)e R,. Finally, we obtain that

k>1/6c31nt

UY, Yp) = UV Yo SegiInt 30 Pyl =),

k>1/6c3Int

where lim &(1)=0 due to the condition of decreasing y(k).
t— o0

Thus the bounds

< &Xp [ UL(Y, Y]
~ exp[—U(Y, )]

Sexp[¢(1)]

hold whenever yy (Y, Yp)=1.
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Similar arguments allow us to establish similar bounds for U, (X, Y}, Y;) and
UX, Y, YE) which hold whenever yy (X, Y, Yz)=1. This leads at the bounds

Hence,
loG% X" 7 — o FE (= 7))
<max[ £ exp(+2&(0) £ 1]1=£()

and Lemma 7.1 is proved.

The next step relates to the case = —. The functional «° figuring in (6.1) and
(6.2) plays the role of an “interaction” (simple exclusion, or hard core of zero
diameter). We replace it by a “cutoff” indicator o, following the same procedure as

above (see Fig. 3). We then obtain some new Z¢, :‘/‘3), (%", 7") and 975X, ).

Lemma 7.2. There exist constants ¢, ¢, cge RY, depending only on 8 and p such that
185 % A%, 7) — 0 R AR", 7 S nche,(TInt) exp[ — cg(Int)*]
whenever.

We omit the proof of Lemma 7.2: it is based on arguments used for proving
Lemma 6.1. We also omit the tilde and the index f from Z(%, Z¢L E3L2(x", ), etc.
The final estimate of this section takes the form (7.1) with a new function &(n, 1),
lim &(n, t)=0 for any fixed n=1,2,....

[ndis o}

8. Mixing Properties

In this section we finish the proof of Theorem 5. The arguments used here are
slight generalizations of those of [10, Section 3] and represent a variant of the
transfer-matrix method. The role of the transfer-matrix is played by an integral
operator acting on a functional space. The functions we consider have, as
arguments, finite sets of the simple closed loops.

Denote: I'" =[—h,0], I'*=(0,h], and I'=I'"ul'" where, as above, h
=1P(c,Int)+3. Given Ye[I], a finite set of simple closed loops starting in I,
we denote: Y, =Y~ [I'*] and Y(j)= Yn[4()] where A()=[j,j+1], j=—g,—h
+1,...,h—1. By [I'] denote the (measurable) set of elements Ye[I] which satisfy
the conditions

nY(G@)Sny, (YG) <!, —hSj<h—1,

(Y )=a"(Y,)=1.

Let %, denote the space L*([I'],dY), and ¢, ) denote the inner product in & ,.
Let the kernel 27 (Y, Y'), Y, Y'e[I'], be given by

A Y)=exp[— U(T_,Y )~ U(T,Y,)

= U(T_ Y )U(TYNY') + Bun(Y')], (8.1)
where U,(Y]Y)= Y u™(w,®) denotes the “mutual interaction energy of the
oY, BeY

loops we Y and @e Y, and T, denotes the space shift transformation on the vector
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te R'. The exponent in (8.1) gives the difference between U,(T_,Y_)u Y U(T,Y,)),
the “total energy” of the set of loops (T_,Y_)uY'U(T,Y,), and the energy U(Y").
Consider the integral operator K, in %,

K, F(Y)= | dY'x (Y, Y)F(Y').
[y
It is not hard to check that K, is a Hilbert-Schmidt operator preserving the cone of
non-negative functions F =0. The key remark is that £ and (X", ") may be
written in terms of iterations of K. _
_Lety, =y+h—t,, y,=y—h+t, and Q=[y_,y.]. Consider the functions Cp,
? and B%(-,x",7") on [I'] given by
CoY)= | dYpn ((Ypo (Y (T,, Y YT, Y, )UYy)
[4E]

exp[ = U(Yp) = U (T, Y_)u(T,, Y )IYp) + Bun(Yy)]
V)= § d¥ (VT Y )UAT,, Y, )0 Y)

[2]
exp[ — U, (T, Y_)UT,, Y, )UY)+Bun(¥)+ Bun(¥)],
ePun

BAY; e 7 =" | 4V f dXp (Y V0T, YU, Y )UY)

H. [Q Q] [%n, 1)

exp[ — U, X, (T, Y_)u(T,, Y+)uY)]+ﬁun(Y)+ﬁun(Y)].

Clearly, Cp. B2 B(- ;3" Ve ¥,.

Lemma 8.1. The following representations hold :
EQ=(K| "B Cp, (8.2)
B2, ) = (K} B R, O (8.3)

Proof. (8.2) and (8.3) are verified by a direct (although quite long) calculation based
on definitions introduced above. The crucial step consists of dividing the intervals

A (+)\Q into the intervals of the length h and writing the integrand «°(Y,)
exp[— U, (Y)+pun(Y,)] as a product of terms corresponding to the pairs of the
neighbor intervals. Such terms have the form (8.1), and it remains to use (3.6) and an
obvious property of T -invariance.

Y
/N
-h/ 0 \h
Y- Ya
NN St - Rt
-h 0 h \
T, Y Th Y
(TRY ) U(T, )
-h 0/ n
V\Y'/U

Fig. 4. The kernel ¢, and the operator K,
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Note that in the expressions (8.2) and (8.3) only the vector C, depends on
boundary conditions; so, only C;, keeps the information about the finite volume A.

Lemma 8.2. The operator K, (resp., the adjoint operator Kj¥) has a unique positive
eigenvector Q,e ¥,(Qfe ¥L,). The corresponding eigenvalue A, is positive, non-
degenerate and the largest one among the eigenvalues of K, (resp., K ).

Proof. Tt is easy to check that the kernel #"2(Y, Y')=§dY. A (Y, V)0 (Y, Y')>0.
Lemma 8.2 then follows from Proposition ' in [15, p. 274].
Choose Q, and Qj so that <Q,, Qf>=1. Denote

Kh=/1[1Kh

CE = <Qh> CE> N 1CE

B?=(B%, 01> 'B”

éf?( . —n n) <BQ( —n —n) Q:<> lBQ( gn, yn)
According to (8.2) and (8.3),
(B2(- ;31 3"),08

<B§ >
4R B R0, Cr

1+<K}~ IBn 0, Cr>

Lemma 8.3, C, <exp(4c,h)Q}.

We omit the proof of Lemma 8.3. The reader can reconstruct it basing on the
arguments used in the proof of Lemma 3.3 in [10]. According to Lemma 8.3,

[KKI 1B —Q,, Cpol Sexp(dcoh)( KL B2 — 0,1, 05>,
and

[KRL B30T~ 0, Cp | Sexp(deoh)IK] B3 57— 01, 05 -
Lemma 8.4. Let Fe ¥,, F=0 and {(F,Q}>=1. Then

URIF—Q,, 08> <2(1 —exp(—dc h)" ™1, m=1,2,.... (8.5)
Proof. See the proof of Lemma 3.4 in [10].

Now choose the constant c¢;<1/4c,. It is easy to check that exp(4cyh)
(1—exp(—4c,h) ~*={(t)—0 as t—co. Take g, so large that {(r)<1/4 for ¢>g,.
Returning to (8.4), we obtain that for t>g,

|0 2=, 7" — o AR, 7] < 8¢l (0)
where

oo, ) =

(8.4)

_ B EL T 0

(4),Q2(zn on
ST 0

We used here the obvious bound: o*%(X",7")<c,". Note that the kernel o*"*
does not depend on A.

Summarizing the estimates of Sections 5-8, we get:

o (X", 7 — ¢ D" T < 8(n, 14, 0) (8.6)
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where limd(n,t,,t)=0 as t,,t—>c0 for any fixed n=1,2,.... Bound (8.6) holds
whenever (5.1) holds. Since ¥ (X", 3") does not depend on A bound (8.6) proves
Theorem 5.

Concluding Remarks. 1. The condition @ =0 has been repeatedly used in technica-
lities in the course of the proof of Theorem 5. However, the only points where it is
essential are Lemmas 8.3 and 8.4.

2. The restrictive condition a) of the fast decreasing imposed on @ plays the
critical role for our choice of n, I, and h. The relations between ny, Iy, h, and ¢ are
dicted by the cruicial bound (8.5) of Lemma 8.4.
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Appendix: Some Generalizations

The methods of this paper may be also applied to the case of one-dimensional
c.q.s. consisting of a finite number of species. In that case, instead of the Fock
spaces # (€2) associated to a b.B.s. 2 we take the tensor product #, ., (Q)
=(# ,(Q°P" YR (# _(2)®°"-) where m,,m_ are fixed non-negative integers
giving the number of boson and fermion species. Let G+~ be the c*-algebra of
bounded operators in #,, . (£2)and A™ "~ the B*-algebra of the correspond-
ing c.q.s. in R%.

Fix a (m,+m_)vector n consisting of non-negative integers
(n'D,....n% ), nM, . n®). The n-particle Hamiltonian H,, ,, (4) in a bounded
interval A is defined as P, ., H, P . Where

S~ R my,m-

thm ) LZ(AInI <® L2 An+(z) ) ® <® LZ(An(i))>
i=1 i=1

is the “canonical” projection, |n| = Z n'd + 2 n'® and H, is given by (0.1), possibly
i=1
replacing the potential @ by a famlly of non-negative pair potentlals P,

describing the interaction of particles belonging to the species i, and i, i,=1, ..., ms,
i,=1,...,m,¢¢=+. Weimpose the condition that @; (boson ‘self-potential”)
satisfies conditions a) and b), i, =1,...,m_, and all other @'s satisfy condition a).

Fix p>0 and a (m,+m_)vector [ consisting of reals
(0, 1D, ™). The Gibbs state Gy 5" is given by the formula
similar to (1.1). As in Section 1, we introduce the operators g7+ ™~ and their

my,mo;Q b4
kernels g 77, QC A

Theorem 7. Let Ac W™+ ™, For any fe R and e R™* ™~ there exists the limit
e (A)= lim G} (A).
A-R!

B, A
The limit state G} ™~ is a locally normal and extremal invariant state under the
action of the space translation group {t,,aeR"'}.

As for the case of a c.q.s. consisting of identical particles, this assertion is

recuced to statements about the convergence of the kernels of':"~** and

properties of the limit kernels g} 7™ ~*. These statements are based on the Wiener
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integral representation. Instead of the ensemble of Wiener trajectories interacting
via fixed @, we now have the ensemble of trajectories of various kinds. The key
remark is that all trajectories are simple (of the length ) due to condition b) for
®; ;.. The further analysis develops following the same scheme and we omit it.

The next step is to introduce several types of particles inside the fixed species.
Here we also can consider various interaction potentials and vector-valued
chemical potentials. We left to the reader the formulation of the corresponding
theorem.

The case of the Boltzmann statistics is also covered by our methods. For this
case a natural object characterizing the infinite system is the reduced density
matrices [ 7]. Their representation in terms of the Wiener integral and its analysis
do not differ from those given in Sections 3 and 5-8. As the result, we get the
existence of the limit RDM and their cluster property.
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