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2
Abstract. It is shown that the characteristic Cauchy problem ((%5 —A+1)

u(x,t)=0, u(x, —|x|)=f(x), xelR", n=1 has a unique finite energy weak

solution for all f such that [dx(|V'f|*+|f]*)<co and all finite energy weak
solutions of the equation are obtained in this way.

1. Introduction

We shall consider the characteristic Cauchy problem for the Klein-Gordon
(K — G) equation

52
(W—A—H)u(x,t):O, (L.1)
u(x, —Ix))=f(x), (1.2)

where xeR", n=1 and telR. We shall prove that this problem has a unique finite
energy weak solution for all f such that [ dx(|Vf]*+|f|*)<oo, and all finite
Rn

energy weak solutions of (1.1) are obtained in this way. In fact the energy E fulfills

’ +|Vu(x, )2 + |u(x, t)Iz)

E=12 | dx( %(x, t)

=1/2 .é dx((Vf1> +1£1%). (1.3)

We shall also give an explicit formula for u(x,t) in terms of its light-cone
restriction f with the help of a “light-cone Fourier transform”.

For some general results on characteristic Cauchy-problems see Hormander
[1]. The wave-equation has been considered by Riesz [2] and Strichartz [3].
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They consider the wave-equation inside the light-cone and prove that the problem

2
(%—A)u(x, 1)=0,|x|<—t,1t<0, (1.4)
u(x, —Ix))=f(x), (1.5)
has a unique weak solution for all f such that
dx .,
—|fI*< 0.
ng“ N 11

In the K — G case we get global uniqueness and our approach is very different
from theirs.

In Section 2 we recall some simple properties of smooth solutions to the K — G
equation in particular two local conservation equations are given. The behaviour
of a smooth solution along a light-cone is considered in Section 3. In Section 4 this
together with one of the conservation equations is used to express the energy-
integral as an integral of the solution over the light-cone [Eq. (1.3)].

The K — G equation is written in terms of light-cone coordinates in Section 5
for n=3 and in Section 6 the spectral theory is developed including a so-called
“light-cone Fourier transform”. In Section 7 the general case n>1 is considered by
expressing the K—G equation in terms of sesquilinear forms. We end with
conclusions in Section 8.

2. Local Conservation Equations

In this section we review some well-known properties of smooth solutions (defined
below) to the Klein-Gordon (K — G) equation in n+ 1 space-time dimensions,

A2

(D—f—l)u:(

g

With smooth solutions we shall mean those solutions whose initial data
{u(x, 0),%?—(3@ 0)} are both in the Schwartz-space #(IR"). This means that a smooth

solution can always be written

dk A .
u(x,1)=(2m) " [ S [T T T (k) e T T (k) @.1)
Rn k

where w,= /[k]>+1 and £, (k)e Z(R").

Notation. Let x*, p=0,1,...,n be the components of the n+ 1 dimensional vector
(t,x), teR, xeR" and let x, denote the components of (¢, —x). Let furthermore V*

0 0 . .
=3 and V, = F We note that [=V"V, (summation convention) and that V,

u

are the components of the n+ 1 dimensional gradient (g;, 17).
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Definition 2.1. Let u and v be two smooth solutions of ([J+1)u=0 and let J, and
T, be given by

J, =ioV,u—(V,0u), (2.2)
T,=0u, +(Vo)-(Vu) +ou, v,Vu+(Vou,), , (2.3)
where u, = %

It is a simple consequence of the equation ([J+ 1)u=0 that
veJ,=0, V'T,=0, (2.4)

which are usually called local conservation equations.

If we choose v=u and then integrate the equation V'*T,=0 over the region in
R"*1 between two different hypersurfaces t=constant, it follows from Gauss’s
theorem that the so-called energy integral

E=% [ dx(lu(x, t)]* + [Vu(x, ) +u(x, 1)]?), (2.5)
Rn
is independent of . By integrating V’*J, =0 similarily we find that

o(v,u)= % nif" dx(0(x, t)u,(x, t) = 0,(x, Hu(x, 1)), (2.6)

is also independent of t.
If (2.1) is inserted into (2.5) a simple calculation gives

E= [ dk(f *+If_1%), 2.7)
Rn

and similarily we get for a(u, u)

dk - .
G(u,u)=ﬂ§nw—(lf+|2—lf_|2)~ (2.8)

3. Decay of Solution Along Light-Cones

Let u be a solution of ([(+ 1)u =0 with data {u,u,}e C§ x Cg (infinitely differenti-
able and compact support) at t=0. Let furthermore p* be the components of a
vector (p°, p)eIR"* ! with (p®)? —|p|* <0, i.e. it is a space-like vector. It then follows
from the finite propagation velocity that u(ip, 2p°), A€ R has compact support in 2,
that is u(x, t) has compact support in space-like directions. One can now ask how
u(x, t) behaves in light-like directions, i.e. when (p°)? —|p|*=0.

The solution u(x,t) has the representation (2.1) with f; eS(RY), ie. it is
sufficient to consider the behaviour of

v(x) = [dkexXIFkxg ) (3.1)
with ge &, for |x| large.
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Proposition 3.1. For each me N there exists constants c,, and d,, such that

A+ XM =c,,  1+IxIMVux)=d,. (3.2)
Proof. Choose the coordinate system such that x,=...=x,=0 and x, =0, ie.
v(x)= [ dke @ kIxig(k), (3.3)
Let us then introduce £ =w, +k, as integration variable instead of k, that is
1 n 1 n
ki==—|— 2 2 dk,=dé— kFP+1+¢2
el L) dmdega{ S ks
and we get
ux)= | dk,...dk, [ dEe (& ky, ... k,), (3.4)
— 0
with

1/ 1)
h(z,kz,...,k,,)=2—65(;&?“+52>g(iz(—;2k3—1+52),k2,...,kn). (3.5)

It follows from this formula that h extends to all ¢eR in a natural way and that

p
he #(R"). It also follows from (3.5) that (3_h =0até=0forall p=0,1,2,...,due to

oer

the fact that ge #(R"). Partial integration with respect to ¢ in (3.4) gives the first

part of the proposition (the uniformity of the fall off in all directions follows easily).
For the proof of the second part we note that

Vo(x)=i [ dk(we + k)e' X T *xg(k) | (3.6)

X

Y

where e= — and the second estimate follows in complete analogy with the one

above.
4. The Light-Cone (LC) Energy Integral
and the Hilbert-Space 5# of LC Data

In this section we shall express the energy E given by (2.5) as an integral over a
light-cone, in fact we shall prove the following.

Proposition 4.1.
Let u be a smooth solution of the K — G equation ((1+ )u=0. It then follows that

=3 { dx((u,(x, 0)* +|Vu(x, 0)* + u(x, 0)|*)

=3 dx(Vf ()P +1 (X)), (4.1)
where f(x)=u(x, —|x|).
Proof. Let Q={(x,t); t<0, t>—|x|><0}. Let us then consider a solution u(x,t)

with compact support at t=0 and put v=u in the expression for T, given by (2.3).

We then integrate the equation V*T,=0 over Q. Let C={(x,t); t= —|x|}, and let
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(°, e) be the upward unit normal to C. Gauss’s theorem then gives

=5 | dx(lu> +Vul* +|u]?)

t=0

=3 [ dC{(|u]> +1Vul* +|ul*)e® — @,V u+ (Vi)u,)-e} (4.2)
C

where dC = ﬂdx. It is convenient to absorb the |/2 in (¢%,e), ie. (°)? +le]> =2,

e®=1and e= |~x~| By completing the square on the r.h.s. of (4.2) we get
X

oul?
_1
E-zidx{ %
9

% =e"V, (the co-normal derivative) and D=V-—ele-V). Let

+|Dul? + |u]2}, (4.3)
where

f(x)=u(x, —|x|). It then follows that %—Z(x, H=—e-Vf(x), and Du(x,t)|=Df(x).

Inserting this into (4.3) finally gives (4.1).

The vanishing of the surface term at infinity and the convergence of the r.h.s. of
(4.1) follows from the results in the previous section.

Equation (4.1) implies that the solution u(x,t) is uniquely determined by its
restriction f to C.

Definition 4.2. Let # denote the completion of CJ(IR") in the norm
HfHQ»:%n! dx(Vf 1 +1f1%), (4.4)

ie. A is a Hilbert space [the so called Sobolev space H*(R")].
Let u(x, t) be a smooth solution of the K — G equation. It then follows from (2.1)
that f(x)=u(x, ——lx[) is given by

f(x) (27.()~n/2 j [ iog| x| + ik xf (k)+e"m"|x|+'k xf (k)] (45)

Equations (2.7) and (4.1) give

1% = f k(| f 1 +1F-17), foe SR (4.6)
which is a kind of Plancherel's theorem which means that the mapping
{f+,f_}—f extends to an isometry from L*(R")@ L*(R") into #.

In the following sections we shall prove that this isometry maps onto J#.

By integrating the equation V*J, =0 over Q (in analogy with the proof of
Proposition 4.1) we get

o(v,u)= 3 f dx(B(x, tyu,(x, ) — T,(x, t)u(x, t))

2§ (V) f~gx V), 4.7)

where f(x)=u(x, —|x|) and g(x)=uv(x, —|x]|).
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5. The K-G Equation in LC Coordinates for n =3

In this section we shall express the K-G equation in “light-cone coordinates” for
n=3.

Definition 5.1. Let us consider the coordinate transformation {x, ¢t} —{x, 1} where
t=t+|x|. Thus a t =constant surface is the backward light-cone with apex at (0, 7).
Let us furthermore put #i(x, 1) =u(x, —|x|+ 7).

It then follows that Vii=Vu—u,e, where e= !—?:' and ou - =, The K-G equation

can then be written

62 62 2
(8t2 A+1) <8T2—<V+e;%>+1)ﬁ=0, (5.1)

i.e. the second order t-derivative cancels and we get

—i(l7-e+e~V)ia—a=(—A+1)ﬁ. (5.2)
ot

Definition 5.2. Put Sy=—i(V-e+e-V) with 2(S,)=Cg(R") and Ty = — 4+ 1 with
9(T,)=CZ(R" considered as operators in L*(IR"). T, is essentially self-adjoint. Let
T denote the closure of T, in L?.

We note that the Hilbert-space ## given in Definition 4.2 can be identified with
2(TV?) in L*(R") with

(f.9)=2(T"2£,T'2g),, (5.3)
for f,ge # =D(T"?).

It is easily verified that (S, f)(x)= —21';1; vaa—r—(r"‘f(x)), where r=|x|, ¢ = % and
feZ(S,).
Proposition 5.3. For n=3 the following inequality holds

ISofl3=4- m[ IVf12dx, feD(S). (5.4)
Proof. We get

|1Sof|1§=45drdw‘§;(r )2 =4jdrdwraf”(_ aTzz(raf))

2 — —
—4]r- 1drdwf<_§_f_ r1g{ oc(ocr2 D)
<4 ldrdwf(——a—f—Tl%L)<4jd APfIE.

Due to the inequality (5.4) we can extend S, to Z(T*/?), and let this extension
be denoted S, which also is symmetric in L2
The K-G equation can then be written
iS dii =Tiu, (5.5)
dt ’

and it is now tempting to try to invert S, which in fact we shall do.
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Proposition 5.4. The range of S, is dense in L*.

Proof. We will prove the proposition by showing that the nullspace of S¥ in L? is
10 .

trivial. It follows that Z(S%)= { fel?:— —(* f)eLz} Let us then consider all

B a a
1 cle) .
solutions of ———(r"‘f) 0 which lie in L}, ie. f(x):—VT where ¢ is square

integrable on the unit sphere. These solutions are not globally in L2
This means that S has a densely defined inverse in L?, i.e.

(S7'g)(x) I 0"gle, e)do, (5.6)
with ge 2(S™ 1) =Z(S).

Proposition 5.5. T~ 1S defines a continuous self-adjoint operator on # with a dense
range.

Proof. Proposition 5.3 implies that |Sf |3 <8] f||% for all fe#. This gives

[T Sf 1% =31T S FIESSIT 23S A3 =411l (5.7)
and the symmetry follows from

(£, T7'89)=3(£.59),=5(S£.9),=(T"'Sf,9), (5.8)

for all f,ges#. Let us then assume that there is a vector pe# such that
(p, T7'Sf),,=0 for all fex#. This implies that (p,Sf),=0, ie. p=0 due to
Proposition 5.4.

Definition 5.6. Let 2(A)=T 'SH# and A:P(A)—# be given by 4=S"'T.
The following theorem is a direct consequence of Proposition 5.4.

Theorem 5.7. A:9(A)—A is self-adjoint.
This means that the K-G Equation (5.5) can be written

i _ 4
5 = Al (5.9)

and we now specify that fie Z(A4), i.e. a solution is given by (1) =e 4*f, fe J(A).

6. Spectral Theory for A and the LC Fourier Transform
In this section we shall rederive the Plancherel’s type formula (4.6)
A3 =17 03+ 17-13, (6.1)

with the difference that this time the f’s on the Lh.s. belongs to a dense subset in
H.
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Let {E(4)} be the spectral family associated with A ie. A= | AdE(A). The
following well-known formula allows us to express E(4) in terms of the resolvent
R(z)=(4—z)~ L

(f, [GE(B) + E(B—0) — 3(E(2) + E(@—0)] ),
B
- limé—l—, [ du(f, [R(u+ ie)— R(u—ie)1 ), . (6.2)
el0 T

We shall evaluate the r.h.s. of (6.2). For that we need a more explicit formula for R(z).
Consider the equation

(A=z)g=f, feA, geIA), (6.3)
for Imz=0. Let us consider this equation as an equation in L* and apply S to it

(T—2zS)g=Sfel?. (6.4)
Definition 6.1. Let V,:CZ—L* be given by

(V.o)x)=e""o(x). (6.5)

This operator extends to a bounded operator for Imz <0, to a unitary operator
for Imz=0 and to an unbounded operator for Imz>0.

Proposition 6.2. For pe C3(R"), V, *oe 9(T) and
[T—zSV Ye=V ' [T-2z*]o. (6.6)
Proof. Follows from a straight-forward computation.
Let Imz <0, i.e. V, is bounded in L? and let us act with it on (6.4)
V(T—zS)V,'V,g=VSf. 6.7)

Equation (6.6) implies that V,[ T —zS]V ! =T —z* on all functions in L? for which
both sides make sense, 1.e.

(T—2)V.g=V.Sf. (6.8)
We can now easily solve for g, ie.
R2)f =V Y T-2z)"'V,Sf, Imz<O0. (6.9)
For feCJ(R") we get
(LRE@ e =5(TAV (T =23 V.S, =3VT(T—2*) V.S 1),
— Y TL(M—=23)"'V.S),. Imz<O0, (6.10)

where ~ denotes the ordinary Fourier transform and M is the multiplication
operator k?+ 1. The r.h.s. is analytic in z except for z*> =1 and can be analytically
continued to all zeC\ {z2=1}.
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Inserting (6.10) into (6.2) gives

(LEB—Eae= [ dkif (P,  p>a>1

a<a)k<[}

= [ dklf ()% a<p<—1

—pf<or<-—a

= [ dKF_(WF+ [ akf R, a<—1,B>1, (6.11)

W< —a or<p

where we have defined

7o)= 21 Voo TT0), (6.12)

and we have furthermore used that

AV, 0 STe (k)= + . (k). (6.13)
In the limit - —co and f— + o0 we get
I 15%=1F 3 +17-15 feCe@®). (6.14)

Let us define
U (x, k)= (2m) "2t ionlxlgikx (6.15)

and let us furthermore for f,ge # introduce [compare (4.7)].
d
20lg, N)=(, Sf)ﬁl'fﬁ[(x' Vg)f—gx-v)f]. (6.16)

We can then write

f+(k)__( _( sk)sf),;fzia(u+("k)af)> (617)

o +
for fe Cg(R").
Theorem 6.3. The “light-cone Fourier transform” F :CZ(R")— L*(R") @ L*(R") given

by Ff={f.,f_} extends to a unitary operator from # onto L*@ L? which
diagonalizes A

FAf={of.. —o f.0},  fea(4). (6.18)
Let us then consider the characteristic Cauchy problem
(O Dulx, ) =0, u(x, —|x[)= f(x) (6.19)

for those fe # such that fﬁ_rey(lR"). The solution then becomes

u(x, t) - (Zn)—n/2 Ji_k [e~iwkt -i-ik-xj"+ (k) 4 plontt ik'xf__(k)] . (620)
k
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7. The K-G Equation in LC Coordinates
and Spectral Theory for n>1

We have so far only considered n=3. In the general case n=1 we are forced to
work with sesquilinear forms because of the singular nature of the transformation
to LC coordinates. The singularities are worse in lower dimensions and that is why
we could manage in a L? setting for n>3.

Let pe CP(R""1). The K-G equation can then be written

fdxdtep(O+ V= [dxdt{—pu,+Vp-Vu+pu}=0. (7.1)

If we now transform to LC coordinates (x, 1) we get
T o~ a = a ~ =~
[dxdtd — @i, +(V+e=—|@-|V+e--|i+pu
ot 0t

={dxdt{—@e-Vii_+e- Vi, +V@-Vi+ @i} =0. (7.2)

Let us from now on drop the . It is sufficient for (7.2) to hold for a finite energy
solution u that; u e #, and

d
iEU(W7u('7T))=(w’ u(’?T))Jf’ (73)

for all we #, where

alg. /)= [x-Vg)f —gx-V)f] (7.4)

2fll

for f,ge . This form of the K-G equation in LC coordinates makes sense for all
n=1.

Proposition 7.1. o: # x # —C is a bounded, symmetric, non-gegenerate sesquilinear
form.

Proof. The non-trivial part of the proof is the non-degeneracy. This follows from
Proposition 5.4 when n=2, and for n=1 it can be verified directly.

This means that there exists a bounded self-adjoint operator B in s such that

and the range of B, Z(B) is dense in #.
Definition 7.2. Let A=B~! with 2(4)=%(B).

A:9(A)- A is self-adjoint and the solutions of (7.3) in # are given by u(-, 1)
=e 1 f, fe P(A).

Let us then consider the equation (A —z)g = f, fe #, ge D(A) and Imz=+0. This
equation is equivalent to

o(h, Ag)—zo(h,g)=a(h, f), Vhe#, (7.6)
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and because Vs 'CZ(R") is dense in # we can also write
Vo) —20(V: '0.9)=0(Vz 0. ), pe CT(RY), (7.7)

where ¥, be given by (6.5) and we have used (7.5). In complete analogy with (6.6) we
have

V:'0,9) 0 —20(V: '0,9)=(0, V.9) 4 — 2% (0. V.9),., (7.8)
for Imz <0, and (7.7) becomes

(@.V.9), =20, V.9),=0(V: "0, f), @eCy. (7.9)
This can be written as

(T-2p,V.9),=0(V: "0, f), (7.10)
and we get

(,9),=0(V: (T—2%)" "V, f), (7.11)
where y=V] Y (T—z%)¢. Let £=T" 'y and then we finally get

(&R ye=0(V: (T-2*)'V.TE f), (7.12)

which replaces (6.10) in the general case n=1. The rest then follows in complete
analogy with the case n=3.

8. Conclusions

We have shown that the characteristic Cauchy problem for the Klein-Gordon
. 0*
equation, (53 —A4+ 1) u(x, 1)=0, u(x, —|x)=f(x), xeR", n= 1, teR has a unique

finite energy weak solution for all f such that [dx(|V'f|*+]|/]?)< o, and further-
more all finite energy weak solutions of the K-G equation are obtained this way.
In fact the following equality holds
E=5{dx(ju(x, O] +Vulx, t)|* +[u(x, 1)]?)
=3{dx(V {17 +1117). (8.1)

We have developed spectral theory for the K-G equation in light-cone coordi-
nates, including a “light-cone Fourier transform”.
There is a Lorentz-invariant symplectic form ¢ on #
i.dx
o(f,9)= 3 f T

I

which also is invariant under the unitary light-cone translation group
U(a),acR"* ! given by

U/(a)\f__*,(k) — eiiwkangik-aJ?i(k) )

- - dk s 2
(VT Tevai={ o (.9, -5, 82)
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