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Proof of an Entropy Conjecture of Wehrl
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Abstract. Wehrl has proposed a new definition of classical entropy. S. in terms
of coherent states and conjectured that S=1. A proof of this is given. We
discuss the analogous problem for Bloch coherent spin states, but in this case
the conjecture is still open. An inequality for the entropy of convolutions is
also given.

1. Introduction

In a recent paper [1], A. Wehrl introduced a new definition of the “classical”
entropy corresponding to a quantum system, proved that it had several interesting
properties that deserve to be studied further, and posed a conjecture about the
minimum value of this “classical” entropy. The main purpose of this paper is to
prove Wehrl’s conjecture. It is somewhat surprising that while the conjecture
appears to be almost obvious, the proof we give requires some difficult theorems in
Fourier analysis. The conjecture may or may not be important physically, but it
reveals an interesting feature of coherent states.

To briefly recapitulate Wehrl’s analysis, consider a single particle in one
dimension, so that the Hilbert space is L*(R). (The generalization to R" is trivial.)
For each z=(p,q)eIR?, define the normalized vector |z} in L*(R) by

|z2>=(mh)” Vexp{[ —(x—q)*/2 +ipx]/h} = R(x|p.q). (1.1

These vectors are the coherent states used by Schrodinger [2], Bargmann [3],
Klauder [4], and Glauber [5]. If

P.=|2)<z] (12)
is the orthogonal projection onto {z) then
[,—
(p.=1. (1.3)
T
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where dz/n=dpdg/2nh and [ =identity. The integral in (1.3) can be defined as a
weak integral and (1.2) is simply the Plancherel equality.

For a “density matrix” ¢ (a positive semidefinite operator of trace 1) on L*(IR),
its quantum entropy is

5909 = —Tro%Ine?=0. (1.4)

The right side of (1.4) is well defined, although it may be + oc.
For a nonnegative function f on IR?, with { f(z)dz/n =1, its classical entropy is

$)=— 1% sem e, (15)

In general this integral may not be well defined, but even if it is it can be negative.
Given a quantum density matrix o9, Wehrl defines the function

0°M(z)=(z[e%z), (L.6)
whence 0<¢°(z)< 1. Then
(09 =5(0%). (1.7)

This is the classical entropy of ¢2. [Note that by (1.3), [¢(z)dz/n=1.] Since
0<0°Yz) <1, the integral in (1.5) is now well defined, and S*'=>0.

The positivity of S is one advantage of Wehr[’s definition. On the contrary, if,
as is usual, % =Z, "exp [ — fi(—h*4/2m+ V(qg))]. the customary classical approxi-
mation is f(z)=Z_, " exp[ — f(p>/2m+ V(¢))]. The difficulty with f is that S(f) can
be negative and, in general, S(f)— — oc as f— oo.

A second advantage of Wehrl's definition is that S is monotonic. If ¢, is a
density matrix on LA(R)® L*(R), and |z,,z,> =]z, >®|z,), one defines

chlz(zlﬁzz):<Z1,22|Q?2|Z1732>' (1.8)

One can then define ¢¢'(z,) by partial trace on 2 (either first on %, or else on the
right side of (1.8); by (1.3) they are identical). Wehrl shows that the entropies
satisfy

S$,=5(05,) 2 S(es) =55 (1.9)

in an obvious notation. This property, which is obviously desirable physically,
does not hold in general for either the quantum entropies or for ordinary classical
continuous entropies (see [6] for further details). It does hold for these particular
classical entropies.

Not only is $¢'>0, but Wehrl proves [1]

5¢(09)>S2%(0?) . (1.10)
[To prove = note that s(x)=—xInx is concave, so s(¢®(z))=<{z|s(¢?)z). But
S909) = [<zls(0?)|z)dz/n.] While the minimum of ¢ is zero (for any pure state, i.c.
one dimensional projection) the minimum of S is not zero. Wehr[’s conjecture is
the following:

Theorem L. The minimum of S is 1 (independent of h). This minimum occurs if
02=P_ for any z.
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Remarks. 1) There is no upper bound or lower bound (other than zero) for $(p9)
—5%09).
2) It is easy to see from Theorem 1 that in L*(R¥), the minimum of S is N.
The proof of Theorem 1 will be given in Section II. An analogous conjecture
can be posed for Bloch coherent spin states and this is discussed, but not proved, in
Section I1I. In Section II an inequality (Theorem 3) on L? norms is also presented.
Section IV contains an inequality which may be of use for related problems.

1I. Proof of WehrI’s Conjecture
From now on we set i=1. As a preliminary remark we note:

Lemma 2. If 99 minimizes S, ¢? must be a pure state.
Proof. If ¢¢= Z) ;. the 7, being one dimensional orthogonal projections, Z;>0

and ) =1, then 0lz) =Y J,0,(z) with g,(z)=(z|m,|z). By concavity of S, S(¢°(z))
>3 7:8(g;), with equality if and only if o(z)= 0,(z) almost everywhere for all ij
Suppose o, is a projection onto , eLZ(IR). Let w=g+ipeC and let f{w)
—jzp yexp[ — x?/2 +wx]dx, which is an entire analytic function of w [3]. Then
equality almost everywhere implies that [f(w)|=|/;(w)|, all w, and hence f,(w)
= f{w)exp(if(w)) and 0 is real and analytic on the complem'ent of the zeros of f,.
Hence, 0(w)=const. By the uniqueness of the Fourier transform, y;=op;, with
lof =1, almost everywhere, and, hence n,=n;, which is a contradiction. []
Thus, to prove Theorem | we have to consider

(0, q)= | p(x)R(xIp, q)dx (2.1)
with |||/, =1, and show that
NIRES (2.2)

with equality if y(x)=R(x|p, q) for some (p, q).
We will first prove Theorem 3 which concerns L” norms of f(p, g). Theorem 1
is a corollary of Theorem 3.

Theorem 3. Let e L*(R) with ||| ,=1, and [ given by (2.1) and (1.1). Then, for
s=2

1,= [ {1(f(p.g)dpdq/2m £2/s (2.3)

with equality for s>2 if p(x)=aR(x|p,q) for some p, q and |x|=1. For s=2,(2.3) is
an equality for all .

To prove Theorem 3 we will require the following two lemmas (for N =1). The
first (best constant in the Hausdorff- Young inequality) was proved by Beckner [7]
and the second (best constant in Young’s inequality) simultaneously by Beckner
[7] and Brascamp and Lieb [&].

Lemma 4. Let fe LY(R), 1 <p<2, and [ its Fourier transform ( )= f(x)e™dx).
Then, with 1/p+1/p'=1,

1711, S{C,en N1, (2.4)
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where

Cr=p'"(p)"'" and C =C, =1.
Remark. Equality holds in (2.4) if f is any Gaussian, ie. f(x)=aexp{—(x,Mx)
+(x,b)}, aeC, beC¥, and M positive definite.

Lemma 5. Let feLP(RY), ge LRY) 1<p,q<oc. Then, with 1+1/r=1/p+1/q,
r21, and % = convolution,

1/ g1, =4C,C/C IV Sl - (2.5)

Equality holds [8] for r>1and N=1if and only if f(x)=aexp[—p'(x—b)*+idx]
and g(x)=uexp[ —¢'(x — B)* +idx] for some a,aeC and 5,b,feR. Forr=1 (all N,
p=q=1 and (2.5) is an equality for all positive f,g.

Remark. In the classical inequalities, C, is replaced everywhere by 1 in Lemmas 4
and 5.

Proof of Theorem 3. As a first step apply Lemma 4 (with p’=s) to the function
g (x)=1p(x)m " "*exp[ —(x—q)*/2], with g regarded as a parameter. (g,€ L*(R) by
Holder’s inequality.) Thus,

S/ (p.@)ldp2n = Cym™*¢ (), (2.6)
where ¢, is the convolution
by =)l *exp[—s'x?/2]. (2.7)

The second step is to integrate (2.6) over ¢ and use Lemma 5 with p=¢g=2/s’
and r=s/s’. Since |exp(—x?/2)||,=r""* I, <{C(C,,)**(C, )~ """} =2s.

Equality holds in the first step if i is any Gaussian. In the second step, since
p=q=2/s’,equality holds for s>2 if y is a Gaussian with the same variance as
exp(— x?/2), which is the condition stated in the theorem. When s=s'=2, equality

for all y is a simple consequence of the Plancherel formula. [

Proof of Theorem {. We continue to use the notation of Theorem 3. Let ¢>0.
Since I, =1, K,=¢" "{I, =1, ,,} 2(1+¢) ' by Lemma 5. Assuming S(|f|?)< =
(otherwise, there is nothing to prove), we claim that 1i1’l(’)1 K,=S(/f]?), which proves

that §(|f|2)g 1. To see this note that by Theorem 3 or by the Schwarz inequality,
f(p.q) S| fl. =1, and hence O=e  '|fP{1—|f1*}=~[/1"In|f]%  Thus,
K,—5S(/f]?) by dominated convergence. []

II1. Bloch Coherent Spin States

Instead of L*(RR), one can consider the finite dimensional vector space #,=C*’"",
J=1/2,1,3/2,.... The analogue of the vectors |z) are the Bloch coherent states [9-
13] in J#,. These have been used to prove the classical limit of quantum spin
systems [13]. For each unit vector QeR>, the vector |Q)e #, is defined as the
normalized vector (unique up to the phase) satisfying

Q-5|0>=JI1Q), (3.1)
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where §=(S,, S, S.) are the usual angular momentum operators satisfying [S,.S,]
=iS_ and cyclically. An explicit representation is
J

D= 3 A0 exp(—iMIM>, 62)
M==J
2J \? .
A0)={ 1| Leos@2ip MEsin@/2)y (3.3)

where (0, ¢) are the polar coordinates of Q. |M ) is the normalized vector satisfying
S.IM»=M|M) and whose phase is given by |[M) = (pos. const.) (S,—iS,)" ~M|J>.
With the measure

dp(Q)=(2J +1)sin0d0d¢/4n (3.4)
on the unit sphere S,, and

Py=12)4Q| (3.5)
the projection onto |23, one has the analogue of (1.3):

fdu,(Q)Py=1. (3.6)

Now given a density matrix ¢2 on #, one can imitate the Wehrl construction :

0°(Q)={Qe%2) (3.7)
and $%(0?) = S(o%) with

S(/)= = [ /(@) In f(Qdu,(Q). (38)

The monotonicity of S and the inequality S°' =59 carry over to this case.
[t is easy to compute that since [13] (Q'|P,|Q"> =[cos1OT*, where O is the
angle between Q and €',

SN Py =2J/2J +1). (3.9)
The analogue of Theorem 1 is then
Conjecture. S(0?)=2J/(2J +1).

We will have to content ourselves with the following remarks.

Remark A. Suppose 92 is of the form
0¢ = [du,(QhQ)P,, (3.10)

with h(©2)=0 and fhd,ujz 1. Every ¢2 can be written in the form (3.10) with / real
but, for J= 1. not necessarily with =0, even though 09 is positive. However P,
is of this form with h being a delta function. By (3.10)

0°(Q) = [ du,(Q)[cos 30TV ().
Since ¢°(Q) is then a convex combination of [{Q|Q')/’s, the concavity of S leads to
S0 2 S(Py)=2J(2J +1)

if h(©) = 0. The analogue of this remark would, of course, also hold for the original
Wehrl problem.
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Remark B. Lemma 2 holds for the Bloch case as well. Thus we can assume 02 is a
projection onto e #,. Then

Q) =1(Q (3.12)
J

f@)= 3 CyAy,0)e ™ (3.13)
M=~
and Y |Cyl?=1.

If J=1/2, every p=0|Q2) for some |22) and «. Thus the conjecture is manifestly
true for J=1/2.

1V. An Inequality for Entropy of Convolutions

Lemmas 4 and 5 yielded a lower bound for S, Lemma 5 alone yields the following
entropy inequality which, while not strictly related to coherent states, may be
useful for related problems.
We first remark that if f is a nonnegative function on RY with [ f(x)dx=1, and
if feLRY) for some s>1, then S(f) is well defined in the sense that
[ f(x)In f(x)dx <oc. S(f) may be + o, however.
f>1
Theorem 6. Suppose [ and g are nonnegative functions on RN with { f ={g=1 and
f,ge LS(RY) for some s> 1. Then f =g has the same properties and

exp[28(f xg)/NTZexp[28(/)/N]+exp[2S(g)/N] (4.1)
(4.1) is equivalent to the following :
28(f %) 2 225(f)+ 21 = A)S(g)
~NzInz—N(1 =2 In(1—-2) (4.2)
Sor all 2e[0,1].
Corollary. S(fg)=3[S(f)+S(g)+ N In2].

Remark. (4.1) is an equality if f and g are any two Gaussians of the form f(x)
~exp[ —(x, Mx)+(b,x)], g(x) ~exp[ — a(x, Mx) +(c,x)] with >0, b,ceRY and M
positive definite.

Proof. By Lemma 5, (f #g)e L*(R") for p=1 and for p=s(2—s)"*. Hence S(f xg) is
well defined.
(4.2)=(4.1): Choose

/= {exp[2S(f)/N]+exp[28(g)/N]} !
-exp[28(f)/N1.

(4.1)=(4.2): Geometric-arithmetic mean inequality. We now prove (4.2). In
Lemma 5, choose p' =7/ ¢' =/(1—7),s0 that 1 +r~'=p~ 144~ 1. By convexity,
feLl*nL" implies feL' for 1 <t<s and > f], is continuous for te{0,s]. For r
close enough 1,p,q<s, so fxge L" and (2.5) holds. Furthermore, (2.5) is an equality
for r=p=¢g=1 so one can take the right derivative at r =1, Without loss we can
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assume SN(f) and §(g)< %, for otherwise S(f*g)= by concavity and there is
nothing to prove. For the same reason, one can assume S(f¢g)< oc. Next, we claim

thatif Fe L*AL*, s> 1, and S(F) < = then lim e‘lj'F(l—Fg)-—-§(F). To see this, let
£l0
A={x|F(x)<1}. Then for xe 4, 01— F(x)*< —¢ln F(x). For xe A° and
1<e<s—1, OZF(x)y—1<Zels—1)"YHF(x)\~ =1},

The claim follows by dominated convergence. Thus, the right side of (2.5) is
differentiable at r=1 and Theorem 6 follows by explicit calculation. This
calculation can be avoided noting that as r varies, p'/q¢’ =const =(1 — 4)/4. As noted
in Lemma 5, (if N=1, and hence for all N) (2.5) is saturated for the Gaussians
flx)=exp(—x?/7), g(x)=exp (—x*/(1 — 7)), independent of r. But these Gaussians
also give equality in (4.1). O
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