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Abstract. We exhibit the A9} quantum field theory as the limit of Sine-Gordon
fields as suggested by the identity ‘

@*/4! =1lim (e *cos ep — e~ * + 17 2¢p?).

£—~0

The proofs of finite volume stability for the two models, due to Nelson
and Frohlich respectively, are unrelated. We find a generalized stability
argument that incorporates ideas from both of the simpler cases. The above
limit, for the Schwinger functions, then proceeds uniformly in e.

As a by-product, let (¢, du) be a Gaussian random field, ¢, (1 Sk < ©)a
regularization of ¢, and V a function satisfying:

i) V(p)= —ax”
i) [ Vo) -Vie)|,<br’x™?,  2=p<co.
Then e Ve LY (du) provided a(f — 1) < y.

I. Introduction and Results

In this paper we show how to obtain the 1@} quantum field theory as a uniform
limit of Sine-Gordon (4, cos &) quantum fields. Formally one might expect such
a relationship as a consequence of the identity

Ap*/4l=1lim Ae™* cosep — e~ * + L& 2¢?), (1.1)
>0

which suggests convergence of the 4 cos ep model to Ap* as ¢ — 0, provided we
perform infinite vacuum energy, mass and coupling constant renormalizations.

There are serious technical problems to be overcome before this idea may be
extended to quantum field theory. To prove convergence of the corresponding
Schwinger functions, some uniformity in & will be needed, such as a uniform bound
for (e "*) where V, is the finite-volume action. However the proofs that e~ " is
integrable for the ¢} and Sine-Gordon theory, due respectively to Nelson [1]
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and Frohlich [2], are unrelated in structure. Thus a uniform bound on (e~ "*)
cannot be obtained directly. We will generalize Nelson’s proof (see Theorem 3)
so as to allow interactions of Sine-Gordon type which have a Wick lower bound
V(g,) = — xk™/*" as compared to — (Ink)? for ¢3. One of the basic estimates
required for Theorem 3, a bound on | V() — V(e,) |, will require Frohlich’s
methods as well as ¢* estimates. We have therefore combined Nelson’s and
Frohlich’s results in a more general framework. A smooth transition from Sine-
Gordon to ¢* is possible in this setting, and in fact we prove uniformity in e—see
Theorems 1 and 2. Since the essential difficulties are ultraviolet effects, we will
consider only the finite-volume interactions in this paper, but extension to the
infinite-volume limit will not be difficult.

The Schwinger functions for volume 4, which we take to be a unit square,
for the models in (1.1) are defined by:

Sfys-ees £y = duge™ " o(f)) ... 0(f)/ [ duoe™ ", (1.2)

Sy e nfy) = [l @Uf))-. 0(£)/ fdptge™ . (13)

Here ¢? <4m, 420, f€ #(R?),dp, denotes the measure for the free euclidean
field of mass m, > 0 with covariance C = (— 4 +m})™*,

V=[d*x:9*:(x), V,=[d>xe"*:cosep —1+36%¢0%:(x),
4 4
and Wick ordering will always be with respect to du,. We define || f || = || C'/f ||,.
Our principal result is:
Theorem 1. S(f,,...,f)=1mS(f,,....f). For |e|<1/2 there are constants

=0
¢,,c¢, independent of e, {f.}, ¢, independent of A, with
S(fises S Sesn2 [T £
i=1
|S(f1,...,f”)— S(frses [ S e aant™ [] Hle (1.9
i=1

Proof. We reduce the bounds (1.4) and the convergence to the corresponding
results for e~*"=. First, note that by Jensen’s inequality the denominators in
(1.2), (1.3) are bounded below by 1. Consequently it suffices to prove the bounds
(1.4) only for the numerators in (1.2), (1.3). The Schwartz inequality yields

fduge™ " o(fy)...o(f) < e ||, [ o(f) - o(f)]],

§ “ e—ZAVs, i/22n/2n!1/2 l__[ ” fl‘ “
i

and similarly

[Jduo(e™™ —e="o(f)...o(f)| S [ e — e
S|V =V (e o+ e

s o) o)
o o(f)- o(£)] 2"

A20) P TLIANTY = Vol(lem® | + e

i=1

1 +2),
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where we have used Holder’s inequality and the hypercontractivity of the free
field. Thus Theorem 1 is proven if we can establish the following uniform bounds
which are the technical core of this paper.

Theorem 2. (a) Let |¢| <1/2. Then [du e *"* is bounded uniformly in ¢, A for A
in bounded subsets of [0, ).

(b) Let a=¢*/An < 1l/e. Then |V =V, |, <m; (1 — oe).

Theorem 2(a) will be proved by combining a generalization of Nelson’s
stability proof for ¢%,[1, 3], with Frohlich's proof for Sine-Gordon theory [2].
Theorem 3 gives the required generalization, while the estimates required to
apply it are proved in Sections 2, 3. Theorem 2(b) is obtained by an explicit compu-
tation which we defer to the end of this section along with the proof of Theorem
2(a).

Theorem 3 provides two conditions on any interaction V(@) which ensure
that fdu,e~*" is integrable. In the following, ¢, 1 < k < oo, will denote a momen-
tum cutoff field, for example @,_= ¢*h,_ with h_eL,(R?), and we will write V,V,

for V(g), V().
Theorem 3. Let V(@) be a function such that for constants a,b,a, f,7y:

@ V,z —ax®,

) [V —V,],<bp’x™  pe[2,).

Then e~ * e LMdp,), €[0, ), provided o(ff — 1) < y.

Proof. Let k; be an increasing sequence of cutoffs with k; = 1,k; - 0. We will

use the identity, valid a.e. with respect to dpu, :

Z ( )r H /1(V _ ij)j‘<drse—l[(1 _Sl)V'ﬁ+(51_32)V'¢z+"'+(sr‘1_SV)V'<r+SrV'<r+ 1]’

j=1
where f d’s denotes integration over the domain 1=s,=...25,20. For
[ee]
0<v<1/2letc(v)=) j *7*> 2. Since the quantity in the exponent is a convex
1
combination of ¥, , we obtain from estimate (i) and (ii):

r

[1

j=1

r
1_[ ” V- VKJ- ”j‘’f"(.'(v)e'lakor‘Jrl(r!)_1

Jduge ™ < Y,

e).axg£+ 1j‘<drS

n [\/]8

8

Z (/lb)’(r |)[J(1 +v)— lc(v)ﬂr l_[ K yelatc';‘“

r=0 Jj=1

r
where in the second to last step we have used Holder’s inequality since Y, j~!~"

ji=1
‘¢(v)™! < 1. In particular, if we choose the cutoffs to be k, = r*, u > 0, we obtain
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the bound:

9]
s‘duoe—lV é Z (/lbc(v)”)'(r !)ﬂ(l +v)—1 ——uyela(r+ 1)He .
r=0
Since r! ~ ¢"!»", the above series converges provided that pua <1 and f(1 4+ v) <
1 + py, or equivalently if

B+v)— 1y <p<a .

Because v > 0 may be chosen arbitrarily small we can always find such a u provided
o — 1) <y. We remark that our bound on [du,e™*" leads to a bound uniform
in A on bounded sets of [0, ). O

Proof of Theorem 2. (a) In Sections II, III Corollary 2.2, Theorem 3.1, we prove
that for any « = ¢?/4n < 1, § > 0, and a sharp momentum cutoff,

@) V,ez— a(d)**?

(i) |V, V.|, < bla)p™®x ™", () = 3(1 — a)/8(1 + o0,

with b(a) uniformly bounded on closed subsets of [0, 1). The condition of Theorem
3: (x+ 0)(18 — 1) < y(w) is satisfied if we choose « < 1/50 § = 1073, leading to
the required bound on [du,e™*"*, uniformly in ¢ since b() and y(c) are uniformly

bounded on [0, 1/50].
We prove Theorem 2(b) by expanding :cos &¢ : in a power series:

K

V.=V, s X e @nt | fdx: o (x)] .

n=3 A4
We show below that
| fdx:0?":(x)|, < mg (e/dm)"(2n)!, 1.5
a4

and consequently
1V, = V], 3 2 *@n)!~ my Hefdny 2n)! = X(16n2my)~ (1 — ae)e.
n=3
To prove (1.5) we note that for pe[2, w), p integral:
[ fdx:@P:(x)|%=p!|dxdyC(x — y)
4 4
=p![Cly .
<p!|C Hfl’,; +o= 1, by Hausdorf-Young,
< pl{| d*k(4n*(k* + m2))~ 9}/
=plmy*n?~Y4n?)"P(p — 1)P !
<m; *(e/4n)’p!* since p!> pPe?.

The bound (1.5) follows immediately. U



¢4 Quantum Field as Limit of Sine-Gordon Fields 279

Remark. One might wonder whether similar estimates yield the bounds on
| V,—=V,.|, required by Theorem 3. Since by hypercontractivity

[§dx:0%:)], < 0~ 17| dx:0?: ()],
4 a4

< mg {((p — De/Any(2n)!,

the corresponding bound for ||V, -V, ||, converges only if a <((p—1)e)™",
which is useless since we require all pe[2, o) for each .

II. Uniform Lower Bounds on ¥, (¢,)
Theorem. Let o =¢>/4n and ¢, =2n{@?). Then V(¢,) 2 — (3/4n)’cie™x.
Proof. V(p)=[dxe *:cosep, — 1 +1e%¢2:(x)

a4

= (4mer) "% [ dx {e*~ cos €@, + L(ep,)* — 1 —ac, }. 2.1)
a4

Consider the function on (— o0, )
f(x)=acosx+3ix*a>1,
which takes its absolute minimum on [ — n,7]. For xe[ — n, 7] :
cosx=1—x?/2+x*/4! — x8/6!
=1—x*/2+ x*/4! — n*x*/6!
>1—x%/2+ x*/36.
Thus on [ — 7, 7]:
f(x)=acosx+1ix?>=a—(a— 1)x?/2 + ax*/36
>a—9a—1)*/4a (2.2)

where the last quantity is the minimum of the fourth order polynomial. Inserting
(2.2) into the expression (2.1) for V(¢,) yields:

V(p,) = (@dno)~2{e*~ — 1 —ac, — (9/4)(e* — 1)~}
2> — (3/4n)*[sinh(Zoc,)/a]?
— (3/4m)*[sinh($ac,)/oc, ]2~ %< c2ex
> — (3/4m)*cle™, (2.3)
since g(x) = x~2e”* sinh?(x/2) satisfies 0 < g(x) < 1 on [0, ). U

Corollary 2.2. Let ¢ _= @xh_ where h (k)= y{|k| <x/m,}. Then for any 5> 0
there is a constant a(d) independent of ¢, k with

V(o) = —ax**?. 2.4)

Proof. By explicit computation, ¢, =1In(1 +x*) <1+ Inx. Since x* <5~ 2e™
and since a < 1, (2.4) follows from (2.3) with a = 5~ 2e! *°, U
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L ||V,—v,|, S bp’x?
In this section we choose for convenience a sharp momentum cutoff: ¢, = @«h,,
h (k)= x(|k| < xmg *), k2 1.

Theorem 3.1. Let ao=¢&*/4n <1 and p=2. There is a constant b(x), bounded
uniformly on closed subsets of [0, 1), such that with y(o) = 3(1 — 2)/(1 + ),

[ Vo= Vel p = blagp™®x ™7

Proof. We introduce an interpolating field ¢, =s¢ + (1 —s)¢,. Then from
Taylor’s formula with remainder

&2 &3 4
V-V, —4§ds jdazjde3jds4jdsa
) de? 0s

Consequently with |z~:| < e, <./4mand p = 2n, an even integer,

jdx COS £,0, ) : ().

4 a 2n
1V~ Voul5 s sup fan[x 7 5 coss )
2n 64
= sup sup []—[ (jdxl 3 7 >jd,u0 []:coseo,,: (x)]
le] Seo se[0,1]Li=1 \4 s;i=s
2n
= sup sup [n(fdx > il 6) e_(l/z)z‘z‘féi&ﬁ'ajck(sisj’xrxj)] (3.1
le|<eo sef0,11Li=1 \4 &= +1‘9'S Os s;=s
where .
C.(st;x)= fduo(pk(s)(x)(pk(t)(O) = C(x) + st6C,(x). (3.2)

In Lemma 3.2 below we show that the quantity in square brackets in (3.1) is bound-
ed by:

< < (7'+2[)' t! 2r+8t—8n 2t—2
L oX XX Qr+2t—8m)! Qi —2m)1° s

t=nr=4n—1t{i;,a1} {jm,Bm}

2n
—(1/2) Y 6,082Ce(s2;%, — x5)
I](jdz ) >HC(S - xal)]_[]éC (. —x, e PE ,
i=1\4 Si=t
(3.3)
where the integers i,,a;,1 SI<r, and j,,B,,1 Sm=<t, satisfy

Sy b F iy g i F 95 Syt 15Jm F B

The Holder inequality is now applied to give the bound
—(1/2) Z 0;0782C,c(s25x, — X;)
F)

dez HC(S x”—xal)]—[ |6C, (x; —xﬂm)|e

i=14

é‘
=1

—(1/2)8% 3, 6:6,Crc(s23x: — X})
e i#y

2.
’xiz - 0‘1

U 0C(x; — xg,)

p3

(34)

P p2
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where p; ' +p, ' +p;'=1and | |, denotes the norm for L,(4%"). In Lemmas
3.3, 3.4, 3.5 below we bound the terms appearing in (3.4):

’ [1C(s% 5%, —x,) é <y

H OC (x; —x, )| = (e (p)™ 1Py e
m=1 ?
“ U2y 5i5fc’<(sz;x'_x1)“ < (c5(ap))>(2n)!, if ap < 1.

The constants are independent of k,s,¢,d; and of the sequences i, j,, o, f, and
c4(x) is bounded uniformly on closed subsets of [0, 1). Inserting (3.5) into (3.4),
(3.3), yields for ap, < 1:
2n 8n
(r + 20)! t!
B, 7 2 < 22n
Iv. & ol = 2 Z IIDY Q2r + 2t — 8n)! (2t — 2n)!

t=nr=4n—1t{i;, 01} {jm,Bm}

¢y(p,)(ea(p )™ 7Y ey (apy)*"(2n)1,

where ¢, = (47)°. The number of sequences {o,} or {i;} is bounded by (2n)". The
number of sequences {f, } or {j, } is bounded by (2n)';alsor + 2t £ 12n,n <t < 2n.
Thus for k > 1:

[ V.=V, ] %< c2'n.6n.2n)*"(2n)2"(2n)*"(12n) 1(2n) ! (2n) 1k ~"/P2

2n =
where ¢ = 204(1 + ¢,(p,))*(1 + ¢,(p,))c;(ep;), which gives
v, - ” an S €6(2n) Pk THE), o = 6Tec . (3.6)

Note that since for any p = 2 there is an even integer 2n with p < 2n < 2p, the
bound (3.6) remains valid with 2n replaced by p provided we change ¢, to ¢, =
2'8¢,. Finally we make a choice of p,,p,,p, above. The only restriction is that
ap; <1. Thus we choose p, =4(1+a)/(1—a), p,=41+a)/3(1 —a), p3=(1+0a)/20.
The bound of Theorem 3.1 follows immediately, with b(a)=c,. [

< R where R

lo,=
£=¢

temma 32 1= [](fax, 3 S )R

i=1\4
denotes the expression (3.3).

Proof. We will use the notation b;;=9,0,0C (x; — x)),c;; = 6,0,C.(s;8;3X; — X)).
Noting that the exponent in L is linear in each ¢,s,, we apply the 1dentity

0
——e”‘ f(x)= e~ —+c f(x) successively in each of the variables s,,...,s,,,

is-++2€,,. Thus

—~(1/2) Y. ,6;62C,e(s2;2;—x) 21 4
L= H(fd 2 )e S )H(£+23acia)

&

i=1\4 di=1= i=1 aFi

2n Fi
11 <a— + ) s,,ejaﬂbm>-1 ‘ . (3.7
j=1 Jo B#j sp=s
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Expanding out the product P of the differential operators, a given term is charac-
terized by points 1 i, ... £i, < 2n,0 < r < 8n, at most four i, equal and points
15j,<...<j,=£2n,0<t < 2n. With each index i, or j, there is an associated
index o, # i, or B,, # j,,. Therefore

SRy FC | ERNS VU | PR

r=01=0 {ag,iz} {fm,jm} l¢{lz} =1 J¢lim} m

. . . 0 0. . . ..
where T is an ordering operator which places i a—m its appropriate position,
i S;

ordered along with ¢, , orb; , .To obtain an upper bound on P, we first replace

b; 4sc;, by their absolute values, which is valid since P is a polynomial in these
variables with positive coefficients. Next we remove the T operation in (3.8) i.e.,
we move derivatives in (3.8) to the left until they reach the positions indicated by
(3.8) without the symbol T. This increases the bound on P since for y, v, A positive
integers

o\ oy
A "< Al >
X <_6x>x =<_6x>x xt,x 2 0.

We can further increase the bound by setting ¢, = ¢, s; = s in (3.8) (with T removed)
before computing the derivatives rather than afterwards as specified in (3.8).
This increases the bound because for p,, v; positive integers:

N a vi N a v
i 1 < o >
|:il;11 <6'xi> il=—[1xl ] <6x> Hx20.

Thus our final bound on the derivatives P in (3.7) is:
P<Y > Y ¥ Il

t 8n— 2n—t
l—_[ < a) r8r+2t<£) ! St
r=0 =0 {an,is} B} 1= 1 m= Oe Os

and inserting this into (3.7) we obtain the bound L < R. O

X, =X

8n  2n

lz 9] JmsBm

Lemma 3.3. For 1 £1<v, let i, o, be integers in [ 1,2n),i, < i, ,, no five i, equal,
a, % i,. Then there is a constant c,(p), independent of n,x,s,h, {i,,o} such that for
1<p<o:

<c,). (39)

Lp(Aln)

,
2.

H Cx(s ’xi, - xal)

=1

Proof. By using the Holder inequality we may reduce the proof to the case where

i, <i;, i <o, with p replaced by 8p. To achieve the reduction we decompose
{l} =[1,...,r] into four subsets such that in each subset i, #i,, . Each subset
may be further decomposed into two subsets characterized by i, < «;, i, > «, respec-
tively. Holder’s inequality is now applied to the product of 8 terms resulting from
this decomposition. The cases i,> o, and i, <«, are handled identically—we
discuss the latter.
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Suppose now that i, <i, ,,i, <o, 1 <[ <r. Introduce new variables by

= {X" i if {3} (3.10)

X, =X, ifi=i.

This transformation has upper triangular form because i, <a, and has all its
diagonal elements equal to 1. Thus the Jacobian is 1 and then

¥ 1/p
g{ [T Sy, T1 fay, C.2 ;yi,v}
Ly(42m)

igip 4 1=14
=[5, rer

< CUs5) p ey p 0 =1,
by Haussdorf-Young (p = 2),

< (Jd*k(4n*(k?* + m?)) =971 = ¢'(p).

ﬁC(s X, — ax)

This proves Lemma 3.3 for the reduced cases, and the general case follows if we
choose ¢, (p) = c'(8p). O

Lemma 3.4. For l =m<tletj,,p,, beintegersin [1,2n), j, <jns1>BnFJj,- Then
there is a constant c,(p), independent of n,x,t,{j, , B,,} such that for | <p < oo :

< (e, (P 7Y

LP(AZ")

t
]-—[ 6CK(me - xﬁm)

m=1

Proof. As in Lemma 3.3 we reduce to the case j, < f, with p replaced by 2p.
With a change of variable similar to (3.10) we have in that case:

t

<|[6C, |5 mepp  +q  =1p22

Ly (42n)

— < "‘ dzk(4n2(k2 + mé))—q)t/q

|kl 2 kmg
< (plmg1e) ™ 2/P) = (c)(py ™~ 217Y.

This completes the proof for the reduced case, the general case follows with the
choice ¢,(p) = ¢,(2p), k ~*/* replaced by k= '/7. 0

Ji - xﬂm)

Lemma 3.5. Provided ap < 1, there is a constant c,(x) independent of ¢,x,s,p,n or
{6, = £ 1}, bounded uniformly on closed subsets of [0, 1), such that

—(1/2)¢ 2 516,Cre(s23%: = %)
e |, sy S (c3(ep)2"2m)1P.

Proof. We show below that for any choice of {4,}

2n
” e—u/z)Ez .-;, 8:6,Cac(s? 3% = x5) ” ZP(M)

2n
é “e—(l/z)';lela.lc(xl xj) ”Ll(Azn) (3‘11)

where ¢ =¢,i<ne=—¢,i>ne =p'?c. Thus the general case (arbitrary
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d,,k,s) is bounded by the case Y8, =0,k = c0,s = 1. The quantity on the right
of (3.11) is recognized as the classical canonical partition function for n positively
and n negatively charged particles interacting in volume 4 with Yukawa two-body
potential C(x — y). Frohlich has studied this quantity [2]—in his notation it is
Z(C,,.»14). He proves in Theorem 3.7(2) of [2] that if o =& /4n < 1 there is a
constant K(a') with

I ¢~ L eiziCxi—xy) | ooy < K(@)n!? (3.12)

where it can be checked from his proof that K(«') is bounded uniformly for o in
closed subsets of [0, 1). Lemma 3.5 follows from (3.11), (3.12) if we take c5(x) =
(1 + K(x))'"2.

To prove (3.11) we convert the expression on the left to a Gaussian integral.
Defining ¢, = p*/?¢5,, we have

2n 2n
—(1/2)€? Y. 6,0;Cx(s%5x; — x;) —(1/2) Y i8;Crc(s%5x — x;)
iFJ

“ € “ip(AZn) = denxe i#J
2n ’
— jdﬂcx(sa-) ]_[ [dx:e™?: s
l:—nl a4
= jdﬂcx(ﬁ,-) I:[ jdx T “Cr(s2,)
2n o
<fduc [] [dx:e:
i=14
_ e e Ly

where we have taken absolute values in going from lines 3 to 4 while in the second
last step we have used conditioning, (see for example Simon [4] page 226) since
Cls?5)=C(). O
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