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Abstract. We prove that the Yukawa, quantum field theory with periodic
boundary conditions satisfies the spectral condition, i.e., the joint spectrum of
the energy operator H and the momentum operator P is contained in the
forward cone. In addition, the ¢p-bound is obtained.

1. Introduction

In the present paper the Yukawa, (=Y,) interaction in two-dimensional space time
is considered. This theory provides an example of the theory which satisfies all the
Haag-Kastler axioms and many of the Wightman and Osterwalder-Schrader
axioms. In the present paper we prove the spectral condition for the Y, theory with
the periodic boundary conditions. In addition, we obtain the uniform bounds on the
boson field operators and on their derivatives with respect to coordinates.

The proof of the spectrum condition is divided into the following parts.

In Section 2 we prove the boundedness below and the N_, estimate for the
Lorentz rotated Hamiltonian in the Y, theory,

BOHV,J+BPV+c1(ﬁsT);CZ(BaT)Nr,Vs T<17 :Bg_ﬁZZIS BO>0

uniformly in the ultraviolet cut-off o.

In Section 3 we prove the Osterwalder-Schrader positivity condition in the
theory with H, ,(B) (=, H, y + BPy) as the Hamiltonian and Py, as the momentum
operator.

In Section 4 we prove that the free vacuum Q, ,, overlaps (see [1]) the vacuum
for Hy(B)=PBoHy + pPy.

In Section 5, using the Osterwalder-Schrader positivity in the spatial direction,
we prove the main result, that the energy-momentum spectrum for the Y,
interaction in a periodic box lies in the forward light cone. As a consequence, the
uniform estimates on the derivatives of the boson field operators and the spectrum
condition for the Y, interaction with the periodic boundary conditions follow
(Section 6). In Section 6 the p-bounds are also obtained.
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The same results have been obtained for the P(¢p), theory with the periodic
boundary conditions [14].

2. BoHy s+BPy+ci(B,7)Zc,(B, N,

Let Hy , be the renormalized Hamiltonian of the scalar or pseudoscalar Y,
interaction with an ultraviolet cut-off ¢ in a periodic box V and Py, be the operator
of momentum.We suppose that our ultraviolet cut-off ¢ is a sharp position cut-off.

Theorem 2.1.

ﬁOHV,a +ﬂPV + cl(Ba T)g Cz(ﬂ, I)Nr,V
uniformly in the ultraviolet cut-off 0. Here f3—p*=1, B,>0, 1<1, ¢,(B,7)>0.

Proof of Theorem 2.1. The proofis completely the same as the one given by Glimm
[2] (see also [3]). Though Glimm had used in his proof a sharp momentum cut-off,
the same proofholds also in the case of a sharp position ultraviolet cut-off. (It holds
also in the case of a general ultraviolet cut-off [3], but we restrict ourselves to sharp-
position cut-offs.)

In Glimm’s proof it is necessary to make the following replacements (we follow
in our notations to the paper [2]):

(k)= ik, y) 1= (k) +vk — (3/4) (1 —[yDu(k)®,
a(p)—=a(p,y):= w(p)+yp—(3/4) (L= y)w(p) ,

Here y:=B/B,. _
The operation I'(y) replaces the operation I" and is an approximate inverse to

I'_IO,V(?) (HO,V(V):: HO,V+VPV“(3/4)(1‘M)Nz,v) .

We remark that in [2] Glimm denotes the “number” operator N_ ;, by F_.

The essential point is the translation invariance of the interaction Hamiltonian.
The translation invariance implies that the renormalization constants of Hy, , and
H, ,+yPy coincide. Thus, Lemma 3.4 by Glimm [2] is valid and has the following
form:

Lemma 2.2. There is a constant K depending on ¢ but not on g, such that

3
d,=| Y & (~E)—c(~E) <K.
i=1

igo

Here cg’o(~5) denote the expression which are similar to c¢;,,(~E) (see [2]), and
which correspond to the Hamiltonian H,, ,+7yP),.

The proof of this lemma coincides with that given in [2], because the mo-
mentum conservation gives

N(~B)=c,(~5), DA~E)=c,(~EF).
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In addition we need the slight modification of Lemma 4.2 [ 2], which, in our case,
has the following form:
Lemma 2.3.

_ - 51:(')})W1 Qo 51:(’}))VV190

pel'y
2n

1_ —
v

~=

Il

<y
1

~

%, Z,0)*Z,(0)+ Pi(0).
_STW,,, STG)W,,,
B0 =50 "abHp)

2

2 ¥ 2,01 Z )+ Pa0)

pel'y

pe

1

+
~

.

2 2=n
={..——,0,—
Here I', { AT
The operators P,(c), P,(o) are bounded by o(1)(N_ ;,+1), 0(1)—0 as ¢— oo and
o(1) does not depend on g.

} is the discrete lattice of allowed momenta.

The proof of this lemma is the same as the one of Lemma 4.2 in [2]. The
difference in the coefficients is due to the different asymptotics of the functions
®(p;,7) and @(p,,y) for large |£] in the region =

a(py,p)ocEl(1—7y)/2
@(p,,7) o E[(L+7)/2 .

For y=0 these asymptotics coincide.
The required inequality

1 2n
1,0z Y 7 (0)*Z,, ()
2 V pel'y

1+ 2n ,
e 7 2 Zpo(0)* Z,(p)

PETV

follows, as in [2], from Proposition 5.1 [2].

3. Osterwalder-Schrader Positivity in the Spatial Direction

Let H, ;, and P}, be the Hamiltonian and the momentum of the free theory in a
periodic box V.

In this section we show that the theory with the Hamiltonian
H, (B)=B,H, y+ pP, and the momentum P, satisfies the Osterwalder-Schrader
positivity condition in the spatial direction. Since boson operators are unbounded
we also need the Osterwalder-Schrader positivity condition for bounded functions
of the boson field.

Let us now define and construct the corresponding notions.
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Let My, M,y + be the algebras of coherent functions, )" o, exp (i (h,)), where
real h,e C3([—V/2,V/2]) for the case .4, , and real h,e C3 ([0, V/2]) for the case
%coh,+'

For the sake of convenience, we introduce a four-component space of test
functions for the fermion field, and we set for such a four-component function

S, 2)
P(f)i= Y, [ dxpy () (x,0) + ;J AxPy o f(x,0) .

=1

Let %#(%.) be the operator algebra generated by the fermion operators ¥(f),
where fe CF ([~ V/2,V/2]) @ C*(fe CZ([0, V 2))@CT*).

Let 2#(#,) be the operator algebra generated by the algebras ./, and
B(M.yy,, + and B, respectively).

Let (A, ) be the free associative algebra over the complex field, the generating
set of which is the set R x 2 (R x 2, ) where R is the set of reals (see [4]).

Let aeA. Then a may be represented in the following form:

a=Ya, [] @, F;) (3.1)

keA  jreAx >

where A is some finite unordered set ard A, are some finite ordered sets, t; eRR and

F; 2. Moreover, the factors in the product [] are ordered from left to right in
JreAk
correspondence with the order in A4, (we note that the algebra U is non-

commutative!). We define the linear functional S on the algebra 2 in the following
way. If ae, then a is of the form (3.1), and we set

S@:=Y «, (QO,V,T I1 (ij(tjk)goﬁ (3.2)

ked Jredx
where

F(t)=exp(—tH, ,(B)F exp(tH, ,(B))

and T is the anti-time ordering over the time variables ¢, and if some of the ¢’s
coincide, then the corresponding F stand in (3.2) in the same order as they do in a.

Lemma 3.1. The expression (3.2) defines the linear functional on the algebra 2.

Proof of Lemma 3.1. It is evident that the expression (3.2) defines the mapping S’
from the set of words to the complex field. If a and b are two congruent words (with
respect to the identities defining the algebra 2 (see [4])), then, since & is an
associative algebra, S'(a)=S'(b), and, thus, S’ defines the mapping S from 2 into C,
and, as it may be easily seen, this mapping is the linear one. Lemma 3.1 is proved.

Now we want to build the operator ® corresponding to the Euclidean operator
of the space reflection, x— — x, such that S(®(a)b) would satisfy the Osterwalder-
Schrader positivity condition in the spatial direction for a,be?,.

For this purpose we define the (antilinear) operator @ on the algebra . Let
ac U, then a is given by (3.1), where each F; is

ij= Z F(ik’r) n W(f(l,]k,r)) (3.3)

reR(ji) le A(ji, 1)
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~ where
F(jyo1)€ Mgy, f(Lji1)ECT[—=V/2,V2])RCTC*

and R(j,) is some unordered finite set, A(j,, r) are ordered finite sets and the product is
taken in correspondence with the order in A(j,, 7).
Let
Oa)= Y a* n_ (0 ij) , (3.4
ked  jreAx

where A, is the set antiordered with respect to 4, (ie., if j,;,j,€ 4, and j, <j, in 4,,
then j,,j,e 4, and j, >j, in A,) and where

Fo= Y 9,FGur*3;' T1 PO,(fLjnr). (3.5)

reR(jix) le A(Jis1)

Here * denotes the complex conjugate and 3, is the unitary operator in the Fock
space %, of the space reflection x— — x for the boson field 9,¢,(x)3, ' =y (—x),
and the mapping of the fermion test functions space is defined in the following way

‘gf(f(x’ O()):(—lf*(—x, 4)7 if*(—x? 3)7 if*(_x’ 2)$ —if*(_x’ 1)) (36)

9, acts on the fermion field in the following way. If g and h are a pair of two-
component functions, then

8,9, h)=(h*»f,g*7*) .

We note that §7=1.
We use the following representation for the y-matrices

(01 /0
o=l o) 1T -1 o)
. 10
yl-’yl’ y5—y1y0— 0 -1 N

Lemma 3.2. The expressions (3.4)—(3.6) define the antilinear operator ® on the
algebra .

Proof of Lemma 3.2. These expressions define the operator ®’ on the set of words.

Then if a and b are two congruent words [4], then the words ®’(a) and ©'(b) are

congruent and thus, ® maps congruent words into congruent words and thus, @’

defines the mapping © of the classes of congruent words and so is the operator on

the algebra . It is clear that this operator is antilinear. Lemma 3.2 is proved.
Now we can formulate the main theorem of this section.

Theorem 3.3. S(@(a)b) is an hermitian positive bilinear form on the algebra U _.

Proof of Theorem 3.3. The bilinearity follows from the linearity of S, antilinearity of
©(-) and from the fact that 9 is an algebra (i.e. that the product ab is a bilinear
operation in ).
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To prove positivity we prove first of all that the two-point functions
S(O(Xalt @v () 220 (11, @ ()

S (@ (; o,(t;s 'P(hi))) ;a,.,(t,.,, ‘P(h,))) (3.7)

are positive semidefinite for h;, b, e C2([0, V/2]) or h;. h, e C3([0,V/2]) ® C*.
For this purpose we introduce the following two-point functions

Gty Xy 5ty X,) = (Qo,w‘PV(X1)e—(t2_tl)HO’V(p)‘PV(xz)Qo,V) for t, =t,
prEb TR (20,y ‘PV(xz)e—(“_tZ)HO’Vw)QDV(xJQo,V) for t;>t,
and
S (4 3t X1 5 by Xy) = Qo v WV,a(x1)e_(tz_tl)HO'V(ﬁ)WV,a'(xz)QO,V) for ¢, <t,
UANME I _(Qo,VaKEV,g'(Xz)e—(tl_tz)HO’V(mWV,a(xl)Qo,V) for t;,>1t;

and (3.8)

(QO,V» wV,a(xl)e_ e _tl)HO’V(mWV,a'(xz)Qo,V)
for t,=<t,

—(Qoy> Wy o (x5)e” _IZ)HO’V(I})V’V,a(M)Qo,V)
for t;>t,.

Spr(—= 5t X1 585, X0 )y =

We start with the consideration of the fermion two-point functions.
In accordance with the polarization principle to prove the Osterwalder-
Schrader positivity it is sufficient to prove that the expressions

2
> dtydx dt,dx, S gy (+ 584, % 515, X,) e [ (E1, —X1)

a,a’ o’ =1
’ ('y}lz)a’af;t”(tb xz) (39)
and

2
Z_ . | dtydx dt,dx, Sy (— 581X 580 %) 55t = X1) (0T F)arafor (£, X2)
are positive for f,(t,x)e C¥(R x [0, V/2]) and a=1,2.
First we consider the function S;,(+). We introduce the function

(Q,, %(xl)e—m_tl)HO(mll—’a'(xz)Qo) for ¢, <t,

Sy(+ N Ly, = - Aty —
s+t ¥t X2)u {—(Qo,tpa,(xz)e =2 Holbly, (x,)Q,) for t,>1,

Here y,(x), Hy(B), 2, are the free fermion field, free Lorentz rotated Hamiltonian
and the free vacuum in the full Fock space, i.e., in the Fock space corresponding to
the free boundary conditions.

The functions Sy,(+) and Sy(+) are translation invariant and

+
Spr(+5t =t Xy —x,)= ) Sy(+;5t,—15, %, —x,+nV)

n=—o0

where the series converges in the sense of distributions.
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We use the Lorentz rotation to replace Sy(+) by S(+)(:= Sg(+)lz-0)
UB)~ (0, x)Q24=w(—xB, xBo) A(B)2,
UB) ™ 9(0,x)Q = A~ (B)p(—xB, xBo)2, -
Besides,
w(t,x)= | dx'S(t, x—x) (= iyo)p(0,x)
w(t,x)= [ dx'p(0,x") (iy)S(t, x —x')

where S:= (i#+m)D and D is the Pauli-Jordan function, S=y,5%y, and S* is the

hermitian conjugate to S (see [5]).
Let 7,(¢) be a smooth function, #,(t)=1 for |¢f|{=2/k and #,(t)=0 for |{|<1/k.
Then (3.9) is equal to

Y lm | de dx dt,dx, | dxidx,n(t, —t,)
n k
Ay, = X)EAT B)S(— Bx +nV/2), Bo(x +nV/2) = x,) (= ipg)
SE(ty — ty, %, —%,) (iy0)8(— B(xy —nV/2), Bo(xy —nV/2) = X,)
APB)f(t,,x5) -
We use here the fact that for t+0

(3.10)

m—ipF
m2+p2

e ipit—ipax

S(+ ;t,x)=S8%1,x)=2n)"% [ d*p

Note also that

[ dx'S(—B(x' +nV/2), Bo(x' +nV/2)—x)f(t, x')e L(R?)
if fe#(R?), etc.

Then let

gu(t,x)= [ dx'ipoS(—B(x' =nV/2), Bo(x' —nV/2) = x)A(B)f (2, x) .
Using the relations (see [5])

70AB)ro=AF)""
PiABYE =~ 4By, =AB)
V0S(t, X)yo=5(t, —x)
i8St x)yi=—S(—t,x)
(3.10) may be written in the following form

) li’I‘n Jdt,dtydx, dx,mt, —1,)8(g,(t1, X )SE(t, =t Xy = X3)g,(t2, X5) (3.11)

- where 3(g(t, x)) =g*(t, — x)»{.
The supports of S(=(i2+m)D) lie in the light cone, [5], so, in the region where
the integrand is non-zero (i=1,2)

(x;+nV/2)(Bo—P)=x; S(x;+nV/2)(B,+ ), if (x;+nV/2)f>0;

=NV =

(X, +nV/2) (Bo+B) S x, S (X, +1V/2) By — ), if (xi+nV/2)B<0.

=NV =
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Thus, the signs of x; and x}+nV/2 coincide. Since f,e CF (R x [0, V/2]), so the signs
of x, and x, coincide, and |x; +x,|=|[x;|+|x,|=e(f)>0.

Since for |x; +x,|=e(f)>0 SE(t, —t,,x; +x,) is an infinitely differentiable
function, so as a result we obtain that (3.9) is equal to

ZI dtydtydx dx,g;(t;, xl)?fSE(ﬁ — Lo, X[ +1%50)g(t2, X5) 20 .

The sum is positive, since the n-th term of the sum is the norm of the vector

[ dxg,(t, x)exp(— x| Ho)w ()2, -

This proves that the two-point function Sy, (+ ;t;, X ; t,, X,) satisfies Osterwal-
der-Schrader positivity condition in the spatial direction. In the same way we prove
that Sp(—;t;,x1; 62, X,) and Gyy(ty, X, t,, X,) satisfy the Osterwalder-Schrader
positivity condition. This implies that the two-point functions (3.7) and

j dt,dt, S(O(t,, py(f1(t1, ) (2, 9y (f3(E5 7))
| dt,dt, S(O(t,, P(fi(ty. ) (t2 P(f(t2 -)))

are positive semidefinite for f, f,e C3 (R x [0, V/2]) or
f1: [,eCERX[0,V2])@C* .

Now there are two positive semidefinite bilinear forms which are defined on
CP(Rx[0,V/2]) and CF(R x [0, V/2]) ® C*, respectively. We form two Hilbert
spaces ,; and F; 4, respectively, by dividing out by the vectors of norm 0 and
completing. Let &, be the symmetric and %, , the anti-symmetric Fock spaces over
the Hilbert spaces #,; and #;,, respectively.

Let

p — T 1273
Fy=Fpp@Fy; -

Now let us proceed to the proof of the positive (semi) definiteness of the bilinear
form S(®(a)b).
We show that

S(@(a)b)=(N(a), N(b))s, (3.12)

where N(a) is a linear mapping from the algebra 2, into the Hilbert space #;. In
fact, N(-) is the normal ordering.

First we define the mappings N, and N, (the normal ordering of bosons and
fermions, respectively).

Let?, ,and A, ,bethesubalgebrasof A, with the generating sets R x A, .
and Rx %, respectively.

The mapping N,: U, ,—%;, we define in the following way.

If aeAU, ,, then

a=Y o [] (t,-k, ) a(ik,r)exp(iqoy(huk,r»)).

ked  jredAx reR(jx)
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We define N,(-) by

Ny(a)= Z 7 Z {(l—[ o(jgs r(lk)))
ked r(-)ePi \\jredr
exp(=4 J XAl (T by (0000, 1))
A

JreAx

Gyt =1, X —X" < 2 00— t")))
Jkedxk

JreAi

-Exp(i hjk,,(jk)@)ét,.k)}

where 2, is the set of all functions from 4, into | R(j,) with the following
Jieg Ax
properties 1(j,)e R(j,). By 6, we denote the translated é-function d,:=4(- —t) and

EXp()=10 &)+ /(51,1 @,/ (53,12) @ v B, (3 1)

is the coherent vector in the space Z,.
Now we define the fermion normal ordering N (). If ae U, ,, then

=Y Il (4 X 11 90,0

keA  jreAx reR(jx) leL(jx,r)

Let

N(@=Y o ¥ Nf( I1 ( T . W(Jf,-k,,uk),,))))

ked r(:)eZRx JxeAx \ le L(jk,r)

and on monomials we define N /(- ) in the following way. We define N /() on the
monomial as the formal normal ordering, i.e., as the sum over all contractions
(pairings) of the fermion operators. Then in each term of this sum the contracted
and uncontracted fermion factors appear. We replace each contracted pair

(PP
| I

by its T product
S((e, PUN(E, P(f)

and in correspondence with the parity of the permutation the sign (4 1) appears.
Each term in the sum over contractions gives a vector in the fermion Hilbert space.

If uncontracted fermion operators have test functions and times, say, ... (¢, f;)
vty f3) ooty fyoo, then this term of the sum over contractions gives the
vector with the wave function f,6, ®,f,6,,®,... ®, f,6, multiplied by the product
of all contractions of this term and each contraction enters with its sign (+1). The
full contracted terms give the vacuum vector in %, [ie., the vector (1,0,0...)]
multiplied by the sum of the products of all corresponding contractions with their
signs.

Now let ae ¥, then

a= 3 o [] (tjk’ ) F(fk”‘)Q(jk””))

keA  jxeAr reR(jx)
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where F(j,,r)e M, . and Q(j;,1)e A ..
We set
N@=Y o Y, {N,,( Lt Fs r(fk))))

ked  r(:)eZx j

Jre Ak

®N, ( (t;, QUi (]k))))} .
It is easy to see that N( ) is a linear mapping from the algebra 2, into the Hilbert
space Z.

Now let us prove the equality (3.12). For this purpose we shall calculate
(N(a), N(b)) & ; and S(@(a)b).

The relation

_ PN 2\
(Texp(ipy(hy))(ty)...explioy(h,) (t,)>
=exp (— 2§ axdx"hy(x)Ggy(t;—t;, X' —x")h(x")

i<j
-2 dx'dx"hy(x") G4y (0, x’——x”)hi(x”)) ,
i=j
the definition of N(-),S(-) and Wick’s theorem imply that to prove the equality
(3.12) it is sufficient to prove that
Gyt X1 580 X)* =Gpplty, — X1 385, —X,)
Gplty, X1 385, %) =Gpp(— b1, — X1 5 — 15, — X))
— N\ N\ — N —
TP )P 0)D*=<TYS (L)1) ¥ ,(f)) (1)) -

But these relations follow from the definitions of Gy, ¥, 9, by the direct

calculation.
Thus,

S(©(a)b)=(N(a), N(b))z, -

Since (, )&, is the scalar product in the Hilbert space #; and N is a linear
operator, so S(@(a)b) is a positive bilinear form. Theorem 3.3 is proved.

4. The Vacuum Overlap

To prove the vacuum overlap results we use the arguments of Seiler and Simon [1].
We start with the convergence of Hy, , as — co.

Lemma 4.1. As 60— 00 Hy, , converge in the sense of strong resolvent convergence to
the self-adjoint operator H,,.

Proof of Lemma4.1. The proof of this lemma is similar to the proof of Theorem 3.4
[1], reformulated for the case of the periodic boundary conditions and it follows
from the fact that all the estimates and bounds of [6] can also be obtained in the
periodic case. Lemma 4.1 is proved.

The resolvent convergence and the commutativity of Hy, , and Py, imply that H,
commute strongly with P,,.
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Lemma 4.2. The operator H, +7yP,, is bounded below, self-adjoint and has the
compact resolvent for —1<y<1.

Proof of Lemma 4.2. The proof follows from the uniform bouﬁd of Theorem 2.1
and from the compactness of the resolvent of N, for t>0. Lemma 4.2 is proved.

Now we define Jost states [1]. Since HJ ;, = Py, the vector valued distribution
¢1(xy) ... §,(x,)Q0, , [Where ¢ is either ¢y (x) or ¥(x)] is the boundary value of
a vector-valued function (=Jost state), analytic in the region Imz,,
Im(z,—z,),...,Im(z,—z,_,)eV,, where V, is the forward light cone. By cyclicity
of the vacuum, the set of linear combinations of Jost states is dense in 4. We
call a Jost state § Euclidean if and only if each z, is z,=(x, +ift,, ift,) with
x;, 1 real, B, =(B*+1)!/* and, moreover, the t,’s are non-coincident.

We call a vector a ff “good” Jost state if it is an integral over space variables x and

n
a sum over fermion indices of § Euclidean Jost states with a function (X) f,,
k=1

HECY([—V/2,V/2]) or f,eCP([—V/2,V/2])®C* and ¢t,,t,—ty,...,L,—1,_, are
all positive. We say the state is supported in (a, b) X (c, d) if supp f, C(a, b) [that is,
supp f,(x, %) C(a,b) in the case of a fermion test function] and c<t, <d.

We call a vector a bounded f Jost state supported in (a, b) x (¢, d) if it has the
form

exp(—t,H ,(f) A exp(—(t,— t1)H, y(B)
‘A, ...exp(—(t,—t,_ ) H, y(B)A, Q0

where each A, is either exp(ipy(h,)) with real h,e C3 ([ —V/2,V/2]), supph,C(a,b),
or Y(f,) with f,eC¥([—V/2,V/2])®C*, supp f,(-,%)C(a,b) and, in addition,
ti,t,—ty,...,t,—t,_, are all positive and c<t, <d.

n

Lemma 4.3. Fix a,b,c,d with —V/2<a<b<V/2,0<c<d. The linear combinations
of bounded B Jost states with support in (a,b) X (c,d) are dense in Fock space .

Proof of Lemma 4.3. The proofis similar to the one of Lemma 5.2 [1]. Suppose, 7 is
orthogonal to all bounded f Jost states with the support property. Then 7 is
orthogonal to all f good Jost states. By taking the smearing functions to delta
functions, # is orthogonal to all f Euclidean Jost states with the support property.
By analyticity, it is then orthogonal to all Jost states and hence is zero. The lemma is
proved.

Theorem 4.4. The Fock vacuum Q,, ,, overlaps the vacuum for B,Hy + BPy.

Proof of Theorem 4.4. To prove the theorem we prove the estimate

(n,exp(—tHy(B)n)
<(Qq - exp(—tH ()2, )" * (', exp(—tH(B)n")"/* 4.1

for appropriate n and use Lemma 5.1 [1].
We shall prove the inequality (4.1) for all # which are bounded f Jost states
supported in [V/8,V/4] x[1,2].
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We note that though in the formulation of Lemma 5.1 [1] an estimate of the
type (4.1) is needed for a dense set of vectors, in fact, as can easily be seen, it is
sufficient to prove such an estimate for a set of vectors the linear combinations of
which are dense in the Hilbert space.

In principle, the slightly modified estimate can also be proved for linear
combinations of bounded f Jost states.

After this remark we proceed to the proof of (4.1). To prove the estimate (4.1) we
shall approximate the expression

(n,exp(—tHy(B))n)

by the ones for which we apply the Osterwalder-Schrader positivity condition of
Theorem 3.3.

Let an ultraviolet cut-off be given by an even function y,(x)=ay(ox), where x(x)
is a positive C§([—1,1]) function with the total integral one.

Let

H,(A(a))=/1Aj )dx5¢'V,U(X)F1PV,0(x)3(PV,a(X) >

(o
where I'=1 or iy and the set A(g) is
Ale)=[-V/2,=V2+26~ " Ju[-20" 1,267 1 JU[V/2—-20"1,V/2] .
Corollary 2.1.2 [ 7], which is also valid in the periodic boundary conditions case,

allows to obtain the following simple bound

+tH(A@)S | dxM (N, +1)<co™"3(N_,+1)
A(o)

uniformly in o.

The operator H,(A4(0)) is bounded with respect to Hy, , with the relative bound
zero and B ' P, is bounded with respect to H,, , with the bound less than 1. Thus,
[8, p. 287-288]

Hi’o(ﬂ) = BOHV,G +BPy— BoH (A(0))

is self-adjoint operator on Z(Hy, ,)=2(H, ;).
Then

I(Hy ,(B)+0)~ " = (Hy ,(B)+ 0
SNHy B+ N+ 1)
NNy + 17 2H (A@) (N + 1) 712
NNy +DV2(Hy LB)+ 07
<c(Byo"
uniformly in ¢ for sufficiently large ¢ and for sufficiently large positive { not

depending on o.
But

s-lim exp(isHy, ,(B)) = s;_l’igl exp(ispoHy ,) exp(ispPy)
= exp(isfoHy) exp(ispPy) = exp(isHy(B))
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thus,
s-Wm(Hy () +() " =(Hy(B)+) !

for sufficiently large (.
Since Hy, ,(B) is bounded below uniformly in o, so [8, p. 502]

s-lim exp(—tHy ,(B)) = exp(—tHy(p)) .

Now we make the next approximation.
Let
V2

W, (0)=—1om* (Vo) | dx:g2(x):

0

and
0
W_(o)=—3ém*(V,o) | dx:92(x):
-V/2

where ém?*(V, o) is the (divergent) boson mass renormalization. W (0)e L, for some
p>2[9]

Let

_[Wilo) for [Wi(o)<n

W.(n0)= { for |W,(o)>n"
We define

W_(n,0)=exp(—iP,V/2)W_(n,o)exp(iP, V/2)
and

W(n,o)=W,(n,0)+W_(n,0) .

Let

HI,i-(Q’ a)=2 f dx :l/'-)V,d(x)FlpV,a(x) 0! Sin(Q(pV,,a(x))

[-V/2,V[2]\A(0)
+x>0

and
H](Qaa)=Hj,+(Qa O-)+H],—(Qa 0)
and let

H/I(o') =)” j d‘x :¢V,a(x)rlpV,a(x) :qDV,o'(x) .
[=V/2,V/21\4(o)

Since W, (o)e L, for some p>2[9], so W(n,s)— W(o) in any L, norm with g <p
(Lemma 3.5 [1]). On the domain FN9(H,, ;,), where F is the set of vectors with a
finite number of particles,

s-lim lim (H,,, + W(n, 0) + H,(e, 0) +7Py)
= S,,'ligl (Ho y+ Wn, o)+ Hy(o)+7yPy)

=H, ,(6m*)+ H(0)+yP,, “4.2)
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where y=8B, ' and
H, y(0m*)=H, , — 30m*(V,0) | dx:@3(x): .

Since Fn2(H, ) is a core for HO,V(émz) [9, Theorem 4.2d] and yPy, is the
operator bounded with respect to H OSV(cSmZ) with the bound <1, and Hj(o) is
bounded with respect to H 0,V(émz) with the bound zero, so [8, p. 287-288, 429] the
resolvents of the operators in (4.2) converge strongly as ¢—0, n— co.

Since ||exp(—tW(n))| ; is bounded uniformly in n for each ¢, so Corollary 2.14
[9, p. 133] implies that

Bo(Hoy +W(n,0)+ Py = —c

uniformly in n.
Since H,(, o) and Hj(o) are infinitely small perturbation, we have [8, p. 502]

Sn'_l,i;}l gi_{% exp(—t(Bo(Ho,y + Win, o)+ H (o, 0))+ BPy))

=exp(—t(Bo(H, (6m*)+ Hy(0))+ SPy)) .
Now let us consider the operator
exp(—t(Bo(Ho,y + Win, o)+ Hle,0))+ BPy)) .
The operators W(n, o) and H,(g, o) are bounded operators and thus

exp(— t(ﬂo(Ho,V + W(n,0)+ H (¢, 0) + fPy))
=splim exp — 1 10,9
exp( = ol _(.0)+ Hy,_(2.0)

exp( = 1 ol 0+ H, (0.0 |

—splim i {lexp(~ 1 Ho, )
'R "B
Y B W o)+ H, 0.0y
1 s v o+, o | 3

And finally, we make the last approximation. We approximate W, by the
coherent functions and replace the integration over the box in H; . (g, o) by the
summation.

Kaplansky’s density theorem [ 10, p. 46] implies that the bounded real function
W, (n,0) can be approximated by the real functions W,(N,n,0)e M, . with
|W. (N, n,0)l| S||W.(n,0)||. We define

W_(N,n,0)=exp(—iP, V/2)W,(N,n,c)exp(iP,V/2) .
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Let
HI, i(N’ 9 0) =N~ ! % ZIEV,a(n)FIPV,o'(n) :Q_ ! Sin(Q(PV,a(n))
where

N, :={[0,V21\A(0)}nZy ,
N_:={[-V/2,0]\d(0)}nZy

and Zy={xeZy|Nx is integer}.
Let

+—z<v1>'

r r

(Wi(N’ n’ O-)"—H[,i(N’ Q, G))r

then the expression in the curly brackets in the right hand side of (4.3) is equal to
. t "
SN-llgl (exp(— %HO’V(ﬁ)) B_B+) .

As the result of all the approximations we obtain the expression for which
Theorem 3.3 is applicable.
Let # be a bounded f Jost state supported in the region [V/8, V/4] x [1,2]. Then

(1 [ex0( = 5 Hoat9) B-5. [ )
=S (WNklz—ll (kt/m,B_)(kt/m,B +)11,) 4.4)

where we have used the same notation both for # as the element of the Fock space
Zy, and for the element of the algebra U, and where (-),, (-) are the following
operations on the algebra 2. If a is given by (3.1), (3.3), then

a=Y o [] (¢, +tF;)

keA JreAdr
Cl = ZO(,? H ( }k’ .lk
keA Jredr
where
Fi= Y Fio2* [1 Y(jw)".
reR(h leA(jr)

Here W(f)" is the operator which is the hermitian adjoint to the operator ¥(f). We
note that Y(f)*=%(f"), where f* is the following mapping of fermion test
functions. If (g, h) is a pair of two components functions, then (g, h) ™ =(h*y,, g*7,).
We note that

§,(f)==,N" . (4.5)

Since B, contain an even number of fermion operators and since fermion
operators anticommute in S for separated points, so (4.4) is equal to

S (kli (kt/m, B _ )kl’j1 (kt/m, B )rfnt) .
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Then, from the definition of @ and B. it follows that

m

H(kt/m,B_)=@( lm(kt/m,B+)).

k=1 k=
This equality is connected with the Euclidean invariance of the Y, interaction.
Using Theorem 3.3 and Schwarz’s inequality we obtain that (4.4) is less than

S(@( f[ (kt/m,B+)> f[ (kt/m,B+)>1/2 .

k=m k=m

m m 1/2
(0 [T teim. 5.y, [1 teim B3| 6)

Taking into account (4.5) and using that B, contain an even number of fermion
operators once more to reordered the factors in (4.6), we obtain

m 1/2
(@u(ex0(~ oo t9)) BB | 2,

t m 1/2
(1. (ex0( = 1 Hos0) 55, | 1]

where 1’ is some vector in the Fock space %, (n'=T nOMm)2, v).

It should be noted that just to express the second factor in (4.6) in the
Hamiltonian form it is essential that # is a Jost state, i.e., a monomial of fermion
operators rather than a linear combination of Jost states. For a linear combination
of Jost states we would obtain a sum of expressions like + (%', ( )n"), where ', " are
Jost states, but, nevertheless, this sum may easily be estimated and gives the slightly
modified estimate (4.1).

Taking N, R, m, g,n,c—co in (4.7) we obtain

(n,exp(—tHy(B)n)
= (', exp(—tHy(B)n')' 1> (Qq > exp(—tHy(8)Q, )" . (4.8)

By Lemma 5.1 [1], Theorem 4.4 is proved.

4.7)

5. H2> P2

In this section we proceed to the proof of the main theorem. We normalize the
vacuum energy so that inf spectrum H, =0.

Theorem 5.1. The joint spectrum of Hy, and Py, lies in the forward light cone, that is,
BoHy+pP, 20, Hy—P;=0,
E(B)=infspectrum H,(8)=0, =(f)==n(f=0).
Here n(B) denotes the projection onto the vacuum subspace of H(f).
Proof of Theorem 5.1. By Theorem 4.4 [or by the inequality (4.8)]
inf spectrum Hy(f) = — tlirg t 1 1In(Q, 5, exp(—tH,(8))R2, »)
=—lim ¢~ In(Q, y, exp(—tHy)Q, ») =0

t— oo
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Hence
ﬁOHV_I_BPVgO .

The commutativity of H,, and P,, implies the commutativity of =(f) and P,. Thus

* Pyn(B)=c(B)Hy(f)n(B)=0

hence, H,n(f)=0, H,(f)n(f=0)=0, and so n(f)=n(f=0).
Furthermore, the commutativity of H, and Py, implies that H; — 8, 2*P7 =0,
and so, by limits as f— co

H}—P;=0.
This completes the proof of the theorem.
Corollary 5.2. Let feCZ([—V/2,V/2]), then

0= Hy+m(f)+1/211113
0= Hy +yPy £ (my() =7V () +1/21I1113

where y=pB; 1.

Proof of Corollary 5.2. We use, as in [11], the unitary operator U = exp(ipy(f)) to
transform the Hamiltonian H,(f). We show that on 2(H,)

U(Hy +yPy)U™ " =Hy +yPy — (my(f) =V (/))+ 1/21 11 - G.1)

To prove this statement we use Theorem 3 by McBryan [12].
First we show that

iloy(f), Hy+yPy]= —my(f) + Vo, (f)

as bilinear forms on Z(HE) x 2(Hy).

Indeed, by the N_ ,, estimates the left and right hand sides are defined correctly
on Z(HZ) x 2(HE). Let R=(H,, +vPV+C)‘ andR,=(Hy, ,+yP,+{)~ ', where (is
positive sufﬁ01ently large and Hy, , is the ultrawolet cut-off Hamiltonian (more
precisely, H,, , is H,, v.o— Evs where E, is the vacuum energy of the Hamiltonian
without the ultrav1olet cut-off. Remember that H, is normalized so that
inf spectrum H,,=0).

By Theorem 2.1, by the commutativity and by Lemma 4.1 R, is defined correctly
for sufficiently large { and s-limR_=R.

Each vector xe 2(H3) is of the form x=R?y and the N _, estimates imply that
2(p,(£)D2(Hy), so we obtain

H{((Hy +yPy)x, 0y ())x) = (@ (f)x, (Hy +7Py)x)}
=1{(Ry, py(/)x) = (@y(/)x, Ry)}
=i{(y(/)Ry, x)— (x, o, (/)RY)}
=limi{(py ()Ry, x,) = (x, @ (f)RY)}
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where x,=R_ Ry and then we have
=Umi{((Hy , +7Py)X, 0y ()x,) = (@ (/)Xo (Hy , +7Py)x,)} -

The vectors x,e Z(Hy, ,)=2(H, y).
As an operator equality on 2(H, ,)nF, where F are vectors with a finite number
of particles,

iloy(f), Hy o +7Py]=—my(f) +yV oy (f) .
Since the domain Z(H, y)NF is a core for Hy, ,+ 7Py, oy (f), Vo, (f), my(f), then for
x,€9(H, y) .
i{((Hv,a +yPy)x, oy (f)x,) = (@p(f)x,, (Hv,a +7Py)x,)}
=(X,, (my () =V oy (f))x,)

and by the N_, estimates we obtain in the limit as ¢— o0

H{((Hy +yPy)x, 0y (f)x)—(@y(f)x, (Hy, + BPy)x)}
=(x, (ny (/) =V eou(f))x) .

Since 9(H7) is a core for H, +yP, and by the N_,, estimates this bilinear form
extends on  9H,)xPH,). Since [[(n,(f)—yVo(f)R]]< 0 and
IRY2@,(f)R'?|<o0, so Theorem 3 by McBryan [12] implies that
U(s)2(Hy)CZ(Hy) [here U(s)=exp(isp,(f))], (Hy+7yPy)U(s) is strongly con-
tinuous on 9(H,) and thus for xe Z2(H,)

o5 US) (Hy 7P )U(—9%)

=i{(@p(NU(=9)x,(Hy +7P,)U(—5)x)
—((Hy +yPy)U(=9)x, o (/HU(=9)x)}
—(U(=9)x, (my (/) =V (S NU(—9)x)

=(x, (=m (/) +Vou(f)+ ZlI/113)x) -
Integrating the last equality over se[0, 1] we obtain

(x,U(Hy +7yPy)Ux)

=(x, (Hy + 7Py~ (m, (/) =7V, () + 311 £11)%)

ie., the equality 5.1. This implies the statements of Corollary 5.2.

6. @-Bounds and the Energy-Momentum Spectrum in the Infinite Volume

To extend the results of the pervious section to the case of the infinite volume we
need some sort of vacuum expectation values in the infinite volume (Schwinger or
Wightman functions, or a state on the quasilocal algebra of observables or on the
quasilocal field algebra). The simplest way, we think, is to obtain uniform ¢@-bounds
and then, using the compactness, to construct Wightman functions. These
Wightman functions, as the limit of the finite volume ones, satisfy the spectral
condition.
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Theorem 6.1. Let feCP([—4,4]) and ||f]|2= [ |f(K)*(k*+ 1)*dk then for V=1

tou(HSHy+cyllflI2 +c,
(Pv(f)2 é%“f”z— 1/2(HV +1)
for suitable constants c,,c,,c, (not depending on-V ).
Proof of Theorem 6.1. Let us prove the first bound. Let E,(f) be the ground state
energy for H, + ¢,(f). To prove ¢-bounds we need only to prove [13,1].
—E)(f)S—Ep+cillfl2 +c,.

Let integer n be such that 2"< ¥V <2"*!, Let F be the function obtained by trans-
lating f by 1/2 unit and taking the sum of the translation and its reflection about
x=0. Then, as in [1], we first claim that

—Ey(f)= —1/2E, —1/2E,(F) . (6.1)

This follows as in the proof of the vacuum overlap (Theorem 4.4) and as in the proof
of Theorem 5.1 (cf. with the proof of Theorem 7.1 [1]). By iterating (6.1) and using
the translation invariance we obtain

"EV(f)é —EV+2—nEV“2_"EV(Fn) >
where F, is obtained by iterating the passage from f—F n times. Now by the
vacuum overlap [which holds for H, +¢,(F,) if n=1 since F, is symmetric]

- EV(Fn) = tlgl; t ! ln j exp((pV(Fn®X(O5 t))) detren(1 + KV,t)d'MO,V .

As in [6] one can easily obtain the bound

<Time in(f det,o, (1 +Ky )2 dpg )2
t— 0 ’ ’

( exp2ey (F,@1(0, )dpo )/
S V+2fI2,
and
EV

~EANS~E 42V

) s Bl e

In the same way we prove the second bound. Theorem 6.1 is proved.

Theorem 6.2. The Wightman functions for the Y, interaction with the periodic
boundary conditions exist as distributions.

Proof of Theorem 6.2. The p-bounds and the arguments of Glimm and Jaffe [13]
imply the uniform estimates on the Wightman functions for a finite volume and,
thus, the compactness of the Wightman functions with box cut-offs. Theorem 6.2 is
proved.

Theorem 6.3. The infinite volume limit Wightman functions for the Y, theory with the
periodic boundary conditions satisfy the spectral condition.
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Proof of Theorem 6.3. Since the Wightman functions are translation invariant, so
by the Stone theorem the unitary representation of the group of translations is of
the form

U(t,x)= | exp(itp,+ixp,)E(d*p)

and on the Wightman domain the measure E(d?p) is the weak limit of measures
E,(d*p), corresponding to the Wightman functions in a finite volume. But these
measures satisfy the spectral condition and so E(d?p) also satisfies the spectrum
condition. Theorem 6.3 is proved.
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