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Correlation Inequalities and Equilibrium States
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Abstract. For an infinite dynamical system, idealized as a von Neumann algebra
acted upon by a time translation implemented by a Hamiltonian H, we
characterize equilibrium states (KMS) by stationarity, a Bogoliubov-type
inequality and continuous spectrum of H, except at zero.

§ 1. Introduction
The equilibrium states of a finite volume system in statistical mechanics is usually
given by the Gibbs-ensembles.

To describe bona fide physical phenomena it is well known that one has to take
the so-called thermodynamic limit i.e. the volume tending to infinity, of any of the
Gibbs ensembles. These “limit Gibbs’ states” have an interesting property, they
satisfy the so-called KMS-condition [1, 2].

In [3] Roepstorff derived a stronger version of the Bogoliubov inequality [4]
for Gibbs states (for KMS-states see [5]).

Let {.) ;5 denote the thermal average with respect to the Hamiltonian H and the
inverse temperature ff=1/kT. For any pair of observables x, y the scalar product
(.,.) is defined by:

1 B
(x,y).= —g di{exp(AH)x* exp(— AH)y s

(see also [6]). In [3] the following inequality is derived
(x,x). < [<XX*>[3H - <X*x>py]/ln<xx*>py/<x*x>pﬂ . L

Of course we have not to insist on the importance of the Bogoliubov inequality
and its stronger version in statistical mechanics (see e.g. [7]).
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In this note we want to add an other argument in favor of the importance of the
inequality (1). We prove that a basic concept like that of an equilibrium state is
determined by the following three properties:

(i) Stationarity,
(ii) inequality (1),
(iii) spectral condition.
For the benefit of the reader we sketch here the argument for states on Z(C”).
We prove that (i) and (ii) imply the KMS-condition.
Let H be the Hamiltonian, as operator on C" with spectral resolution

H=Y¢E,
& ¥+¢j, (E;) spectral family of H.
We suppose that o is:a state on #(C") satisfying conditions (i) and (ii). From (i)
o(x)=Trox xe%B(C",
where ¢ is a density matrix of the form
Q = Z Ri s
where

O<R,<E; foralli.

Let € be the set partial isometries V' of rank one such that
V*V<E,
VV*<E;

then from (ii) with x=V one gets

explg;—¢;)—1 < o(VVH/o(V*¥V)—1
& —&; = no(VV®/w(V*V) *

x—1

From the strict monotonicity of the function f(x)= 1
nx

one gets
exp(e;—e) So(VV*)/(V*V)

substituting ¥ by V* yields
exp(e; — &) So(V*V)/a(VV*).
Hence
o(V*V)[(VV*)=exp(e;—¢&,).
Hence

TrRV*V  exp—g;
TrR;VV*  exp—s¢;
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As this is true for any V in €: there exists a constant o such that:
TrR,V*V =aexp(—¢,)

and so
R;=aexp(+¢)E;.

From normalization: ¢ =exp(— H)/Trexp(— H).
Remark that the original Bogoliubov inequality

(x, x). £172{w(xx*) + w(x*x)} 2)

is not sufficient for determining the KMS-property.
This can be checked on M,. Take

0 0 o 0
— = Sa=sl.
H (O 1) e (0 l—oc) 0=a=1

For o between
(e=3/2)e—1)sa=e/2(e—1)

the inequality is always satisfied, and the state need not to be KMS.

Therefore using the results of [3] and [5] we proved the equivalence of on the
one hand the KMS-condition and on the other hand conditions (i) and (ii) i.e.
stationarity and the inequality, which is an upper bound for the Duhamel two-point
function.

We thank Professor E. Lieb for pointing out to us Ref. [8], where a different upper bound for the
Duhamel two point function can be found. However it is unclear if this upper bound implies also the
KMS-condition.

§ 2. The Main Theorem

Let 9 be a von Neumann-algebra on a Hilbert space # and (a,),g such that «(x)
=exp(itH) x exp(—itH) where H is a self-adjoint operator on . Let  be a cyclic
vector of s for I and let w be the corresponding vector state i.e. w(x)=(, xQ);
xe M. Furthermore suppose that MQ belongs to the domain D(exp(—tH/2)) of
exp(—tH/2) for all te[0, 1]. Then the following scalar product (.,.).:

1
(x,y).. = [ di(exp(—tH/2)xQ, exp(— tH/2)yQ)
0
is well defined on 9.

Lemma 2.1. Suppose Q cyclic and for all xe M :

o(x*x) ~ w(xx*)
(x,x). < Inw(x*x)—Inw(xx*) (+)

Then Q is separating.
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Proof. Suppose x*Q=0 then w(xx*)=0. Suppose xQ2=+0 then w(x*x)=+0 and the
right hand side of (+) vanishes; hence (x, x). =0.

. —tH —tH . . .
As the integrand (exp( > )xQ, exp< 5 )xQ) is continuous and positive

exp(_th) x2=0

forall te[0, 1]. For t =0 this yields xQ2 =0. Hence x*Q =0 implies xQ2=0. Therefore
for all yeIN

yx*Q=0,
or (xy*)*Q=0 implies xy*Q=0.
As Q is cyclic for I, this implies that x=0. Q.E.D.

Lemma 2.2. Let (i) Q cyclic and separating for .
—H
(i) MR CD (exp (T)) .
(iil) & linear, self-adjoint subspace of M such that KQ is dense in H .
(iv) There exists a constant C =1 such that for all xe &

C ™ Y(exp(— H/2)a*Q, exp(— H/2)x*Q) < (x, xQ)
< C(exp(— H/2)x*Q, exp(— H/2)x*Q) (%)
then (x) extends to all ye .

Proof. Define the operator T on exp(— H/2)RQ by
T(exp(— H/2)x*Q)=x2 xeR.

By () T is bounded by |/C. i
Now we prove the result by proving that there exists a closable extension T of T.
Define T on exp(— H/2)MMQ by

Tlexp(— H/2)x*Q)=xQ2, xeM.

T is well defined [exp(— H/2)x*Q=0 implies x*Q=0 and by (i) x©2=0] on a dense
set exp(— H/2)MQ, as exp(— H/2) is invertible.

We prove that the adjoint T* of T is densily defined. First we prove that I'Q
C D(exp(H/2)), where M’ is the commutant of .

As exp(— H/2) is a self-adjoint invertible operator, exp(— H/2)RQ is dense in
and for all yeM' and xe K using (x):

(72, exp(H/2) exp(— H/2)xQ)|?

=[(x*Q,y*Q)> < [|x*Q? [y*Q|?

< Cllexp(—H/2)xQ||* [[y*Q||*.
Hence

Y Qe D(exp(H/2)).
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Define the operator T* on MM'Q [dense in #, because of (i) by]:
TH(yQ)=exp(H2)y*Q, yeW.

T+ is well defined because 2 is cyclic for M.
Now T* is an extension of T, because for all xe9 and y'eM’:

(T*y'Q,exp(— H/2)xQ)
=(exp(H/2)y"*Q, exp(—H/2)xQ)
=(y'*Q, xQ)=(x*Q,y Q)= (T exp(— H/2)xQ,y' Q).

Therefore the second inequality (x) extends to all xe M. Analogously for the other
inequality. Q.E.D.

Theorem 2.3. Let w and o, be as above, if w satisfies :
(i) w is a,-invariant (stationnary state).
(ii) for all xeIN:

(%, %) » = [(xx*)— w(x*x)]/Inw(xx*)/w(x*x).

(iii) the spectrum of H is continuous except for the point zero.
Then w satisfies the KMS-condition for the evolution «, at f=1, i.e. Vx, yeM:
(exp(— H/2)yQ, exp(— H/2)xQ) =(x*Q, y*Q).

Proof. Suppose Eesp(H)CR and 6 >0,
A=[E—-0,E+J6], A =[—E-94,—E+4]

such that zero is not an endpoint of 4.
Let H=[2dF(3) be the spectral resolution of H with spectral family

{F(A)/AeR}; F ;= [ dF(A).
Take any elemént yeIM such that
yQeF

then

i dMexp(—tH/2)yQ,exp(—tH/2)yQ)
0

> } dhexp(— HE+0)) (vQ2, yQ)
0

= [(exp(—(E+9))— 1)/ = (E +6)]w(y*y).

By (ii):
w(yy*)/o(y*y)—1
exp(—(E+0))—1)/—(E+d) = .
(exp(—(B-+8)— 1)/~ (E+9) < T e
By the monotonicity of the function

A—1

- - +
— YR AeR

A
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this yields

exp(—(E+9)) S w(yy*)/w(y*y).
Also:

(exp(—H/2)yQ, exp(— H/2)yQ2) < exp(é — E)w(y*y).
Hence

exp(—20) (exp(— H/2)yQ, exp(— H/2)yQ) = w(y™) . 1)
Analogously, remarking that y*QeF ,— # yields

w(yy*) = (exp(— H/2)yQ, exp(— H/2)yQ exp(26). @
From (1) and (2):

exp(—20) (exp(— H/2)yQ, exp(— H/2)yQ) = w(yy*)

= (exp(— H/2)yQ, exp(— H/2)y<) exp(29). 3

Let {4;/keZ} be a partition of the real line such that

fre 2k—1 2k+1

K om0 2m
for neN.

Let

Ke={yeM/yQeF n A}

and K" be the linear span of the & for all ke Z. We prove that R"Q is dense in .
Take any peF ;,#, for any >0, there exists an element xe I such that
lp—xQ|| <e.

Take
x(f)= [ f(B)(x)de

with fe L'(R) and support of the Fourier transform f of f in A%, then x(f)Qe F, .
Because of condition (iii), it is furthermore possible to choose f such that

I%(/)Q—F yxQ <e.
Then

v —xHQl = llp — F x| + | F ra — x(f)Q] <2¢
proving that R"Q is dense in .

The inequalities (3) are easily extended to !”. Take

N
X= Y X X, ERY
k=1
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then
exp(— 1/n) (exp(— H/2)xQ, exp(— H/2)xQ)
=exp(—1/n) Y (exp(— H/2)x, L2, exp(— H/2)x, L)

< Y (3 Q, x¥Q) = (x*2, x*0)
k

and analogously for the second inequality.
Now we are in a position to use Lemma 2.2 yielding (3) for all xeIR. As this is
true for all n we get for all xeIN:

(exp(— H/2)xQ, exp(— H/2)xQ) = (x*Q, x*Q).

By polarization, for all x and yeIR, we get
(exp(—H/2)yQ, exp(— H/2)xQ) = (x*Q, y*Q)

which is a particular form of the KMS-equation. Q.E.D.
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