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Abstract. We discuss some properties of a non-commutative generalization of
the classical moment problem (the m-problem) previously introduced. It is
shown that there is a connexion between the determination of the problem and
the self-adjointness properties in the corresponding Hilbert space. This
generalizes the well-known connexion between the determination of the
measure in the classical moment problem and the self-adjointness properties of
the polynomials as operators in the corresponding L2-space. The dependence of
the m-problem on the choice of C*-semi-norms and on the action of *-
homomorphisms is also investigated. As an application, it is shown that if a
quantum field (in a very general sense) is essentially self-adjoint then the m-
problem for the Wightman functional is determined on the quasi-localizable
C*-algebra and that the corresponding representation of the localizable algebra
generates the bounded observables of the field. It is pointed out that (ultraviolet
and spatially) cut-off fields fall in this class and, therefore, are in one to one
correspondance with states on the quasi-localizable C*-algebra.

1. Introduction

This paper is a continuation of a preceding one [1] hereafter referred as Part I. Its
object is to complete the algebraic discussion of the non-commutative generaliza-
tion of the classical moment problem (the m-problem) introduced in PartI and to
extend the applications to quantum field theory.

Let us first describe an important result on the classical moment problem [3-5]
which will be generalized in this paper. Let ¢ be a positive linear form on the *-
algebra C[X] of the complex polynomials with respect to one indeterminate X.
Basically, to solve the moment problem for ¢ means to produce a self-adjoint

operator n(X) in a Hilbert space $ with a vector Qe (| dom(n(X)") in such a way
nz0
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that Q is cyclic for the von Neumann algebra {n(X)}"” and that the equalities ¢(X")
=(Qn(X)"Q) hold for all integers n=0. Indeed the corresponding conventional
solution is the positive rapidly decreasing measure ¢ on R such that, up to a unitary
equivalence, we have: = L*(R, du), Q is the constant function equal to 1 on R and
n(X)is the multiplication by the identity mapping of R on itself. Clearly the problem
is determined (<>p unique) if and only if (§, 7(X), Q) is unique up to a unitary
equivalence under the above conditions.

Let (4, 94, Dy, £2,4) be the unbounded cyclic *-representation associated with ¢
[1,2]; we have canonically Q,=Q, D, =linear hull of {n(X)"Q2} $, = closure of D5 in
9 and 7 (X)=n(X)I D, It is well known, and easy to see, that the moment problem
is determined if 7 4(X) is an essentially self-adjoint operator in § . Then, the solution
is given, of course, by H=9, and n(X)=mn,X)* Furthermore, in this case all the
T4X") =m4(X)" are also essentially self-adjoint operators (ne IN).

In this paper, this type of result connecting determination and self-adjointness
will be generalized. According to Partl, the m-problem on a *-algebra U is a
generalization of the classical moment problem in the following sense: If 2 is the
algebra C[X,,...X,] of the polynomials with respect to n indeterminates,
then the m-problem on U is exactly the n-dimensional classical moment problem.

It will be a consequence of the results of this paper that if ¢ is a strongly positive
linear form on a *-algebra 2 (i.e. a positive linear form for which the m-problem is
soluble [ 1]) and if 7 (h) is an essentially self-adjoint operator for any hermitian 4 in
A, then the m-problem is determined. However, in the applications, it is generally too
strong to assume that m(h) is essentially self-adjoint for all the h=h* in 2. What
frequently happens is that essential self-adjointness holds for the m,(h) when / runs
over a generating subset 2 of hermitian elements of 2, but in contrast to what
happens when U =C[X], this does not imply, in general, essential self-adjointness
for all the my(h) with h=h* in .

For instance, let 2 be the tensor algebra T(C?) over €2 equipped with the unique

involution for which x = ((1)) and y= (?) (e €2 C T(C?)) are hermitian and let ¢ be

the linear form on U defined by:

_ 2 . d
M+ s 1) = (g (1= i ).

d
Dol — i | €12
(nq unqu)e

¢is a positive linear form on U and since W is a tensor algebra over an involutive
space, we know (see Part I, Section 4, Theorem 2) that ¢ is strongly positive so the m-
problem is soluble. On the other hand, we have canonically $,= L*(R, dg), Q,
=n" e 2 D,={P(g)e”"?|IPX)eC[X]}, (n,(x)¥)(@)=q¥(q) and

(ryM ) @)= —i i—j (q) for YeD,. It is well known that m,(x) and m,(y) are

essentially self-adjoint operators but it is also known' that there are hermitian
combinations of 7,(x) and =, (y) which are not essentially self-adjoint on D ; in
other words there are hermitian elements h of 2 for which n,(h) are not essentially

! (X)) (XY, nZ 2
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self-adjoint operators so here 2 = {x, y}. In fact Q, is an entire vector for m,(tx +ry),
vt, reR, so one may take X ={tx+ry|t, reR}=E,=IR?* as well as X ={x, y}
(=basis of E,). It is worth notlcmg here that if ¢ denotes the positive linear form on
the quotient algebra 9 = AJn, 1(0) induced by ¢, ¢ is not strongly positive ; indeed
A is the *-algebra generated by Heisenberg canonical commutation relations and it
is well known that this algebra does only admit unbounded *-representations so
there are no C*-semi-norm on 2 and therefore no non-trivial strongly positive
linear form on . The situation is similar if one considers the algebra generated by
the free hermitian field and this phenomena has been already pointed out in the Part
I of this work [see the Remark 9b) in Part I].

In Part I of this work, we have associated to any *-algebra 2 with a unit a C*-
algebra B(A). B(A) is such that any hermitian element i of A determines a *-
homomorphism ft—f(h) of the C*-algebra % ,(R) of complex continuous functions
vanishing at infinity on R into B(A). Furthermore, the ranges of these homor-
phisms generate B (A) as C*-algebra (when hruns over the set A* of all the hermtian
elements of ) (see Part I, Section 6). Let X be a subset of A* and let B(X) be the C*
subalgebra of B(A) generated by {f (h)|heZ, feF ,,(R)}. In this paper, we shall
show the following. If ¢ is a strongly positive linear form on 2, if (z,, ,, D4, Q) is
the associated cyclic *-representation and if X is a generating subset of hermitian
elements of A then, any solution w of the m-problem for ¢ [w is a positive linear
form on B(A), see Section 7 in Part I leads to a cyclic representation 7y of B(Z)in a
Hilbert space $y which contains $, as closed subspace and with Q, as cyclic vector
such that w(f(h)=(Q,|ms(f(h) Q4); he 2, feF o, (IR) Furthermore, if the 7, (h) are
essentially self-adjoint when he 2 then =9, 7y is unique and we have: ng(f(h))
=f(n4(h)); Yhe Z, Vfe € ;) (R). In any case, (ny, Hy, Q,) is canonically the G.N.S.
triplet associated with w!B(X) and ¢ can be reconstructed from wlB().

Forinstance, let 2, x, y, and ¢ be as in the above example and let 2 = {x, y}. Then
there is a unique representation ny of B({x, y})=B(2) in H, for which Q, is cyclic

and 7y (f (x)) = f (1, (x)), 7x(f (V)= f (m, () for any fe®)(R).

For the applications to quantum field theory, it is important to realize that,
following H. J. Borchers, we consider that a (scalar hermitian) quantum field is a *-
representation of the tensor algebra over the space of complex test functions.
Furthermore, we shall be interested in self-adjointness properties of the field
operator, so we take W= T(Z(M)) [ =the tensor algebra over the space Z(M) of all
complex C® functions with compact support on the space-time M] and 2 =2 (M,
R)=real C* functions with compact supports. It turns out that B(ZX) is the quasi-
localizable C*-algebra B (M) introduced in Part I.

We use the above results to show that the bounded observables of cut-off field
theories generate concrete C*-algebras which are images of cyclic representations of
the (universal) quasi-localizable C*-algebra B(M) with the ground states of the
hamiltonians as cyclic vectors. The corresponding states on B (M) being elements of
the weakly compact states’ space of B(M), a program of removing the cut-offs by
compactness arguments is suggested. A difficulty connected with general features of
the construction described in the work (Part I and this paper) is pointed out:
Namely we do not take into account the topologies of our basic spaces (*-algebras,
spaces of test functions) with this algebraical construction.
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In a forthcoming paper, we shall analyze the restrictions which come from the
continuity properties in the m-problem.

In Section 2 we analyse the connexion between the determination of the m-
problem and the self-adjointness properties in the corresponding hermitian cyclic
representation [1,2]. We give a generalization of the well-known connexion [3—5]
between the determination of the measure in the classical moment problem and the
self-adjointness properties of the polynomials as operators in the corresponding L2-
space.

In Section 3 we discuss the dependence of the problem on the choice of sets of
C*-semi-norms. We introduce a notion which generalize the notion of support in
the classical moment problem.

In Section 4 the action of *-homomorphisms is investigated. We define C*-
algebras associated with real vector spaces. This generalizes the definition of the
quasi-localizable C*-algebra given in Part L

In Section 5, we apply the above results to quantum field theory. We show that,
if for every real test function the smeared field operator is essentially self-adjoint on
the cyclic subspace generated from a unit vector in Hilbert space by the polynomial
algebra of the smeared field operators, then the m-problem for the corresponding
vector state on the tensor algebra over the space of test functions is determined on
the quasi-localizable C*-algebra and that the corresponding representation of the
quasi-localizable C*-algebra generates the bounded observables of the field.

The last result works for a hermitian scalar field in a very general sense. In
particular, it is pointed out in Section 6 that a form of ¢*-cut-off field introduced by
Jaffe in his thesis [6] fall in this class. The self-adjointness of the space-time smeared
cut-off field is obtained as an application of a general method introduced by Glimm
and Jaffe in their study of (¢*), theory [15] (see also [16] and the paper of McBryan
[17]). We define, for each cut-off, a state on the quasi-localizable C*-algebra which
correspond to the ground-state-expectation-values of the bounded observables. We
allow the mass, the coupling constant and the field normalization to vary with the
value of the cut-off.

In conclusion, we discuss some possible pathologies associated with the “limits”
obtained (by compactness) when the cut-off is removed. These pathologies were
avoided in the work of Glimm and Jaffe on (¢*), when they proved the “local
normality” of the “vacuum state” (see, for instance, the Theorem 4.2.1 in Les
Houches 1970, [18]).

Throughout this paper, we use the notation of Part I. If B is a C*-algebra and if
w 1is a positive linear form on B, we use the term, G.N.S. triplet associated with w to
denote triplet (7, 9, 2,,) of the cyclic representation =, in Hilbert space $,, with
cyclic vector 2, obtained from w by the Gelfand-Naimark-Segal construction
(G.N.S. construction).

9,0)(R") denote the space of continuous complex functions with compact
supports on R".

2 (R") denote the space of C*-complex functions with compact supports on R".

% (IR") is the space of complex continuous functions on R”.

ﬂ(i(o)(]R”) is the C*-algebra of complex continuous functions vanishing a infinity
on R".
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2. Self-Adjointness and Determination

Throughout this section U is a *-algebra with a unit (Le ), I' is a separating
directed set of C*-semi-norms on A and B(W, I') is the associated C*-algebra
defined in Part I (Part I, Section 6, Definition 3).

Lemma 1. Let & be a representation of B(U, I') in a Hilbert space $,, and let h be an
arbitrary hermitian element of W. Then, in the Hilbert subspace 9, (h) of , spanned
by the set {n(f(h)) ®| P9, and fe¥b , (R)}, there is a unique self-adjoint operator
n(h) for which we have: n(hyr(f (h)) @=nr(f"(h)) ®, Ve $, and V€D, (R), where
fle Doy(R) is defined by fAf=tf(t) (VteR). Furthermore, we have
(f (M) O (h)=f(rn(h)), Vfeb o (R), and if A is a bounded operator in §, which
commutes with n(f(h)) for any fee% ) (R) then $,(h) is stable by A and the
restriction of A to §,(h) commutes with n(h) (i.e. its spectral projections).

Proof®. Let D2(h) be the linear hull in $, of the set {n(f(h) ®|Pec$H, and
f€9 ., (R)}; D?(h)is a dense subspace of §, (h) and there is a unique linear mapping
n°(h) of D2(h) into itself satisfying n°(h)n(f(h) @ =n(f'(h) P, YPe$H, and
VfeP o, (R). As an operator in §_(h), n°(h) is a symmetric operator for which DY (h)
is a dense domain of entire vectors. Therefore °(h)is closable and its closure () is
a self-adjoint operator in $,(h) which is clearly unique under the above conditions.
Using the definition and the fact that D2 (h) is dense stable domain of entire and even
bounded vectors for n(h), it is straightforward to see that the equality n(f (h)) @
= f(r(h)) ® holds for any fe P, (R) and any de DY (h) and therefore, by continuity
it also holds for fe%,(R) and ®€9H, (h).

Suppose that Ae #(9,) commutes with {z(f (h))|fe% ,,(R)}. Then, for any
®e9, and for any feP,(R), we have: An(f(h)PeD(h), since
An(f ()@ =n(f(h) AP, and, An(h)n(f(h)@=An(f'(h)@=n(f"(h) AP =n(h)
An(f (h)) @. Therefore we have: ADC(h)cD2(h) and An(h)@=n(h)A® for any
@eD(h). Let @, be a net of vectors in D?(h) such that (&,) converges to & and
(n(h)®,) converges to ¥ in H,(h); then AP =1im AP (€ H, (h)) and we also have
AY =lim (An(h)®,)=lim (z(h)A®,) (since A is bounded). So, if D_(h) denote the
domain of w(h) (D2(h)CD,(h)CH,.(h), we have: AD_(h)CD,(h) and
An(h)®=mn(h) AP, V@eD,_(h).

This achieves the proof of the Lemma 1. [

Let ¢ be a positive linear form on U and let 7, be the corresponding cyclic *-
representation [8] in Hilbert space 9, with cyclic vector Q,€9, and domain
D, =m,(A)Q, such that ¢ (x)=(Q,]m,(x)2,); it is well known that, for ¢ fixed, (m,
9,4 D,) is unique up to a unitary equivalence under the above conditions. Suppose
that ¢ is I'-strongly positive and let o be a solution of the m (I')-problem for ¢. Let
(T Dos 2,,) be the G.N.S. triplet associated with w and let us use the notation of the
Section 7 in Part I (in particular see the Proposition 3 in Part I). In the Proposition 3
of Part I, it was shown that 7, (x) Q4>¥,(x) define an isometric inbedding of $,, in
9,,- Therefore it is justified, and we shall always do so in the following, to identify ,
with a closed subspace of 9,,, writing: Q,=Q,, 7,(x) ¥,(»)=¥,(xy); Vx, yeA
[whenever o is a solution of the m(I')-problem for ¢]. In general, the inclusion
94C9H,, is strict (see what happens in the classical moment problem).

2 This proof is influenced by the appendix of a paper of Ruelle [7]
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Lemma 2. Let ¢ be a I'-strongly positive linear form on N and let w be an arbitrary
solution of the m (I')-problem for ¢. Then we have: D,=Y¥  (N)CD, (h) and
ny(h=n,(hI Dy, Vh=h*eW (where D, (h) denote the domain of the self-adjoint
operator m,(h) in 9, (h) defined as in Lemma 1 and where we make the above
identifactions).

Proof. Let ¥ ,(x)(xe ) be an arbitrary element of D,. We know (Proposition 3 in
Part I, Section 7) that w, is a solution of the m (I')-problem for ¢, where w, and ¢,
are defined by : w,(y)=(¥,(x)|7, () ¥, (x)), VyeBU, I'), ¢.(y)=¢(x*yx)
= (¥, (%) 7y () ¥, (x)), ¥ ye L.

It follows (see, in Part I, the Theorems 4 and 5) that the positive measure g, ,_on
R defined by (h=h*eA)

Cl)x(f(h))= If(t) dluh,wx(t)’ vfe(g(O)(IR)a
is a rapidly decreasing measure and that we have:
¢ ()= [ t"du, ,_(1),Yne N.

Let y, be a sequence of continuous function on IR such that 0=y, <1, y,(t)=11if [¢|
<n, 1,()=0if [{|=n+ 1. Then =, (x,(h) ¥, (x) is a sequence of element of DY (h)
and 7 (h) 7, (x, (1) ¥, (x) =7, (x(h) ¥, (x) (with the notation of Lemma 1). We
have:

1724 () ¥, () = 70, () 70, (2 () P, (0)11? = [ 2 (1= 1, (8))° dy o0, (0)
15, (3) = 7, (1) ¥, ()12 = § (1= 1, (8))° iy 0, (0) -

Both terms converge to zero when n goes to infinity; so ¥,(x)eD, (h) and
T, (h) ¥, (x)=m,(h) ¥, (x). This prove the lemma since xe and h=h*cU are
arbitrary. O

Corollary 1. Let ¢ and o be as in Lemma 2 and let h=h* be a hermitian element of A
such that we have: m,(f(h)) 94 C 9Dy, ¥V f€E o) (R). Then n, (W) (H4n D, (h)) is a self-
adjoint extension of the symmetric operator my(h) in .

Corollary 2. Let ¢ and w be as above, let X be a set of hermitian elements of 2 which
generates W and let B(X, I') denote the C*-subalgebra of B (U, I') generated by the set
{f(W|heZX and feF ,)(R)}. Then we have ,En,,(B(2, 1)) Q,, (where the bar denote
the closure in $,) and if the equality holds n,(h)!(H,0D, (h)) is a self-adjoint
extension of my(h), Yhe X (these corollaries need not to be proved).

Theorem 1. Let ¢ be a I'-strongly positive linear form on U and let X be a set of
hermitian elements of . Suppose that for any he X, n,(h) is an essentially self-adjoint
operator in 4. Then the m(I')-problem for ¢ is determined on the C*-subalgebra
B(2,I') of B(U,I') generated by the set {f(h)eBWU,I)|he2 and feb)(R)}.
Furthermore, if  is an arbitrary solution of the m(I')-problem for ¢ and if m,(h)
denote the closure of my(h), for he X (considered as an operator in 9,), we have:

Ty (f (T Dy =1 (s (R)), ¥ fEE o) (R).
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Proof. It follows from the Lemma 2 that, for any hermitian element h of 2, we have

dom(m,(h)C D, (h)and 7, (h)=mn,(h) dom(m,(h)) for any solution w of the m (I')-

problem for ¢. If heZ, n—ﬁfz) is by assumption a self-adjoint operator in §,; let

t—E,(t) be its spectral resolution m = j tdE,(t) in $,). For any positive number s,
+s

let $,(h) be the closed subspace of §,, defined by: H,(h)= [ dE,(1)H,. | ) H(h)isa
=5 s=20

dense subspace of H, contained in the domain dom(m,(h)) of the self-adjoint
operator m,(h) in H,. We have ,(h) H,(h) CH,(h) and 7, (A Hy(h) =7, (h) T Hy(h) so
T, (f ()T D ()= f (s (M) He(h) V f€E ) (R) [since m,(h)! H,(h) is a bounded self-
adjoint operator in H(h) with llm)l‘gs(h)llgs]. So we also have: 7,(f(h)! Dy
=f(n4(h), V feb,(R) and Vhe 2 [where w is an arbitrary solution of the m(I')-
problem for ¢]. This implies in particular that if w, and w, are two solutions of the
m (I')-problem then we have:

T, (X)@=m,, (x) PeH,, VPeH, and VxeB(2,I).

Therefore (since Q, =Q, =Q,e9,) we have, VxeB(2,I') w,(x)=w,(x). This
achieves the proof of the theorem. [J

Remark 1. a) Replacing X by Xu{1} it follows that we may replace in the statement
B(Z,I') by B(Zu{l},I') [which contains the identity of B(A, I')].

b) Remembering that if I"), is the set of all the C*-semi-norms on A then
BA, T',,) is denoted by B(A) (and called the C*-algebra associated to A), the
m(I",,)-problem is called the m-problem and a I'-strongly positive linear form is
called a strongly positive linear form and that, furthermore, every solution of the
m(I')-problem is a fortiori (canonically) a solution of the m-problem for ¢ [via the
canonical surjective *-homomorphism: B(A)—B(A,I')]; it follows that the
condition of Theorem 1 is already a sufficient condition for the determination of the
m-problem. Since it may happen that a m (I')-problem is determined and that there
are several solutions of the corresponding m-problem (compare Stieltjes problem
and Hamburger’s problem in the classical moment problem), one cannot expect, in
general, that the condition of Theorem 1 is a necessary condition of determination
of the m(I')-problem.

¢) In the proof of theorem it was shown that the representation 7, of B(X,I)
leaves $, invariant and is unique on 9, [i.e. independent of the choice of the
solution w of the m (I')-problem and even the m-problem by b), replacing B(Z, I') by
B(2)]. Finally, let us notice that this implies that, if ¥ generates 2, the closure of
n,(B(X,1))Q, in 9, is exactly $, (compare with Corollary 2).

Lemma 3. Let ¢ be a pure state® on U which is I'-strongly positive and let S, be the
(convex and weakly compact) set of all the solutions of the m(I')-problem for ¢. Then
every extreme point of S is a pure state on B(U,T').

Proof. Let w be an extreme point of S, and let w, be a positive linear form on
B(A, I') such that w = w,. If n,, is the cyclic representation associated with w, we

3 Astate on U is a positive linear form on U for which ¢ (1) = 1. A positive linear form ¢ is pure if the
only positive linear forms ¥ satisfying ¢(x*x)= ¥(x*x) are the multiples ¥ =1¢ of p(0<A<1)
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know that there is a positive 4, en (B(A,I)) with 0= A4, <1 for which w,(x)
=(Q,|A4;7,(x)Q,), Vxe B(AU, I'). From the last part of Lemma 1 and from Lemma 2,
it follows that we have ¢, (h) =(Q,| 47, (1) Q,) = (2,7, (h) A,Q,) = (2,4 A, 4(h)2,)
=(my(h)Q,1A4;Q,4), YVhe U, and from 0= A4, <1 it follows that ¢, defines a positive
linear form on U for which ¢ (x*x) < p(x*x). It follows that ¢, =A¢. For some
constant 0 <A =<1 (since ¢ is pure). This implies immediately that ®=2""w, is a
solution of the m(I')-problem for ¢ if 10, and that, if 14 1 the same is true for @'
=(w—w)/(1—14) so we have w=1®, +(1—21)®} which implies (since w is an
extreme point in ) either &, =@} = w either =0 or A=1so in any case lw; =w
which means that @ is pure. [

Notice that, quite generally, if ¢ is an arbitrarily I'-strongly positive linear form
on U, if w is a solution of the m(I')-problem for ¢ and if Py denote the orthogonal
projection on 9, (as a subspace of 9,) then the mapping A—PyAPy of £(9,,) in
Z(9,) maps the commutant 7, (B(W, I')) of =, (B(, I') in the weak commutant
o), of m, (W) in H,, (Where 7, is considered as a *-representation of Ain H, with
domain D, [2]).

Let S(2, I') be the convex cone of all the I'-strongly positive linear forms on A
and let M(, I') be the convex cone of all the positive linear forms on B(2, I') which
are solutions of m(I')-problems. Any element w of M(R, I') is solution of the m(I')-
problem for a unique element ¢, of S(U, I') and we have:

By, + 130, = 1Py T 1200, s YO, 0, MU, T)  and Vi, t,eR".

Lemma 4. Let (¢,) be a net of I'-strongly positive linear forms on U and let us choose,
for each «, a solution w, of the m(I')-problem for ¢,. Suppose that (¢,) converges
weakly to ¢ (in the dual space of ) and let w be the weak limit (in BA, 'Y ) of an
arbitrary weakly convergent subnet of (,). Then w is a solution of the m(I')-problem
for ¢.

Proof. Let () be a subnet of (w,) which converges weakly to w. For each f let i, be
the linear form on the subspace W+ B(A, I') of .o/(A, I') which is positive on (A
+B(U, I')no/ " (A, T') and satisfies: ¢y =1, Wand wz =1, B, I'). The net ()
is by assumption simply convergent on A and on B(2, I') so it is simply convergent
to a linear form v on A+ B(W, I') which is positive on (A + B, N)n.o/ (A, I
and such that we have:

p=p!A and w=p!BAT). O

Remark 2. This lemma implies in particular that if the m(I')-problem for ¢ is
determined on B(Z,I') (for some X CA?) then the net w, ! B(X,I) is weakly
convergent.

3. Stability of the m-Problem: Supports

Let A be a *-algebra with a unit and let A"(A) be the set of all the C*-semi-norms on
A equipped with the uniformity of the simple convergence on 2. The relations
caracterizing the C*-semi-norms define a closed subset in R¥ so .4"(20) is a complete
uniform space. Furthermore, 4"(2) is canonically an ordered directed set.
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Let I’ be a directed set of C*-semi-norms on U [ie. I' is a directed subset of
A (A)] and let 7 be the locally convex topology on U generated by I'. According to
Part I, the directed set I" of all the Z,-continuous C*-semi-norms on 2 consists of
all the C*-semi-norms on A which are bounded by C*-semi-norms of I" and all the
concepts and constructions introduced so far do only on I'(«/(, =</ (A, TI')
etc....). It follows that the convenient assumption that I' is directed may be
dropped. Indeed, if I' is an arbitrary set of C*-semi-norms (I' C.4"(2)) on A, then the
locally convex topology .7 - on U generated by I' is also the locally convex topology
generated by the directed set I' of all the 7 7 r-continuous C*-semi-norms on A so, for
instance, we may define «/(2,I") to be (U, I') etc. .... Notice that we have:

I'={pe /' ()|p< sup(p,) for a finite family (Pidie1, in I'}. Many constructions
ielp

introduced in Part I are only auxiliary constructions needed to state and to discuss
the m-problem so it is natural to look for the dependence on I' of the m(I")-problem
[T’ being now an arbitrary subset of A (A)]; it is the object of this section.

Lemma 5. Let x be an arbitrary element of W and let p, and p, be two semi-norms on A
such that p,(1)=p,(1)=1 and pp(x)1—x) < p{x) for i=1,2. Then the semi-norm p
=sup(p,, p,) satisfies p(1)=1 and p(p(x)1—x)<p(x).

Proof. Suppose for instance that p,(x)=p,(x). Then, we have sup(p,,p,)
(sup(py, py) ()1 —x)= Sup pip(x)1—x). By assumption py(p;(x)1—x)<p,(x)

=sup(py, p,) (x), and we have P2(P1(x) 1= %) = p,(p,(x) 1= x) + p,([p1(x) — p2(x)] 1)
=p1(x) = (p,(x) = P, (p,(x)1 = x)) = p;(x). So we have p(p(x)1—x)=p(x) and, on the
other hand p(1)=1 is obvious. O

As usual, the positive cone A" of A is the convex cone in A generated by
{x*x|xeA}.

Lemma 6. Let h be an arbitrary hermitian element of U and let I be a set of C*-semi-
norms on . Then h is in the T -closure of W™ if and only if we have : p(p(h)1—h)
<p(h), Vpel.

Proof. Let I' | be the directed set of C*-semi-norms on U generated by I'. We have
Ir,=7rand (U, I')=/(NU,I'). On the other hand, by the Lemma 5, we have:
“p(p(hyL—h)y=<p(h); Vpe"<“p(p(h)L1—h)<p(h); YpeI',”. As usual (see in PartI),
we may assume that 7 =7 is a Hausdorf{f topology on ‘21 (otherwise replace A by
the factor algebra /{0}” r) So h is in the J-closure of A* if and only if
heWn/™ (U, I';) and this is equivalent to m,(h) positive, Ypel'; [see Part I,
Section 2, Lemma 3d)]. On the other hand, it is known that in a C*-algebra with a
unit, a hermitian element x is positive if and only if it satisfies || | x| 1 — x|| £ ||x]|, [9].
Therefore h=h*e A is in the T -closure of A" if and only if we have p(p(h)1—h)
<p(h) for any pel’; [ie. Vpel'y, |[n, (W) 1—nr,(h)| <=, (h)] and, since this is
equivalent to p(p(h)1—h)<p(h) for any per, this proves the Lemma6. []

Lemma 7. Let x be an arbitrary element of . Then p—p(p(x)L—x) is a continuous
mapping of A () in R
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Proof. Let p, be an arbitrary element of /() and consider, for any ¢>0, the
neighborhood of p, in A7(A) defined by:

Y o= PEN (W) [po(x) = p(¥) S &/2, [Po(Po(x)T—x) = p(po(x)1— x)| =&/2} .

For any pe v, ,, we have: |py(py(x)1—x)— p(p(x)1—x)| =|po(po(x)1—x)
= P(po(x)1 =) +p(po(x) 1 — x)— p(p(x) 1 — x)| <&, where we used |p(a)— p(b)| <pla
—b) and p(1)=1. This prove that p—p(p(x)L—x) is continuous since ¢>0 and
po€ N () are arbitrary. [

Remark 3. Notice that p—p(p(x)1—x) is not uniformly continuous.

It follows from the last lemma and from the Lemma5 that the set I,
={pe /' (W)]p(p(x)1—x)<p(x)} is a closed directed subset of A4 () for any xe .

Proposition 1. Let I' be a set of C*-semi-norms on W and let W7+ denote the closure
of A in A equipped with the locally convex topology T generated by I'. Then the set
I'={pe N (W) p(p(h)L—h) < p(h), Vhe QI” T} is the greatest set of C*-semi-norms on
A for which we have:: AT7r =7 [ is a closed directed subset of N () and we
have I'=T.

Proof. We have: ' = r,.So I'is a closed directed subset of 4 (20). The rest of

hedFIT
the proof follows from the Lemma6. [

We know (Part I, Section 6, Proposition 2) that, if I'; and I',, are two sets of C*-
semi-norms on A such that 7 is finer than J , the canonical continuous *-
homomorphism - - :.oZ(U, I'y)—.o/(AU, I',) has a restriction to B(W, I';) which is a
surjective *-homomorphism of the C*-algebra B(U,I';) on the C*-algebra
B, I'y) (np,r (B T)=B(U, I',)). Let us simply denote by =, (instead of
nr, A @ the canonical *-homomorphism of o/ (U, A (A)) in (W, I'); VI CA ().
Then, since 7 (B(A))=B(A, I') (remembering that the C*-algebra associated with A,
B(YA), is defined by B(A, A" (QI))z%(QI)), it follows that B(A, I') is *-isomorphic
with the factor C*-algebra B(A)/ny 1(0)nB(A). In the following we shall identify
B(A, I') and B(W)/n; (0)nB(A) under this isomorphism writing therefore :

B, )=BWU,I',) if n;f(O)m%(QI) nrzl(O)m%( );
where

rycA/ @) and I',CcH ().

Let I' be a set of C*-semi-norms on 2 and let y:A— .o/ (A, I') be the canonical
continuous *-homomorphism of 2 equipped with Z  in the associated complete
Hausdorff topological *-algebra .o7(2, I'). In the Part I (Section 6), we have defined
f(h)e .o/ (A, T') for any continuous functions f on R and for any hermitian element
of (U, I'); furthermore, if €(R) is the *-algebra of complex continuous functions
on R equipped with the topology of compact convergence, f~f'(h) is a continuous *-
homomorphism of ¢(IR) in .«Z(2, I'). It will be convenient in the following to denote
the spectrum of y(x) in Z(U,I') by Spp(x), for any xe A ; Sp,(x) will denote its
closure in C (in R if x=x*).
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Theorem2. Let I'; and I', be two sets of C*-semi-norms on U; the following
conditions are equivalent :

a) the I' -strongly positive linear forms on U and the I',-strongly positive linear
forms on W are identical,

b) the I -continuous positive linear forms on W are I',-strongly positive and the
I r,-continuous positive linear forms on W are I'y-strongly positive,

c) the I -closure of A" coincides with its T, r,-closure (in ),

d) F and F are identical (in N/(A)),

e) EB(QI I')=8B@QLTI,) (ie 7 HO)NB(W) =77 (0)NB(N)),

f) Spr, Sp,.(h)= Sprz( ) for any hermitian element h of .

Furthermore, under these conditions, for any linear form ¢ on U, a positive linear
form @ on B, T')=B(WU,I',) is a solution of the m(I',)-problem (resp. m(I";)-
problem) for ¢ if and only if it is a solution of the m(I',)-problem (resp. m([,)-
problem) for ¢.

Proof. a)=>b) since, for any I C A" (), a 7 -continuous positive linear form on A is
positive on the 7 -closure of A which means that it is I'-strongly positive

b)=c) since 7 ., and 7 ., are locally convex topology on A and since U™ is a
convex subset of A [QI 77 is the polar of the set of all the 7 -continuous positive
linear form and the set of all the I'-strongly positive linear forms is the polar of
A7 in the algebraic dual of A; VI C A (A)] [10].

¢) =a) by the very definition of strong positivity;
¢) <d) is trivial (see the Lemma 6);
d) =-e) is equivalent with B, I =BQLT'); VI CA" ().

Let us prove this equality which is equivalent to w7 L0)NB (A, 1) ={0};
VI CA (). Any continuous linear form on o7 (2,I') is a finite combination of
positive continuous linear forms on ./(A,I) and, on the other hand,
B(A, I C.of (A, I') implies that the continuous linear forms on .o (W, ) (their
restrictions to B(A, I')) separates the points of B(A, I') [ (U, I') is a Hausdorff
locally convex space]. It follows that, in order to prove our statement, it is sufficient
to show that for any continuous positive linear form y on .o/ (%, I') there is a positive
linear form w on B(A, I') for which we have: p(x)= w(nn—(x)), VxeB(U, D).

But let ¢) be the defined by ¢ (v) =y (y£(y)), VyeU; ¢ is I'-strongly positive [by d)
<>b)] since it is 7 -continuous. So there is a solution w of the m(I')-problem for ¢
and, since the representation of 2 associated with ¢ is bounded, w is unique (by the
Theorem 1, for instance) and we have: w(f (yz(h)=w(f (yp(h)), ¥V f€€ ,(R) and
VheA* This 1mp11es P(x)=w(rpp(x), Vxe B, ') [indeed fyrm)=nrrp(f(yph)
and B(A,T) is generated by the f(yr(h)), f€F ) (R), h=h*eA].

e) = f) because if e) is satisfied then f(y;, (h))=0 is equivalent to f(yp,(h))=0,
Vh=h*eU and Vfe% ) (R); so the greatest closed subset S,CR such that
feb o, R)and f(S,)=0 imply f(yr, (h)=0 is also the greatest closed subset of IR
such that fe%,(R) and f(S,)=0 imply f(y;,(h)=0. This means

Spr, () =Spr,(h)=S, because we have: B(U,I')C ﬂ%p(QI) and 7,(B(A, 1))

pel

=B (A) (see in Part I) and Sp,(h)= ) Sp(x,(y ().
pel’
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f) = c) because he A 7 T is equivalent to Sp () CR™ (see Part I, Section, Lemms
3).

This achieves the proof of the equivalence of the conditions a)—f).

The conditions a), e), and f) clearly imply that any solution w of the m(I',)
problem for a linear form ¢ on 2 is also a solution of the m(I",)-problem anc
conversely. It remains to show that the same it true for the m-problem. It is clearly
sufficient to show that any solution w of the m(I")-problem for a linear form ¢ on 9
is also a solution of the m(I')-problem for ¢ (VI C.A"(20)). The closures of {0} in U
for 7 ; and for | obviously coincide so we may suppose without restriction tha
T rand 7 are Hausdorff topologies on 2 (replace 2 by 2/{0} where {0} = {0}7*
= {0}7r). Using the definition of the m-problem (Part I, Section 7, Definition 4'), we
are reduced to show that h=h*e A, b=b*c B(A, I =B(WA, [Nand h—be o/ (W, T
imply h—be.o/* (U, I'). However h—be .o/ * (U, I') is equivalent to y(h—b)=0 for
all positive continuous linear form i on .o (2, I'). But then, if y is positive and 7~ 7
continuous, we know that ! B(U, ') (=B(A,I") is the unique solution of the
m(I')-problem for y [ A [by the same argument as in d) = e)]. It follows that Vhe
and b=b*eB(U,T") such that h—beos/ " (U, I') we have p(h—b)=0 for any
continuous positive linear form y on .o (A, 1) so we have h—be.o/* (A, ). 0O

Definition 1. Two sets I'; and I', satisfying the equivalent conditions a)—f) of the
last theorem will be said to have the same support and we write
Supp(I’;)=Supp(I',). This is obviously an equivalence relation on P (A" (A)) and
the corresponding factor space will be called the set of supports. If I'; C r , CA (A
we say that the support of I'; is contained in the support of I', and we write:
Supp(I";)CSupp(l',) (this is an order relation).

Remark 4. Let h be an arbitrary hermitian element of 2 (he ) and let C[X ] be the
*-algebra of complex polynomials with respect to the indeterminate X. Then we
may associate to any set I' of C*-semi-norms on 2 the set I' (h) of C*-semi-norms on
C[X] defined by:

(k)= {py| py(PX))=p(P(h),¥PX)eC[X];pel’}. ey

It is not hard to see [use condition f) in the last theorem] that Supp(I,)
= Supp(I",) is equivalent to Supp(I", (h))=Supp(I", (h)), Y he A%, and that, for the *-
algebras of polynomials, the above definition is consistant with the definition given
in the Section 5 of Part L. It follows that the set of supports may be identified with a
set of closed subsets of R [Supp(I";)CSupp(I',) if and only if the corresponding
inclusion holds in R™7.

4. Homomorphisms and Tensor Algebras

We already pointed out in Part I that the tensor algebras over involutive vector
spaces are of particular interest since every *-algebra with unit is (in a non unique
way however) the quotient of such a tensor algebra by a *-invariant two-sided ideal.
An immediate consequence of the last theorem and of the Theorem 2 of Part I
(Section 4) is the following proposition.
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Proposition 2. Let E be an involutive vector space, let E' be a *-invariant subspace of
the dual space of E which separates the points of E and let I'y, be as in the Theorem 2
of Part 1. Then I'y, is the set of all the C*-semi-norms on the tensor algebra T(E).

So we have B(T(E))=B(T(E), I'p) etc.....

Generally when one considers a *-algebra with unit as a factor space of some
tensor algebra over an involutive vector space, this means that one is interested on a
real vector space of hermitian elements in this algebra which is generating. This is,
for instance, typically the case in quantum field theory when one considers the field
operator smeared with real test functions. This suggests to generalize the definitions
of the quasi-localizable C*algebra (Definition 6, Part I, Section 9) by the following
one.

Definition 2. Let E be a real vector space and let T'(E +iE) be the tensor algebra over
the complexified vector space E +iE of E equipped with its canonical structure of *-
algebra with unit. We define the C*algebra associated with E, B, (E), to be the C*-
subalgebra of B(T(E +iE)) generated by { f (h)e B(T(E +iE))|he E and feF ,(R)}.

It should be clear from this definition and from the Proposition 2 that the quasi-
localizable C*-algebra B(M) is the C*-algebra B,(2(M;IR)) associated with the
space.Z2(M ;R) of the real C*-function with compact supports on M.

In order to complete the discussion, we must describe the invariance of the m-
problem under *-homomorphisms.

Proposition 3. Let o, ,: W, >, be a homomorphism of *-algebras with units (o, ,(1)
=1), let I'y(resp. I',) be a set of C*-semi-norms on W, (resp. WA,) and let us assume
that pel, lmplzespoocuel“ (i.e. 0, is continuous from( T ) in(U, T ). Then
there is a unique *-homomorphism f, : B(W,,I", )—»QS(‘HDF ) such that we have:

By, (f (W) =1 (o1 5 (M)*, Y he W3 and ¥ feb o,(R).

If ¢ is a I -strongly positive linear form on W, and if w is a solution of the m(I",)-
problem for ¢, then ¢ oo, , is a I ,-strongly positive linear formon W, and w-p,  isa
solution of the m(I",)-problem for ¢oa,,.

If 0,5 >N, is another homomorphism of *-algebras with units and if Ty is a
set of C*-semi-norms on W such that, for any pel,, poo,, isin f3 ;thenVYpel' |, pe
1500, is in 'y and we have:

Bass s = Bary Py -
%12 %23 a12 23

If o is the identity mapping of W, onto itself, B, is the identity mapping of
B(A,,I',) onto itself.

Proof. Let a;,: WA, —A, be as in the proposition. Then o, , is continuous if A, is
equipped with 7, and if A, is equipped with F ¢ ; therefore there is a unique
continuous * homomorphlsm Gyt M(QIZ,F )—nszf(?ll,l"l) for which a&,,(yz,(h)
=7r, (05 (h)), where yp : A —mf(?lz,]"z)andyr (U, - (U, ') are the canonical
mappings and where h runs over the set 2% of all the hermitian elements of 2U,.

4 Here we use the notation f(h) to denote the element S(yr,(h) of B(A,, T',) where h=h*eW,,
f€%,)(R) and y,, is the canonical mapping of A, in #(,, I';). (The same convention is applied for
Q[17 Fl)
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Then the restriction ,, B, (U, I',) is easily seen to be a *-homomorphism of

B (A, F2) inB_ (A,, ;) for which we have oclz(f(yrz(h))) =f(yr, (215 (h))) for any
he 914 and fe%”(o)(]R) It follows that the restriction 8, , of &;, to B(A,, Fz) isa *-
homomorphlsm of B(NA,,I',) in B(A,,I',) and we have canonically: B(U,,I",)
—QS(QIZ,F ) and f(yy, () =f(yz, () (=f (h) with our conventions) for any he 24
and fe%,(R). So f,,, satisfies the condition of the proposition and is clearly
unique under this condition since B(WU,,I',) is generated by
{f(WeBU,,I',))|h=h*eU, and fe b, (IR)} (as C*algebra). The rest of the proof
of this proposition is completely straightforward (use the Theorem 2). [

Corollary 3. Let o;,: W, —A, be a homomorphism of *-algebras with units. Then
there is a unique *-homomorphism B(o,): B(W,)—>B(W,) for which we have:
Boy,) (f (W) =f(o;,(h),Yh=h*eW, and feE , (R). If Iy is the identity mapping of
the *-algebra with unit A onto itself, B(ly)=Iyqy If oa,5: W3—W, is another
homomorphism of *-algebras with units, then we have: B (o1, ) B(0l,3) =B (0t;,°0,3).

Proposition 4. Let u:E— F be a real-linear mapping of the real vector space E in the
real vector space F. Then, there is a unique *-homomorphism B, (u): B, (E)—=B,(F)
for which we have : B, (u) (f(e))=f (u(e)),Vec E and ¥ fe % o,(R). If v:F -G is another
real-linear mapping, we have: B,(vou)=B,(v)°B,(u). Furthermore we have:

%o (IE) = I%(E)'

Proof. Again the uniqueness of B, (u) immediately follows from the definition of
B, (E) (Definition 2 above).

Let ii: T(E+iE)— T(F +iF) be the unique homomorphism of *-algebras with
units which extends u (with obvious identifications). Then it is easy to see that the
restriction B, (u)=B (@) By(E) of B(it):B(T(E+iE)—>B(T(F+iF)) mapps the
C*-subalgebra B, (E) of B(T(E+iE)) in the C*subalgebra B, (F) of B(T(F +iF))
and satisfies the condition of the Proposition 4. The rest of the proof is
immediate. [

Remark 5. a) The Proposition 4 implies, in particular that there is a canonical group
homomorphism of the group Aut(E) of all the real-linear inversible mapping of E
on itselfin the group Aut(B,(E)) of all the *-automorphisms of B, (E). This must be
compared with the Proposition 5 of Part 1.

b) Corollary 3 (resp. Proposition 4) implies that B (resp. B,) is a covariant
functor of the category of *-algebras with units (resp. of the real vector spaces) in the
category of C*algebras.

c) It would be of some interest to be able to define B () and B, (E) as solutions
of universal problems (this could bring some light, for instance, on the connexion of
the m-problem with the #i-problem).

5. Application to Essentially Self-adjoint Quantum Fields

It will be convenient in this section to call hermitian scalar field a linear mapping 4
of the real vector space (M, R) of the real C*-functions with compact supports on
the Minkowski space M =IR** ! in the real vector space of the symmetric operators
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on a dense domain D in a Hilbert space £ such that the following conditions are
satisfied :

a) A(hyDCD,Vhe 2(M,R),

b) there is a unit vector Qe D such that D is the linear hull of A(h,)...A(hy) 2
when (h;) runs over the finite families in Z(M,R).

Let 4 be a hermitian scalar field in the above sense, then of course
Z/lil i ®..Qh =Y A Al ... A(h;) defines a *-representation of the
tensor algebra T(2(M)) over the space @(M) of complex C®-functions with
compact supports on M. This *-representation is a cyclic representation with cyclic
vector Q and if ¢, denote the vector state on T(Z2(M)) corresponding to Q, we have
canonically:

$=9,,,D=D,, =0, and A(h)=n,,(h),VheZ(M,R).

Theorem 3. Let A be hermitian scalar field and let ¢, be the corresponding state on
T(2(M)) (as above). Suppose that for any real test function he (M) the field
operator A(h) is essentially self-adjoint. Then, the m-problem for ¢, is determined on
the quasi-localizable C*-algebra B(M) and we have: &( fi (h1) S (h)

= (@1, AT, AT DINZOY .. fy€C o) (RLY By, ..o € D(M,R) and for
any solution & of the m-problem for ¢g,. Let w be the unique positive linear form on
B(M) obtained by restriction of an arbitrary solution & of the m-problem for ¢, and
let (n,, 9., 2,) be the corresponding G.N.S. triplet. Then, we have canonically:
9H,=9, Q,=Q and 7, (f () =1 (4A(h) ;Vfe€ ) (R) and ¥ he Z(M,R) (where
A(h)= A(h)* is the closure of A(h)).

So nw(ﬁfi (M)) generates the bounded observables of the field.

This theorem has not to be proved since it is a specific case of the Theorem 1
(supplemented by the fact that by the Proposition 2 and the Definition 2, the C*
algebra B(M) is identical with B,(2 (M, R)).

Remark 6. a) The Part b) of the Theorem 6 in Part I follows from the Part a) of that
theorem and from the above Theorem 3. However, even if 4 is a nice local
Wightman field which is essentially self-adjoint on its usual domain, we do not
know in general if its spectral projections generate local rings. In other words, the
corresponding representation of the localizable algebra may fail to be local.

b) In the above definition of a hermitian scalar field, the field may be not local
and since translation invariance does not enter, it may happen that Q has not the
meaning of a vacuum.

c¢) Notice also that no continuity with respect to the test functions is assumed.

Lemma 8. Let (4,9, Q) be a hermitian scalar field and let (A,, 9,, 2,).; be a net of
hermitian scalar fields such that we have: lim(Q,|A,(h,)...A,(h,) 2,)
=(Q|A(hy)...A(h,) Q) for any finite family h, ..., h,in D(M). Let w, be, for eachael,
the restriction to B(M) of an arbitrary solution of the m-problem for ¢q, Then there
is a weakly convergent subnet of (w,) and the limit o of such a subnet is the restriction
to B(M) of a solution of the m-problem for ¢ If the m-problem for ¢, is determined
on B(M), then (w,) is weakly convergent.



166 M. Dubois-Violette

Proof. Let (w,/) be a weakly convergent subnet of (w,) and let w be its weak limit
[such (w, ) exist since the set of all the states on a C*algebra is weakly compact]. Let
(@,) be the corresponding solutions of the m-problems for the ¢, .. (@, ) is net of
states on B(T(Z2(M))) so (again by compacity) there is a weakly convergent subnet
(@,) of (@,). By the Lemma 4, its limit & is solution of the m-problem for ¢, and, on
the other hand, we clearly have =& B(M).

Remark 7. Roughly speaking, this means that one cannot miss the right result if one
starts with an approximation (4,, 9,, ©2,) then constructs w, as above and obtains @
by compactness in the weak dual of the quasi-localizable C*-algebra B (M). Indeed,
(4, 9, 2) can be reconstructed from w because by Corollary 2 we have $ =9, C9H,,,
Q=Q,, and by Lemmas 1 and 2 we have A(h)=mn,(h)75(T(Z2(M))) Q2 where & is
any state on B(T(Z2(M))) extending w. A does not depend on the choice of the
extension @ of w.

6. Example: A Class of Jaffe Cut-off Fields [6]°

We want to discuss the case of interacting cut-off hamiltonian field theory. In order
to be explicit, we shall concentrate on A¢* theory and on a specific cut-off
introduced by Jaffe in his thesis [ 6] ; it must however be clear from the work of Jaffe
that the arguments used here may be generalized to any polynomial interaction of
degree d =2 which is bounded from below and to other types of cut-off which
incorporate both an ultra-violet cut-off and a spatial cut-off.

We work in space-time M =R!**={(t, r)|tcR, reIR*} and we shall deal with a
cut-off which consists to replace the interaction picture time zero field ¢(0, r) and its
conjugate momentum 7(0, ¥) by two very regular objects on space (reR®) ¢,(0,r)
= ¢y(r) and 7,(0, r) =m,(r) which describe a system with N degrees of freedom (for
each integer N=1).

So let us consider in the Hilbert space Hy=L*(RY) the 2N operators (p,, q,)
defined on the dense domain Dy =%(R") by:

0D
@(qb"-sqn)'—)_la(qh"'9qN) and dj(ql""aQN)l_)qn(D(qla'*'7qN)7

®@eDy. Asitis well known, D} is a dense stable domain for these operators on which
they are essentially self-adjoint.

Let (e,),. denote a fixed orthonormal basis of the Hilbert space L*(IR) which
consists of real valued function in &(RR®) (for instance the Hermite functions). For
each positive integer N, we define ¢, and 7y by:

n=N

BI=900=T, o0 TI=rO1= ¥ 6] @

n=1
For any real tempered distribution Te #(R®), [11], the operators
<T;¢N>= Z <T;en>qn and <’1:7‘CN>= Z <7:en>pn
n<N nsN

are essentially self-adjoint on D) and map Dy, into itself.

3 Jaffesuggested to us several simplifications for the content of this section. The author thanks him for

these suggestions
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The sense in which (¢, 7y) is a cut-off versus for the canonical pair (¢, ) must
be clear ; so for a formal interaction picture hamiltonian, we define the correspond-
ing cut-off hamiltonian to be the operator in H, = L*(IRY) obtained by substitution
of (¢y, ) to (¢, 7) in the corresponding formal expression. We shall concentrate on
J¢* theory and, since from perturbation theory for s=3 we expect some mass and
coupling constant renormalizations, we shall allow a dependence on N for these
parameters. Therefore we define Hy on D} by:

1 omy,
Hy = |3 [0 4 (P00 + 2,07 4 iyt — 2 asN(r)Z} ~Ey.09)

n=N 7 \2
Using the formula (2), we obtain: (AN =2 (6(; ) )
n=1 n

1n=N 1
HN=‘2“ Zl pf—l—VN(ql) ""qN): ——EAN-*- VN(q19 ""qN)>

where 4)

VN(ql’ ey qN) = )‘N[j. enl en zen3en4] qnlqn2Qn3qn4
+3[(Ve,) (Pe,) +(m? —m3)0,,] 4l — En -

H, is a symmetric operator® on D}, and HyDjy C Dy ; the closure of Hy will again be
denoted by Hy. The “free part”

HO = [dr{i[n2+(Vy)? +m?¢p2]} (it closure) ©)

is a well-known operator which is a semi-bounded (from below) self-adjoint
operator with a pure discrete spectrum and lowest eigenvalue of multiplicity one.
We shall denote the corresponding normalized eigenvector by Q¢ and refer to it as
the Fock vacuum. We have: QQe Dy, = #(RY). Let 4E(’ be the difference between
the lowest eigenvalue distinct from those corresponding to Q and this last one, we
have:

AEQ>m and lim AEY’=m=inf(4E). 6)

N

N— o

In what follows we shall suppose that either Ay >0, or Ay =0and ém,,=0. Under
this assumption V(q,, ...,qy) is a polynomial of degree 4 or 2 in the g, which is
bounded from below and we have the following result [6].

Jaffe’s Theorem. H is self-adjoint, bounded from below, has a pure discrete spectrum
and its minimum eigenvalue has multiplicity one. The resolvant of Hy is compact and
the eigenfunctions of Hy belong to D} =%(R") and form a total set in = L*(R).
Dy is stable by e"#~VteR (e"™~D)CDy). Furthermore the cyclic subspace D
generated from QY by the polynomials in p,, q,, is a core for Hy.

In what follows, we shall suppose that 1, =0, om,,, and E,, are chosen in such a
way that the minimum eigenvalue of Hy is zero (the corresponding normalized

¢ It is of course understood that the parameters m, Ay, dmy, and E are real
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eigenvector, called the vacuum, will be denoted by Q) and that the next smallest
eigenvalue E,  is equal to AEQ:

E1N=AE§$’>m>O(1\}im Elsz).

Notice that this is a renormalization prescription for the mass of the theory and that
it does not determine Ay (here we do not impose conditions for the coupling
constant renormalization).

Now let us define ¢y(t, r)=dy(x) on Dy by:

1yt 1) =" py (0, r)e M, (8)
dr(h)= [ dedrh(t, ¥) py(t, 7). 9)

In order to obtain self-adjointness for the space-time smeared field operator, we
follow Glimm and Jaffe [15,16] (see also [17]).

(7)

Lemma 9. There exist positive constants ay, by, and cy for which we have :
—(@|(Hy+cyD)P) (P dp(t, D) S(P|(Hy + cy1)P)  and
|dn(t, 1)@ < (ayHy +by1)V?®||, VPeDy and Y(t,r)eM.
Proof. From the definition (8) it follows that it is sufficient to prove this inequality
for t=0, and from (2) it follows that it is sufficient to show that they hold when

¢(t, r) is replaced by ¢g,(1 =n<N). But then, the first follows from (4) and the fact

that we have |q,| < Vy(q, -..4,) + ¢y for some positive cy and the second from the fact
. . 2
that we have g2 <Vy(qy,....qy) + by if Ay+0 and, if 1y,=0, 2= ol V(@15 qy)

+b)y for some by >0. [

Lemma 10. Let h be an arbitrary real test function of 2(M). Then ¢(h) is essentially
self-adjoint on any core for H,.

Proof. The second inequality of Lemma 9 implies that we have:
NP < |IBll s [ (ayH g + by D) 2 @], VPeDy. (10)

It follows that the domain dom(¢(h)) of the closure qm) of ¢y(h) contains the
b 1/2 2 1/2 . ) .
l(HN-l— a—N]l) || + ||¢|}2) which [in fact it

N
is dom(Hy'/?)] clearly contains the domain dom(H,) of the positive self-adjoint

operator Hy. So we have:

dom(¢y(h))>dom(Hy), (11)

and the same argument as above shows that for any core C for H,, dom(¢y(h)! C)
contains dom(Hy) and therefore that we have (¢y(h)! C)=py(h).

In order to achieve the proof of Lemma 10, it is sufficient to show that ¢,(h) is
self-adjoint. Let us first remark that the following identity holds on Dy

* completion of Dy, for thenorm @+ (

dn()=i[Hy, ¢n(h)], with h'(t,r)=%?(t,r) (e2(M)). (12)
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It follows that we have:

+i{(Hy®|Pp(h) D) — ()| Hy®)} = £ (@ Gp(R) D) < ||| L1 (D) (Hy + cy 1) D),

for any @e Dy, (by Lemma 9) and therefore for any ®edom(Hy) by the above
argument. The self-adjointness of ¢,(h) is then a consequence of the following
theorem which may be found in the book of Faris [12] (Theorem 12-1, p.79; see
also in [17] the [Jaffe’s] Theorem 2.2).

Theorem. Let Q be a symmetric operator and H a positive self-adjoint operator.
Assume that
i) dom(H)Cdom(Q)
and for some constant ¢ and all ® in dom(H),
i) +i{(HP|QP)—(QP|HP} =c(P|HP).
Then Q is essentially self-adjoint.

So applying this theorem with Q =¢,(h), H=Hy+cyl and c=|}I'| . we obtain
the desired result. [J

This lemma implies in particular that ¢(h) is essentially self-adjoint on D{.

Let us define the domain Dy to be the linear hull of the vectors
Onhy)...dN(hy) 2y when (hy, ..., h,) runs over the finite families in 2(M). Clearly
DyCDy, HyDy CDy, exp(itHy)DyCDy;VteR.

There is a choice of the phase such that Qy(q,,... gy) is strictly positive,
Y(qy5 ... gqy)eRY; furthermore, Qe #(RY)=D; decreases faster (strictly faster if
Ay>0) than a gaussian at infinity. It follows that Q%dNq is the solution of a
determined moment problem and therefore, the polynomials P(qy, ...qy) are dense in
L*(RN, Q% dVg) which implies that the functions P(q,, ...qy) @x(q;, ---» qy) are dense
in Hy=L*(R"). On the other hand, it is easily seen that the closure of Dy in Hy
contains these functions; so Dy is dense. Since Dy is dense, contained in dom (H )
and invariant by "~ we have the following lemma.

Lemma 11. Dy is a core for Hy,.

Lemma 11 implies that (¢, Hy, 2y) is an essentially self-adjoint scalar field (with
our conventions), so we may apply to it the Theorem 3. But since we expect for s=3
some “wave function” renormalization, we shall allow a dependence on N of the
normalization of the field operator. So we define the field 4, by:

Ay =Zy [ $y(h) — (] dn() Q)] (13)

for he (M) and where Q,, is the ground state of Hy; Z, being a strictly positive
constant which may be fixed, for instance by the following procedure. Let A9 be the
usual free field of mass m (hermitian scalar free field), let fe #(R**!) be such that
An(f)2y=+0 and such that the support of its Fourier transform f interset the
physical spectrum of A” only on the mass shell of 4°), then choose Z, in such a
way that | Ay()Q2y] = A(f)Q], where Q¥ is the usual vacuum in the Fock
space of the free field of mass m (Ay(t, ¥) being well defined on Dy by Ault,r)
=Z 32 [p(t, 1) —(Qy] Py, 1)2,)]). In any case (ie. for any choice of Zy>0) we
may summarize the situation by the following statement.
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Theorem 4. The cut-off field Ay=(Ay, 9Dy, Ry) satisfies the assumptions of
Theorem 3.

Therefore, the m-problem for ¢, is determined on the quasi-localizable
C*algebra B(M). Let ny be the corresponding unique representation of B(M) in
9y for which ny(f(h) = f (Ay(h)e L (D). Yh=h*e D(M) and¥fe € o,(R); we define
the state wy on B(M) associated to the above theory by :

op(%) =y my(x)2y),  VxeB(M). (14)

Clearly (by G.N.S. construction + Lemmas 1 and 2) the knowledge of wy is
equivalent to the knowledge of the whole theory (Hy, Hy, Ay etc. ...). What has been
gained in this translation is that the space of states on B(M) equipped as usual with
the weak topology is compact (remembering that this topology is reasonably
physically relevant [197]). So from the sequence wy, one may extract a convergent
subnet. Let & be the set of the limits of these convergent subnet. The natural
question is then the following one: Is there a choice of the sequence (1, Zy) for
which & contains at least an interesting point? Clearly an interesting point would be
a state w on B(M) such that, if (z,, §,, 2,) is the associated G.N.S. triplet and %,
denote the set of the non-empty open bounded subsets of M, the family
(7,(B(0))")ges, ' of von Neumann algebras satisfies the assumptions of the theory
of Araki and Haag [13,14] adapted to the situation where one kind of neutral
scalar particle of mass m is present with vacuum Q. Of course, for the trivial choice
Jn=0 [which implies 6my =0 with our convention formula (7)] and Z, =1YN, the
Wightman distributions of the cut-off fields converge to the Wightman distributions
of the free scalar neutral field of mass m which is an essentially self-adjoint
hermitian scalar field ; so, by Theorem 3 and Lemma 8, w,, converge weakly to the
vacuum expectation values of the bounded observables of the free field. In the case
Ay>0(VN), it will be very difficult (and this is out of the scope of this paper) to
recover the locality and the Poincaré invariance when one removes the cut-off.
However, since the cut-off fields are time-translation invariant and satisfy the
spectrum condition in the time direction with a fixed gap m and a unique (), one
may expect that the same holds for the “limits” (in the above sense).

7. Conclusion

Suppose that w is a state on B(M) which is obtained, by weak compactness
argument, from states corresponding to cut-off field theories as in the previous
section. If we try to interpret o as a vacuum state of some “limit” theory, a first
difficulty arises because the G.N.S. Hilbert space $, may not be separable.

In quantum field theory [20,21], the separability of the Hilbert space is a
consequence of the continuity properties of the corresponding *-representation of
the tensor algebra over the space of the test functions (using either the separability
or the nuclearity of this topological *-algebra). At this point, it is worth noticing that
all the constructions and the results of this work are purely algebraic. Furthermore

7 B(0) being defined as in Part I, Section 9a); B(0) is a C*-subalgebra of @(M),V(Deﬁb
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Theorem 2 and Proposition2 (above) show that the continuous positive linear
forms on the tensor algebra over the test functions which correspond to bounded
representations already separate the quasi-localizable C*algebra. So continuity
will not reduce this C*-algebra, and at the “C*-algebraic level” one must use a non-
separable C*-algebra in order to deal with “sufficiently many” field theories. The
only way to escape is to remark that since continuity selects a subspace of the
algebraic dual of the space of test functions we may expect that correspondingly one
can find solutions for the associated m-problems in a (separating) subspace of the
topological dual space of the quasi-localizable C*-algebra such that the quasi-
localizable C*-algebra be separable for the corresponding weak topology. It must
be clear that similar considerations apply when we are interested in the m-problem
for continuous strongly positive linear forms on locally convex *-algebras.

For instance if E is some locally convex space with topological dual E’ and if ¢ is
a strongly positive linear form on the symmetric tensor algebra S(E) over E
(=“polynomials” on E'), then a solution of the m-problem for ¢ will not define a
measure on E’ but merely a measure on the algebraic dual space E* of E [22].

One sees that, in order to develop a step further our non-commutative
generalization of the moment problem, we have to generalize the part of that
problem corresponding to infinite dimensional measures on topological vector
spaces. This will be done in a forthcoming paper.

Acknowledgements. The author is indebted to H. J. Borchers, H. Epstein, and J. Yngvason for numerous
stimulating discussions and suggestions. It is a pleasure to thank them for their kind interest. We also
thank H. Araki and A.Jaffe for their kind help in writing this revised manuscript.

Note. Soon after the publication of the Part I of this work [1], we realised that the condition of quasi-
analicity of the vacuum discussed there had already been introduced by Gachok, V.P.: Nuovo Cimento
45A, 158 (1966).
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