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Abstract. The eigenvalues, eigenfunctions, and Schwinger functions of the
ordinary differential operator

H(2,m)=3{p*+ Ag* +(m* — Am~")q*}

are studied as A— co. It is shown that the scaling limit of the Schwinger functions
equals the scaling limit of a one dimensional Ising model. Critical exponents of
H(2,m) are shown to equal critical exponents of the Ising model, while critical
exponents of the renormalized theory are shown to agree with those of a
harmonic oscillator.
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1. Introduction

The purpose of this paper is to explain the behavior of the eigenvalues,
eigenfunctions, and Schwinger (or correlation) functions of the ordinary differential
operator

Hp? +2q* +(m* —Aim ™~ )g?} (1.1)
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in the limit as A becomes infinite. This problem is a simple, but characteristic,
member of a large class uf singular perturbation problems which arise naturally in
mathematical physics (see e.g. [1—3]). The operator (1.1) represents the quantum
mechanical Hamiltonian for a particle subject to the force —41g> —2(m* — im™1)q.

The Schwinger functions of (1.1) describe the equilibrium statistical mechanics
of an elastic string subject to the same non-linear restoring force. The limit as 4
tends to infinity is studied because, as will be explained in Sections IT and I1I, 1= oo
is a critical point for each value of m>0.

The most interesting reason for studying the critical behavior (1— co) of (1.1) is
that it provides a clear illustration of two forms of the principle of universality. The
first form, which says that critical exponents are independent of the detailed nature
of the interaction (see Kadanoff [4]), will be illustrated in Section 7 where the
exponents v, {,y, and n of (1.1) are calculated and shown to agree with the exponents
of a one dimensional Ising model. The renormalized Schwinger functions
associated with (1.1) are defined in Section 5, and the critical exponents of the
renormalized theory are shown to agree with those of a free theory (i.e., a harmonic
oscillator). The second form of universality maintains that the scaling limit of the
renormalized Schwinger functions for ¢ equals the scaling limit of the correlation
functions of the Ising model in d dimensions (d £4) (see Glimm and Jaffe [3, 5, 6]).
This conjecture will be explained and proved for ¢7 in Section 5.

For a discussion of the scaling limit conjecture for d dimensional euclidean
quantum fields (d<3) and its relation to the construction of four dimensional
quantum fields see Glimm and Jaffe [3, 5, 6].

2. Definitions

Let # be the Hilbert space L,(R'), let g be multiplication by x and p be the operator
—1i0/0x.
The ¢ theory is the study of the operator

HY(A,m)=3{p*+ ig* +(m* — im~)q?}. (2.1

In this paper 4 and m will always stand for real numbers for which 4 >0 and m+0.

The following are well known properties of H!(A,m) (see Jaffe [7] and Simon
[2]):

p,) H'(,m) is essentially self-adjoint on Cg(R') and is self-adjoint on
D=2(p*)N2(q*).

p,) H'(%,m) has a compact resolvent.

ps) The eigenvalues of H'(4, m) are non-degenerate.

p,) The eigenfunctions alternate parity, and the one that corresponds to the
smallest eigenvalue is even.

Let ei(4,m) be the smallest eigenvalue of H'(4,m). Define the renormalized
operator H=H(A,m) by

H(A,m)=H(A, m)—ej(4, m). (2.2)

Let the eigenvalues and eigenfunctions of H(4,m) be denoted by &;=¢(4,m) and Qi
=Qi(J,m) for j=0, 1, 2,..., where 0=¢,<e¢, <&, <.... Q% is called the ground or
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vacuum state, and ¢,(4, m) is called the physical mass or mass gap. ¢, (4, m) will also
be denoted by m, (4, m).

Since H is self-adjoint and H 20, it generates a contraction semi-group e~ for
120. The eigenfunctions Q/ are contained in the Schwartz space & ; ¢ is invariant
under p, g and e~ (see Jaffe [7]).

These properties allow us to define the Schwinger functions S™ for n=1,2, ...
and t; =, ... ¢, by

Sty .ty Am)
- <Q0,qe_'ltz~11'qu_il3—tllHq.“qe_ltn“ln— leqQ0> ) (2.3)

A consequence of the Feynman-Kac formula (see for example [8]) is that the
Schwinger functions are the moments of a measure dy, ,(q) on ¥'(R"); ie.,

SOty oty Aamy= [ q(ty)...qt,)du; ,(q). (2.4)

S(RY)

The measure du, ,(q) is given formally by

du; () =e”V@TTdg(t) / fe V@ TTdqg(r), (2.5)
where
V(ig)=% }0 [(dg/dt)* + iq* + (m? — Im™ Y)g*]dr. (2.6)

We see that (2.5) is the Gibbs measure (with the kinetic energy integrated out) of an
clastic string subject to a nonlinear restoring force. Thus the Schwinger functions
are correlation functions of a string in thermodynamic equilibrium. The correlation
length of the string, (4, m), defined by
EY A m)= — I linia NSt t,; 4, m)f|t,—t,] 2.7
tr)—ty|—™
is equal to m (4, m)” ! Values of 1 and m which give rise to an infinite correlation
length (i.e. zero mass) are called critical points, and will be denoted by 4, and m,.
At first glance the ¢§ theory appears to be a poor choice in which to look for a
critical point because for m#0 and 1< oo, Q° is non-degenerate implying that
m,(4,m)=+0. However a theorem of Kac and Thompson [9] implies that /=0 is a
critical point for each value of m>0. In fact their result implies the following
theorem:

Theorem 2.1. If m>0 and g=A/m>, then for g sufficiently large there exist positive
constants A and B (independent of g) for which

m,(Z,m) < A(g—1)"*me= 5" (2.8)

Proof. Combine Kac and Thompson [9], p. 259, Equation (2.8) with the scaling
(3.21) of Section 3.

Corollary 2.2. For each m>0, 2, = oo is a critical point for the ¢7 theory.
Proof. From (2.8) it follows that
lim m,(4,m)=0. (2.9)

A=
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The rest of this paper is devoted to studying the critical (i.e. — o0) behavior of
all the eigenfunctions, eigenvalues, and Schwinger functions of ¢7.

3. The Scaling Group

We introduce two scale transformations of the Hamiltonian (2.2). These scalings
will be called the Ising model and harmonic oscillator scalings. The Ising scaling will
be used to establish the approach of the Schwinger functions to the Ising model’s
correlation functions as the critical point is approached, while the harmonic
oscillator scaling will be used to establish the approach of the spectrum of H to a
(doubled) harmonic oscillator’s spectrum.

For each real number o>0, the scaling transformation U, is the unitary
operator

U, p(x) =o' p(ox) (3.1
for all y(x)e#. It follows that
Ukp(x)=o" Py~ 'x), U,Uy=U,y,

U =LU, ,=U¢=U;! (3.2)
so that the U, form a 1-parameter group, called the scaling group.

The following are direct consequences of (3.1) and (3.2):

UqU¥=oq, (3.3)

U,pU¥=a"'p, (3.4

U, H(,mU*=0o"2H(a°1, a’m), (3.5)

U, Q¥4 m)=Qi(a®A,a*m) for j=0,1,2,... (3.6)

efd,m=o"%e 0’ a’m) for j=0,1,2,.., (3.7

SOty sty Am)=a"S" (™ 2y, .. 0" 2, 004, oPm). (3.8)

It is seen from (3.5) that the parameter g=1/m>, called “charge”, is dimension-
less. Scaling with the choice « =m~/? yields

U, Q%% m)=0°%g,1)=02°%g), (3.9)

my (4, m)=mm,(g,1)=mm(g), (3.10)

SOty s ty; Aam)=m""2SO(mt, ...,mt, ;g,1), (3.11)
where Q°(g) and m,(g) are, respectively, the vacuum and mass of the Hamiltonian

H(g)=H(g, 1)=1/2[p* +94* + (1~ 9)g*]1 —¢5(9, 1). (3.12)

The “critical charge” g, is now defined by

m(g)=0 (3.13)

which, from Theorem 2.1, implies g, = .

This scaling shows that all theories with the same charge are equivalent. Thus, in
order to understand the approach to-the critical point, it is sufficient to study the
behavior of H(g) as g— oo.
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In order to study the spectrum of H(g), we rescale (3.12) using
a=(g—1)"1*. (3.14)

Let v=g(g—1)"*?; then v—0 as g—¢, = co. The scaling (3.14) reduces the study of
H(g) as g— oo to the study of the “anharmonic oscillator” Hamiltonian

H,=3[p* +v¢* —¢*+(4v) "]
=3[p?+v(g>—(2v)1)’]
as v—0. We note that H, also possesses properties P,)—P,). Its eigenvalues and

corresponding eigenfunctions are denoted by E? < E! <EZ < ... and Q°, Q!, Q2 ...,
respectively, and

(3.15)

U, (g, 1)=8, (3.16)

&g, =(g— D)'"*(E{ - E}), (3.17)
and

Sty sty Aym)

=m "2 g—1)"HQ0, g Il g ge I t-ilfigQOy (3.18)
where

H=m(g—1)""*(H,—E). (3.19)

The operator H will be called the “Ising model scaled” Hamiltonian. In order to
express H in a more useful form, introduce

M,=E!—E° (3.20)
then

my (A, m)=mm,(g)=mlg—1)"2M, (3.21)
and

H=myAmM, '(H,—E9). (3.22)

In what follows the anharmonic oscillator H, will be used to study the critical
behavior of the eigenvalues and eigenfunctions of H(g), and the Ising model scaled
Hamiltonian H will be used to study the critical behavior of the Schwinger
functions.

4. The Anharmonic Oscillator

The behavior of the eigenvalues and eigenfunctions of the anharmonic oscillator H,
as v—0 is easy to understand because the function v(g*—1/2v)* approaches a
potential for two independent harmonic oscillators (see Fig. 1). More precisely,
expanding H, in a Taylor series about its minima+(2v)~ /2,

H, =300+ 20la] = (29) 2P 471, @)
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where for any o such that 0 <o <1/6,

sup [6V|=0(v**) as v—0. 4.2)

llal = (2v) =172 <vx-1/6

Because the identical wells become widely separated by a high barrier, one
expects “asymptotic eigenvalue degeneracy”; i.e

lim|E2 — E2*1=0 for j=0,1,2,.... (4.3)

v—>0
Because the wells become quadratic (~2¢?) at their minima, one expects the
eigenvalues of H, to approach those of 1[p? +2¢4%]; ie.,

lim E2/=2"122j+1) for j=0,1,2,.... (4.4)

v=>0

The way that the behavior of E/ and €/, in the limit v—0, is rigorously established is
to approximate the operator H, by operators H" and H{® whose eigenvalues and
eigenfunctions are known. Here H® is said to approximate H, as v—0 if for some

z, independent of v, lim |(H,+z)~ ' —(H94z)~1| =0.
v—=>0
An obvious choice of an operator with which to approximate H, is
HO =40p> +2(1x] - 20 2]. (45)

The eigenfunctions and eigenvalues of (4.5) are given in terms of parabolic
cylinder functions and their zeros (see Merzbacher [17]). However, the analysis of
the parabolic cylinder functions can be avoided by first approximating H, by H"
and then approximating H'" by H'® where

HP =3[p* +3(x—2vx)" )" (4.6)
H'® has doubly degenerate eigenvalues
M=271202j+ 1)+ (@) H(2v)* + DV —1). 4.7)
The corresponding eigenfunctions are denoted y/¢ and ! °, so that
HPple= 2wl HPwh 0=yl °. (4.8)

)¢ is even, i’ % is odd, and both can be expressed simply in terms of generalized
Laguerre polynomials times exponentials [11—13, 18, 19].

The approximation of H, by H? will yield the following theorem whose proofis
given in [19]. Recall that E/ and Q/ are the eigenvalues and eigenfunctions of H,.

Theorem 4.1. In the above notation,
(@) lim E¥Y = lim EZ" ' = lim A/ =2"Y3(2j+ 1),
v—=>0 v—=>0 v—>0

(b) lim ”Q“ pie

v—0

= lim “ fo“—w{"’“:o.
v=>0

A synopsis of the proof of Theorem 4.1 is given in Appendix 1.

1

@
HV

We thank Francesco Zirilli for helpful discussions and, in particular, for suggesting the choice of
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Fig. 1. The function v(¢* —1/2v)? approaches a potential for two independent harmonic oscillators

5. The Scaling Limit

A formal interchange of the limits g— 00, and ¢(=lattice spacing)—0 in the lattice
approximation to S™ suggests the following “scaling limit” conjecture (see Glimm
and Jaffe [3, 5, 6]):

lim S® = lim I® (5.1)
~ge -0
mp =4 21

The left side of the equation is the infinite scaling limit of the ¢} theory, and the right
side is the infinite scaling limit of the n-point correlation functions of the Ising
model in d dimensions. The conjecture states that for d <4 the two limits exist and
are equal. Here,

S =z m2gm (5.2)

where Z is the “field strength renormalization” which is defined to be the strength
of the one particle pole in the Fourier transform of S
To calculate Z, observe that

+ oo
SA(psam)= [ e QY . qe” HEGQY S

1 1
=(Q°,.ql——+ Q°
< ;"m’q[H+ip H—ip]q ’l"">

2H
= <9§.’,m,q——H2 g qu’,m>~ (5.3)
Applying the spectral theorem; (5.3) equals
Y 26, m)(p? + (A, mPIKQY 425 017 (5.4)
j=1

[We remark that (5.4) is the Lehmann spectral representation for the 2-point
function in one dimension.] Thus,

Zy= lim (m2+p?) Y 26/(p> +e)KQL, a2 P (5.5)
j=1

P2 —mj

=2m, (A, m)<Q3 s 425 w01 - (5.6)
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Scaling (5.6) with a=m~1%(g—1)"1* yields

Zy=2m, (A, mm~ (g —1)"12<QY, g1 (5.7)
Combine (5.7) and (3.18)—(3.22); it follows that

S (t1y eestys Aym)

=27, m) Q0. gAY QY ge g geT It llgQ0y | (58)

Since m,(4, m)=mm,[g, 1) the physical mass may be kept fixed at one as g— oo by
taking

m=m,g,1)"". (5.9)
From (3.22) and (5.9)
H=M;'H,—E%=H,. (5.10)

Here we introduge a new symbol, H=H ,» to indicate this normalization of H. H has
the eigenvalues E; and eigenvectors QJ, where

Ey=0<E,=1<E,=(E?—EOM;'<E,=(E3—EOM;'<.... (5.11)

The H normalization will be called the Ising normalization because as v—0, E ;00
for j=2, which implies that the transfer matrix e~ " converges to the transfer
matrix for the Ising model.

The field strength renormalization Z, is necessary even in one dimension
because the scaling limit and critical point are infrared divergent. For d=1, g.= oo,
and the right hand side of (5.1) is calculated in Appendix 2 yielding, for an Ising
model whose spins are+27 /2,

_ 0, fi dd
fim g = & % 7 612
é—:»(l) 2—n/2H1e—ltzj"2J—l|, for n even.

j=

The infinite scaling limit (5.1) has now been transformed into the following
theorem:

Theorem 5.1
lim < 27, @117, ge ™12 Mg, ge~ 1m0y
_ 0 for n odd

n/2

[Te M=~t2-11 for n even.
j=1

Proof. For n odd, S® =0 because of the invariance of S under the g— —¢q
symmetry. For n even the proof of Theorem 5.1 follows from Theorem 4.1 and the
following lemma:

Lemma 5.1. For k=1,2, ...
lim (2v)*¢(QY, g**Q%> = lim (2v)}/2(Q%,qQ}> =1, (5.13)
v—>0 v—=>0

(Q0, geIetillg  ge~ln=tn-1lgQO0y —0(y~/2), (5.14)
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Assuming Lemma 5.1 and Theorem 4.1, a proof of Theorem 5.1 may be given by
induction as follows. For n=2 what must be shown is that

lim [0, g2~ Q0, ge ™11 gQ0% =11, (5.15)
v—=>0
If 7 =0, this follows from (5.13) with k= 1. When 740 the spectral theorem implies
(Q0,qe g0y = Y [<Q0, qQiy[2e 1B (5.16)
j=0
From (5.16) and the fact that the Qs alternate parity
KQ0, q2! 5| 2¢Q0, ge~1MqQ0% =e "+ R, (5.17)
where .
R,=KQ0,qQ1|72 Y e HEKQ0, gy (5.18)
i>2
Jjodd

Because the E; increase as j increases

R,S[(Q0, Q1> 2e B 3 1€Q0, qiy|?

jz3
jodd
<KQO,qQL| "2 M Y 1<Q0, q0ly|?
j=0
<R, g1y~ 2e 1B Q0, 42Q0 . (5.19)
By the definition of E, and Theorem 4.1,
lim E, =lim (E? — EQ)/(E! —E%) = + o0 . (5.20)
v=>0 v—=0
By Lemma 5.1,
lim ({27, ¢* Q) [KQY, g2 | 2 =1. (5.21)
v—=0

Since 740 in this case, limR,=0, and Theorem 5.1 has now been established for

v—=>0
n=2. The next step in the proof is to assume Theorem 5.1 true for all k less than n
(where k and n are even) and show that this assumption implies the theorem is true
forn Ift; =t fori=1,2,...,n—1 then Theorem 5.1 reduces to Lemma 5.1, and so
only the case for which there is an i such that ¢,, , #¢; need be considered. For
simplicity i will be assumed to be even. The case when i is odd can be established by a
similar argument. By the spectral theorem and the fact that H Q=0

<Q°, qe~|t2~n|f1qmqe—l1f+1—tilﬁqmqe-ltn—ln— 1|ﬁqgg>

= Y Q0 gem ety ge~ln=ti-ilgqiy
j=0
Q] ety gem It in-ilfigQOy
={QY,qe 111G gemn i gQ0)

<Q8’ qe_lt“'z_t“lmq...qe_ll"_t"“111‘1q98>+Rv . (5.22)
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Let A=ge lo il ge~lu=ti-ilfig  and
B=ge™lhr2trillig. gem ity
In this notation
Ry= ¥ e ln=uifiQo 4015 (), BQO

jz2
Jjeven

Semleamtibz §7 1000 4073 [<QI, BQY)|

j=0
St BCQY, AN (0, BYBOD). (5.23)
Applying (5.14) to (5.23) yields
Rvge—|z,+1—:ilﬁzo(v—i/z)o(v—(n—i)/z)
= Itraulbag(y~n2), (5.24)

Theorem 5.1 becomes
lim <09, g2} |7(QY, e~ BQD)
= lim <20, 42})] 7<), AQDY K0, g@1)1 ™"~ Q0, BAY
+ lim <0}, @} "R,. (5.25)

By the induction hypothesis the first term approaches

i/2 n/2

H e ltz—t2;-1l n e lzi—t2-1l

j=1 j=(+2)2
n/2

= n eIyl (5.26)
j=1

By Theorem 4.1, Lemma 5.1, and (5.24) the second term approaches zero. Hence, the
scaling limit is a consequence of Theorem 4.1, and Lemma 5.1.

6. The Proof of Lemma 5.1

In this section it will first be shown that as v—0:
Qa2 ~(2v) 712, ©6.1)
Q0 g7 Q)y ~(2v)7 . (6.2)

Here, f(v)~g(v) as v—0 means that lim f(v)/g(v)=1. The reason (6.1) and (6.2) are

true, despite the fact that Q% and Q! are converging weakly to zero, is that most of
the mass of (2°)% and (2!)? is near the minima, g= +(2v)~ /2, of the potential (¢°
—(2v)™H2 (6.1) and (6.2) will be used in finding critical exponents as well as in
proving Lemma 5.1.
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A computation in [187] shows that:

e qwy % ~(2v) 12, (6.3)

e g ey ~ (@) 7" (6.4)
To prove (6.1) and (6.2) use (6.3) and (6.4) with the following lemma.

Lemma 6.1

(a) lim QY g K e qpd =1,

(b) lim Q0P [Kyde, gyl ey =1.
Proof

(€22, g3 >/<wy e, qpd ) — 1
=[<Q%, g}y — Ly, qd O/, qp°>
=[QY =), Q1> + <P, q(Q) —pd O/ e, qd >

SLIQY —wiel gl + llgwy il 123 — w1/ <wi e, qwi®> . (6.5)
In order to show that [|gQ!| =0(v~*/2) observe that

@ <p*+v(@*—1/2v) > +v 1 =2H +v!. (6.6)
From (6.6) and Theorem 4.1 we see that

[qQuII?=<Q),¢°Q; ) S2E; +v™1=00"1). (6.7)

Applying (6.3), (6.4), (6.7), and Theorem 4.1 to (6.5) yields Lemma 6.1a). The proof of
(b) is similar. Start by observing that

I(€Q2, g**Q%> /<yl e, q” w2 D) — 1]
SLIQY =2l 1g** Q2 + g™ eIl 1927 —w eIl 1/<wd e g pde) .
(6.8)

Part (b) will follow by applying (6.4) and Theorem 4.1 to (6.8), once it has been
shown that [¢**Q°|| =0(v~%). This result will be the next lemma.

Lemma 6.2. For n=0,1,2, ...
<QO’ q2n+ ZQ(\?>=O(V_(n+ 1))_ (69)

Proof. Induction will be used. When n=0, (6.6) shows that {Q%, ¢*Q°> =0(v~'). For
n>0 assume that (6.9) is true for all k<n, and observe that

Q0> 200> =(q"QY, > q"QY)

<G, QH, +v™Hg"QY)

={q"Q{(@"CH,+v" Y+ [2H ,+v~ ', ¢"1}QY>

=(2E+v7 1) <Q0, ¢*"Q0> +<{q" Q0. [p*, 4"1Q> . (6.10)






