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Abstract. We show that a continuous one-parameter group {o,} of auto-
morphisms of a separable C*-algebra A satisfies a spectrum condition if
and only if it is the limit, pointwise on A4, uniformly on compact subsets of R
of a sequence of inner automorphism groups whose positive generators
do not increase too fast. Moreover we prove in this case that if 7 is a surjective
morphism of a separable C*-algebra B on A then there is a similar group
{&,} of automorphisms of B such that no&,=w, -7 for all ¢.

1. Introduction

Most of the current work in operator algebra is influenced by problems arising
in mathematical physics and is concerned with situations involving a C*-algebra
A (the observables) and a continuous one-parameter group {o,} of automorphisms
of 4 (the time development). We can always represent A as operators on some
Hilbert space H such that o,(x)=u,xu; for all xin 4 and ¢ in R, where u,=exp(ith)
and h is a self-adjoint operator (the hamiltonian) in H. The case where 4 is (or
can be chosen to be) semi-bounded is interesting for the applications (corre-
sponding to positive energy) and quite attractive from a mathematical point of
view. We say in this situation that {e,} satisfies a spectrum condition in the given
representation of A.

In this paper we deal with the most restrictive version of the above, namely
that {a,} satisfies a spectrum condition in the universal representation of A.
Unfortunately, this assumption is not tenable in more realistic models, so our
results must be taken more as a guideline what to expect, than as a valid descrip-
tion of a physical situation. We show that there is an increasing (but unbounded)
sequence {h,} in A, which converges (in a sense to be made precise) such that the
sequence {exp(ith,)-exp(—ith,)} of inner automorphism groups converges to
{0} pointwise on A and uniformly on compact subsets of R.

The paper originated in an effort to extend the lifting theorem for auto-
morphism groups to groups satisfying a spectrum condition. It was shown in
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[9, Cor. 2] (see also [10, Th. 1) that if {e,} 1s uniformly continuous on 4 and n
is a surjective morphism from a separable C*-algebra B onto A then there is a
uniformly continuous group {%,} on B such that no& =a,n for all ¢ in IR. The
proof of this result relies heavily on the theory of spectral subspaces as developed by
Arveson and Borchers (see e.g. [2-4] and [6]); and since that theory works equally
well for a continuous group {«,} provided that it satisfies a spectrum condition,
it was natural to conjecture that the lifting problem could be solved also in this
situation.

We prove in this paper that such is indeed the case: A one-parameter group
with spectrum condition can be lifted. To appreciate the result one may consult
the rather disappointing list of counter examples in [10]. As in [9] and [10]
the proof consists of lifting a derivation from a quotient. However, the derivation
is now unbounded so that the lifted one is not a priori the infinitesimal generator
for a group, and this additional difficulty makes the argument considerably more
involved.

The authors wish to record their gratitude to D.Kastler for his hospitality at Université de Mar-

seille, U.E.R. Luminy, where part of this work was completed, and to O. Bratteli, D. W.Robinson and
H. Araki for stimulating conversations.

2. Preliminaries

A one-parameter group {o,/teR} of automorphisms (i. e. *-automorphisms) of a
C*-algebra A is continuous if the function t—a,(x) is continuous from R to A
for each x in A. There is then a densely defined skew-adjoint derivation 6 of A
such that o, =exp(it6). We say that an element x in 4 is smooth (relative to {a,})
if x belongs to the domain of 6" for all n. If f is a C*-function on R with compact
support then for each x in A4 the element y= [ a,(x) f(¢)dt is smooth since id(y)=
f a(x) f'(t)dt. Thus the set of smooth elements is a dense *-subalgebra of 4.

If A is represented as operators on some Hilbert space H we say that the group
{o,} has a unitary implementation on H if there is a self-adjoint operator h (possibly
unbounded) such that o(x)=exp(ith) x exp(—ith) for all x in 4 and t in R. In this
case we have the following characterization of the infinitesimal generator J of {a,}:

Lemma A. If xeA then xe2() if and only if
(i) x2(h)C2(h),
(i) The operator hx—xh on 2(h) has an extension (necessarily unique) to an
element in A denoted by [h, x].
Moreover, if xe 2(0) then o(x)=1[h, x].
Proof. Take x in 9(8), and & in 2(h). Then since
(i)™ ()~ x) & =(it) " ! (exp(ith) x exp(—ith)— x)&
=exp(ith) (it) ~ ! [x(exp(—ith)— 1) & — (exp(—ith)— 1) x¢],
we obtain in the limit
(x)E= —xhé—lim(it) ™! (exp(—ith)— 1) x¢ .

This shows that xée 2(h) and moreover that d(x) is an extension of hx —xh from
2(h).
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To prove the converse define for each a in A4
I@)= [} ala)dt.

Note that I (a)e 2(d) with d(I(a))=i"'(a(a)—a). Thus from the first half of the
proof we obtain

i o(x) = x) E=(h1(x) = I(x) )&
for each ¢ in 9(h). Assuming that x satisfies (i) we have
i~ Yo(x)—x)E= [ exp(ith) (hx — xh) exp(—ith)Edt

because h commutes with exp(iht). If furthermore x satisfies (ii) then with [h, x]
as the extension of hx—xh we get

i) —x)=1([h, x]).

Since {o,} acts continuously on 4 we have lims ™I (a)=a (in norm) for eacha in 4;
in particular

llm(lS) ! (OCS(X) - X) = [h’ X] ’

whence xe 2(6) with §(x)=[h, x].

Regarding A as an algebra of operators on its universal Hilbert space H
(see [5, § 12]) we say that the group {«,} satisfies a universal spectrum condition
if it can be implemented by a unitary group {exp(ith)} where h is a self-adjoint
operator whose spectrum is contained in a halfline (which we take as IR, without
loss of generality). A “space-free” characterization of the spectrum condition was
obtained in [4, § 3]: For a norm dense set of states w of 4 each function t— w(xa/(y))
has an analytic extension of exponential type in the upper half plane. The theory
of spectral subspaces shows that when {«,) satisfies a spectrum condition then
there is a canonical implementing group {4} in the enveloping von Neumann
algebra A" of A. Moreover, as seen from [6, Prop. 3.5.7] the infinitesimal generator
h of {u,} (which is a positive operator affiliated with 4") is the minimal positive
generator for any positive implementing group {v,}. This means that if

u,= (5 exp(itA)dp(’) and wv,= [§ exp(itd)dq(4)

then p([0, 1])=4¢([0, A]) for every A (or, formally, that A" <k" for all n). For the
von Neumann algebra version of this see [2, p. 235].

It will be convenient, as in [11, §4], to extend the notions of order and
monotone strong convergence to unbounded positive operators. For each ¢ in R
define f, on [0, oo[ if €20 and on [0, —¢ [ if e<0 by f(t)=t(1+et)"*. Each
of these functions is operator monotone on their interval of definition [i.e.
if x and y are positive bounded operators and x <y then f,(x)< f(y), provided
that [ly|<—e~! if e<0]. Moreover, f is bounded (by ¢ ') when &¢>0, and
fsofo="Ffs+, if €20 and 0+¢=0. In particular, f_.of, is the identity map on
[0, o[ so that x<y if and only if f(x)=< f.(y).

If x and y are self-adjoint, positive operators (possibly unbounded) on a
Hilbert space we define x<y to mean that f(x)< f(y) for some and hence any
&¢>0. Furthermore, if {x,} is an increasing sequence (in this extended sense) of
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self-adjoint, positive operators we write x,x if {f,(x,)} is strongly convergent
to f(x) for some positive, self-adjoint operator x and some (hence any) ¢>0. It
is straightforward to verify from these definitions that if {x,} is an increasing
sequence of positive, self-adjoint operators such that x,<y for some self-adjoint
operator y and all n, there is a unique self-adjoint operator x such that x,7x,
and x<y.

These notions of order and monotone convergence coincide with the ones
obtained by representing a self-adjoint, positive operator as a quadratic form
(see [11, Lemma 7.9]) but some difficulties concerning domains and closedness
are avoided by our approach.

The following lemma can be read out of [1, Lemma 3.3]. For convenience we
include a proof.

Lemma B. If {x,} is an increasing sequence of positive, self-adjoint (possibly
unbounded) operators such that x, 7x for some self-adjoint operator x, then {f(x,)}
converges strongly to f(x) for each bounded continuous function f on R.

Proof. Straightforward calculations show that the set L of functions in C*(IR,)
satisfying the requirements of the lemma is a C*-subalgebra of C’(R.). Since L
contains the constants and all functions f, with ¢>0 we conclude from the Stone-
Weierstrass theorem that L contains all of C(R ;U {0 }).

Take now f in C’(R.). For each vector ¢ and each £>0 there is a continuous
function g on R, with compact support such that |g(x)&—¢|| <e. But then

(fG)— Dl SN (x)— fF(x)gx) €]
+ (/) g(x) = f(x) g(x) Ell + 1S () glx,) — fF(x ) E
S e+ 00 -9 = f-glx )l + 1L 1 gl E=<II
Since both g and f-g belong to L we conclude that
lim sup [I(f(x) = f(x)El <2 f e,

which implies that { f(x,)} converges strongly to f(x). Hence feL and L= C*(R,)
as desired.

3. Some Lemmas

Lemma 1. Let {a,} be a continuous one-parameter group of automorphisms of a
separable C*-algebra A. If {,} satisfies a spectrum condition and h is the minimal
positive generator for {a,} then

[f(h), al-[h,a] as &—0
strongly, for every smooth element a in A.
Proof. The following formula is easily verified (but not so easily found):
[h, a]l—[fAh), a]
=eh(1+eh) ' [h,a]l(1+eh)"*+(1+eh)" ' [h,a]eh(1+eh)~!
+eh(1+¢eh)~'[h,aleh(l+¢ch)~ .
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Here [h, ale 4, (1+&h)"* =1 strongly, eh(1+¢eh)~*—0 strongly and the Lemma
follows.

Lemma 2. Under the same assumptions as in Lemma 1 there is an increasing sequence
{x,}in A, consisting of smooth elements such that x,7h(1+h)~* and ||[h, x,]||—0.

Proof. As shown in the proof of [6, Prop. 3.5.3] each spectral projection of h
corresponding to an interval ¢, oo[ is the support of the spectral subspace R*(t, o0)
and therefore open by [6, Lemma 3.3.4]. Thus each spectral projection of the
bounded operator f;(h)=h(1+h)~! corresponding to an interval J¢, oo[ is open.
Since f,(h) is the norm limit of convex combinations of such projections (see e.g.
the proof of [7, Th. 2.1 we conclude that f;(h) is a lower semi-continuous element
in A”. The separability of A then implies that there is an increasing sequence {y,}
in A, converging strongly to f;(h). Choose a positive C*-function f on IR with
compact support and integral one and define

Zy= jat(yn) f(t)thA+

Each z, is smooth and since o,(f,(h))= f,(h) for all t we conclude that z, »f;(h).
Moreover,

[h, 2= [ a(y,) f©de— [ fi(h) f'()dt=0

(strong convergence). In particular the sequence {[h, z,]} is o-weakly convergent
to zero. But the o-weak topology of A4 in its universal representation is the (4, 4')-
topology and therefore has the same closed convex sets as the norm topology.
Consequently the convex hull of {[h, z,]} contains zero as a limit point in norm.
We can therefore find a sequence {x,} in 4, such that x,= ) &z, o,=0 and
Y ;=1 for each n, and such that

1T, x, 1= 1Y alhy 2 <n™"

Taking each x, as a convex combination of elements z; such that i is greater than
any index used in the definition of the previous x,, k<n, we obtain an increasing
sequence of smooth elements such that x, ~f,(h) and ||[h, x,]|| <n~! for all n.

Lemma 3. There is a sequence {x,} satisfying the requirements in Lemma 2 such
that for eachn and each ¢>0 the element f,_ (x,) is smooth and ||[h, f,_ (x,)]]| 27"

Proof. Choose the sequence {x,} from Lemma 2 such that |[[h x,]||<n 227"
for all n. Multiplying if necessary each element with 1—n~! (a process which
preserves all properties of {x,}) we may assume that ||x,|| <1—n"1 for all n. Then

fioix)=x,1-(1-¢)x,) 1= Zk (=)t txk,

Moreover, since ad(h) is a closed operator

Ch fomsCe)T= 2y 2p=r (1=0) X7 A, x, ] %77

This series, as well as any of series obtained by subsequent derivation with A, is
convergent. It follows that f, _(x,) is smooth and by summing the series above we
get

ITh, S Ge Tl S 0% 1 Kl TR x, 0= (L =[x, )2 LA, x, 11 <277
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Lemma 4. Under the same assumptions as in Lemma 1 and given a sequence {a,}
of smooth elements in A, there is an increasing sequence {h,} in A, consisting of
smooth elements such that h, sh, and for all k<n

Ith—h,, adl|=27" and |[h—h, h]|<27".

Proof. For each finite set {a,} of smooth elements in A4, each functional w in 4’
and each 6>0 there is by Lemma 1 an ¢>0 such that

loo(Ch, aid — LS, a D) <6

for all k. But for fixed £>0 and {x,} as in Lemma 3 we have
Je-1le) Afe— 1 (f1(M) = fi(h)

whence, for sufficiently large n,
lo(Ch, a] — L fe-1(x), el <6

for all k.
With X as the direct sum of card {a,} copies of A we conclude from the above
that the set of elements in X of the form

{®([h a ]~ Lf,- 1(x0), @)}

contains zero as a limit point in the ¢(X, X')-topology. Its convex hull therefore
contains zero as a limit point in norm on X. We can thus for each » find a smooth
element in 4, of the form

hy=Y o, f,,—1(x;) with Y ;=1
such that
Il —=hys ad) =11 wlh— f, -1 (x), @] <277

for all k.
Working inductively we may assume that

Ith—hyad1=27" and  |[h—h,, h I <=27"

for all a, in our fixed sequence with k<n, and all previous h, with k<n. We may
further construct the sequence {h,} such that the &’s used in the definition of h,
all are smaller then n~! and also smaller than those used in any of the previous A,;
and that the i’s used in the definition of k, all are greater than n and also greater
than any of the indices used in the previous h,. In this way we make sure that

hk:Z & sj*l(xj)é z % fo,—1(x)=h,

whenever k<n. We also get
x(1—(1—n"Yx) ' <h,<h

for all n, from which we see that h, 7h. Finally, from Lemma 3 we see that
T kIS Y o lilh, fo - (eI <277

so that ||[[h—h,, i, ]| 27" for all k<n, and the proof is complete.
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Remark. The preceding lemma shows that the infinitesimal generator for a group
with spectrum condition is an inner limit derivation in the sense of Bratteli and
Robinson.

We are indebted to H.Araki for pointing out the relevance of the next result for our problem,
and for providing the following proof, which is included for completeness.

Lemma 5. Let {o,} be a continuous one-parameter group of automorphisms of a
C*-algebra A, implemented by the unitary group {exp(ith)}, where h is a self-adjoint
operator (possibly unbounded). If a and k are smooth elements in A and k= k*,
then with {,} as the automorphism group implemented by the unitary group {exp(itk)}
we have

lo(@)— Bl@) <It| [Th—k, alll+ 2> (I[h, k1]l llal .

Proof. Let 0 be the unbounded derivation given by ad(h—k). Then ido=
d/dt(o, — B))),=o- However, we also have

djdt(aof_ )l =o=limt (oo f_,—1)=limt ™ (o, — B,) o _,=i0o1=10 .
Consequently,
ot B,= Jo djdr(e,B, )|, —ds
= o d/dr(os.,oBi—s-.=ods

= jt() asod/dr(aroﬁ—r)lr=00ﬁl —sds
= (o og0idof, _ds=i [, ot,_;20°Pds.
Inserting the unitary groups in this formula we get
(@)= B@) = [o [6-Ba)ll ds
= [§, l|6(exp(isk)a exp(—isk))| ds
< fo (I3(exp(isk)| flall + [|5(a)ll + llall |6 (exp(~—isk))[l)ds
=lt| |[h—k, alll+2]al fo I[h—k, exp(isk]|lds
<ltl ITh—k, alll+2[al fo sl Ik, k1]l ds
=1t Ih—k, alll +*|la| |Th, K]l
Lemma 6. Let nw: B— A be a surjective morphism between separable C*-algebras A
and B. If {x,} is an increasing sequence in A, such that x, x, where x is a self-
adjoint operator affiliated with A", then there is an increasing sequence {y,} in B,

such that n(y,)=x, for each n, and y,y where y is a self-adjoint operator affiliated
with B’.

Proof. Extending n to a normal morphism 7" of B” onto A” we have kern”=B"p,
where p is an open central projection in B”. Since kern is separable there is an ele-
ment b in (kern), such that p is the range projection of b (b is a strictly positive
element). Using spectral theory on b we can then find an approximate unit {u,}
for kern such that u,u,,=u,, for all n>m.
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Suppose that we have already chosen y,, in B, for all m=<n such that n(y,)=x,,
and

Ym-1SYmS D=1 (L= [ x4l
for all m<n. Since

VS YR (I —uy) Xl
and moreover

(V) =%, S X, 41 S D RL1 Ixell =m(QrZt (L= x,])

we conclude from [8, Prop. 5] that there is a y,,, in B with n(y,,,)=x,,; and

SV = Znﬂ (1 —uy) x4l -

We can thus by induction find an increasing sequence {y,} in B, satisfying the
conditions above.
From spectral theory we see that the operator

2= Y, (1—w) % p

corresponds to an unbounded continuous function on Sp(b)\{0}, and con-
sequently defines a self-adjoint operator affiliated with B”p [note that for each 4
in Sp(b)\{0} we have u(4)=1 except for a finite number of k’s]. Since y,p=z
for each n we conclude that y,p~y for some self-adjoint operator y affiliated with
B’p. On the other hand =" is a spatial isomorphism of B“(1—p) onto A” and
therefore y,(1—p).~y" for some self-adjoint operator y” affiliated with B"(1— p)
It follows that y=)'+y” is a self-adjoint operator affiliated with B” such that y, »y.

4. Main Results

Theorem 1.4 continuous one-parameter group {a,} of automorphisms of a separable
C*-algebra A satisfies a universal spectrum condition if and only if there is an
increasing sequence {h,} in A, such that

(i) [la(a)—exp(ith,)a exp(—ith,)| >0

uniformly on compact subsets of R for each a in A.
(ii) For each state w of A there is an >0 such that w((1+h,)”)=¢ for all n.

Proof. If {a,} satisfies a spectrum condition choose a dense sequence {a,} of
smooth elements and a sequence {h,} satisfying Lemma 4. Then by Lemma 5

lloe(@) —explith,) a, exp(—ith,) [ <27 "(|t| +* | a)

for all k<n. This implies condition (i) for each a in {a,}. However, {q,} is dense,
and the difference between two automorphisms is bounded (by 2) so (i) holds for
every a in A.

Condition (ii) is equivalent with the demand that the strong limit x in 4"
of the decreasing sequence {(1+h,) '} satisfies w(x)>0 for every state @ of A.
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Thus condition (ii) merely says that x must not have zero as an eigenvalue in the
universal representation of A. Since in our case h,”h we have x=(1+h)"! by
Lemma A and (ii) is satisfied.

Conversely, if both (i) and (ii) are satisfied define x as the limit of {(1 +h,)”*}.
Then by (ii) h=x"'—1 is a self-adjoint positive operator affiliated with 4” and
h,7h. Tt follows from Lemma A that exp(ith,)—exp(ith) strongly, and since the
norm is strongly lower semi-continuous condition (i) implies that {e,} is im-
plemented by {exp(ith)} and therefore satisfies a spectrum condition.

Remark A. Condition (i) in Theorem 1 may be replaced by the formally weaker
assumption that for every pure state of A there is an ¢>0 such that w((1 +h,) ') =¢
for all n. Indeed, if x is the strong limit in A” of the decreasing sequence {(1+h,)~*}
then x is of first Baire class regarded as an affine function on the state space of A4,
and by assumption w(x)> 0 for every pure state. Since each state can be represented
asa barycenter of pure states and since x, being of first Baire class, satisfies the bary-
center formula we conclude that w(x)>0 for every state w of A.

Remark B. The evaluations of the norms of [h—h,, a,] and [h—h,, h,] given in
Lemma 4 are more precise than needed for the proof of Theorem 1 (but will be
necessary for the proof of Theorem 2). In fact, since pointwise norm convergence of
adh, to 6 on the core of smooth elements entails resolvent convergence, we could
conclude group convergence directly from the Trotter-Kato theorem.

Remark C. Condition (i) in the preceding theorem says that {o,} is an “approx-
imately inner” group in the sense of Powers and Sakai. They show in [12, Theo-
rem 2.3] that a C*-algebra with unit and with an approximately inner one-
parameter group of automorphisms satisfies a spectrum condition in at least one
covariant representation. It may be of interest to note that their result can be
obtained by straightforward applications of spectral subspace techniques: As in
[6, 3.5.2] let p, denote the left annihilating projection in A” of the spectral sub-
space R%(t, o0). Thus (1 —p,) A" is the smallest weak* closed right ideal containing
R(t, o0). A state w which annihilates R%0, c0)A is called a ground state in [12].

We see that w is a ground state if and only if w(p,)= 1. Clearly then the support
of the representation n, in 4” is majorized by V p,, whence =, is covariant with
spectrum condition by [6, 3.5.3]. A ground state is necessarily a-invariant since
w(R*0, 00))=0 implies we M*(— o0, 0] (notations as in [6, 3.4]). But then since
w=w*

weM*(— o0, 0]nM* [0, w0)=M*{0},

and M* {0} is the fixed points of {«,}.

If {o,} is approximately inner then A has a ground state. Otherwise p,=0
which means that the right ideal generated by R*0, cv)A4 contains invertible
elements. But then there is an inner group {f,} approximating {«,} such that the
right ideal generated by R0, c0)A4 contains invertible elements, i.e. pf=0.
However, ground states always exist for inner groups.

Theorem 2. Let n: B—~A be a surjective morphism between separable C*-algebras
A and B. If {o,} is a continuous one-parameter group of automorphisms of A with
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spectrum condition then there is a continuous one-parameter group {&;} of auto-
morphisms of B with spectrum condition such that mwoo,=a,°n for all t in R.

Proof. Since 7 is an open map there is a dense sequence {b,} in B such that each
element a,=n(b,) is smooth in 4. Then with / as the minimal positive generator
for {o,} we choose an increasing sequence {h,} in A, satisfying Lemma 4. By
Lemma 6 there is then an increasing sequence {y,} in B, with n(y,)=h, for
each n and y, y for some self-adjoint positive operator y affiliated with B".
We may assume that y, =0 and h, =0.

Now let {u;} be an approximate unit for kern which at the same time is a
convex set (The convex hull of any approximate unit is again an approximate
unit with the ordering that one convex combination precedes another, if each of
its components precedes any component of the other.). Define

an(yn+1_yn)%(1_uﬂ.) (yn-f—l—yny2L .

We claim that it is possible for each n to choose u; such that with x,,= Y, z,
(whence n(x,,)=h,,, ;) we have

(*) Iz, b JIS2'7" and [z, xJ]<2'7"

for all k<n. Suppose that this has been established for all z,, with m<n. Then for
fixed n and k consider the net with elements

[Zm bk]_(l-u}.) [yn+1 —Vno bk] .

Since {u,} increases to a central projection in B” (viz. the support of ker=n”, cf.
the proof of Lemma 7) this net is o(B, B’) convergent to zero. Since the net is
also convex it contains zero as a limit point in norm (reasoning as in the proof
of Lemma 2). On the other hand

11 =u3) Dn+ 1= Yoo Al 2 17Vt 1 = Yo DI
= ll[hn+1_hnaak]|| <21_"5
for all k<n. We may therefore choose u; such that ||[z,, b,]|| <2~ for all k<n.
With exactly the same arguments we obtain
Izw i d <271 7"+ Hm (1= 23) [Yas 1= Yoo X d I =271 7"+ 7D 41— Vo XD
=271 [Thy sy — by, by D 277
for all k<n, which proves the claim.

The sequence {x,} is increasing and since x, <y, for each n we conclude that
x,~x for some self-adjoint positive operator x affiliated with B”. Using Lemma 5
and the inequalities (*) we obtain for all k<n and all m

lexp (£ X, 1 ,,) by eXp(—it X, 1 ,,) —exp (it x,) by exp(—it x,,)|

é Itl “ [xn +m xna bk] H + t2 ”ka H [xn+m5 xn] H
élt( z’;=n 21 _p+t2“bk“ Z':=n 21 P
S2277(lt|+ 2 1yl -
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Since exp(itx,, ) converges strongly to exp(itx) when m— oo, and the norm is
strongly lower semi-continuous we conclude that

lexp(itx) b, exp(—itx) —exp (it x,) b, exp(—it x,)|
S227"(t+ 22 b))

for all k<n. It follows immediately from this that x is the infinitesimal generator
for a continuous one-parameter group of automorphisms {&,} of B with spectrum
condition (since x=0) such that n(&,(b))=a,(n(b)) for each b in B and ¢t in R.
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