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Abstract. We propose a constructive approach to ¢3. It is based on formu-
lating the ¢4 theory as an implicit function problem using multiplicative
renormalization. For the corresponding lattice formulation we reduce the
problem to verifying three conjectures. One conjecture is a regularity con-
dition. The remaining two concern properties of the classical Ising ferro-
magnet, one of which we discuss in the frame work of critical point analysis.

I. The Approach (Formal Considerations)

In recent years constructive field theory has made tremendous progress by using
euclidean methods (see e.g. [12, 13, 22], and the literature quoted there). However,
so far only superrenormalizeable theories have been successfully treated, since
the techniques involved mostly rely on additive renormalization. In this article
we propose the use of multiplicative renormalization. We have the philosophy
respectively the rigourous result in mind that in perturbation theory additive
renormalization, multiplicative renormalization and the BPHZ formulation are
equivalent (see e.g. [14, 23]). Now in the ¢} theory there are three renormalization
constants entering the multiplicative renormalization procedure
(i) the mass counterterm ém?;

(i) the amplitude renormalization constant Z;=0;

(iii) the vertex function renormalization constant Z, > 0.

On the other hand, there are three normalization conditions for the theory.
Two involve the point function and one the four point function. Our central idea
is simply to try to determine the renormalization constants for given normaliza-
tion constants. Now usually the relativistic two point function is normalized by
requiring a pole with residue 1 at (relativistic) p> = m* > 0. Since we are interested
in formulating and solving the theory in the euclidean framework, we will instead
work with the intermediate renormalization [2] or more precisely a generalization
of it. There the two point function is normalized at p?=0. We note that in per-
turbation theory, it is irrelevant, where the normalization is done (see e.g. [14]).
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Formally our theory will thus be given as follows. Let ¢ be the euclidean field,
ie. for each fe & (R*), ¢(f) is the linear function

) f' =S50

on &'(R*). Here {,) denotes the canonical pairing on . (R*) x #(R*). We
write ¢(f)= [ $(x)f(x)dx. The ¢ theory is then given in terms of its euclidean
Green’s functions which are the moments of a euclidean invariant measure x4 on
F'(R*). du is given by normalizing

24194 dx + 2 107, ()

dy=e duly, m - (1.1)
Here duly , ., is the Gaussian measure on %' (IR*) with covariance (Z,(—4+m?*) ™!
where 4 is the Laplacian on R* and m?>0. : : denotes normal ordering w.r.t. s,
thus

PPi(x)= xllrg A(x1)P(x3) —{P(x1)p(x2))
and
94001 = lim {B(x1)$ ()9 (x5)b(x.)
— T {B)E) d()p(x)):

i<j, k<l
(i, 1) F (k,1)

—<{P(x)p(x2)P(x3)P(x4))}
and we have written
Cy=(-du.
If we write
d(p)=02n) "2 [ p(x)eP*dx  (peR*; p-x euclidean scalar product)
the normalization conditions are

Ap)~ 1= (2n) "2 p0)d(p)> '~ p*+m* (Intermediate renormalization) (1.2)

(p* small)
and
(2n)6 g g g 0y — 4
11 {9(0); #(0); ¢(0); $(0)> 4(0)~*= 4 (1.3)

(A= renormalized coupling constant).

Here {A;; A,;...;A4,) denotes the n-fold truncated expectations (w.r.t. p) of the
random variables A4,...,4,. We note that m? in (1.1) is then not necessarily the
physical mass. Also Z; is then not necessarily smaller than 1. Now define

y1=4(0)= [ ($(0)p(x)>dx
Yam— (% J) )= [ x2(HO)P()>dx

y3= —(21)°<{(0); H(0); H(0); A(0)>
= —{P(0); [ p(x)dx; | Pp(x)dx; [ p(x)dx) . (1.4)
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Our aim is to construct a theory for certain prescribed y=(y,, y,, y3) (;>0)
in particular for y; =4 '/M(O)“ To understand the ansatz of the next chapter, the
followmg remarks are useful.

1) When y varies, (Z3, Z,, 6m*) also vary. Hence we may equivalently consider
the measures u parametrized by (4, Z3, &) (4, Z5>0, ¢ real) with

du= (Normalization) ™1 g~ #of¢e)tdxtefotrde g 0 (1.5)

ie. we may drop the normal ordering. Thus g runs through a set which looks
like (R)* x IR

2) ¥1,y,, and y3 have the dimensions (cm)?, (cm)*, and (cm)**¢ respectively
m and A have the dimensions (cm)~! and (cm)?~* respectively. Here d denotes the
euclidean space dimensions (in our case d =4).

3) y3>0 guarantees that u is not Gaussian, i.e. the theory is non-trivial (for
a lattice proof see [17]).

4) The above set of measures satisfies the Griffiths and Lebowitz inequalities
(and many more) (see e.g. [1, 221]).

In particular

{Pp(x)p(x)>=0 forall x,x

and thus due to translation invariance

KE(NB@)1=1 ] {Ib(x)) f (x)g(x)dxdx' | yy sup f (x)| | lg(x)dx’

=yl Sl gl (1.6)
with

|11 = max (sup | (9, ] | f (x|

being an #(IR*)-norm. Hence the two-point function is a tempered distribution
and by an extension of the Lebowitz inequalities due to Glimm and Jaffe [8], the
higher moments of u satisfy axiom (E0') of [18].

5)(Z3, Z4, 6m?) may be expressed in terms of appropriate moments of u(see
e.g. [20], and the authors contribution in [12]).

Now these considerations are highly formal, so what we intend to do is to
look at the corresponding formulation in a lattice theory. We will take a lattice
on a torus in d dimensions. This guarantees translation invariance. Thus for fixed,
y in a certain set &, the problem will be to solve the relations corresponding to
(1.4) on the lattice for all sufficiently small lattice spacings g and all sufficiently
large tori.

Due to estimate (1.6) and the remark following it, this will for each n give a
uniformly bounded family of euclidean Green’s functions of order n in %' (R%").
Considering a convergent subsequence we obtain (as in [8]) a limiting family of
distributions satisfying (E0') [18] and which by Minlos’ theorem (see e.g. [11])
are the moments of a unique measure p on .%'(IRY. It remains to verify the other
euclidean axioms and to prove the nontriviality of the theory thus obtained. The
last property would follow, if relations (1.4) on the tori would in the limit lead
to relations (1.4) for the limiting theory. This has been shown in a second

paper [21].
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We have at the moment no idea how to prove the uniqueness of the solutic~
of (1.4) for the lattice case. Such a result would be very welcome,| since it wou,
show that the normalization uniquely fixes the theory and hencelcoincides wit
the theory discussed in perturbation theory (as e.g. in [24]). Finally we note tha
we expect only two physically relevent parameters, the mass and the coupling
constant. This, however, is consistent with the above picture: We say that two
measures are physically equivalent, if there is a constant ¢ >0 such that the cor-
responding euclidean Green’s functions of order n differ by the factor ¢”. This is
a renormalization group relation of the simplest form.

A slightly different approach was suggested by the author at t,l/l/e 1975 Marseille
conference on Mathematical Methods in Quantum Field Theory [12]. We sug-
gested to solve ¢4 by a combination of an implicit function theorem and a fixed
point problem. However, we consider the present approach more amenable.

Implicit function arguments have also been emplyoed by Baker in the similar
context of determining dm? for given physical mass ([1], see also [197).

We note that our present approach is suited for the single phase region.
However, this discussion ‘may also be extended to cover the (expected) two-
phase region. Without going into details, we outline the idea:

Add a term h | ¢(x)dx to the exponent entering u and let y, be given as the
magnetization {¢(x)>. Also y; and y, are now defined using the truncated two-
point function. Then the problem is to construct a theory for given y, (i=1...4)
(y;>0,i=1, 2; y;=0). Spontaneous magnetization and hence the existence of (at
least) two phases would manifest itself in the fact that for certain given y, (i=1...3),
y, cannot take values in an interval symmetric around y,=0, except for y,=0.

I1. The Lattice Theory

In this chapter we go the first steps in solving @3 on the lattice. We assume the
reader to be familiar with the euclidean formulation of ¢3 on the lattice (see e.g.
[13,22,23]).

Let 7 be a unit lattice on a torus in d dimensions, i.e.

T =L, xL,x.. x1L,,

where Z, denotes the set of integers modulo n. (For technical reasons we will
d

assume all n, to be odd.) |7 |= [] n, is the number of points on 7. These points
e=1

we denote by i,j... and we also will call them modes adhering to the physical
picture.

d
For i=(i;...ip); j=(j...j)eT we let (i—j)*= Y (i,—j.) be the translation

e=1
invariant distance square on J, with (i,—j,)*= Min(li,—j,|% (li,—j|—n.)?)
(0<i,,j,<n,—1). Two points i and j on J are called nearest neighbors (N.N.), if
(i—j)* =1. In d dimensions, obviously each point has 2d next neighbors whenever
n,>2 for all e.
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Now for each 7 and each o= (a;, &,, 2;)e R* x R* x IR we define a probability
measure y on R!7!

d,u({xj}jeﬁ“)= % 1_[ P21, n e—a1x‘,‘+a3x?dxi ) (2.1)

i,jN.N. ieg

Here and in what follows N will always denote a normalizing factor which
makes the measure in question a probability measure. The measure (2.1) is a
discrete version of [1.5] (see e.g. [13, 22]).

Again { > will denote expectations w.r.t. . Now to each (7, a) (a>0, the
lattice spacing) we define a C*-map T=T(7,a) from R* x R* xR into (R*)?
by a—y=T(x)

Vi =y (@)=a® lyl lz xx>

Jjeg
i,jed

V3=ys3)= a**? P <Z Xis Z Xjs Z Xps Z 22
|=j| ied jeg ke T leT

The relations y, =0; y, =0 are a consequence of Griffiths first inequality; y3=0
follows from the Lebowitz inequality (see e.g. [22]).
The following quantities will play a réle in our discussion

2

a .82
D(T, a)= 77 Y (i—)) (2.3)

i,je T
V(T,a)=a'|T|.

V(7, a) is the volume and D(7, a) the mean square distance. If 7 goes to infinity
in a regular sense (say n,=n— co) then with

~
", a) also D(Jz’ 9 -0
af ao
and (2.4)
(7, a)

DT ) —0o0 (d=3) uniformly
for all 0 <a < a,. Here qaq is arbitrary but fixed and plays the réle of a unit length.
Our main result is the

Main Theorem. Suppose the 3 conjectures listed below are true.
Then there is an open manifold 2 in (R*)® with the following two properties
(i) The set {y|y,; =0, y,=0, y3=0} is contained in the boundary 0P of P.
(i) Any y°e2 is in the image of T(7,a) for all large V(7, a).

To start the proof, we analyze the image of the boundary of R*xR* xR
under T=T (7, a) as well as the image at infinity. We set

My ={y=T()|oy=0;0,>0, 03 real}.
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This situation corresponds to a theory of uncoupled modes.

My={y=T(a)|o; =0; —az>do,=0}.

This situation corresponds to the so called Gaussian measures of ferro-
magnetic type [13]. That .#, is well defined will follow from the discussion below.
Proposition 2. ./, is the set of all ye R® with

¥1>0; y,=0; 0=y, <2a’(y,)? 2.5)
and T defines a diffeomorphism of

{o)ay =0; 000 >0, a5 real}

onto M.

Proposition 3. .#, is the set of all y with

y1>0; 0=y, <D(7, a)y,; y3=0 (2.6)
and T defines a diffeomorphism of

{a)oe; =0, —o3>da, =20} onto M, .

We prove Proposition 2 first: For uncoupled modes we have

y1=y1(01,0,03) = a*{x*y

Y2 =y2(e1,0,03)=0

V3=ps(01, 0, 03)= —a* Ty xg x xY

= —a* Y =3(7)) 2.7)

where { ) denotes the expectation w.r.t. the probability measure on R given by

do(x)=N""exp(—o;x* +a3x?)dx .

We claim that the map R* x IR—»(ﬁF)Z given by (ay, o3)>(yy, y5) in (2.7) is
a diffeomorphism of R* x IR onto the image of this map. In fact, let

w0y, 03) =y (2y, 0, 03)

wa(oy, a3) =a*" WXy

Then % <0; o, =0 by Griffiths second inequality and
ooty 0ot
O, o) _ _ o2 a2 Gty 6y — (G2 4))
5(061, 0‘3)
<0

by Schwarz inequality. The inequality is even strict, since equality would imply
x*+1x% = const a.e. for some t which is impossible. Thus the map (o, ot3) (W, w3)
is a diffeomorphism of IR* x IR onto the image due to the following lemma, a
proof of which we present in the appendix.
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Lemma 4. Let S be a C*-map from R* x R into R*:x=(x,, X,)>y=(y,, V) such
that

iycf >0 forall ij.

J

Then S is injective and hence a diffeomorphism of R™ x R onto the image if
and only if S is everywhere locally injective, i.e. of maximal rank 2 everywhere.

Next the map w=(w,, w3)=y=(y,, y3) defined by

Yi=wy
y3 = — W3 + 3adW%
is a difftomorphism of IR* onto IR% This proves that the map (x;, &3)—(y;,y3) is

a diffeomorphism of R™ x R onto the image. To determine the image, we note
that by Schwarz inequality and y; =0 we have

a’(wy)? Swy <3af(wy)? (2.8)

and Proposition 2 will be proved, if we can show that w; runs through the whole
range given by (2.8) w, stays fixed. Now we have

wi(ory, ag)=0ty - wy(1, o)
w30y, og) = (o) wa(1, o)
oy =or?; ody =0yt

and thus
wa(1, oy)

(w1, @) .

w0y, 00) = wilery, ot3)
By Schwarz inequality

a /
% Wl(l, OC3)>0

and

lim wy(Lo5)=0; lim wi(1,a35)=0c0.
a3 — o0 a3—
Hence oW, (a3)=w,(1, a5) is a difffomorphism of R onto IR* and hence we
may take o and W, as new variables. But then we may also take w, =o; W, and
W, as new variables. We write wj(1, a5)=W;(#,). Thus by combining (2.8) and
(2.9) we have to show that W(W,)W ? runs through the interval (a“, 3a%). By going
back to (2.9) again it is sufficient to show that w,(e,, @3)w,(;, %3) 2 runs through
the interval (a% 3a%) when «; and a5 vary. Now the upper limit is attained when
oy =0 (since then y; =0). Also the lower limit is attained when ¢t — + oo with «, =t,
o3 =2tt (>0 arbitrary). This concludes the proof of Proposition 2.
We turn to a proof of Proposition 3. Let 7 be the lattice dual to 7, i.e.

T’ = {quRd

2
q.= n_ﬂ:pe;oépeéne_l}'

e
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We define
1 o
F(q): — Z <xixj>ezq(z—1); qeg-/
71" e
such that
Cxxpp = Z F(g)e™ "¢~
qe T’
Now
1 d -1
Flg)= M(—%—az e; cosqe> : (2.10)

This follows from the fact that

d
—o3—0, Y, €0Sq,; qeT’

e=1
are the eigenvalues of the matrix

A —0635i’j——0622—15NN" i,]Ef

i,j= i,j »
with
xn |1 iand jnext neighbours
5ij = .
0 otherwise

and standard calculations on Gaussian measures. Inserting (2.10) gives

a? a?
V= = 5 o= —oy—da,
2(—oy—d 20/
( 40(3 052) (.OC .)2 ( \ (2'11)
a i—j)* cosq(i—j
Ya Z

T2ATP L=, d '
71 poid <a’+oc2 Y (1—cosq,)

e=1
Now for given y; and hence o’ we have y,(«’, «, =0)=0 and
Voo, =00)=D(7, a)y .
Hence for fixed y; we see from (2.11) that y, covers at least the interval
0=y, <D(7,a)y, .

To see that exactly these values are taken we show that y, is monotone in o, for
fixed o. Indeed, after some elementary computation using the definition of (i — j)?
we obtain

T
o 4 et (—l)p“cos%—
D2 =a*Y Y . (212)

0oy |y i S 2pm\|?
2 la’ fixed e=1 p=1 OC/+O(2<1—COS"’:IP—>}
e

(Note that the n, are assumed to be odd.)
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This expression is positive since

(s
COoS E—

e

2

[2p7r])

n,

[oc’ +oa, (1 —cos

is monotone decreasing in p in the relevant range. This concludes the proof of
Proposition 3, since by the last arguments we have also shown that

a(.Vl»yZ)

+0 everywhere.
a(“zw 053)

a1=0

We now turn to an analysis of the image at infinity.
For this purpose we introduce two new sets .#5(t) and .#,(t) depending on
the parameter t >0:

M)={y=T(@)|oe, =1}
My(t)=1{y=T(e)|oty =1}

and we are interested in the limiting sets when t— + c0. To determine these sets
we introduce new variables

_ A
R
o,=1 (B,>0; B3 real) (2.13)
_ b
7
and
Uy =7, (y2>0; 75 real) (2.14)
oy =2ty;5

and by abuse of notation we rewrite the measure u=u(x) in (2.1) as u(t, By, f3)
and u(t, y,, y5) respectively. It is easily seen that for t— + oo we obtain limiting
measures (5(fy, B5) and u,(y,, y3)(y3>0) respectively such that

dus(Brs B3)({x;}e ) =N~ ] 5(xj—xo)dxje_ﬂ1x6+ﬂ3x%dxo . (2.15)

Jj¥0

This corresponds to the situation where all modes are coupled infinitely
strongly to each other: The system has essentially only one mode of freedom.

Also

A2, 73)=N"" T e [T Go(xi— /73) +28(x:+ |/73))dx; . (2.16)

i,jN N. ieg
This is nothing but an Ising ferromagnet on J with g;,= x—‘3 =41 as spin
Y

variables and J=1v,y;>0 as interaction strength. Thus we have the following two
lemmas.
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Lemma 5. /Z;= 1}_120 M(t) consists of the points ye R? of the form
y1=01(By, B3)=a*|T | {x?)
V2=V2(B1, B3)= | TID(T, a) {x?) 2.17)
y3=J3(B1, B3)=—a*|T P V(T a) {x; x; x5 %)

where ()" denotes the expectation w.r.t. the measure k=xK(f,, f3) on R given by
dr(x)=N"Yexp(— fx*+ f3x?)dx; f; >0, B real . (2.18)
Note that -2f <0 and 22 20 (i1, 2) by Griffiths second inequality.

P, P2
Lemma 6. The set /#,= ,lirg M () consists of all yeR?® of the form

yi=51(ys J) 2|;i| Z Z >

ied jedI
V2 _y2(y37 J) a lg‘[ < Z (i—j)ZO'iO'j> (219)
i,je T J
2
- V4
y3=F3ys J)= —a‘”"-}<2 DI Gz>
\TW\icz " je7 ' ker  iem s

where { ); denotes the expectation w.r.t. the Ising model on I with coupling
strength J.

From the proof of Proposition 3 we have the
Proposition 7. .#; consists of all points yeR? of the form
y120
y2=D(7, a)y, (2.20)
0=y; <2V(7,a)(y,)*.

We turn to a discussion of .#,.

First we note that %% >0 (i=1, 2, 3) due to Griffiths first inequality and the

Lebowitz inequality. Also % >0 (i=1,2) due to Griffiths second inequality.
Setting J=0 in (2.19), we have
Y1y J=0)=a’y;
V2(y3, J=0)=0 (221)
F3(yss J=0)=2y3a* "1
which are points in .#,. For J— oo we obtain the following points in ./, :

§1(y3, J=00)=a*y;|T |
§2(y3, J=0)=0a?y;|T | D(T, a) (2.22)
P3(y3, J=00)=2(a*y;|T)* V(T a).
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Collecting these informations on ./; (i=1, 2, 3,4) we obtain

MMy ={yly;>0,y,=y;=0} (2.23a)
Ayl ={y|y; 205y, =D(T, )y, y3 =0} (2.23b)
MMy 2 ()1 205y, =D(T, a)y,; y3=2V(7, a)yi} (2.23¢)
Al My ={y|y; 205 y,=0; y3=2a"y}}. (2.23d)

The last relation follows from the fact that y,(y;, J)>0 and y,(ys, J)>0 for
135>0 and J>0 due to Griffiths inequalities and the analyticity in J. We would
like .4, which is connected, to have properties similar to those of /%, (i=1, 2, 3).
More precisely let 7:R*—1R? be given by n(yy, 5, ¥3) =1, ¥4, 0).

Conjecture 1. 7 restricted to M, defines a diffeomorphism of M, onto M,. Thus
M, is a manifold (with boundary) of dimension two and relation (2.23c)
is an equality.

oJ
are everywhere linearly independent and the C*-map defined by (2.19) is a dif-
feomorphism. With this conjecture the set .Z, U.#, .54, forms the boundary
0K of an open (nonempty) set K = K(7, a)C(R*)3. Due to the construction of K
we expect that K is in the image of T Or speaking in geometrical terms we expect
My, to be the complete image of infinity. Indeed, we may prove this under
the additional conjecture:

. . . 0 0
Conjecture 1 says in particular that the tangent vectors ﬁy and —j to A,
3

Conjecture 2. For all (7, a) the map T =T(7, a) is everywhere locally injective, i.e.
has maximal rank 3 everywhere.

Theorem 8. If conjectures 1 and 2 hold, then K =K(J,a) is in the image of
R* xR* xR under T="T(, a) for every T =T(T, a).

The proof will be given in the next chapter. Actually we expect K to be the
entire image of T, but for our purpose the statement of Theorem 8 is sufficient.

Now if .#,(7, a) does not move too much towards .#,(7, a) when V (7, a)— o,
K(7, a) will stay sufficiently large and we may prove the main theorem. More
precisely we make the

Conjecture 3. There is a two-dimensional C*-manifold M (independent of (7, a))
with a boundary consisting of {y|y,20;y,=y3=0} and a smooth curve on
{y]y1=0,y,=0,y; =0}, having the following properties

(i) ;=0 (i=1,2,3) for all ye M5 and y,>0 implies y,>0. n defines a dif-
Sfeomorphism of M5 onto {y|y,;=20,y,=0;y;=0}.

(i) The relations y=(y, y,, y3)€-Ms and y'=(y1, ¥z, ¥3)€ Mu(T, a) imply y3 <3
for all large V(7, a).

Note that Conjecture 3 is a statement about the Ising model. Geometrically
speaking it says that

M\T.a) 2, MsOK(T a)

lies between .#,(7, a) and #,(7, a) for all large V(7 a).
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We note that Conjecture 3 is the physically most interesting conjecture. It
says that in the thermodynamic limit the Ising model does not fall into the
Gaussian theory. Thus it relates ¢4 and the corresponding Ising model directly.
To check Conjecture 3 it would of course be sufficient to know the form of

ME= lim MN(T,a)
V(Z,a)>
(if it exists). Now in the thermodynamic limit, the behaviour of the Ising model
near its critical point should determine the shape of .Z;°. In the Appendix B we
present such an analysis of .#;° based on standard assumptions for the correlation
functions near the critical point (as given e.g. in [7]). This discussion relates our
approach to and supports recent efforts by Glimm and Jaffe on ¢* [10], see also
the discussion in [15].

In particular we obtain the result that for Conjecture 3 to be valid, the
Buckingham-Gunton inequality ([4, 6]) has actually to be an equality.

This again would be a consequence of the scaling hypothesis (see e.g. [5] for
a discussion of this point in the Ising model).

With our result and conjectures at hand, we may now prove the main theorem.
We define 2 to be the open set in (IR*)® having .#s, {y|y,=0, y,=0, y;=0} and
the appropriate part of d(R*)* as boundary. Let also K'(, a) be the set having
MA(T, a)M(T, a) and the appropriate part of .#;(7, a) as boundary. By Con-
jecture 3

K'(7,a)CK(T,a).

Now any y°eZ is in K'(7, a) for all sufficiently large V(7, a). This follows from
Conjectures 2 and 3 and the established properties of .#,(7, a). But then y° is
also in K(Z,a) so the main theorem is now an immediate consequence of
Theorem 8.

We conclude this section with a remark. We expect the map T=T(7, a)
always to be one-to-one. For this to be true, it is of course necessary that Con-
jecture 2 be valid. Conversely, it would have been convenient to have the analogue
of Lemma 4 for higher dimensions. This would have enabled us to deduce injec-
tivity from local injectivity, which is Conjecture 2 (see the proof of Proposition 2).
Unfortunately, however, such an analogue is not valid in higher dimensions [3].

II1. Proof of Theorem 8

For given y°c K we will construct a 2-dimensional C°-manifold SCRR* x R* x R
without boundary such that T(S) “encloses” y°. y° will then be in the image of T
using arguments from singular homology theory, in particular a three dimensional
version of the winding number. (The author would like to thank R. Bott for a
discussion on this point.) The strategy for constructing S will be as follows: Let

v =dist(y°, 0K)>0 y=2imin(y,?). (3.1)



A Possible Constructive Approach to ¢f 143

S will then be the union of C*-manifolds (with boundaries) A4;(i=1...6) such that

(1) T(N)C; (i=1,2) (32)
(2) dist(T(N)), M) <7 (i=3,4) 3.3)
(3) yy<y? forall yeT(AN) (3.4)

)<y, forall yeT(ANy). (3.5

N, and T(A,) will have “corners” a® and y® = T(«¥) respectively (k=1...4).
N5 and T(A) will have “corners” a® and y® = T (¥ respectively (k=35...8). Also

YD T(N); yPeT(Ny)  (i=1...4).

Furthermore for the curves I ; ,y=A4;n.A} we will have:

The boundary 0.4 of A} is | ) I ;1 (Hence S will have no boundary). With

J
the exception of I(; ) Iz 6, and I3, €ach I;, is either empty or a closed
interval of a straight line in IR?,

From these properties of course the desired structures of S and T(S) follows.
We note (without mentioning it further) that Conjecture 2 will be used to ensure
that the ./; are twodimensional manifolds.

We start by constructing A%, 14, (I=1,3,5,6) and y* (k=1...4). For this
we need some preparation.

Let first

s, t,u)=(oy =t, o0, =S5, 003 = 2ta(u) — ds)
aw)=(1—wa, +ua,
(s, t, w)y=T(ofs, t, u))
0=t<w;0=s<w0;0=ux]) (3.6)

where a; >0 and a,>0 will be fixed in a moment. Rewriting the probability
measure (2.1) in terms of (s, ¢, u) we have

_5 ey PREPY
By N-1e ™3 B B

dx; . (3.7)
Next write
V(& W=y, =t|7 |, P, =2t|7 |a(u)) (33)
[see (2.17)]. Then j is obtained from the measure [see (2.17) and 2.18)]
dr(x)=N"1exp(—t|7|x*+2|7 |ta(u)x?)dx
=N"texp(—t|T)(x* —a(u)*)dx . (3.9)
Also let [see (2.19)]
(s, u) =373 =a(u), J = a(u)s). (3.10)

Comparing (3.7)—(3.10) the following lemma follows easily
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Lemma 9. With the notation as above and fixed a,, a,>0
lim y(s, t, u)=J'(s, u)
t—= o
lim y(s, t, u)=y'(t, u)
Rimdivel
uniformly in 0<s <00, 02u=<1, and 0Lt <00, 0Zu<1 respectively.
Now we fix a, and a, by [see (3.1)]
v 27

a, = — -

a4y = —5—
T a

Then we have

[=]

Fils.0sy= 2

Fils, 1)=2y9

R. Schrader

(3.11)

(3.12)

(3.13)

(3.14)

for all 0=<s<oo by Griffiths’ second inequality [see (2.21) and (2.22)]. Let now

So» Lo be so large that
|y(S, L, u) _5}/(83 M)| <

(s, £, u) = J' (6wl < % ; §280; 0St<o0

0Zugl.

Il
I

Now we define
Na={uls, to, u)| 0= 5<50; 0Su <1}
T(AN3)={¥(s, 0, W)|0=5=50; 0su=s1}
oV =a(sg, to, 0), ¥ = y(50s o, 0)
P =00, £, 1); ¥ = ¥(50, £, 1)
o =a(0, £y, 0); ¥ = (0, t,, 0)
2@ =0(0, to, 1); ¥ = (0, 1, 1)
Iy 4y={00, 2o, )| 0Su=s1}
I 3,4y={s0, Lo, )|0Su=1}
L4, 5y="{ods, 1o, 0)|0=5=50}
L4,6y="{os, 1o, DIO=5=50} .
Due to (3.15a), relation (3.3) is valid for i=4, and from (3.14) we have

<< yelas

1> 00(>10); vel iy -

(3.15a)

(3.15b)

(3.16)

(3.17)
(3.18)
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To construct 475, consider the points j'(t,, 0) and y'(ty, 1) in .#;. By (3.15b) we
have

1/ (t0: 0) = ¥(50: 10: Ol <
(ko D= ¥(s01 o DI < 2.

Combining this with (3.17) and (3.18) we have

P1(to] T, 260 T lay) <5y}

D1(tol 71, 26017 laz) > 297 - G
Thus, by continuity, there is ¢, <t, such that

P1(t1T ), 20| T lay) <3} (3.20)

Vi(tlT), 20| T lan)> 7} (3.21)
for all t; <t <t,,.

Now choose a; <0 such that

DitlT ), 260\ T Ny +az) S 799 (3.22)

for 0<t<t, and set a,=(t,—1t;)" 'a;. Then by Griffiths second inequality the
combination of (3.20) and (3.22) gives

D1t T, 20| T ay +(to—t)ag) S 7)) forall 0=<t=<t,. (3.23)

Next with the help of the proof of Proposition 2 it is easy to construct a
C*-curve t—f5(t) (0=t <t,) with the properties

Ba(to) =2t4|T |a,

$1(Br =17, Bz =Pa(0))> 37

0Zt=ty) .
Now set
Ba(t, w)=(1—u) 2607 |ay +(to—1)a,]
+ups(t) (3.25)
and let

V(6w =3By =171, B3=Ba(t, w) .

Also define

ey

o (s, t, u)= (oc1=t, 0, =S5, 0l3= 7

(3.26)
y”(s, L, U) = T(OC”(S, [ u))
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and let s; be so large that
[v"(s, t, u)— 3" (t, u)| < % forall s=s,, 0=5t<t,, 0Su=sl. (3.27)
Now let s, = Max(sg, s;). Due to (3.15b) we have

(60 tor 1) =3 (100 ] < (328)

for all s=s,, 0<u<1. By construction
J’(50s Lo u):y”(so’ Los u) .
Hence by continuity and compactness arguments there is ¢, <t, such that
" (st )= (¢, u)| < 3y (3.29)

for all sp<s<s,,allt,<t<t,and all 0=Zu=1.
Now define
to—t

o' (t, u)=0a" (s =50+ (S2—So) t u)

0 2

y'(t, uy=T("(t, u)) .
We set
Ny={"(t,)|0=t=<to; 0Su=1}

T(AN3)={y"(t,u)|0=t=Zty; 0=Zu=sl}
o =2(0,0); ¥ =y"(0, 0)

=00, 1); ' =y"(0, 1)
I3 ={a=0"(0,u)|0su<1}
I3,5={0=0"(t,0)0=1=10}
I5.6={0=0a"(t,)|0St=t,}. (3.30)
Also I; 4) may be rewritten as I3 4)={x=0a"(to, u)|0=Su=1}. By (3.27—(3.29)
we have dist (T(A73), #3)< 27y proving (3.3) for i=3. Combining (3.23), (3.24) with
(3.28) and (3.29) gives
V1 <ay3(<y)), yels s
5 0/ 0 (3.31)
V1>7y1(>1)yel s 6.
We turn to a construction of A%, a'”,y'”), I, 5, and I, ). First we define
Iy 5 by

7 to_t
1(1’5)={OC|O(=O( (t):

Lo

where a5 <0 will be fixed in a moment. Let .45 be the manifold connecting I, s,
and I 5 ), i.e. define

Ns={ala=d(t, v)=(1—v)a" (t) +va"(t, 0)}
0<t=<t, 0Zv<l.

t
0,0, as)+ - o), 0§t§to}
0
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Setting j(t, v)= T(é(t, v)), we have T(AN5)={J(t,v)]0=Zt<t,;0<v=<1} and we let

I, 5y={ax=a(0,v1)0=0v=1}
o ?=5(0, 0); y7 = T(e") = (0, 0)
=(0,0, as)
and we may rewrite [ ; sy, I3, 5, and I 4 sy as
I s5={0=d(0)0=t=t0}
I3,5={u=d(t, )|0=t=t,}
L4, 5y={o=dlto, v)|0=v=1}.

By Griffiths second inequality and by analyticity, y,(¢, v) is strictly increasing
function of a5 for any fixed t <t, and v<1. Also by (3.17) and (3.31) there is t; <t

and v, <1 such that
Jit,v)<2y} fortz=t=t,
and all 0<v<1
Pt v)<2yy forv, vl
and all 0=t <t

if we choose as= —1 say. Hence by standard compactness arguments, there is

as < —1 sufficiently negative such that
Vit v)<$y2(<yi) forall 0=<t=1
0sv<l.
With this choice of a5 we have therefore proved (3.4).
Next let t—a5(t) (0<t=t,) be a C*-curve such that
(1) 033(0) < O;_O_‘3(to) =2t0a,,
(i) y(r)=T(a(2)),
where &(t) =(t, 0, &5(t), satisfies
Jit)>%y? forall 0<t<¢,
[compare (3.18)] and let s+>&5(s) (0 < s<al?’) be a C*-curve such that
(1) &30)=25(0), &3(es”)=as,
—85(s)> ds (0=s <o),
(i) j(s)=T(s))
with &(s) = (0, s, &5(s)), satisfies
Ji(s)>5y? forall 0<s<af®

[compare (3.30)—(3.31)].

(3.34)

(3.35)

(3.36)

Using the proofs of Proposition 2 and 3 it is easily checked that such &5(-)

and &,(-) may indeed be found.
We set

29 = 5(0); ' = 510)
1(1,2)=(°‘=(O, 0,03)las a3 <5(0)} .
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Note that a5 <&3(0) due to (3.34), (3.35) and Griffiths inequality.

Iy,6y={a=0)0=t =t}

1(2,6)= {OC=°=‘(S)|O§S§O‘(26)} .

We define ./] to be the area contained in the hyperplane a, =0 enclosed by I; ,),
Iy.sp 1(1,4p and I 6, such that T(A])C.#,. Let A4, be the area enclosed by
L2y 12,5y 12,3, and I, ¢ contained in the hyperplane «; =0 such that
T(AN3)C M,

Thus we are left with a construction of ./ satisfying (3.5) and having prescribed
boundary I'=1; ¢l 4 613, 612, 6 The construction will be geometrical. The
delicate part comes from I, ¢, since T/(«) for oy =0 is defined only when — oy >da,.
However, by continuity there is a “tubular” neighborhood U, of I, in
R* xR* x R such that y, >3y? for ye T(U,). Looking at the geometry of I" we
see there is a smooth curve I in U, with endpoints o'® and «*® on I 5 ¢, and
I ) respectively having the following properties

(i) info,>0;
ael’
(i) Il = {a, a1},
. (iii)9 If I3 6 gnd {101,6) denot.e the “intervals” on I3 ) and I ; ¢ with endpoints

a'®, o®, and o«'®, a'?, respectively, then!(s o), I(;.6)C Uo;

(iv) If o, o' are in I'UI" such that the relations o;=0; (i=1, 2) hold, then e =0¢".
Set

I'i=1; 691 6] 6ol"

Iy =146 9 3,6)\(3,6)9U1,6\(1,6) -

We then may find a smooth 2-dimensional manifold .45 CU, having I} as
boundary. Therefore it will be sufficient to find a 2-dimensional C°-manifold 4
with boundary I, such that

yi>3y] for yeT(Ay). (3.38)
For then we may obtain a smooth 2-dimensional manifold 4 by smoothing
out Ng=A50Ng while keeping the boundary I' fixed and such that

y1>yy for yeT(Ng)
is valid. Now to find A7, let

2t,= infoa,; >0

aely

ts=2sup oy <0

ael;
S4=0
Ss=2supa,>0
aels

O={=(s, 1) CR*|t, <t <ts5, 5, <555} .

Using Griffiths second inequality, continuity and standard compactness argu-
ments again, there is ag >0 such that y = T(«) satisfies y; > 39 for all xe Q x(0, a¢) C
(R*)*. In particular for I'; =T, 4+(0, 0, as) we may easily construct a 2-dimensional
manifold A5 CQ x (0, 2a,) having I'; as boundary.
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Also we may assume, by possibly enlarging a4, that
Non =0 (3.39)
Next let
No={o=a+10,0,ae)|0=t=1,0'el,}.
Since y,; > )9 for ye T(I,), by Griffiths second inequality again, we have
yi>3y] for yeT(Ai,).
Now by (3.371v) and (3.39)
Ng=N100 N

is a C°-manifold with boundary I', and satisfying (3.38). By the preceeding dis-
cussion, this concludes the proof of Theorem 8.

Appendix A

The proof of Lemma 4, which we present here is due to Th. Brocker and
K. Jdnich [3]:

As a preparation we define a partial ordering on R by setting x <x' if x; <x;
(i=1,2).

Lemma A1.Let S be a C*-mapping of an open convex subset B of R?* into R? such
that with y = y(x)= S(x) the relations

0y;

ZL>0 (G, i=1,2): Al

axj_O(l,J ,2); xeB (A1)
and

y;

0y B A2

6x1 6x2 )5 xe (42
are valid.

Then S preserves the ordering <.
Proof. Assume x <x’ and let

x()=x+t(x'—x) 0=2t=1.

Then
2 1 , a
H) =)= 3 1000, () 000
j=1 0 0x;

q.ed.
Remark. Assume S has maximal rank 2 everywhere, i.e.

M +0 xeB. (A3)

a(-xl > xz)

Then (A2) is a consequence of (A1) and (A3).
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To prove Lemma 4, assume there is x' #x? with (S(x!)=S(x?)). Then x* and
x? are not comparable with respect to <. In particular we may find x> and x*
with

xP<xt<xt;xd<x? <x*
such that the x* (i=1...4) form a parallelogram P. Now

L={yeR*|(y—S(x"), = —(y—5(x"),}

is a straight line passing through S(x!). Thus S™!(L) is a 1-dimensional closed
manifold, because S has maximal rank 2 everywhere. Write S™*(L)= [ ] y; where

the y; are disjoint curves without boundary. Choose i, such that x'ey;. We claim
x?ey;, Indeed, since y;, is without boundary, y;, which has to cross P at x' due
to Lemma Al and the form of Z, also has to leave P again. It cannot leave on
on AP\ {x', x?}, again due to Lemma A1 and the form of L. It cannot leave at x'
since then 7, would intersect itself, which is easily seen to contradict local in-
Jectivity. As a consequence S|, is not injective on 7;. On the other hand, an
immersion of a curve into a straight line is injective and we have arrived at a
contradiction. This proves Lemma 4.

Appendix B

In this appendix we present a heuristic discussion of Conjecture 3 on the basis
of the behaviour of the Ising model near its critical point J=J. We make
assumptions similar to those given in [7]. Let e=(J,—J)J; ! (¢>0). Then asymp-
totically

¢

o0~ g e (B1)
—<04;05504501) =140, j =k, j— 1, [ —k)
.e“L(E)"A(i,j,kJ) . (B2)
Here
Lie)=1loe "(14+0() (¢>0) (B3)

for some [, w>0.
A(, j, k, 1) = length of the shortest graph which connects all the points i, j, k, [.
14 1s assumed to be non zero and homogeneous

w0552 8 —0.0 600 (B4)
w, may then be calculated [7] to be
_ (36-1)2—n)

in the standard notation of critical exponents (see e.g. [5]). Then we obtain with
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1
L=|74 ©@=L(g)~ . L(L]large):

1
<Z oioj> ~LET2Tn [ gEemOcgt T
i 0

1
<Z(i—j)2m0f> NI dgemORE (B6)
iJ 0
- Z <0'i§0'j§0'k;0'1>~L4d_w4| Ij déldézdf:%e-@A(O’él’ézséa)ﬂh(os516253)-
ikl alst

We insert this into (2.19), the parametric description of .#,, and take j;, and &
(instead of y; and J) as new variables:

1

fdée_@‘§§3_"
Jo~ 31D 0)
[deemosgt—n
0

j dé1d62d€3e_@A(O’éi’gz’w%z;(oa $1582,83)

P53~ V(T a)L 1Hl=! ; 5 (B7)
]
0
with
_(6+1) B
f=6=n " d. (BS)

Relations (B7) give a parametric form of .#, with J<J_. The relations (B7)
already lead us to expect that Conjecture 3 can only be true if f/=0. Now the
Buckingham-Gunton inequality ([4, 6]) states that f <0. Hence f =0, which is
a scaling hypothesis, is the best we can hope for. (For d=2, this seems well
established. For d=3, however, see the discussion in [5].) Indeed if /<0, that
part of .#, we just have described should move into .#, which is a Gaussian theory.
This conforms with the result in [7]. To see all this more clearly, we consider
that part of .#, corresponding to J~0. Then @ is large and we obtain

J2~51D(T, 0)0 2

B9
J3~F)*V(T, a) L/ O~ YD (B9
(@ large).
Eliminating @ gives
(f+d) M
Fa~@) T 2 (o) 2 a . -

Hence, if /<0, the short distance behaviour (i.e. the behaviour for a—0)
would be responsible for .#, moving into .#,.
For =0, (B10) reduces to

d d
273533

Vi~ “(52) (B11)
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and the (7, a)-dependence has dropped out in first approximation. We note that
(B11) is in agreement with the result that given normalization of the two-point
function, the renormalized coupling constant is bounded in absolute value [9].

From (B11) we also see that .#, moves closer to .#, with increasing d. Note
also the singular ji; dependence of j; for d> 4, indicating that then this approach
should fail. It would be interesting to know whether this is related to the non-
renormalizeability of ¢ (d>4).

We summarize our discussion as follows: Any nontrivial ¢4 theory with not
too singular (euclidean) short distance behaviour should be obtainable by lattice
approximations. (Take e.g. the lattice field to be the euclidean field averaged out
over cubes.) Conversely a euclidean construction of a nontrivial ¢3 theory through
lattice approximations can only succeed if .#, asymptotically does not fall com-
pletely into .#,. For this to be the case it is necessary that the Buckingham-
Gunton inequality is actually an equality.

For d=4, one should be rather optimistic. According to standard folklore (see
e.g. [23]), the critical exponents of the Ising model should already for d =4 take the
values of mean field theory: 6=3, n=0.

Thus it will be necessary to check the influence of logarithmic corrections to
scaling.

An alternative discussion of Conjecture 3 has been given in [20]: The limiting
Ising model surface (i.e. the case 7 —Z“, a—0) takes the precise form

d

~\2
73 = Cd)7? (ﬁ—) .

1

Here
. i4(T)
Cd)= lim — - >0
D=l = Fnam =
with
wT)=Y, {ogo)
iezd
X(T)fz(T)= Z |i|2 {000
iezZd
i, (T)= 3 <06¢;0;;0;0,y (T=Temperature).
jrk,lezd

Hence the relation C(d)>0 is equivalent to Conjecture 3. It would be inter-
esting to try to determine the number C(d) numerically, say by high temperature
expansions.

The renormalization group techniques give a partial answer to what this
number is: Assume there is a fixed point g* in the coupling of the renormalization
group transformation which describes the critical behaviour of the Ising model.
Then C(d) is of the form g* +o0(g*). Not surprisingly therefore C(d) is zero if this
fixed point is the Gaussian fixed point g*=0 [16].
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