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Abstract. It is shown that for a large class of interactions any canonical Gibbs
state satisfying a natural temperedness condition is a mixture of Gibbs states
with appropriate activities, and vice versa. Some general results on Gibbs
states and canonical Gibbs states are established. In particular, a differential
characterization of Gibbs states is given.

0. Introduction

A state of a many particle system is called a canonical or a (grand canonical)
Gibbs state® if its conditional probabilities in bounded volumes are given by the
canonical or grand canonical Gibbs distributions, respectively. While the Gibbs
states are easier to deal with, the natural candidates for the invariant states under
the motion of interacting particles are the canonical Gibbs states. This intuition
has been confirmed not only for lattice systems (see [15] and the references in [6])
but also for continuum systems — the relation between canonical Gibbs states
and the so-called classical KMS condition recently established -by Aizenmann,
Goldstein, and Lebowitz? (private communication) is a result in this spirit.

The first question concerning canonical Gibbs states is whether they are
mixtures of Gibbs states. For lattice systems an affirmative answer has been
given by Thompson, Logan, Shiga, and the author (see [6, 7, 15] and the references
there), and for continuum systems of independent particles by Nguyen and Zessin
[11]. In this paper we do the same for continuum systems of interacting particles.
The essential ideas are those of [7], but the technical details are rather different.

Now we describe the main result for the special case of shift invariant interac-
tions.

(0.1) Theorem. Suppose that the interaction is given by a translationally invariant
finite range potential of one of the following four types:
(PP) Positive pair potential.

1 Gibbs states are often called equilibrium states satisfying the DLR-equations.
2 Their interest in canonical Gibbs states for continuum systems stimulated the work presented here.
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(DP) Pair potential bounded from below and diverging at the origin faster than
|x| =9, where d is the dimension.

(CP) Hard core pair potential bounded from below.

(WR) The Widom-Rowlinson potential [16].

Suppose further that p is a canonical Gibbs state whose particle density is
almost surely finite or, in case (CP), strictly smaller than the density of the densiest
packing of the hard balls. Then u is a mixture of Gibbs states with respect to this
interaction and certain activities. The distribution of the activities is given by the
distribution under u of a certain function z(.) on the configuration space. Further-
more, under u the o-fields of the tail events and of the symmetric events almost
surely coincide.

The complete statement of the main theorem and related results are collected
in Section 5. The key result — the existence of the tail measurable activity indicating
function z(.) — is proved in Sections 6 and 7. Section 1 contains the set-up, nota-
tions, and a description of the interactions. In Sections 2 and 4 some fundamental
results on Gibbs states and canonical Gibbs states are established. In Section 3
we show that Gibbs states exhibit a characteristic behaviour if a particle is fixed
at a given site.

1. Preliminaries

1.1. The Particle Space. We denote by S the d-dimensional Euclidean space RY,
d=1, and by ¥ the o-field of Borel sets in S. Furthermore, let ¥ be the set of all
bounded Ae.%, and

L={Ak):k=1,2,..}
where
Ak)={x=(xq, ..., x)eS: x| k(1 Zi<d)}.

If A runs through a certain increasing cofinal subsequence of .#, we write A 1S,
and if 4 runs through the sequence %, we write 41 S.

We fix a certain Radon measure ¢ on (S, %) being atomless in the sense that
a({x})=0 for all xeS. The usual choice is 0 =1 where 1 denotes the Lebesgue
measure, at least in all cases where translation invariance is needed. Another
standard choice is o =e?/, where the measurable function x— ¢(x) has the inter-
pretation of a chemical potential. If we choose a(S\.S,)=0 for some Sy then
the actual particle space is S, (for barometric problems, e.g., let S, be the upper
halfspace). Sometimes we shall need the following condition on o

(S)  lim o(A(k+1))/a(4(k)=1

which is trivially satisfied if o= 1. Finally, we denote by .#, the set of all Ae ¥
with a(A4)>0.

1.2. The Configuration Space. We are interested in configurations w of in-
distinguishable particles in S which are locally finite, i.e, in every A€ ¥ there are
only finitely many particles. Thus we consider the configuration space

Q={wCS:w(A)<oo forall AeZ}
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where
w(A)=N(A)w)=card {xeA:xew} (Ae).

The latter expression defines a so-called counting measure, i.e., an integer-valued
Radon measure on (S, &), such that w({x})<1 for all xeS. Conversely, any such
counting measure defines a unique we Q. Hence we can represent a configuration
o equivalently in both ways, and notations as xew or [w(dx)f(x) are both
meaningful.

For any Ae %, N =0, let

Q%= {weQ:m(S\A)=0}
and
QA,N= {a)EQIa)(A)=N}, Qg’N=QA’NﬁQ91 .

Clearly, Q9 is isomorphic to the set of all locally finite subsets of A, and Q is
isomorphic to Q4 x Q9. 4. If weQ then w,=wnAeQ} denotes the restriction
of wto A. If {, weQ then {w={Uwe is their union. In particular, if {={x} we
write wx instead of w{x}. 0 denotes the empty configuration.

1.3. Events in Q. If Ae & let &, be the o-field in Q generated by the cylindric
sets Qp 4, k=0, AD Ve, and F =F;. Clearly, # =% ,® F5, 4. It is well-known
that there is a Polish topology on Q such that & is the Borel field with respect
to this topology, see [10], e.g. An essential role plays the tail field

Fo=[) Zsua-

Ae¥

If A€ # the o-field 4, of A-symmetric events is the o-field generated by the events
Q vnA (NEO,AEgS\A),
and the o-field of symmetric events is

b= %,.
Ae¥

14. States on Q. A probability measure p on (2, #) is called a state or a simple
point process. We .are concerned only with states being locally absolutely contin-
uous with respect to the Poisson point process = with intensity measure o. We
write u<v if u is absolutely continuous w.r. to v, and local absolute continuity
means that y<v on &, for all Ae.%. The Poisson point process n with intensity
measure o is defined by

7|QY N=e_”(A’—1—a(dx1)...a(de) [T 14x)
’ N! 1<isN

where N 20 and A€ #. Note that the right hand side is carried by Q) y since o is
atomless. An essential property of n is that if A€.# is the disjoint union of A,
and A, then n|Q4 =7|Q3, @n|QY,, that is, #,, and &, are independent under 7.

1.5. The Particle Interaction. An interaction potential is a measurable function
U on Q,=u{Q5:4e #} such that U(0)=0 and
(Ul) Stability. There is a constant B=0 such that U(w)= — Bw(S) for all weQ,.
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(U2) Finiteness. There is a norm ||.| on S such that {xeS:||x||<1} is convex,
and a constant r=0 such that U(w)< oo if and only if weQ, where Q,=
{weQ:|x—y||=rif x,yew and x+y}.

Clearly, Q,= Q. If r>0 then U is called a hard core potential, and the particles
are imagined to have the shape of a r/2—|.|-ball.

If =0 then we shall need for our main result that U is of finite range. For the
sake of simplicity, we shall suppose this property throughout the paper, ie.,
(U3) Finite Range. There is a constant R >0 such that for all weQ and all Ae ¥

such that wg 4€9, U(w,)— Ulwy, 4)=U(wz)— Ulws,) whenever AcCAe2.

Here A=A004, and 04 is the set of all xeS\ A whose Euclidean distance
from A is not greater than R.

Mostly we are concerned with pair potentials. U is called a pair potential if
there is a measurable symmetric function @ on S x S such that for all weQ,

Uw=3 Y Pxy).
x,yew,x¥y
& is assumed to have the properties
(P1) &(.,.)= —C for some constant C=0.

(P2) Foralla>r,sup |  o(dx)@,(x,y)<o0
yeS ||x—y||2a

where @, = max(®,0). Our main result shall be proved for the following four

types of potentials.

(PP) Positive Pair Potentials. ® < o0, i.e., r=0 in (U2), and C=0 in (P1), hence
B=0in (U1).

(DP) Divergent Pair Potentials. @ < o0, i.e.,, =0 in (U2), and there is a decreasing
function v on J0, R] such that &(x, y)=w(]x —y|) for all x= y and p(r)ri— oo
if r—03.

(CP) Hard Core Pair Potentials. r>0 in (U2), ie., &(x,y)=oc0 if and only if
x—yl<r.

(WR) Widom-Rowlinson Type Potentials. There is a measure 7 on (S,.%) such
that 1< c/ for some ¢>0, and a set 0e Ke.% such that

U(w)=r(U (K+x)>— Y (K+x)=0
where K+x={y+x:yeK}*.
It follows easily from (U3) that the potentials (PP), (CP), and (WR) are not
only stable but strongly stable in the sense that for all xeS and weQ,

Ux|w)= U(xa)(;-c}) - U(wﬁ(x}) =z—-B

for some constant B=0.

Sometimes we shall consider translationally invariant interactions. We shall
indicate this condition by writing (PP),, (DP),, (CP),, or (WR),, respectively.
Here 0 denotes the shift group (6,),.s acting on Q and defined by 6. w={x+y:
yew}.

3 This together with (U 3) implies (U1), see 3.2.8 in [13].
4 U satisfies (U3) with R=diam K.
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2. Gibbs States

In this and the following section we let 0 =0 be an arbitrary atomless measure
on (S, %) and U be an interaction potential satisfying (U1), (U2), (U3).

For any z>0 and Ae.% the Gibbs distribution in A with activity z and boundary
condition we is the probability measure on (2, %#,) defined by its Radon-
Nikodym density with respect to n|%,:

z _ Z 4z, )2 exp[— U 4w,4)]  if g\ 1€,
@1) fA(Clw)_{l otherwise

where the grand canonical partition function

e”(A)ZA(Z, )= ea(A)jn(dC)ZC(A) exp[— U(lw,,)]
© ZN _
= ¥ ] odx).oldxg exp[— Ul .. xyor ] z e
p AN

is finite due to (U1). We include the case z=0 by setting

Ui {(A)=0
I 2(“(0)_{0 otherwise .

The following consistency property is easily checked.

22) fillw) =f/zl(CICAwS\A)jn(da)fj(aACS\A‘w)
whenever ACAeZ,{, well.

If u is a measure on (2, %), define the measure ji on (2 x Q, # ® %) carried
by the diagonal by

[(4 x B)=w(AnB) (A, Be F)
or, equivalently,
23) HC)=p[weQ:(w,w)eC] (CeFQF).

(2.4) Definition. A state p is called a Gibbs state for the interaction U and the
activity z=0 if u(Q,)=1 and for any Ae ¥,

afijd(n @ w7 41 ® Fs\ 4((, w)=[fi(lw) for n@u—aa(l, w)

or, equivalently, for any Ae F#
2.5) ulAlFs\ 1= nd)f3L.)  n—as.
A

Of course, this definition of Gibbs states is nothing else than that by the so-
called DLR-equations.

We denote by ®(z) the convex set of all Gibbs states for z and U and by ex G(z)
the set of all extremal points of &(z).

(2.6) Remark. ®(0)= {¢,} where ¢, is the unit mass on the empty configuration
0. If U is of the form (PP)y, (DP)y, (CP)p, or (WR), then ®(z)+0 for any z>0.

Proof. The first statement is trivial. For the existence in the cases (CP), and
(DP), see [3,14,12]. The cases (WR), and (PP), can be handled by the methods

in[12]. 0O
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(2.7) Theorem. If ®(z)%@ then ex®(z)=*£0. ue®(z) is extremal in 6(z) if and
only if W(A)=0 or 1 for any Ae F .. Any pe ®(z) has a unique representation
p= [ vP*dv)
ex®(z)
by a probability measure P* on ex ®(z).

Proof. Let ®'(z) be the set of all states u with property (2.5). Since Q is a Polish
space and (2.5) defines a system of probability kernels IT, from (&, g, 4) to
(Q, F,), Ae ¥, which is consistent according to (2.2), we can apply the Martin-
Dynkin boundary construction in [5] leading to the results stated in the theorem
with ®(z) replaced by ®'(z). Thus it is enough to show that ex G(z)=ex ®'(z)n R
where R is the set of all states carried by Q,. But this is obvious. []

fVCdeZ let

28)  fEalw)=[n(der) f3(Cyors o)

be the probability density with respect to m of the restriction to %, of the Gibbs
distribution in 4 with boundary condition w.

(2.9) Corollary. If ucex ®(z) then for any sequence A1S in ¥, and any Ve %,
the following is true: For u—a.a.weQ the sequence fi,(.|w) converges m—a.s.
and in L (n)-norm to du/dn|Fy.

In other words: If 41S then for u—a.a.w the Gibbs distribution in 4 with
boundary condition w converges to p in the sense of the total variation norm on
any #,, Ve 4.

Proof. Observe first that for any ue (z)

dﬁ/d(”®/i)|gzv®?su(c’ )= f7llw)as.

Thus the martingale convergence theorem asserts that if 4 1S then f7 4(.|.) converges
a.s. and in L*-norm with respect to 7®u to a function fy(.|.) being measurable

with respect to #y, = (| Fy® Fg\ 4
Ae &
Now let peex ®(z). Then

(2100 ZFy =7, R{Q,0} nQ@u—as.

Indeed, trivially we have '>’. Conversely, if Ae %, , consider the cuts A,=
{weQ:({,w)eA}. By Fubini’s theorem, A,e#,, and the function {—u(4,) is
F,-measurable and takes only the values O or 1 according to (2.7). Thus again by
Fubini’s theorem it is seen that the set

B={({, w):u(4)=1}e 7, ®{Q, 0}
n® p-almost surely coincides with A.

Now we conclude from (2.10) that there is a ,-measurable function fy(.)
such that f,({|w)= f({) for n®@pu—a.a.({, w), and for any Ae %, we have

f nd) fy()=lim [ (@@ p)dl, do) f7 s(Clw) = (A x Q)= p(A)

ATS AxQ

Hence f), =du/dn|Zy.
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Finally, it follows from Fubini’s theorem that for u —a.a.c n[ 7 4(Jw)— fy 1=1,
and, since all these functions of { are probability densities, the a.s. convergence
implies norm convergence, see the proof of Korollar 20.5 in [1], eg. [

Let us conclude this section with a remark concerning the shift invariant case.
Let =7 and U(w)=U(0,w) for all weQ and xeS. Then the densities f3(.|.) are
also shift invariant, and we can conclude from [5] that Theorem (2.7) remains
valid if ®(z) is replaced by the set $,(z) of all translationally invariant Gibbs states
and % by the o-field of invariant sets. Thus the extreme points of G4(z) are
ergodic and limits of averaged Gibbs distributions in bounded volumes.

3. A Differential Characterization of Gibbs States

It is known that states for lattice systems are Gibbsian as soon as their one-point
conditional probabilities are given by the Gibbs distributions [2]. Here we prove
a similar result for continuum Gibbs states.

Let pt be a state. p is said to be a point process of first order if its intensity measure

o(D)=[udw)w(D)  (Ded)

exists, i.e., o(D)< oo if De #. Suppose that u is of first order. Then the Campbell
measure uc of u is the measure on (S x Q, ¥ ® &) defined by

pc(Dx A)= [ pdw)wo(D) (De¥, Ae F).

By desintegration of u. one obtains (see [8]) that for any xeS there is a prob-
ability measure p, on (R, #) such that

tie(D X A)=lf) edx)u(4) (DeS, Ae7F)

U, has to be imagined as the conditional probability with respect to u under the
condition that the site x is occupied. The following properties hold (see [8]):

(3.1) Forany geL'(uc)
[ducg = u(dw) [ w(dx)glx, w)=[o(dx) | p(dw)g(x, ») .
(32) Forgp—aa.xeS, ufweQ:xew]=1.
In particular, these facts hold for = and its intensity measure g.
(3.3) Lemma. Let Ve, and g be F,-measurable such that N(d)ge L'(r)
for any Ae ¥. Then for 6 —a.a.xeS
[m{dw)g(w)=[n(dw)g(wx).

Proof. This is a simple computation, see also [10]. [
For any xeS define the measure u? carried by {weQ:x ¢ w} via

(34) Jri(dw)g(w)= | pldo)glo\{x})

where g is any bounded % -measurable function. From (3.3) it is seen that for
g—a.a. x we have n°=mn. Since Gibbs states are conceived as locally modified
Poisson states, we can hope that Gibbs states can be identified by observing how
the measures u differ from u. Let U and ¢ be as in the preceding section.
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(3.5) Theorem. Let u be a state of first order. Then pue ®(z) if and only if
(@) uQ)=1,
(b) 0 <o with density r(.),
(c) K<y for g—a.a. xes,
(d) For c®@u—a.a. (x, )
0 if r(x)=0
r(x)dpg/du)w) if r(x)>0.
Proof. “only if”. (a) holds by definition. For (b) observe that for any Ve %, u<n

on #, with density f#= [ u(dw)f§(.|w). Thus we see from (3.1) that for all De %,
DcCV,

o(D)=[n(dw) fiw)w(D)= II) o(dx) fm(dw) f(e).

For the proof of (c) and (d) choose some Ae.#, and A and B from a countable
generator of &, and Fy, 4, respectively, and let A>De&. Then

lf) o(dx)r(x)uy(ANB) =lf) 0(dx) | p(dew)l 4 gl \{x})

= g (dw) lf) w(dx)1 4\ {x})= l{ plde) [ (d0) f3(Cleo) IS) C(dX)lA(C Nxh
= ,i Hdw) lf) o(dx) fn(dl) f3({x]w)1 4(C)

=£ M(dw)f1 m(d0) fA(C lw)zlf) o(dx) exp[ — U(x|{ 405, 4)]

= g Mdw)E,[1 42 [f) o(dx)e” "\ F s 41(@)

=[oldx) [ udw)ze V&
D

AnB

7o Uxlo) —

“if”. Fix some A€ %, and let g ,(0lw)=e"“Yu[Q, o|Fs 4](w). We show that

940lw)z"® exp[ — U(l jw;0)+ Ulw, )] if Wg\ €L,
1 otherwise

gA<C|w>={

is a version of dfi/d(n ® u)|F,® F\ (, w). To this end it is enough to show by
induction on N that for any #-measurable bounded function h carried by Q »
the equality

| idw)h(w) = | w(dw) f(d0)g 4(Llw)h(C g5, 4)
holds. For N =0 this is true by definition. If N >0 it suffices to consider functions
of the form h=1,15 where Be #5, , and

A=

J

B

Qv

J2 iy

i

1

for some measurable partition A4;U...u4, =4 and integers N;=0 such that
Y N;=N.Say, N;>0. Let
j

K
A1=Q4 N1 ﬂ QA,-,N,'
j=2
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Then

fu(dw)f (d0g allw)= j #da))—j (dx) j (d0)g ,({|w)ze = UEa@sn)

1/11

1
= | o(dx) N, £ (dew)l 4 (w)dps/du(w)

Ay

= [ oldv) Ni (10 0\ )= W) )0l )N, = AB). O

Ay

If u is a shift invariant point process of first order then u, =0 u, for g—a.a.
xeS, see [8], and p, is called the Palm measure of u. Furthermore, 9 =c4 for some
¢=0. Thus ue®,(z) if and only if either c=2z=0 or ¢>0, u(Q,)=1, uJ<u, and

dﬂo/du—~ oen,

4. Canonical Gibbs States

The canonical Gibbs states are defined by a very similar procedure as the Gibbs
states, but now the grand canonical Gibbs distributions are replaced by the
canonical ones. Let ¢ and U be as in Section 2. :

If Ae #, the canonical Gibbs distribution in A with boundary condition we
and particle number N =0 is the probability measure on (2, #,) whose Radon-
Nikodym density with respect to n|%, is

Zymo) texp[—U((y050)] if {A)=N and
nlaeQ, vy w5 4€2,]>0
@.1) fanClo)=11/n(Q,y) if {(A)=N and
nlaueQ, v 05 4€2,]=0
0 otherwise

where the canonical partition function is given by

eNZ  Mw)=e" [ a(dl) exp[— Ul 4054)]

Q4,N

N17 a(dx,)...o(dxy) exp[ — U(x;...Xyw;4)] -

The canonical Gibbs densities satisfy the following consistency properties.
(4.2) Remark. (a) Whenever ACA4e, a(A)>0, we, and N=0 then for

n—aa. (eQ

fA,N(ClCU)=fA,g(A)(aCACOS\A) j 7"3(d°‘)fA,N(OCACS\AICO) .

Q4,504

(b) For any Ae¥,, we, and z=0
fillo)=f1qallo) | nldo)fialw).

24,504)
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Proof. (b) is easy. In order to prove (a) it suffices to consider the case {(4)=N.
If nlaeQy y:a 05, 4€2,]=0 then by Fubini’s theorem for n—a.a. {eQ, y we have
[ BeQ ray:Palaaws 4€2,]1=0 so that the assertion reduces to

”(QA,g(A))_ lﬂ(QA,a;(A))/ﬂ(QA,N) =7(Q4n)" L

Now let n[aeQ, v ms ,€2,]1>0 and fix some n<N and (°€Qf , y_,. If
n[feQ,: P4 ws 4€2,1=0 then the integral on the right hand side vanishes,
and so does the left hand side for 7—a.a. { such that {,, =% In the remaining
case all terms are defined by the potentials, and the consistency follows from
(U3). O

Note that for any A€ %, the function
(& w)—*fA,wm)(Clw)

is measurable with respect to #,Q®% ,.
(4.3) Definition. A state pu on (Q, F) is called a canonical Gibbs state for the
interaction U if x(Q,)=1 and for all Ae ¥,

digfd(n @ WIF 4% 4({, @) =fA,w<A)(Clw) a.s.

The convex set of all canonical Gibbs states with fixed interaction U is denoted
by €. Since %, is generated by the sets of the form Q, ynB where N=0 and
Be Fy, 4, a state u belongs to € if and only if u(Q,)=1 and for all A€ Z,, N=0,
Be g\ 4, and Ae 7,

(44) in(dC) [ wdow) f4yClo)=mANBAQ, 5).

BF\QA’N
In particular, <7 on &, with density
@5) fHO=]do) f 4 0u(ll) .

Since B(0)={¢,}, the following proposition yields as a by-product that € 4,
moreover, that exEC=+0.

(4.6) Proposition. For all z=0, ue®(z) if and only if ne® and for all AcZ,,
N=0, and p—a.a.

(N + l)lu[QA,N-i- 1[fS\A](CU)=Q§ u[dilfsm](w)/fl O'(dx)ze_v(x'uwlm .

Proof. First, let ue ®(z) and Ae #,. Then for any Ae #,, Be Fg, 4, and N=0
we obtain from (4.2) (b)

[nd) | wdo)fanCle)

A BnQy, N

= [ m(d) g plde) fa,w(Cleo) | mlded) (o)

AnR4a N Q4N
=/1((AmQA,N) X B)=u(ANBNQ, y).

Hence ue@. The second property is trivial if z=0 and easily verified if z>0.
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Assume now that ue@ has the stated property. In order to show that ue ®(z)
it suffices to prove that if z>0 then for any Ae Z,, N=0, and n®@pu—a.a. ({, w)e
QyuxQ

eV fi{ (o) = f4(0f)ze Ve
where

Sillw)=di/d(r @ |7 4 ® F s\ 4({, )
=:u'[QA,Z(A)lg;S\A](w)fA,C(A)(Cla)) .

This is done by induction on N. N =0 holds by definition. For the step N->N +1
observe that a.s. on Q, . ; x Q, the left hand side equals

fA,N+ I(Cku) N_Z+1‘ . _( n(doz)e‘ U(w'M)fﬁ(oda)) y O’(dx)e—u(xla/lwd/l)

= [Olw)z"* 1fA,N+ 1(llw)Z 4 5+ 1(w)

=fz(0la))ZN+le_U(C"w‘M) .
The last equality holds a.s. since if wg, 4€€Q, then Z, . (w)=0 if and only if
U(lqw,g)=00forn—a.a.{eQ, v, ifandonlyifn[{eQ, v :{ 05 4€Q,]1=0. O

(4.7) Theorem. uecQ is extremal in € if and only if W(A)=0or 1 for any Ac9 .
Any ne® has a unique representation

pu= [ vP*dv)

ex@

by a probability measure P* on exC.

Proof. This statement fits into the setting of [5] just as Theorem (2.7). The
probability kernels P (w, A) from (2,% ) to (2, F#) are defined by

P (0, AnB)=140) [n(d0) f g 1 (llw) (A€ F 4, Be Fg\ )

and if ACAe Z, o(A)>0, it is easy to deduce from (4.2) (a) the consistency property
P,P,=P, or, more explicitly,

Py, AnBAC)= [ P (w,d))P ({, AnBAC)

whenever weQ, Ae#,, BeF, 4, CeFy 4 Thus (4.7) follows from [5] just as
27 0O
IfVcdeZ, let

(4.8) fVA,w(A)(CIw)z jn(da)fA,w(A)(Z:VaS\Vla))

be the probability density with respect to n|#, of the restriction to %, of the
canonical Gibbs distribution in 4 with boundary condition w and particle number
w(A).

(4.9) Corollary. If pcexQ then for any sequence A1S in £, and any Ve ¥,
the following statement holds: For p—a.a. o the sequence fy 4 ,u(-lw) converges
to ft=du/dn|F, n—a.s. and in L*(m)-norm.
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In other words: Any extremal canonical Gibbs state is the limit of canonical
Gibbs distributions in 4 with pure boundary condition w and particle number
w(4) in the sense of the total variation norm on any &, Ve %. w can be chosen
from a set of measure one.

Proof. Obviously,

Iva,om(llw)=dp/dm® w|F, @Y A, w)

so that the same arguments apply as in the proof of (2.9). [

In the shift invariant case one obtains from [5] that the extremal points of
the set €, of all shift invariant canonical Gibbs states are just the ergodic states
in €y, and these are limits of averaged canonical Gibbs distributions in bounded
volumes.

5. The Activity Indicating Function

Let ¢ be an atomless Radon measure on (S, %) and U an interaction energy

satisfying the following condition.

(A) o is infinite®, and one of the following assumptions holds.

(A1) Either U=0 or U is of type (WR). In the latter case, o <cl for some ¢>0.

(A2) U has the form (PP) or (DP), and ¢ has property (S) and satisfies the inequality
g =ch for some c¢>0.

(A3) U is given by (CP), and there is a nice subset Sy of S (e.g., So=S or a half-
space) and constants c, ¢’ >0 such that ¢’ A<c<cl on S, and o(S\Sy)=0°.

Furthermore, we introduce a certain temperedness condition for states’. Let

H(w) = lim sup w(4)/a(A4)
ats

be the (upper) particle density of w, to=o00, and for r>0 t,=sup {t{w):weQ,,
w(S\S;)=0}. Define

T={weQ, :t(w)<t,}

where r is chosen according to property (U2). We call a state tempered and write
ueTif W(T)=1.

We are going to identify any ue €nT as a mixture of Gibbs states. Obviously,
we have

(5.1) Remark. ex(€nT)=(exC)NT.

If U=0 then €CZT, see [11]. For any {,weQ and Ve & let

ZA\V,w(A)—c(V)— 1(€VCUS\V)

lim sup
418 NV, w0(d)— g(V)(CVCUS\V)

if {,eQ, and eventually wg, 4€Q,, w(4)>{(V) and the
denominator >0

(52) zp(llw)=

0 otherwise

See [7] for a discussion why this is necessary.
This implies condition (S).

7 A similar condition has been used in [14].
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and

(5.3) z(w)=lim supzy(w|w)e[0, o] .
ats

Since U has finite range, the function z(.) is measurable with respect to the g-field
generated by &, and the set Q,. We shall see that for any tempered canonical
Gibbs state the activity distribution is given by the distribution of z(.). In view
of the Legendre relation between the canonical and the grand canonical pressure
the following remark illustrates why z(.) is a good candidate for the activity.

(5.4) Remark. Let 6=4 and U =0 or of type (DP), or (CP),. Then for any
we Twe have

) 0
- OgZ(w)—a—Qg(t(w), U)

where ¢(o, U) is the specific Helmholtz free energy per volume. In particular,
z()|T is shift invariant.

Proof. A theorem by Dobrushin and Minlos [4] asserts that in the cases
(DP), and (CP), for any Ve &

ZA\V,w(A\V)(CU) _)_a_

logZA\V,w(A\V)—l(CO) a oo, U)

whenever 4 runs through a subsequence of . such that w(4)/A(4)—o. Actually,

they do not include a boundary condition, but to do so is no problem in the case

(CP)y, and for the case (DP), cf. Lemma (6.6) below. If U =0, this result is an easy

computation. Now the remark follows from the concavity of the function g(.,U). [
Sections 6 and 7 are devoted to the proof of the following key result.

(5.5) Proposition. Let pcex®nI. Then there is an activity ze[0, o[ such that
ulz()=z]=1 and peex®(z)nI.

Now the same argument as in [7] shows
(5.6) Theorem. exCnIT= (] exG(z)nT.

0Lz w

If U=0 we can forget about the temperedness, and € is the set of all states
with the property that if you know that N particles are in some Ae.Z,, then these
particles are independently distributed according to o(.|4). Furthermore, ®(z)
then consists just of the Poisson point process with intensity measure zg. Thus
Theorem (5.6) yields a characterization of the mixed Poisson point processes for o
by the property defining €. This is a continuum analogue of de Finetti’s theorem.

A convenient special formulation of Theorem (5.6) is given in

(5.7) Remark. If G(z)nT = {v*} for all z=0 then any ue €T has a representa-
tion

p= [ vP"dz)

[0, o0

where P* is the distribution of z(.) under pu.

As in [7] now one derives the following characterization of tempered Gibbs
states in the class of tempered canonical Gibbs states.
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(5.8) Theorem. For any z=0, ue ®(z)nI if and only if neC®€nT and u[z(.)=
z]=1.

Theorem (5.8) expresses in a certain sense the equivalence of ensembles.
This becomes more clear in part (a) of the following corollary concerning the
shift invariant case.

(5.9) Corollary.(a) In the situation of remark (5.4) the following statement holds

for any z=0:ue®(z)nT if and only if ueC and a—ig(t(.), U)=—logz p—a.s.

(b) Whenever z(.)|T is shift invariant, in particular, if the statement of (5.4) is
valid, we have

exCnT= | exG4z)nT.
0<zsow
Proof. (a) follows from (5.8) and (5.4) since 5% glo, U)> — oo only if g <t,.

(b) follows from (5.8) because any peex@, is ergodic. []
It is an interesting consequence of Theorem (5.6) that tempered canonical
Gibbs states are Gibbs states in a certain sense.

(5.10) Proposition. A state ueT belongs to € if and only if for all Ae %,
df/d(n @ )| 74 @ F 5, 4L, 0) = f5(|w) as.

Proof. Denote by D the convex set of all states u with this property. Then
DCC by the same argument as in the first part of the proof of (4.6). On the other
hand, it follows from (5.5) that ex€ENT CD, hence by (4.7) EnTCD. [

As in [7] we now obtain

(5.11) Theorem. For any ue€nZ, 4 =% p—a.s.

6. Some Estimates

In this section we prepare the proof of Proposition (5.5) by some estimates most
of which are modifications of results of Dobrushin and Minlos [4]®. We shall
assume throughout that condition (A) is satisfied.

We consider the non-normalized partition functions

(6.1) Qunlw)=N! ea(A)ZA,N(w)
= jNo(dxl)...a(de) exp[ — U(x; ... Xxwy4)]

where 4e L, wg 4€£,,and N =0.

8 Qur estimates here probably are not the best possible. An extension to a larger class of inter-
actions automatically extends the range of validity of Theorem (5.6).
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(6.2) Lemma. For all t<t, there is a constant K(t)>0 such that for any sequence
(Nis1 with the property lil‘llcl_)Soélp N, jo(4(k)<t, any sequence (wy),>; in Q,, all

Ve P, and sufficiently large A,= A(k)\V
Qs e +1(00)/Q g wwi) Z K(t) o(4y) .

Proof. Just as in [4] we have only to show that if k is large, (e ng, N> (0514, E€2,5
and {(S\S,)=0

(63) | oldx)exp[ — U(x|{zy,)] 2 K(D)o(4))

Ak

for some K(t)>0. In case (Al) this is trivial since then U(x|.)<0.
Consider now the case (A3). Choose some 6 <t,—t. Write 4 instead of 4,nS|,
and let

A ={xed:|x—y|>r forall ye(}
and M =max N(4)(2,)— N,. Then there is some 0e Q5 ;,nQ, such that
A(A(c»zz(u {ved: ny—xngr}>.

Xea

Hence, if 4 is large enough,
a(4A(0))/a(4) = c'v,kM [o(4) = c'v,1c0 =4D

where v,=A[yeS: |y||<r] and x is the minimal fraction of this volume within a
large cube containing the origin. Now choose a >r so small that (t + ) c(v,—v,) <D
and k so large that N,/o(4)<t+6 and o((4A\4([k—R]))udV)< Da(4). Then the
set

A,0)={xeA((k—=R)\V: |x—y|za forall yel}

satisfies the inequality
(64) o(4,0)=2Do(4).
Furthermore, we have due to (P2), (P1), and (U3)
[ o(dx)|U(x|{wsi)I< Y [ o(dx)o(x y)

4a(8) el |lx—y||za

SNK,S0(4)(t+9)K,=Ea(4).
Thus we obtain from (6.4) and Cebyshev’s inequality
o[xed: Ux|{ws )< E/D]
Z0(4,(0)—olxed,(): Ulx|{ws 4)> E/D] = Do(4)

proving (6.3) with K(t)=D exp[— E/D].
In the case (A2) the same argument simplifies since we can choose D=1/4. []

(6.5) Corollary. For any we T and (e Q,

sup z,({|w)< 0.
VeZ
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Proof. We can assume that {eQ, and w(S)>{(V) for any VeZ. Fix some V
and let Ny =max(0, w(4(k))—{(V)—1) and w,={,wg 44 Then

lim sup N, /o(4(k))=t(w) <t,,
k— o0
and

2y(lleo) = lim sup N+ 1) 24242 0k, 0

k= O pp Ny 1(@p)

(6.6) Lemma. If U is of type (DP) then for all weT and v>0 there are con-
stants D < o0, 6 <0 such that for any cube A with (A)=v, all | =0, and sufficiently
large 4e &

j n(d{) fA,w(A)(CIw) = De™%" 5

(N zD

Proof. Essentially this is Theorem 3 in [4]. We indicate some modifications
of the proof.

1. Let C be as in (P1) and H=C2R*124R +1)”. Determine some aec]0, 1[
such that 1/a is an integer and

Y ri=8Hd"? if r<ad'?.
Then if x, y belong to a cube of vertex length a,

P(x, y)=28H /v

where v=a“ is the volume of the cube.
2. Divide S in cubic cells of vertex length a. We denote cells as well as their
center by y. Let I' be the set of cells in 4. If x=(x,, ..., x,)eS let |x|]= max |x;)-

Define
O(y,))= _inf & _(x,x).
xey,x'ey
Then since @ has range R we have for any cell y

202" M= —Hfo.
<

3. Choose Ael. Then l,= sup w(y)2~ "4 <oo. Indeed, suppose that there
v
is a sequence y; such that [y,|Too and w(y;)2” "1 >1. Let k; be the smallest integer
2(1+[y{). Then
o(A(ky)/o(A(k)) Z o(y) (c MA(k)) = % 2M1(2k) =00

in contradiction to the assumption t(w)< 0.
4. Fix some [=1,. For any GCTI let (G)= (] y, /(G)={neZ :n(y)= 12"~ 11}
and 7eG

AG,n)={leQf o l)=n() if yeG y)<I2"4 if y¢G}.
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Then the event {N(A)=1[} is the disjoint union of the events A(G,n), AcGCI,
ne N(G).
5. In order to estimate

(6.7) j. n(d{) fA,m{A)(Clw)

A(G,n)

we write for any (e oy With {5 4= g4

Ulaz Y UL+ Ulne)+ X _)Ne0.7).

veG yeG,y'c4
The last sum has the lower bound
2H
— ==Y )?.
v veG

This follows from 2. and 3. by similar estimates as in [4]. Combined with 1.
and Lemma (6.2) we then obtain by the arguments in [4] for (6.7) an upper bound
of the form

exp [——6 Y n(y)z}

veG

where 6>0. This proves the Lemma via the same reasoning as in [4]. []
Now we show that extremal tempered canonical Gibbs states are of first
order. It is clear that extremality is necessary. As an example take the canonical

Gibbs state | ,v(dz) for the potential U=0 where v is a probability measure with
0

infinite expectation and 7, the Poisson state with intensity measure zo.

(6.8) Proposition. Any ucex®nI is of first order, ie., its intensity measure
o= [ pdo)o(d)  (1e¥)
is finite if AeZ.

Proof. The assertion is trivial in the case (A3). Consider now the cases (A1)
and (A2) (PP) in which the potential is strongly stable. Then for any Ae %, suf-
ficiently large 4%, and we T we have with the abbreviation N =w(4)

j n(d8) {(A) fA,w(A)(Clw)

=(e /N Ajzv o(dx,)...o(dxy) i La(x) fan(xy...xy|w)

i=1

=0 n)” 'N ANLI o(dxy)...o(dxy 1) exp[ — U(x;... Xy 1054)]

£ o(dx) exp[ — U(x|x;...Xy - 1 054)]

<o(A)e’NQ, ~-1(@)/Q 4 M)
<a(A)ePK(t(w)) " w(4)/o(4)
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the last inequality being a consequence of (6.2). In the case (A2) (DP) it follows from
(6.6) that

[ 7D LA fs o (DD e < oo
1=1

Now we see from (4.9) and Fatou’s lemma that for some we T
J wd) ()= [ 7(dD) LA lim [ oa(E )
< tim inf § 7(d0) {(4) fi afCl0) <0 . O

7. Investigation of Extremal Tempered Canonical Gibbs States

Suppose that condition (A) holds, and fix some peex€nIT. Consider its intensity
measure ¢ on (S, %) which is a Radon measure due to (6.8). Furthermore, remind
that for any Ve, u<rn on &, with density (4.5). Then it is seen just as in (3.5)
that p<o. We denote the density which is the first correlation function of u
by r(.). In order to be complete and to simplify the reasoning below we show

(7.1) Proposition. Either ¢=0 or g~o.
Proof. Suppose that ¢(S)>0. Then IAI?SI WANQ o) =pulw: w(S)=1]=2a>0.

Choose 4, such that if 4D 4, then u(Q\Q, o)=a. Then in the case (A3) the tem-
peredness of u guarantees that there is some 6>0 and 4, D 4, such that u[N(4)/
o(A)=(t,—0)(1—0) for all 4,CAe#¥]=1~a/2. Thus we can find arbitrarily
large Ae ¥ such that p(A,)=a/2 >0, where

Ay=(Q\Q, 0)N{N(4) = (1 - ) maxN(4NSy) (2,)}e%, .
Now for any De.¥, DC 4 we have
UIND)>0]1Z | udw) | 2(dD) f1waflw).

{N(D)> 0}

But for sufficiently large 4 and we A, the w(4) hard balls in 4 can move rather
freely, that is, if (D) >0 at least one of them will be able to occupy D, i.e., the inner
integral on the right is positive. Since (A 4) >0 this proves that o(D)> 0. In the cases
(A1) and (A2) the integral on the right is trivially positive for all 4>4,. [

If ¢=0 then p=¢,. Furthermore, z(.)=0 ¢, —a.s. Thus Proposition (5.5) is
true in this case. Hence we shall suppose now that p=¢,. Then 0<r(x)< oo
for c—a.a.xeS.

(7.2) Proposition. u[weQ:w(S)=w0]=1.

Proof. Since {N(S)=o0}e%, this event has measure 0 or 1. Assume that
U[N(S)< oo]=1. Then there is some integer N such that u[ N(S)=N]=1 because
these events are symmetric, too. u=¢, implies N=1. Fix some Ve.#,. Then
obviously u[N(V)>N]=0. Fix some w for which w(S)=N and ldlgsl Svawallo)=

fI m—as. In particular, f(0)= 1Al£l’sl fva.wwn(0lw). Thus for any 0=n<N and



Canonical Gibbs States 49

n—a.a.{eQy y_, we have
SHOVTHO= Tim fy4 (010) fra, w(L10)

[ a(dx,)...o(dxy)e” V&)

= fl lim @\
N! ats I O'(dxl)...O'(dxn)e_U(CVM...xn)
a\wn
n! . - o
2 NI inf VD=V Tim inf 0,41 x(0)/Qy(0)
*LS)=N—nn(S)=n,aef, AAS

The infimum is positive, and according to (6.2) the liminf is infinite. Hence
#=0a.s. on {N(V)>0} for any V and thereby u=¢,. [

In order to show that ue ®(z) for some z>0 we intend to apply Theorem (3.5).
Thus we have to identify the function z(.)e U*l/r(x) as the Radon-Nikodym
derivative dul/du.

Fix some A€ ¥, .z(.].) is defined by (5.2).

(7.3) Lemma. Let VeZ,, VO A.
(a) For c®@n®@ u-almost all (x, {, w)eAx Q x Q2

JrCx)=zy({lo)exp[ - U(x|{)] A0
(b) For o® u-almost all (x, w)e A x Q
fHox)/fHw)=zy(@|w)e ")

Proof. “(a)” Observe that due to (4.9), (6.5), and (7.2) the right-hand side for
all xeA and n®u-a.a. ({, w)eQ x T is the limit of

Z p\v oty -ty - 1(Eygyy)
Z\ ,w(4) = L(V) \ e U(x|lv) fVA,w(A)((lw)
A\V,co(A)—{(V)(CV(DS\V)

if {ye 2, and vanishes otherwise. But if we T then for sufficiently large 4 the first
case in (4.1) occurs, and if 4DV D A then there is no interaction between A and
A\V. Thus the expression above equals

v a,0)(Ex|w)
for large 4 and x¢{ which happens for 7—a.a. {. But this expression converges
o@n@u-almost surely to the lefthand side of (a). Indeed, from (3.3) and Fubini’s
theorem we deduce

[ o(@x) @ UL, @) fira,waCX1w) = fHEX)]

A

= /jta'(dx)fﬂ(da’) nx[fVA,w(A)("w)_'f#]

= [ udo) [ d0) Ly, , i i O LA)=0(A).

“(b)” Since f<n®u on F,®%, by definition of canonical Gibbs states, we may
replace in (a) n®u by fi. But due to (2.3) this is nothing else than (b). Note that
fF>0 p—as. O
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(7.4) Lemma. Let Ve £, VO A.Then for 6—a.a. xe A p < uon %, with density
JarQ)=r(x)"" zy((|o) exp[— U(x|{y)]
where we T is a fixed configuration.

Proof. For all De %, DCV, and all A belonging to a countable generator of 7,
we obtain from (3.1) and (3.3)

lf) o(dx)r(x) ui(A) = If) o(dx) f u(d0) 1 (C\{x})
=] n(dC)g) {dx) 1L\ {x}) [0 = {) a(dx) | m(d{) fH(Lx).

Thus for ¢—a.a. x we have 1 <n on %, with density f%((x)/r(x). But (6.5) and
(7.3) (a) imply that f#(¢x)=0 for t—a.a. (e {f#=0}. This proves that 1 <y on %,
with density fH({x)/(fH(Q)r(x)). Now apply again (7.3) (a) and the fact that
wT)=1. O

The proof of Proposition (5.5) is completed by (3.5), (7.1), and

(7.5) Proposition. For o —a.a. xe S, p° <u with density
A fdp=r(x)~"ze~ )
where the constant z>0 is determined by the property pu[z(.)=z]=1.

Proof. We have to extend the local absolute continuity established in (7.4)
to a global one. A simple argument (see [9], Lemma 2.1) shows that a sufficient
condition is

: 0 T 0__
hrrl}issup du,/du|F, <o u;—as.
Thus we have to show that for any given A€ ¥, and 0 —a.a.xeA
: 0 0o_
llrrl}iss}lp fey <o  up—as.
Note that for 6 —a.a. xe A p2[{eQ:{xeQ,]=1 since
o= | udw)o(A)= | o(dx) | p2(d0)1g,(Lx) .
2, A

Thus for u? —a.a. { the factor exp[ — U(x|{)] is well-defined and finite and equals
exp[ — U(x|¢{y)] if VDA, Thus it follows from (6.5) that u°<u for c—a.a. xeS.

Now recall (7.4) and (7.3) (b) and use the martingale convergence theorem in
order to see that

(dp/dp) (@)= lim r(x) ™" zy(w|w)e "1

=r(x)" ! z(w)e V¥

for p—a.a. we Q. But now (4.7) implies that z(.)=z u—a.s. for some z=>0. But z=0
would imply that u=¢,. [
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