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Abstract. Some properties of the transfer-matrix for a one-dimensional clas-
sical lattice-gas with exponential-polynomial pair interactions are studied
using Hubert space techniques.

I. Introduction and Statement of Results

We are concerned here with the statistical mechanics of a classical, one-dimen-
sional lattice-gas, or equivalently of a spin system with exponentially decreasing
pair interactions of the type

t (1.1)
i = 0

as well as potentials which are a finite sum of decreasing exponentials,

Ψi(n)= ΣCM (0<λ<l) (1.2)

potential (1.1) will be termed exponential-polynomial type. Ruelle [ I ] 1 has
established the absence of phase transitions in one-dimensional systems with
translationally invariant two-body interactions that satisfy the condition

Σ*WO,OI<oo (1.3)
ieIN

where N is the set of all integers > 0.

* Permanent address: Department of Physics, Simon Fraser University, Burnaby 2, British Colum-
bia, Canada.
1 Ruelle's results actually extend to many-body translationally invariant interactions which satisfy
the following criterion

Σ Σ i/l9 ( ί + 1 )(0,ii,i2,...,
/ > 0 0 < i i < i 2 < . . . <i[

where φ{l+ υ is the (/ +1) body potential.
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Furthermore Ruelle [1] has shown that the study of the statistical mechanics
of one-dimensional lattice systems that satisfy (1.3) is greatly simplified by intro-
ducing the following operator ££ on the space C(K+) of functions continuous on
X+ = [0, I ] * . TIfeC(K+\ xeK+; i.e., x={xi}ie1s:

- £ xtφ(ΐj\ f(l, x). (1.4)
iεlN /

The operator if defined above is continuous but not compact. In order to intro-
duce a compact operator one proceeds as follows [2]. One first notes that in [1],
one utilizes the Banach space character of C(K+) which contains the functions
if"t, neN. However, i f n t is an entire function of £ X;φ(0 This suggests that

ΐeIN

we consider changing to a variable z(x) defined by
00

z(χ)= £ xkλ
k; x={xk}ke^

κ + (1-5)
fc=l

Let D be a closed disk with center at the origin and of radius R>λ/(l — λ). Let,
further,

Aλ(D) = (f:feC(K+), f(z)

where φ(z) is an analytic function in a circle of radius \z\<R such that, if φ(z) =
GO 00

£ Cπz", then £ Λ2"|CJ2< oo. Then the restriction &D of the operator if acting
ιi = O n = l

on v4A(D) can be seen to be defined by

&Dφ(z) = φ(λz) + γ exp(-cz)φ(λ + λz). (1.6)

Proposition 1. £PDAλ(D)CAλ(D).

The proof follows immediately from the above definition.

Definition. Define on Λλ(D) a scalar product

<f\g>= ΣR2nCnyn
n = 0

where f(z) = YjCnZ
n and g(z)=Yjynz

n. Then Aλ(D) becomes a Hubert space
jtf(D). Ferrero [2] has shown that, provided 0<λ< 1/2, JS? in (1.6) is compact. It
is not necessary in what follows to restrict λ<ί/2. We shall require only that
O<Λ<1. In this article we establish some further properties of if and elucidate
its connection with the transfer matrix. In particular we establish the following
theorems.

Theorem 1. The operator ^ in (1.6) is a trace-class operator ViV^l, and its
largest eigenvalue coincides with the largest eigenvalue of J£N on C(K+) (which is
unique and positive).

Corollary 1. The principal eigenvector of ££ is of the form h(x) = φ(z(x)\ where
φ(z) is an entire function of z.

Corollary 2. The largest eigenvalue of 5£ on C(K+) depends analytically on y
in the neighborhood of y real.
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In what follows we drop the suffix D on the operator 5£Ό.

Theorem 2. Tr(JS?N) is, up to a multiplicative constant (ί—λN), the partition
function QN for a one-dimensional lattice-gas containing N-sites interacting through
a pair potential

φ(n) = cλn (1.7)

with periodic boundary conditions.

By this we mean: A given site i(0^ί^N) interacts with all the sites of Έ to
its right. (Έ= the set of integers ^0.) The occupation xt for i*zN is determined by

Xi+N = *i (! 8)

where

Ό if site i is empty

1 if site i is occupied. (1.9)

Theorem 3. We form the function

Ξ(z)=exp Σ(ZN/N)QN) (1.10)
\N=1 /

where

Then Ξ(z), which is analytic in the neighborhood of z = 0, extends by analytic con-
tinuation to a meromorphic function in the entire z-plane.

In Section III, we extend our results to systems with exponential-polynomial
interactions of the form (1.1). The operator i f now acts on a Hilbert-space Jf(D)
of functions of (p+ 1) complex variables, holomorphic on open polydisc D(p+ιy

£?f{z) = f{λAz) + y exp(-£.z)f{λ{Az + I)) (1.12)

where

z = (1.13a)

(1.13b)

= 0 otherwise I
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i.e. A is a (p+1) x (p+ 1) triangular matrix.

P

and c°z= Σ cizi (1.13c)
i = 0

Finally we indicate how some obvious generalizations can be made to systems
with pair-interactions of the form 1.2.

II. Proof of Theorems 1-3

Lemma 1. The operator i f defined in (1.6) admits the following representation.

z = Σ Σ WΨPXΨW }** (2 i)
x = O , l w = 0

where

\φWy = γx

e-
χczzn (2.2)

T;V. (2.3)

Note that {φί,0)}n>0 is a complete orthonormal basis in J^(D). Furthermore
<v4x)l/>^* is a linear functional in the dual J f * of J^(D) and hence it follows
from Riesz' theorem that there exists a unique ξneJΊf(D) such that

and that

Ĥ CxOll II τn\\

Proof of Lemma ί. Let f{z)e^f(D). Then

|φ? )><φ? )l/>^

ΛV/"(0)/w! + y X e-"(Az)"/

. (2.5)

Proof of Theorem i. Recall [3,4] that an operator A is of trace class if and
only if

Tr[i4]<oo (2.6)

where \_A~\ = + }/A*A.
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Now by Riesz' theorem, !£ can be written as

Denote Tr [JS?] by τ(Jδ?), then

— Z A WΨ ll

The following estimates are easily verified.

substituting these estimates in (2.8) one finds that

τ(J?)SV(l-λ){l+Ryexp(C2R2/2)/(R-λ/(l-λ))}

provided R>λ/(l—λ). This is precisely the restriction we had imposed on the
radius R of the disk at the beginning. Compactness of i f follows at once as a
corollary of Theorem 1.

Proposition 2.

Tri?=l/(l-λ) j l + yexpί-c f λn)\ . (2.10)

Remark. (1 — λ) Tr if can be interpreted as the partition function for a system
with one site (site 1) interacting with all other sites n^ί to the right with the
pair potential (1.7) and x1+n = xn. For all n^l.

Proof. Choose an orthonormal basis {xn} in J f (D). Then

TrJ2?=Σ<x l l |Jίf|x l l> (2.11a)

m,x d°D
e " xcz • zm(z ~ λx) ~(m + "dz/2πi (2.11 c)

D

-^) § e-χc2{z~λx/{l-λ)yίdzl2πi (2.11 d)

+ yexp-ίc|λ"jl. (2.1 le)

(2.lid) follows from the fact that £(Az/(z — l))m is uniformly convergent for



136 K. S. Viswanathan

Proof of Theorem 2.

= Σ Σ
{Xι} {tit) ί

nN-ί \ΨnN

ΣW") § Π(
{«,} i d0D k=l

•(2πiΓNexp(-c £ xk+1zk) (\ ( z j - ' / Π (

(2.12a)

(2.12b)

Γ + 1 . (2.12c))
fe=1 / fc=l

In above if0 is that part of JSf that corresponds to x = 0 in (2.1) and ifL is the
part with x=ί.

Xk+N = *k and nk+N = nk. (2.13)

In (2.12 c) 30D is the distinguished boundary of DN; i.e.

d0D = δoDi x 3OD2 x ... x ^QDJV .

The JV-fold summation is uniformly convergent if λ\zk\<\zk+1 — λ\(k=U...,N)
and in particular if the radii Rk of d0Dk are all equal and such that Rk=R0>

CoD k

Define a new variable

Zk+l-Zk = Wk+l W i t h

+ l Z Ί l

1 N

/Π(**
k= 1

In matrix notation (2.15) reads

AZ=W

where
N Columns

A =

1 0 . . .
- 1 1 0 .

0 . . .

Inverting (2.16) we get
N

Π(*'J= 1/(1-AΌΠ *

-λ~

0

-λ 1_

- k

1 Z(or
Pi

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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Inserting (18) and (19) into (2.14), one gets

I k = l

Clearly, if \zk\ > (V/c), on applying Cauchy's theorem we pick up the con-
(1 —A)

tribution from the poles at wk=λxkVk, and we obtain the following.

H X xk+1 £ λ^^Δ (2.21a)
{Xi}\ k I \ k=l t = l /

( ) exp(-c Σ **+i Σ **+i Σ A(N1+N" i+1)). (2.21b)
{Xi}\ k J \ k=ί 1=1 1 = 0 I

Let k+i (modA^s, (O^kJ^N) and N+l — ί = t. Imposing the condition
xi + N = xt (OSi^N) we can write (2.21b) as

^ ( ) ( 2 . 2 2 )
s = l ί = l /

Thus T r ^ N is (1 —AN) times the partition function for a lattice gas of N sites
subject to the boundary conditions imposed earlier.

Proof of Theorem 3. From (1.10) and (1.11) it follows that

( χ ) ( ) Σ ^ ) (2.23)
\N =1 {k} I

where {λk} are the eigenvalues of if repeated according to their multiplicity. For
convenience we assume that the set {λk} is ordered, i.e. λ0 ̂  λ x ̂  λ2 ̂ . . . ^ λk ^ . . . .
From the compactness of i f it follows that λk->0 as /c-»oo. Performing the sum
over JV, we obtain, provided that |z |<l/ |2 0 | , the following

Ξ(z)= exp/χ{ln(l-^z)-ln(l-4z)}\ (2.24a)

= \\{\-λλkz)iγ\{l-λkz) (2.24b)
{k} I {/c}

= f(λz)/f(z). (2.24c)

The infinite products in (2.24 b) are convergent on any compact domain of the
complex plane and thus define in (2.24 c) a ratio of two entire functions of z.
Thus Ξ(z) which is analytic in a small neighborhood of z, extends by analytic
continuation into a meromorphic function in the entire complex plane.
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So far we have used the lattice-gas language. To translate it into the spin
language we only need to redefine ££ as follows

JSf+/(z)= exp(cz)f(-λ + λz) (2.25)

jSP_/(z)= Gxp(-cz)f(λ + λz).

Then all the results in this section are valid and in particular

cΣσ,.f>ί + A (2.26)
{σt=±l} \ ί = 0 1=1 I

III. Exponential-Polynomial Interactions

We briefly indicate how the above analysis can be carried over to accomodate
potentials of the form (1.1);

P

ί = 0

Ferrero [2] has shown that the operator i£ defined in (1.12) is again compact.
Proposition3. The operator <£ defined in (1.12), acting on a Hubert space

2tf (D) of functions of (p+ΐ) variables, holomorphic on an open polydisk D, admits
the following representation

eSf= ^ Y[ (λHί) Σ \ψ[n\y (ψ\n\\ •••X?f* (3-1)

where
p

\φ^) = Qχp( — xcoz) Y[ (AZ)"1 (3.2a)
i = 0

and

d0D i = 0 I i=0

(See Section 1 for notations.) We have dropped the factor γ in (3.2a) as this can
easily be incorporated in the end if one wishes.

Proof The representation (3.1) is an obvious generalization of Lemma 1 to
p + 1 complex variables.

Tr JS? and TrifN can be calculated in a manner analogous to the calculations
in Section 2. However there are some important differences in the convergence
arguments. This is best illustrated by calculating Trif. From (3.1) and (3.2), it
follows that

P

9= Σ Σ Π (^"O^ίίal^ίίί})^* (3.3 a)

P

{nt} (x) i = 0

•exp(-xtwi)ln(zi-te)int+1) ( 3 3 b )
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Now the series

Σ

139

are uniformly convergent provided that

\ijZj/(z^λx) <ί/λ (ί = 0 , l , . . . ,

This is accomplished if one chooses the radii R(Q\ R{X\...,R{X) of the polydisk
.d0D

{x) = d0D$} x ... x dQDf such that Rf >R{xl1>...>R$] and

i- ί / \ -\

(3.4)

(3-5)

Thus for x = 0 one chooses the radii R\0) in (3.3 b) such that

Σ >j

and for x = 1

(3.6)

Now the summation and integration can be interchanged and we obtain for

(x) δ0D(χ) α = 0 \ i

Let

tjZj ( i = 0 , l , . . . , p ) .

(3.7)

(3.8)

(3.9)

( 3 1 0 )

(3.11)

Clearly det B = (l-λ)p+1 and JB is again triangular matrix. The Jacobian of the
transformation is easily seen to be (1— λ)~ip+1\ Applying Cauchy's theorem to
(3.7), the only contribution comes from the point W = λl. Hence

(3.12)

In matrix form

W = (ί-λA)z.

Since (1 — λA) is non-singular, we can invert (3.9) to obtain

Z,=ΣBVWJ

j

where

(X)

(X) M = 0
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Now

CA"I= Σ Σ

 c^%

ί = 0 7=0

= ΔJ L Σ L CΛikΛkik2" ^kn-ιj

(3.13)

- Σ λ " Σ c χ f . (3.14)
n = l α=0 /J

Similarly one can calculate T r i ? N and one finds the following

N oo P \

^ ς / X « + HΛ ) CM \ . (3.15)

s= 1 «= 1 α=0 /

One constructs Ξ(z) analogous to (1.10)

S(z)=exp(
\N= ]

= exp Σ ẑ /iV Σ P +

\N=1 α=0 \ α

where {λk} are the eigenvalues of S£ repeated according to their multiplicity.
Performing the sum over N, we obtain

χ f ) Π ) (3.17)
α=0 α I

Defining f(z) by

f(z)=l\(l-λkz) (3.18)
k

which is an entire function z, one obtains for 3.17

Ξ(z) = exp("Σ (-lT+1(P+ί)\nf{λ'z)
\α=0 \ α

= Π1[/(λ"z)]<-1' + 1 ( P ί 1 ) . (3.19)
α=0

Thus Ξ(z) is a ratio of a finite product of entire functions. Hence it is meromorphic.
The approach to the transfer matrix outlined above can easily be generalized

to pair potentials which are a finite sum of exponentials of the form

M p

Φ(n)= Σ λ" Σ (cunJ) • ( 3 2°)
ί = l j = ί
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