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Abstract. We show a usefulness of the notion of “dissipative operators” in
the study of derivations of C*-algebras and prove that the closure of a normal
*-derivation of UHF algebra satisfying a special condition is a generator of a
one-parameter group of *-automorphisms.

§ 1. Introduction

Recently various authors have studied unbounded derivations of C*-algebras
[2-4,6,7,10, 11, 13]. In particular Powers and Sakai [ 10] have studied unbounded
derivations of UHF algebra.

The purpose of the present note is to show a usefulness of the notion of
“dissipative operators” [9, 17] in the study of derivations of C*-algebras.

Our first result is that an everywhere defined “dissipation” is bounded, which
implies the well-known theorem concerning derivations [5, 12].

Our second result is about a normal *-derivation of UHF algebra satisfying
a special condition discussed in [1, 10, 14, 15]. For such a *-derivation, we prove
that its closure is a generator of a one-parameter group of *-automorphisms.
As its application we consider one-dimensional lattice system.

§ 2. Bounded Derivation

Let 2 be a Banach space. For each xe ¥ there is at least one non-zero element f
of the dual Banach space U* such that <x, f>=|x||-| f|| by the Hahn-Banach
theorem. An f, denotes one of them throughout this note.

Definition 1. [9] A linear map y with domain %(y) in a Banach space is called
dissipative if there is an f, such that

Re{yx, f,) <0

for each xe 2(y).
Definition 2. A linear map ¢ with domain %(5) in a Banach space is called
derivative if there is an f, such that

Re{dx, f,>=0

for each xe 2(9).
Let A be a C*-algebra. A linear map J of 2 is called a derivation if it satisfies

d(xy)=06(x)y + xd(y)
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for x, ye 2(0), where 2(d), the domain of J, is a *-subalgebra in . A derivation o
is a *-derivation if d(x)* = §(x*) for xe Z(J). In the following we will be concerned
with only *-derivation and so omit *.

A linear map 6 of 2 is a derivation if 6 and —J are dissipations whose defini-
tion is:

Definition 3. [8] A linear map y of a C*-algebra U is called a dissipation if it
satisfies

XY =9(x*)

Px*x) 2 p(x*)x + x*y(x)
for each xe 9(y), where 2(y), the domain of y, is a *-subalgebra.

Remark 1. Call y an “n-dissipation” if y®1; AR F,—»URF, is a dissipation
where F, is an algebra of all n xn matrices and 1 is an identity map. If y is a 2n-
dissipation of a C*-algebra with identity and 2(y)>1, then y defined by y'(x)=
P(x)— % {y(1)x+ xy(1)} is an n-dissipation. Note y(1)<0 and y'(1)=0. (See [8] for
the arguments of bounded complete dissipations; a complete dissipation is defined
to be an n-dissipation for all n.)

Lemma 1. Let y be a dissipation with domain 9(y). Suppose that for any positive
Xx€ D(y) there is an f, such that Reyx, f,.» £0. Then y is dissipative.

Proof. Note that f is positive for a positive xe [12]. If we define fx* and
xf in A* for xeW and feWU* by <a, fx*>=<{x*a,f> and {a,xf>=<ax, [>
(ae ), then X fru,= fx and f..x*= f,. For any xe 9(y), there is an f= f.. such
that {p(x*x), f> <0. Then we have

0= (p(x*x), f)

2 x*, x )+ X, X%
=2Reyx, fx*>.

Lemma 2. (Lemmas 3.3 and 34 in [9]). A dissipative operator with dense
domain in a Banach space is closable and its closure is also dissipative.

Sketch of the proof. Let y be the dissipative operator. Let x,e Z(y) with x,—0
and yx,—y. For any ae9(y) and JeR, let f, ;=f,+.x, With [ f, ;]=1 and
Redlya+4x,), f,,><0. We may suppose f, ,— fi(n—co) and f;— f'(1—c0).
Then we have f'=f, and Re{y, f'><0. We may suppose f'— f(a—y). Then
f=/,and |y =Re(y, f>=0,ie y=0. The rest of the proof is easy.

In the rest of this section we will treat only everywhere defined operators.

Theorem 1. A dissipation y of a C*-algebra W(=2(y)) is dissipative and
bounded.

Proof. We suppose As1. If A$1, we can consider a dissipation y; of ;=
A+C-1 defined by y,(x+ A1) =p(x)(xe N, le C).
Let xe be positive. Setting h=(|x| -1 —x)'/%, we have for f=f,,

px, fr=O0e—x)-1), 5
= —<yh2af>
< —<Ohh, f5—=<hyh, [
=0
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where we have used the Schwartz inequality and the fact <h?, /> =0 and f =0.
Hence y is dissipative by Lemmal and closed by Lemma?2. An everywhere
defined closed operator is bounded by the closed graph theorem.

Corollary. A derivation of a C*-algebra is derivative and bounded.

Proof. The proof is quite similar to the above. Or it follows from the above
theorem by the following remark.

Remark 2. From the proof of Theorem 1 we can conclude that if y is a dissipa-
tion, for any f,, Re{yx, f,.> <0. It is immediate for x=0. For a general xe A, any
f.isequal to fx* where f = f...=|x| 1| f.]. (Let x=ulx| be the polar decomposi-
tionof xinthe enveloping von Neumann algebra of . Then | f,|= f.u, from which
we can deduce | f,|= f|; = fi) The same situation prevails for derivations. (See
Remark 2 in [9].)

Remark 3. [6] A dissipation y generates a uniformly continuous one-parameter
semi-group of positive contractions @,=¢'”. Lindblad showed the equivalence of
(i) and (ii);

(i) @, is uniformly continuous, ®,(1)=1 and

D(x*)D(x) = P (x*X).

(i) vy is a dissipation with y(1)=0.

Finally we remark the following property of a derivation d. Let x be self-
adjoint and C(x) be the commutative C*-subalgebra generated by x and 1. Let ¢
be a character of C(x) and ¢ be any norm-preserving extension of ¢ (¢ is a state).
Then {dx, ¢» =0 which is considered as generalization of derivativeness (see [5]).

This is easily seen; if a polynomial P(x) of x satisfies <P'(x), ¢ > =P'({x, ¢>)=0,
then (0P(x), p>=0. The set of such P(x) is dense in C(x) and so {ox,¢»=0 by
the continuity of d.

§ 3. Unbounded Derivations

In the following the domain of a derivation or dissipation of a C*-algebra is a
dense *-subalgebra.

Theorem 2. Let y be a dissipation of a C*-algebra W. If 9(y) is closed under the
square root operation of positive elements, then v is dissipative and hence closable.

Proof [4,10]. The proof that y is dissipative is quite similar to that of Theo-
rem 1. By Lemma 2 it is closable.

Let 9 be a uniformly hyperfinite C*-algebra (UHF algebra). A derivation o
in A is said to be normal [10] if 2(9) is the union of an increasing sequence of
finite type I subfactors {, |n=1,2, ...} in 2A.

Corollary. A normal derivation of a UHF algebra is derivative and hence
closable. Its closure is also a derivative derivation.

Let 7 be a unique tracial state on a UHF algebra 2. A derivation § in U is
said to be regular [10] if {d(a), > =0 for ae Z(J).

Let 6 be a normal derivation. Since {ab, 10) =<ba, t°0) for a, be D(d)= U,
and {1,71°6>=0, 126|,=0 for any n. Hence ¢ is regular [10].
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Theorem 3. If a derivation 6 in a UHF algebra is regular, then § is derivative.

Proof. Let L*(, 1) be a Hilbert space completion of a UHF algebra 2 with
inner product {x, y).={y*x, 7). Let x be a positive element of 2(8) and L*(C(x), 1)
be the closed subspace spanned by C(x). Let E, be the orthogonal projection onto
L*(C(x), 7). If § is regular,

0=<{x", 120>

=n{x""15(x), )

=n{d(x), x" ">, .
Hence E.d(x)=0. Let ¢ be a character of C(x) and ¢ be any norm-preserving
extension of ¢ into L®(C(x), t)*. Since E,:A(C LU, 1))—>L*(C(x),7) is a con-
traction, g =@-E, is an element of A*. Let ¢ be a character such that {x, p)=
Ixl lell=|x| and let ¢=@<E,. Then ¢ = f, and {dx, @) =0. Now the proof is
completed by Lemma 1.

Let 6 be a normal derivation in 2. Let J be the greatest linear extension of
in all linear extensions y satisfying

axb) = 6(a)xb + ay(x)b + axd(b)
{x,topy=0, a,be (), xe D(y).
5 is called the greatest regular extension of a normal derivation & [10].

Theorem 4. Let 8 be a normal derivation. Suppose that d is a derivation (or &
is derivative) and that there is an infinitesimal generator 8, of a strongly continuous
group of *-automorphisms such that 8,208. Then 8, =9.

Proof. Since &, is regular [10], 3, <6. As (1+8)2(8)2(1+6,)2(5,)=U and 6
is derivative by Theorem 3, 0 is an infinitesimal generator by the following theorem
and remark. Hence 6, =3.

Theorem 5. Let 6 be a derivation of a C*-algebra . If d is derivative and closed
and (1+£0)2(0) is dense in W, then § is an infinitesimal generator of a strongly
continuous group of *-automorphisms.

Proof. If f, satisfies Re<{dx, f,>=0 and | fi||=1,

[0+ Ax|| = £Re{(6+ A)x, f>
= +Rellx|
ie. [0+ Ax|=Redl-|x] .

The rest of the proof is standard [2-4].

Remark 4. The assumption that § is a derivation in Theorem 5 can be replaced
as follows: Let § be a linear operator with dense domain 2(d) such that 2(5)=1
and 6(1)=0. It is shown as follows: By a result in the Hill-Yosida semi-group
theory [17] 6 generates a strongly continuous group of contractions g, on 2L
Since ¢,(1)=1 (by the assumption d(1)=0) and ||g,| =1 they are positive contrac-
tions. As they form a group, they are order-isomorphisms. Thus g, is a strongly
continuous one-parameter group of Jordan automorphisms [cf. 16]. Then it is
known [18, Theorem 3.4] that g, is a group of *-automorphisms.
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Remark 5. & is in general not a derivation (see Problem 1 of [10]). For if &
is a normal derivation which has more than two different extensions to infinitesi-
mal generators, then 0 is not a derivation, as easily shown by using Theorem 4.
(We can construct such §. See Remark 3 of [10].)

Let P, be the canonical conditional expectation of 2 onto 2. Let h, be a
self-adjoint element of A such that d(a)=[ih,, a]=J;, (a) for all ae,. Then
P,0(x)=P,0,, (x) for xe 2(5) [10]. For if aeA,,

{aP,d(x), vy = ad(x), 7

=<ax, 108> —{(da)x, ©>
= — (0, @)%, T)
={ady, X, ©)
={aP,6y,x,T) .

In [10] W C 2(3) is defined by

W = {xe 2(5); lim P,5(1 — P,)x =0} .
If we set P,(h,)=k,,

W = {xe 2(5); lim §;, P,x=0(x)} .

In [6] an operator ex-limd;, (the extended limit of the ¢, |%,) is defined,
whose graph is the set of (x, y)e A x A such that there is a sequence x,e 2, with
I, x| =0 and 3y, (x,) —y[[ 0.

In [7] an operator 0 (the graph limit of the ¢, ) is defined, whose graph is the
set of (x,y)e A xA such that there is a sequence x,eU, with ||x,—x||—-0 and

I 5ik,.(xn) —yll—0.
Then

dCO|W Cex-limd,, C5C.
Theorem 6. § is derivative.
Proof. Let xe Z(5) and {x,} be a sequence such that x,—x and 5ik"(x,,)—>5(x).
Let f,= f,, be of norm 1. We may suppose f,— f. Then f = f, and
Re (5x, f ) =lim Re {5y X, f,>
=0
where we have used Remark 2.
Remark 6. [6, 7] 6 and ex-lim J;; are closed derivations.
Lemma 3. If {||h,—k,||} is uniformly bounded, § is derivative.
Proof. Let xe 2(5) and Jo=1p,» With | f,]|=1. We may suppose f,— f. Then
f=f,and
Re (dx, f>=lim Re(P,dx, f,>
=lim Re{P,5(1—P,)x, f,>
=lim Re (P, - i, (1 = P)x, fu)
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where we have used Re <P,,5P,,x, S =0, P,6, (1—-P,)=0 and 6, _;,, =y, — i,
The last term is dominated by

2] b=kl - [(L=P,)x]|
which tends to zero as n— 0.

Theorem 7. Let 0 be a normal derivation. If {|h,—k,||} is uniformly bounded,
5, the closure of 6, is an infinitesimal generator of a strongly continuous group of
*-qutomorphisms and &=34.

Proof. Suppose that (14 6)2(J) is not dense in 2. Then there is an element [
in A* such that || f|=1 and {(x+Jx, f>=0 for all xe Z(5). There are x,e A, C
2(0)= U, such that {(x,, f>=[x,[ [ fIU,[[=If]2,]. Then

0=Ilim Re {<x,, >+ {dx,, [}
=lim Re {|| f |20, [| + {0, X / D}
=/ +1im Re {6y, s, X S
>1—Tim2-||h,—k,|

where we have used Re (J;; x,, /> =0. Suppose | h,—k,| <1/2—¢(e>0). Then it is
a contradiction and hence (1+6)Z(0) is dense in . Quite similarly we can con-
clude that (1 —9)2(9) is dense in . Since ¢ is derivative by Corollary of Theorem 3,
§ is an infinitesimal generator by Theorem S. If ||h,—k, || <C for any n, we may
consider 6/3C instead of 8. §=0¢ follows from Theorem 4 and Lemma 3.

Remark 7. Under the assumption of Theorem 7 the one-parameter group g,
generated by § satisfies

0(x)=lime"*(x), xeA

where the convergence is uniform in ¢ on every compact subset of (— o0, c0).
This follows from Theorem 7 combined with Theorems 6 and 8 in [10] (cf. the
proof of Theorem 8 below).

As an application of Theorem 7, we consider one-dimensional lattice system.
Let {2;:je Z} be a family of type finite factors and let A=(X) A; be the infinite

JjezZ
tensor product of them. Let ¢ be a map from the family P (Z) of finite subsets
of Z into A such that @(@#)=0 and P(A) is a self-adjoint element of AW(A)= ® A,

Put jed

|®],=sup ), e P|P(A)]

j A3

where N(A) denotes the number of points in A4 and o=0.
It is known (cf. [1]) that if |@|,<oo for a>0, there exists a one-parameter
group of *-automorphisms such that

Qt(Q) — hm eirU(A)Qe—itU(A) — hm etéiU(A)Q, QG QI

U(A)= z P(J).

Jca
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Now we give another sufficient condition for the existence of the above
automorphism group:

Theorem 8. Suppose that (1) |@|,<co and (ii) there is an increasing sequence
{A,} CP[Z) such that UA,=Z and the following element W(A,) of W is bounded
in norm uniformly in n:

W(A,)= Y {®(J); Je PZ), JOA+0, JnA° %0}

where A° denotes the complement of A in Z. Then there exists a strongly continuous
one-parameter group of *-automorphisms such that

0(Q)=lime*(Q) (+)

where 0,=0,y.4,) and the convergence is uniformly in t on every compact
interval of t.

Proof. By (i), W(A,) is well-defined. Let 2, =2(A,) and let h,=U(A,)+ W(A,).
Let ¢ be the normal derivation such that

S, =8, ,  D(O)=uY, .
Then [1]

[y — k| = 1, — U(A) |+ 1U(A,) — k|
S2(W(A)]
where k,= P,(h,). Hence § is an infinitesimal generator by Theorem 7. Now the

proof of the convergence in (*) follows as in [10]: It is shown by (i) that lim§,=¢
on 2(5). Then for xe (o)

H{(1£5,)" T —(1£0)" (1 £5)x],
=[(1£8,)" {1 £5)x—(1£5,)x}]
S (1 +8)x—(1468,)x]
<[16x—8,x|

-0 as n—-ow.

where we have used ||(1+6,) " Z1.

Hence lim(1+6,)” ' =(1+48)" ! since (1 +8)2(5) is dense in . By the Trotter-
Kato theorem [cf. 17] we get (¥).

Finally we remark that the assumption (i) can be weakened by (i)
Y |P(A)]| < oo for any je Z.

A3j
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