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Abstract. We classify the extreme points of the compact convex set of affine
maps of R" which map into itself the closed unit ball. This work is a preliminary
step towards solving the problem of finding the extreme points of the compact
convex set of affine maps of the N x N density matrices (dynamical maps of
an N-level system) and for n=3 furnishes the solution of the problem in the
simplest case of a two-level system.

1. Introduction

Let D(n=1,2,3,...) denote the set of affine maps R"—IR" which map into itself
the closed unit ball B,. D, is convex, compact and finite-dimensional, hence each
point of D, can be written as a finite convex combination of extreme points of D,
In this note we prove a theorem which classifies the extreme points of D,. The
theorem was stated and commented upon in [1] and is a first step towards solving
the problem of finding the extreme points of the compact convex set F, of the affine
maps Ky—Ky, where Ky={gle an N x N complex matrix, ¢=0, Tr(g)=1} is the
convex set of N x N density matrices. Indeed, F, can be identified to D through
the identification of K, to B; by means of the representation of a 2 x 2 density
matrix as ¢=(1/2)(1,+ Y, a0)>o={0;, a0, a3}, where {6,,0,,0;} are the
familiar Pauli matrices or, more generally, any maximal set of 2 x 2 self-adjoint
traceless matrices satisfying Tr(0,0,)=26,;, The structure analysis of Fy is of
interest in connection with the study of the dynamics of an N-level quantum me-
chanical open system, since the dynamical evolution of such a system is represented
by a one parameter family t— A4,, te [0, o), A, Fy, A,=1, whereby the density
matrix (state) g, of the system at time ¢ is given in terms of the initial state g, by
0,= A0, (for this reason, we refer to the elements of Fy as dynamical maps [2]).
Familiar examples are encountered in spin magnetic resonance and relaxation
[3, 4] and in quantum optics [5, 6].

After the completion of this work we became aware that, as a particular case

of our theorem, a result equivalent to the classification of the extreme points of
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D; had been previously obtained by Stermer [7]. However, the geometrical
aspect of the problem and the symmetry properties of the extreme points are not
readily apparent in Stermer’s treatment, since he works in a dual context. On the
other hand, we feel that symmetry considerations should play an important role
in the determination of the extreme points of Fy. We refer to [1] for a discussion
thereof and for an explicit (though as yet unproved) conjecture in this connection.

In Section 2 we collect a few notations. In Section 3 we give two instrumental
parametrizations of D, (Theorem 1). In Section 4 we determine the extreme points
of D, (Theorem 2). In Section 5 we briefly comment upon the geometrical meaning
of Theorems 1 and 2.

2. Notations

If nis a positive integer, R"={x|x={x;};=; . . X;eR j=1,...,n} is the n-
dimensional euclidean space and we denote by M(n) [respectively, by AF(n)]
the real algebra of linear maps (respectively of affine maps) of R” into itself. An
element A of AF(n) acts on R* as A:x—Tx+b:=(b, T)x, x e R", beR", Te M(n)
and we can identify 4 to the pair (b, T), where T can in turn be identified to an
nx n matrix with real entries {T;;}; j-1, ., (we refer to b and Trespectively as the
translation and the linear parts of A). This establishes a canonical topological
vector space isomorphism between AF(n) [respectively, M(n)] and R""*V
(respectively IR”). We use the standard notations for the real orthogonal
group in n dimensions and for its connected component, respectively O(n)=
{0|0 e M(n), Q0" =1,} and SO(n)={Q|Q € O(n),detQ =1} (4" denotes the trans-
pose of a matrix 4). Whenever Q € O(n), we write Q in place of (0, Q) and if G is
a subgroup of O(n) and x e R” we denote by G, the stabilizer of x relative to the
canonical action of G on R™. 1, and 0, denote respectively the identity and the
zero map of R" and diag{«;};~,, ., denotes a diagonal matrix with diagonal
elements o, ..., o, If X is a convex subset of R' we denote by extr X the set of the
extreme points of X. B,={x|xeR"; |x|=0}-;x})!<1} and S,=extrB,=
{x|xeR", ||x| =1} are respectively the closed unit ball and the unit sphere in IR".
We define D,={4|4 € AF(n), x € B,=>Ax e B,}. D, is a compact convex subset
of AF(n), whose boundary is given by D,={4|4€D,, Axe S, for some x € S,}.
We call an element 4=(a, A) of AF(n) canonical if a;20,i=1,...,n,and A=
diag{A},=1 . wA1=...24,20.1f Yis a subset of AF(n), we define Y={4|4€ Y, 4
canonical}.

3. Two Parametrizations of D,

The following theorem establishes two parametrizations of D, which will be used
in the following section.

Theorem 1.

i) D,={(b, T)IbeR"; Te M(n); (b, T)=(Q,a,Q,40Q,); Q1, Q, € O(n);
a;=pE(1—aw?), i=1,...,n;
A=diag {O‘ﬁwt(Z?ﬂ 5,26012)%}1:1,.,.,,;;
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0=0=<1;0=2p21;05w,2... 20, =10, 2L, r=1,..., 1
Z7=1 étzzl}-

i) D,={(b,TbeR"; Te M(n); (b, T)=(Q,a, 0, 1Q,); 01, @, € O(n);
a;=BE(1—avn?),i=1,...,n;
A=diag{apvn}i=y, ;050105 p<1;v>0,05n,=... Sy =v7%;

0s¢=sLr=1..,mYi &= &ni=1}.

Proof. Using the polar decomposition of a matrix 4 € M(n)as A=QS, Q € O(n),
S symmetric and positive [8], any element 4 of AF(n) can be written in the form
A4=(Qa, Q,4Q,), where (a, A) is canonical. Write

A B3 €1, ., En gy, 0,)

) N (3.1
=({B&(1— O‘wiz)}i= 1, diag {O‘Bwl(z'}=1 612'6012')2}1= L)
Then, in order to prove i), it is enough to show that
Dy={4|Ae AF(n); A=A(x;1;¢y, ..., &5 @15, 0); (32)

0S2<1;050,. S0, =1;024< L I=1,.,m Y, &=1}.

To this purpose, we first note that if x,y and z are elements of IR" such that
[x]|=|ly].=1and z2 =1, then the following identity holds

Z'i'= 1 [(Z;'= 1 yjz‘zf)%zixi +y(l— Ziz)]z =1- Z:’: (1= Z?)[(Z?: 1 y‘?z_?)%xi_ yl'zi]z >

(3.3)
as can be readily verified by expanding the squares. Hence, under the conditions
0w, 2., =102, I=1,..,m )0 & =1, (3.4)

it follows from (3.3) setting y=¢ and z=w that
AL 18 w)y=4(115 84,8 04,0, 0,)€ Dy

Note that A(1; 1; &; w)=1, if w,=1 and that A(1; 1; &; w)=(&,0,) if Y 7=, Efwf =0,
whereas if w,<1 and Y-, é&fwf %0 one has
{x|xeS,, 4(1;1; ¢, w)xe S,}
={x|xe S, x,=Ew -, Ewi) 3 I=s+1,...,n, (3.5)
if w,=1, and w,,,<1}.
Now let 4=(a,diag{4;},- .. €D, and distinguish two cases, according to

whether A, =0 or 1, >0. The first case implies ||a||=1 and is obtained by setting
o=01n (3.2). If 4, >0 define

w;=Afh, j=l,..,n (3.6)

and let &£ e A(S,)NS,, with &,=0, i=1,...,n (since 4 is canonical it is possible to
fulfill the latter requirement). Then Y j_, é&fw? +0. Indeed, assume the contrary
and let &, =...=¢,_,=0 and (>0, s=2,...,n. Then w,=...=w,=0, or
As=...=2,=0, so that {,=a, r=s,...,n and hence Y r_ a?=Y"_ &*=1. This
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implies a;=1,=0,i=1,...,s—1, which contradicts the hypothesis. Then set
a=27- Ewf)7% whence A=o0w,(} 7., &fwf)ti=1,...,n, and consider the
affine map A(x; 1; &; w). One has

Ao; 15 & w)=ad(1; 15 & 0) +(1—0)4(0; 15 &5 ) (3.7
and setting

171:51(01(2?:1 iizwiz)—%’ I=1,...,n, (3.8
one gets

A 1; & ), =&, 1=1,...,n. (3.9)

Therefore, the two affine maps 4 and 4(«; 1; &; w) have the same linear part, the
point ¢ belongs to S,NA(S,)NA4(a; 1; &; w)(S,) and S, A(S,) and A(a; 1; &; w)(S,)
all lie in one and the same, say o, of the two closed half-spaces determined by the
hyperplane = which is tangent to S, at £. Let ¢ and d={£,(1 —ow;)};={ . .. , denote
the translation parts of 4 and, respectively, of 4(x; 1; £; w) and set e=d—c. We
have A(x;1;&; wjv=¢ and let xe S, such that Ax=¢&. Then dv=¢(—ee g and
Moy 1; & w)x=E+ee . This implies &£ — e e which, in turn, implies e=0 since,
by hypothesis, 4 € D,. Hence 4=A4(x; 1;¢; w). By (3.7) and since D, is convex
we have A(x; 1;¢; w) e Dy if a € [0,1]. On the other hand, it is easy to check that
A(a; 15 &; w)x ¢ B, for some x € B, if o> 1. Indeed, set

U= —_flwl(z;;l 5126012)——}’ ur=‘§rwr(zy=1 élzwlz)‘%a r=2,...,n

and a=1+¢,¢>0. Then [|4(x; 1;&; oul|®>=1+4e(e+ 1)E3>1 if &, >0. If &, =0,
let r be the smallest integer for which £,>0(2=<r=<n) and note that w,>0 since
Yoy Ew}+0. Consider the intersections C=S,n¢ and E=4(x; 1;&; w)(S,)Ne,
where g is the 2-plane {x|x e R"; x,=...=x,_,;=0,x,=¢,l=r+1,...,n}. Cand E
are respectively a circle and an ellipse whose equations are C:x2+x%=¢? and
E:[x,— &1 —aw?)* (aé,w?)* + x} (aé,w,)>=1. At their common point (0,¢,)
the second derivatives are respectively C:(d*x,/dx})|,,-o=—1/¢, and
E :(dzx,/dxf)l,‘l=o = —1/aé,. In order that A(x;1;¢&; w)(S,)ES, one must have
1/€,£1/aé, or « < 1. This completes the proof i). In order to prove ii) take without
loss of generality Y7_, £?w? =0 in the parametrization i) and set v=Y"_, &}
and =0y %,1=1,2,...,n.11

4. Extreme Points of D,
We classify the extreme points of D, by means of the following
Theorem 2.
Extr D, ={(b, T)lbe R"; Te M(n); (b, T)=(Q,a, 0, 40,);
0:,0,e0(n); (a, A)=4(1;1;0,...,0,(1—6%)%,6; 1,...,1,%); (4.1
0=x=1;0<6=1}.

Proof. For n=1 the result is trivial, so we assume n=2. First note that if
(b, T)eextrD, and Q, Q' € O(n), then (Qb, QTQ')e extr D,. Thus it is enough to
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look for the extreme points of D, which are canonical, and these belong to D,.
If Yr_, &2w?+0, we get from (3.7) that A(x; 1; &; w) is not extreme if 0<o<1.
Consider 4(0; 1; &; w). It is an extreme since it maps extreme points of B, to ex-
treme points of B, and it is obtained by setting § =1, 2 =0 in (4.1) and by choosing
therein Q, such that Q,p=¢, where p is the “north pole”,

p=1{0,...,0,1}. 4.2)

We now prove that A(1;1;¢&,,...,¢,:51, ..., 1, w,) is extreme if 0<¢, < 1. First
we note that the statement is trivial if w,=1 and that if w,<1 the map

A(l; 1;613""§n—1’0; 15"'9 lawn)

is not extreme since it equals the convex combination [(1+w,)/2]1,+[(1—w,)/2]1P,,
where

P;=:diag{e};=y ., &=1 if I%j, ¢&=—1. 4.3)
Then, let

0<¢, <1, 0Zo,<1 4.4
and éssume A, w,)=:4(1;1;¢&,,....¢,;1,..., 1, ®,) to be a convex combination

A, w,)=y4,+(1—-y)4,;4,,4,eD,,0<y<1. 4.5
From (4.4) we get 0<[(1—&2)+ £2w?]* and

0= u, =E,0,[(1—E+ Ew?] "2 <, . (4.6)

Defining X' = {x|x e R"; x| =1, x, =u,} and 2= {x|xeR", |x|=1,x,=¢&,} we have
A&, w,)(2)= 3 and one checks easﬂy thatif 4 € D, and A(X)= z, then A=A4(,, »,).
Then, since S,=extr B,, we have that

ue X=A¢,, wju=Au=4,u. 4.7

Write 4,=0,4,0, with 4, canonical, 4,=4(&;1;¢&,,...,&,;d,, ..., ®,). From
(4.7) we have 4,[0,(2)]=07(Z). Then, since Q,(%) and Q7 (%) are (n—2)-
dimensional subspheres of S, from (3.5) and (3.7) we obtain &=1 and @, ,=1.
QZ(E) and Qj 1(Z) have radluses respectively (1—u2)* and (1-— )%, where
i, =&,0,[(1— 2)+Ed2] ™%, Since Q;, 0, € O(n), there follows &,=¢, and G, =,
hence also &,=w,. Therefore, we have AI—A(f,,, w,) and Q,p=(—1)p, where
[=0o0r!=0,1 accordmg to whether w, >0 or w,=0. Then

4, =04(— 1%, 0,) (4.8)

where Q=0,0, and, by (4.6), 4(¢,, w,)u=QA(— 1)'¢,, w,)u, Vu € X, which implies
Q= P.. Substituting into (4.8) gives 4, =4(¢,, w,) which proves that under con-
ditions (4.4) A(&,, w,) is extreme.

Next we show that if n=3 and Y., &fw?+0, the map A(1;1;¢,,...,&,;
@y, ..., W,, is not extreme if w,_ ; <1. To this purpose, we use parametrization ii)
established in Theorem 1. Then, writing

I'v;&én={&1- W’lz)}l 1, mdiag{w’ll}z=1,...,n)a 4.9)
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we must prove that I'(v; &;7) is not extreme if 5,_; <v~*. First remark that the
map (4.9) satisfies the following composition law

Lo &mre s n'én")y=rev; &n'm’, (4.10)

where we have used the notation xy={x;y;};=1, ., Now, let r be the smallest
integer for which #,<v~* (by hypothesis, 2< r<n— 1) If #,=0, we have

L &n=01/2Q7 ' T EMQ+(1/2Q ' PI(v; € 7)Q
where,
éz{élv'" ér—l’()’ (€f+érz+ 1)%7 €r+25"" én}’ﬁr:v—%9 ﬁr+1:0

and
0¢=¢,0eS0(n), Q" diag{r,}Q =diag{n,} .
Ifn,>0,set {= Y21 & +wnf Y-, & and note that
(2 Y52 &+ Y, i & v i niEl=v>0.

Setting A={"* and ©=Av¥y, we have thus by hypothesis A>7>0 and we define
the vectors :1’ andn" asny=...=n_ =ALg=..=n=11]=1""n,j=1..,r—1
and n/ =t~ 'y, I=r,..., n. Then, since I'(v; £; n) € D, by hypothesis, setting v'=1"2
and v"=A2v, it is a straightforward matter to check that the maps I'(v'; &; 1) and
I'(v";n'¢;n") belong to D, and by (4.10) one gets I'(v; & m)=T("; &;n)[(V';n'E5n").
From this we obtain

L(v; & n)=[(1+v¥n,)/214,+[(1—v*y,)/214,, (4.11)
where

A, =Q 7T ERNQIM s nE "), (4.12)

A,=Q ' PI(; EiNQI(6 s nE; ") (4.13)

6 {61’ r 1?0(éz+€r+1)ls€r+2’~'-vén}aﬁ;zl’ﬁ;+1:‘ra
¢ =£,Q€SO(H),Q ! diag {#i;}Q = diag {ij;}
and, since 0<#,<v™ % 0<(1/2)(1—v¥p,)<1/2. Let M and N denote the linear
parts of Q4, and, respectively, of Q4,. If £,=0 we can take Q=1,, hence
Mrr= VJZ_= ——Nrr lmplylng Al #:AZ Ifér:’:oa we get M‘r=v%ér+1(éf + i?-ﬁl)—%: '—Nrr
and M, . =—vin, o o &+ &)= —N, ,+1, whence again 4, 4, pro-
vided that &£,,; and 5,,, are not both zero. On the other hand, if Zj +0 and

€r+1_nr+1—0 set i (éla aér 170 éraé +2s- aé ) 111_ —1’],.—\7 ’nr+1_’1rs
fly+2=...=7,=0 and let Q be the rotation of n/2 in the (x,, x, . {)-plane. Then

I'(v; &;n) can be expressed as the following non trivial convex combination
T; &m)=01/2QI0; EMQ " +(1/2QPT(v; EQ ™" . (4.14)
It remains to show that A(x)=:4(1;1;0,...,0,1;1,..., 1, 3) is extreme if
O<x<l. (4.15)
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To this purpose, for a given x satisfying (4.15) we express 4(x) as a convex combina-
tion of extreme points of D,,,

A= Y5_ 74, 0<y,<1,4,eextrD,, I=1,....5 )51 y,=1. (4.16)

and we show that this implies 4,=4(x),i=1,...,s. If u denotes the normalized
Haar measure on SO(n),, we get from (4.16)

A(%)= Z?=1 (V,/Z)(A_I-FPZ,P)——’ Zf=1 ')),'AA,' s (417)
where P=P,_ 1,
ZiszAiQ—ld:u(Q)’ i=1,‘..,5, (4.18)

the integration being extended over SO(n),, and
A,=(1/2)(A,+PA,P), i=1,..,s. (4.19)

The A;’s are invariant under O(n),, hence they have the form 4,=({0,...,0, di},
diag{b;,..., b;,¢;}) and since A(x)p=p and peextrB, we have A,p=p=A,p,
i=1,...,s Therefore d;=1-—c; and since zf eD,,i=1,...,s the ¢/s and the b,;’s
satlsfy the inequalities O<c <1 and ¢;2b?,i=1,...,s. The first inequality follows
from A( p)€ B,. On the other hand if it were ¢; <b2 one would get A x ¢ B,
for some points x of B, in the neighbourhood of p. Then, from (4.17) we have
W= NS N2 Yy y,»bi2 = (Y- 7:b)?=2* which implies ¢;=b7=x%i=1,...,s
and hence, since ) §_, y;b;=x,

Ai=A(), i=1,..,s. (4.20)

Denoting by 4 any given 4, since by hypothesis 4 € extr D, it follows from the
hitherto obtained results that it must be of the form

4=0,4(, 001501, 0, € On); 0=w=1;0<¢=1, (4.21)

where A(¢, w)=A(1; 1;0,...,0,(1=¢%% & 1,..., 1, w). f =1 we have A(¢, w)=
hence 4=0,0,=0 and, from (4.18)—4.20),

A()=(1/2) [ QO™ du(Q)+(1/2) [ POOQ ™' Pdu(Q).

Applying both sides to the zero vector we get 1—%?=0 which contradicts (4.15).
If ¢ =1 we have 4 = Q0 A(w), where O €O(n),. Then A(%) (1/2) fdu(Q)(QQA(w)Q Ty
PQQA(a))Q 1P) and applying to the zero vector gives w=x so that, since 4(x)

is non singular, we get 1,=(1/2) [du(@)(QQQ ™'+ PQOQ ' P).
Taking the trace gives n="Tr(Q) which implies Q =1, and therefore 4= A(x).
Finally, consider the case

0<é<l, O0sw<l. (4.22)

Let p(1)=(1/[(1 - 52)—1- éZwZJé—)(O, e 05 (1 - 62)%> éa)) and p(Z) =(0’ LREEY 0) (1 - 52)%,5)
Since A(¢, w) maps p* to p'® [compare (3.9)] whereas Ap=p, we have from (4.21)

A4=0,D(&; w;m;,my)0, , (4.23)
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where
QZ,QIGSO(H)p, m=0 or 1, m,=0 or 1
and

D(&; w;my,my)=(c, S),

where cy=...=¢,_,=0,
e =(—= 171 - (1~ 0?),
cn=éz(1_w2)’ Sn= =Sn—2,n—2=[(1_62)+£2w2]% H

Su-1-1=(= )"0, S, =(1- )+ &0,
Sp-1,n=(= 11 =¥l - w?)
and §;;=0if i+jand (i, j) #(n— 1, n). Hence
A(0)=(1/2)[QOD(&; w3 my, iny)Q~ ' du(Q)
+(1/2) [PQOD(E; @;my, my)Q ™' Pdu(Q) , (4.24)

where Q =0,0,. Equating the (n, n) matrix elements of the linear parts of the two
sides of (4.24) gives

W=(1-E)+Ew?. (4.25)
Introducing the (n— 1) x (n— 1) matrix

E(&; w;my+my)=diag {[(1— &)+ 0T, ..., [(1- &)+ E0® P, (= 1) 0}
we get from (4.24)

(1/2) fsom- 1) QOE(E; @3 my +m;)Q ™ du(Q)

+(1/2) ysom— 1) POQE(E; w;my+my)Q~ ' Pdu(Q)=x1,_,

where we have used the same symbols for the restrictions of P, Q and Q to IR*~'.
Taking the squares of the traces of both sides of (4.26) and using Schwartz’s
inequality gives

(n— 1) =[Tr(QE(; @; m; +m,))]* < [Tr(Q7 Q)]

X [Tr(E(&; w;my+my)*]1=n—1){(n-2[(1 - &)+ Ew’]+w?}

whereby, using (4.25), we get (1—&2)+ E2w? < w? which contradicts (4.22).1

(4.26)

5. Geometrical Considerations

Among the extreme points of D, are those which map S, into itself (in the physical
case n=23 they correspond to the transformations which map pure states to pure
states). There are two types of such maps: those of the form (0, Q), Q € O(n), and
those which map B, onto a point of S,. They are obtained by setting =1 and,
respectively, k=0 and d=1 in (4.1). In the physical case n=3, (0, Q) corresponds
to a unitary transformation on the density matrices o —»ugu®, uu*=1,, if 9 € SO(3).
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It corresponds to a transformation of the form g—ugTu*, uu*=1,, if Q € O(3),
detQ = — 1. Transposition on the density matrices corresponds to the antiunitary
transformation {x;}—{X;} on C%. (consider the pure states o= {g;;=x,X;}, then
0i;—X;x;=0;; and extend by linearity).

We now describe the geometrical meaning of the parametrizations of D,
given in Theorem 1. Let A=(b, T) be an element of D, and write (b, T)=
(Q1a,Q0,4Q,) with Q4, 0, € O(n), (a, A) canonical, A=diag{i,, 4,,..., 4,}. (a, A)
maps S, to an ellipsoid E, whose axes have lengths 1, 4,,..., 4, and whose center
a lies in the positive cone. If 1, =0, E, degenerates to a point and 4 is extreme or
not according to whether or not a€ S,. Assume A, >0 and write a;= &1 —aw?)=
Bé(1—ovn?) and A=afw (-, Ewi)E=apfvn,i=1,2,...,n, as in Theorem 1.
The geometrical meaning of the parameters w;, ®,,..., ®, is clear from the rela-
tion w;=4;/A,. As regards the vector ¢, take f=1 and a<1. Then E,NS,={£}.
By (3.9), the point v of S, which is mapped to & by (a, A)=4(x; 1;&; w), a< 1, is
given by (3.8) and we have n,=v,/¢,. As an illustration, in the case n=3, for fixed
¢ and as w, and w5 range in their domain 0<w;<w, <1, the point v sweeps the
spherical triangle whose vertices are the points &, (1,0,0) and (&, /(&3 +E3)2,
EN(EF4E2)%,0). B and o are parameters of convex combinations. Indeed we have
1) A(; B; &5 w)=PA(a; 1; & w)+ (1= B)A(; 0; & w) [note that A(a; 0; &; w)=(0, 0,)]
and i) A(o; 1; & w)y=ad(l; 1; & w)+ (1 —a)4(0; 15 E; w) [see (3.7) and note that
EeA(1;1;&; w)(S,)nS, and that A(0; 1; ¢; w) maps B, to £]. Now take a=f=1
and £, >0. Then, as it is seen from (3.5), if w,=1 and w,, ;<1 the intersection
E,nS, is an (s — 1)-dimensional sphere and we obtain an extreme map if s=n—1
[0<1in (4.1)]. The remaining extreme maps are obtained as the limit of the latter
as £,—1 for which the (n—2)-dimensional sphere E,nS, degenerates to the
“north pole” p=(0,...,0,1) [0=1 in (4.1)]. To be specific, divide extr D, into the
two subsets A and B which correspond to taking d=1 and, respectively,
0<é<1,x<1in (41): A={A(1,%)|0<%x<1} and B={4(5, »)|0<é<1;x<1}.

We have A(1, »)(S,)nS,=p if <1 whereas, if 6<1 and » <1, 4(3, »)(S,)NS,
is the (n— 2)-dimensional hypersphere £ = {x|x € S,, x,=06}. Now assume 4 to be
an element of D), such that A(S,)nS, is reduced to a point g and assume that 4
can be expressed as a non trivial convex combination A=yA4;+(1—7)4, of
elements of D,. Then, there is at least one direction in the hyperplane which is
tangent to S, at g along which either 4,(S,) or 4,(S,) have at g a smaller curvature
than 4(S,) has at g along the same direction. If 4=A(1, ) this is impossible since
A(1, %)(S,) has at g and along all directions the same curvature as S,. This explains
intuitively why the elements of 4 are extreme. As to the elements of B, if we write
A0, x) as a convex combination A(J, x)=yA4;+(1—-y)4,, we must have that
A(d, »), A, and 4, agree on the (n— 2)-dimensional hypersphere 2= {x|x € S,, x,=
u,}, where u, is given by (4.6) with &,=9, w,=x. Here, the dimensionality of X is
just large enough as to imply 4, =4,=4(J, x). On the other hand, it is no more
so if Ay, 4, and A(=7y4,+(1—7)4,) are to agree on an hypersphere of S, whose
dimension is less than n—2 (except in the case when 4=0,4Q, with @, 0, € O(n)
and 4 € A).

Finally, we remark that the extreme elements of D, have a high simmetry.
Precisely, if (b, T) e D;, is extreme, then there exists C € O(n) and a subgroup of
O(n), say I', isomorphic to O(n—1), such that QTC~'Q 'C=Tand Qb=b for
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every Q e I'. However, this condition is not sufficient for (b, T) to be extreme, as
the example f=a=w,_;=1,w,<1, £,=0 shows.
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