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Abstract. The extension of the Schwinger functions to various positive linear functionals on the
Borchers algebra is discussed. In one case, we construct a measure on & and give criteria for
uniqueness as well as for the homogeneous chaos to lead to an &,-space.

1. Introduction

In recent years there has been much development in constructive quantum
field theory involving the formal framework of generalized random processes;
see for example [5,9, 19, 20]. Still unanswered is the question as to those Wightman
quantum field theories admitting such a representation. In this paper we wish to
begin an examination of this question and its consequences. More generally one
may ask whether Nelson’s sharp time euclidean framework [9] may be modified
to encompass all Wightman theories or failing this, can restrictions on the latter
be given for a reasonably broad equivalence theorem between relativistic and
euclidean fields? The success of euclidean methods in constructive field theory
amply warrants such an investigation in spite of the lack of a four dimensional
example.

The first task of placing the relativistic theory within a euclidean framework
has been completely solved by Osterwalder and Schrader [1,5] in terms of
Schwinger functions. The ideas presented here develop the point of view that the
probabilistic euclidean field theory arises when these Schwinger functions admit
certain extensions to the Borchers algebra over the underlying test function space.
As a model, we study the Schwartz space on R* though it is clear any other
complete nuclear *-algebra will serve equally well. Within this paper, we assume
and examine two classes of extensions, the positive and strongly positive ones
[10]. For the first case, a euclidean field theory results without necessarily re-
quiring the existence of an infinite volume probability measure. Such a measure
arises upon formulating a moment problem using the second notion of positivity.
In the study of the P(®), model, extended Schwinger functions are defined through
the infinite volume limit and positivity is an immediate consequence of the form
for the finite volume measure. General mathematical conditions allowing exist-
ence of these extensions may be written down, but whether these require further
restrictions beyond the Wightman axioms is not yet known.

Conditions on the relativistic theory which lead to most of Nelson’s sharp
time framework have been given by Simon [19]. More recently, starting with
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positive extensions of the Schwinger functions satisfying a growth condition which
implies strong positivity, Frolich [20] has studied the related euclidean theory
within the context of the P(®), model. For the considerable development on these
questions which has taken place in recent years as well as for earlier literature
see [21]. In relation to these investigations, we consider a general moment
problem appropriate when sharp time euclidean fields do not exist. Various
aspects of the infinite dimensional moment problem which are needed in devel-
oping further the resulting generalized random process are presented fully and in
a form that we hope will be useful to the reader. Some of these are probably known
to some workers in the field. These techniques have been used to describe the
embedding of the relativistic Hilbert space as a subspace of a euclidean Hilbert
space [7]. It seems to us that the most subtle part of this enlarged framework will
be an appropriate generalization of Nelson’s Markov property to the non-sharp
time theory. Already one knows it is more general than needed [ 19, 20].

The first part of this paper, Section 2, deals with the existence of positive
extensions and reduces the task to that of simultaneously satisfying positivity and
symmetry. The relation between reality properties and time reversal invariance
has also been noted by Simon [19]. Section 3 describes the extended Schwinger
functional moment problems together with uniqueness and invariance of the
measure. In Section 4, natural conditions on the moment problem are given which
allow polynomials (homogeneous chaos) in the euclidean field to be dense in the
Z,-space with respect to the measure derived in Section 3. When such is the case,
the euclidean Hilbert space of Section 2 is the entire .#,-space. Throughout, our
discussion is confined to the case of a neutral, scalar quantum field.

2. Extension Problems

In this section we formulate the extension problem for constructing a
euclidean field theory from the euclidean framework for quantum field theory
given by Osterwalder and Schrader [1]. The reader is referred to this work for
detailed definitions and properties of the spaces of test functions we shall use, as
well as for notation.

Let &(R*") denote the Schwartz space of test functions on R*" with rapid
decrease. Then & =@, (R*") will be the locally convex direct sum of these
spaces in which a typical element is a finite sequence

f= {f0:f1af2, e}
with f, € C and (f),= f,€ #(R*"), n=1,2,.... When equipped with the product

(.fx g)n (xl’ "'7xn)= Z f;((xl’ Tt xk) gn——k(xk+17 "’>xn)
k=0

and the involution ( means complex conjugate)

(f*)n (xl’ "'5xn)=ﬁl(xn> '--7x1),

& becomes a topological *-algebra (the Borchers algebra) with unit 1 = {1,0,0,...}
[2]. Important structure properties for the algebraic dual, &#*, and topological
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dual, &, of & are obtained in terms of the positive cone

N
St = §'15{ Y fExfil{fi} €&, N a positive integer} .

k=1

The notation sp indicates the closed linear span. A linear functional T ={T,, T},
T,,...} is an infinite sequence of linear functionals T, on &% (R*) and is said to
be positive if

T(f)= ¥ (T, fy20 Vfes*.

Such elements of &#* are also continuous; namely, in &’ [3, 4].

The euclidean theory is obtained in terms of the subspace &, = @, °#(R*")
where the O-component is again C and for n=1,2, ...,°%(R*") consists of those
functions in % (R*") which together with all partial derivatives vanish unless
x; ¥x; for all 1<i<j<n. A linear functional & e ¥; satisfying the euclidean
axioms EO—E4 of Osterwalder and Schrader [1, p. 88] with EO modified as in
[5, p. 80] will be called a Schwinger state. Its components S, are the Schwinger
functions. As is well known, the relativistic theory is completely characterized by
a positive linear functional #'e &* [2, 3, 6] satisfying the cluster property along
with other linear conditions. Such a #” will be termed a Wightman state. The
main result of the euclidean theory is the relation between these two functionals.

Theorem (Osterwalder, Schrader [1, 5]). To each Wightman state on & there
corresponds a unique Schwinger state on Sy and conversely.

The connection between the two states is quite explicit and is given [5] by
the relations

Pf)=Selfe)=Vrlfe) Vfe . 2.1)

and N

W(g)=Wrlgr)=Wr(Gr) V9. (22)
The test function space &, =@, L. (R*") with O-component C and &.(R*")
those test functions in % (R*") which with all derivatives vanish unless — oo < x?
<x9< - <x%<o0; where x=(x’% ¥)e R* and x° plays the role of the “time”
component. S and Wy are the reduced functionals arising from translation in-
variance without alteration of the 0-component. (%) is given by Fourier trans-
formation in each component and (¥) likewise denotes a linear mapping from
Z(R%) onto a dense subset of &(R%) [1, Lemma 4.1, p. 95].

As both &, and &. are closed subspaces of & but not subalgebras, a Schwin-
ger state does not allow us to form a euclidean field theory by reconstruction. This
will however be the case if we can extend this state to a positive linear functional
on &. As we are dealing with an extension, the underlying relativistic theory will
be unchanged. For a characterization of the extensions of interest to us we must
recall several homeomorphisms of & [1]. The time inversion operator is
defined by

Of),(x1s -vnr X)) = fo(0x4, ..., 0x,) with 0(x°% %)=(—x%%),
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while the euclidean group, iSO(4), on R* acts according to
(@(a, ) f)u(x1s ., %) = fu R (x; — @), ..., R7}(x, — a))
for ae R* R e SO(4). For translations alone we put «(a, I) = a(a). For the infinite

symmetric group P= [] P, with P, being the symmetric group on n objects we
n=0
define for e P

(nf)n(xb EERE] xn) = f;x(xnn(l)’ [RRE] xn,.(n)) Wlth (n)n = Tl” € Pn .

Throughout this paper, ext S will denote an appropriate linear extension to &
of a Schwinger state S. Among the many which exist by the Hahn-Banach theorem
the following subclass appears -most profitable.

Definition 2.1. An extension, ext S, will be called an extended Schwinger state
if the euclidean axioms EO—E4 are widened to include
Ext 0: ext S e &* and is positive;
Ext 1: ext S(f)=ext S(x(a, R) f) for all (a, R) € iSO(4) and ext S(0f) = ext S(f);
Ext 3: ext S(f)=ext S(znf) for all me P;
valid for any f e &.

When such an extension exists, the reconstruction theorem [2, 6] will produce
a euclidean field theory over #(R*) corresponding to the underlying relativistic
field theory by means of the Osterwalder-Schrader theorem. To fix the notation
for Section 4, the euclidean Hilbert space will be #; = F/N,* where the euclidean
null space is the set

Ny = {f € &|ext S(f* x f) =0}

and the euclidean topology is derived from the following sesquilinear form on
the cosets p(f) € & /Ng,

(w(f), w(@)s=extS(f*x g).

In the usual manner [2] with Qp=1y(1), the euclidean field B is a continuous
linear map from & into closed linear operators in #; defined by B(f) w(g)
=1y(f x g). These are commutative on &/N; as a consequence of Ext3. The
relation between E2, Ext { and an embedding of the relativistic Hilbert space
reconstructed over the Wightman state as a closed subspace of J#; is taken up
elsewhere [7].

It is to be expected that there are Wightman states for which no extended
Schwinger states exist. In this direction the following necessary conditions must

apply.

Proposition 2.2. For related Schwinger and Wightman states, & and W respec-
tively, the following equivalent conditions are necessary for the existence of a
positive extension to & of S:

@ S()=S() VfeSs:

(b) S©Of)=S(f) VfeS:

© #U)=W0Of) Ve
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Proof. The necessity of (a) is immediate since when ExtO is true, ext S(f)
=ext S(f*) and due to the symmetry of S for f € & this becomes (a).

Suppose § is real then so is the restriction to &.. For fe &, the relation
(2.1) implies

~ vV .~ Vv - v .V
WR(fR) = WR(fR) = WR(Gsz) = 95 WR(fR) >

in which 6, is the space inversion. The functionals Wy and 6, W are equal on
a dense subset of #(R%) [1, Lemma 4.1, p. 95]. Since 0, is a symmetry and con-
tinuous, this equality extends to all of &(R%) whereupon we conclude from (2.2)
the relation

W) =Wr(Gr) = Wr(0,5 ) = #109)

for all g e &. Reversing these steps establishes the equivalence of (a) with (c).
The equivalence of (b) with (c) follows in the same way using the symmetry
of § to write (b) as

S(f)=80rf), #f=f*Vfe%.

Then if fe &_ so is 67f and the Osterwalder-Schrader relations become

~ V ~ - v
Wr(fr) = Wr(0,7tfr)
or by continuity

W(g)=W (0rg)="(0g), Vge.

Next let us turn to the question of extensions for § which are positive.
Extensions which are required to be only symmetric abound upon averaging any
Hahn-Banach extension over the compact group P with an invariant mean for
this group. However, it should be remarked that P does not preserve the positive
cone &7, hence Ext 3 does not follow automatically once Ext 0 has been achieved.
Itisa remarkable fact that with a technical assumption, S b always has at least
one positive extension to &.

Proposition 2.3. Let S be a real Schwinger state with S; =0. Then Sy has a
positive extension to <.

Proof. For the restriction S, € %~ (R*"), hence there exists a positive integer
m(n)and a positive constant c(n, m) such that [S,(f,)| = c(n) | fulmen for all f,e % (R*")

with | - |,,,, one of the Schwartz norms on & (R*". Set U ={fe¥ (R“")H Srlmon < 1}
and define sequences {m(n)}, {c(n)} for n=0, 1, 2, ..., with ¢(0) = %, m(0) = 0. Then
)

m(n,
U=@(1/2" " ¢(n)) | J is a convex, balanced neighborhood of zero in &.
Suppose f + pe U with fe &, and pe &*. Then for n=2

[fo Pl = sup (1 + X1 S+ 2™ (eps s X) < 1/27 ().

la| =m(n)
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For convenience denote Q_ = {xe R*"|x? <x9 < --- <x%} so that supp f,C Q..
This means
sup (L + [Ix[)™® [p (xy, ..., X,) < 1/2" " e(n),
xeR4M\Q <
] <min)
or subsequently
sup (XY™ p$? Gegs o Xl = sup (14 [xI)™ [P (x5 - X))

xeQR<
o] < m(n) |a| =m(n)

<1/2"1c(n).

Combining the two estimates produces [p,lnum <1/2""'c(n) and accordingly
| £l = | Palminy + | Palmeny < 1/2"¢(n) when n = 2. For the 0-component, | fo+po| <1
with p, =0 requires f, < 1.

Finally for such f, the value of the Schwinger functional is bounded by

SN fot+ X IS(FN=3/2.

nz2

The Bauer-Namioka extension theorem [8, V, 5.4] will then guarantee the exist-
ence of the desired extension. Whether or not every Schwinger state has an ex-
tension which is positive remains open.

The matter of an extension with both symmetry and positivity appears more
delicate. It should be remarked that a symmetric, positive extension of Srgz is
not necessarily an extension of S unless it is euclidean invariant when restricted
to & . For § itself, jointly positive and symmetric extensions are governed by the
Bauer-Namioka theorem. As a base for the subspace invariant under P define

N=sp{f —nf|feS neP}
and extend S to &%, + A by
ext, - S(f+9)=S8(f) VfeH, ge MK .

This extension is well defined and leads immediately to the result,

Proposition 2.4. A4 real Schwinger state S has a positive, symmetric extension to
& if and only if there is a convex, balanced neighborhood U of zero in & such that
ext, S is bounded above on (Fy+ N)(U—=F ).

Alternative criteria involving the kernel of § may be readily found [4]. One
may pursue the necessary and sufficient condition of Proposition 2.4 through the
relations (2.1), (2.2). In geometrical terms the result is that the underlying Wight-
man state should be positive on a second closed cone in addition to & *. It would
be of interest to establish usable sufficient conditions on the Wightman func-
tionals which lead to Proposition 2.4.

Before turning to another type of positivity for ext S in the next section let
us note that once an extension of S has been found for which Ext0 and Ext 3
hold, then Ext 1 follows generally. Suppose ext; S is the assumed extension then

ext, S(f) = L [ext, S(f) + ext, S(0f)]
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is a f-invariant extension of the same type. For the remainder, let M denote an
invariant mean on %, (iSO(4)) and consider the continuous bounded function
on iSO(4) defined by

F;:(a, R)msext,S(a(a, R)f) VfeS.

Clearly, extS(f)= M [F(-)] is the desired extension since the Schwinger func-
tional satisfies the euclidean invariance axiom, E1.

3. Construction of a Measure

For the most part, our terminology governing measures on nuclear spaces is
that of Gelfand and Vilenkin [11]; however, for convenience we recall certain
of these notions. The real-valued Schwartz functions will be denoted as F,(R*),
or more briefly %, whereupon & (R*)= F +i%. Similarly with a slight abuse
of notation % indicates continuous real linear functionals on % so that T'e &’
if and only if T(f)=ReT(f)—iReT(if) for all fe S, with Re T'e F. Suppose
Y C Y is a finite dimensional (real) subspace with (absolute) polar ¥° C .
Then the canonical coset mapping  factors the transpose of the injection i : ¥ — %%
so that the following diagram is commutative. Dotted lines show dualities.

N P i
R S
' \%/ R
] I ]
t T L T. ¥
RN —F 2 ‘ s!

! o
5. /¥
A coordinate representation for ¥ consists in selecting a basis {f, f5, ..., fu}

[4
where dim ¥ = N and with respect to this basis ¥ = RY. A cylinder set in % is
then a collection of equivalence classes modulo ¥° which may be equivalently
represented as

Z=yp YA)=Zp(AD=Z;, ;, . . rB),

where B is a Borel set in RN and A4 the “Borel” set in %x|y° defined by "i(Z)
=To(B)=j(A). If u is a measure defined on the c-algebra .o/ generated by the
algebra o7, of cylinder sets, the induced or conditional measure on cylinder sets
is written

,u(Z)::u"PO(A)z‘)fl,fz ,,,,, fN(B)‘

3.1. M. Riesz and M. G. Krein Extensions

Consider the polynomial algebra 2(¥%) over the complex numbers generated
by . It is not hard to see that this is dense in <. Suppose P(t;,t,,...,ty) 1S
a non-negative polynomial defined on R¥. A positive (non-negative) polynomial
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in (%) then corresponds to the formal substitution

Nk

P(flafZ?"'?fN): Z c(jl,"'ajN) ljlx szX--- X IJN’

Jk=0
1<k<N

where the algebra product in & replaces the ordinary product of real numbers.
The fact that P(f,...,fy) is no longer independent of the order in which the
products of its factors are taken is of no consequence due to the symmetry of the
extended Schwinger functionals. Further, there is no loss of generality in re-
quiring that the vectors { f1, f3, ..., fy} C % be linearly independent. Certainly for
different choices of vectors in % the same polynomial on R" produces different
elements of 2(HR), say 2, ; which defines an order relation.

There is an alternative way to view 2P (Fg) =2. A function F: %3 — C will be
said to have finitely many variables if there is a finite collection of linearly
independent functions in %, say {fi, f>, .--»fn}, such that

F:TwsFKT /1, <T.f2)s ... KT fw>)  VTe IR,

where F(-)is a complex-valued function on RY. In this way, 2 is just the subset
of polynomials in finitely many variables and P € £, if and only if P({-, f), ...
<, (o fy) 20 on F%. The subclass of real polynomially bounded functions will
be written as &(¥g) =&, which one readily verifies is a real linear space.

It is now appropriate to introduce the second type of positive extension from
the Osterwalder-Schrader theory that we will examine. Criteria for the existence
of such extensions are to be had upon modifying Proposition 2.4.

Definition 3.1. Let ext S be an extension to 22(#%) of a Schwinger state for which
(a) ext S is continuous;

(b) ext S is symmetric;

(c) extS(£,)=0.

After Powers [10], such a state will be called strongly positive. From a strongly
positive state, we may define a real linear functional I on 22(SR)N&(H3) by

I(P)=extS(P(f1, fos .- f¥)) -

The functional I then satisfies the conditions of the Riesz-Krein extension theorem
[17, Theorem 2.6.2, p. 69] whereby it may be extended to a positive real linear
functional extl on & When F e & has the form F({-, f,),..., <", fy») we shall
also write for this extension

extI(F)=extl , . .(F).

Upon extending further by linearity, ext ] is then defined on the complex func-
tions in & +i& and agrees with ext & on £. The virtue of such an extension lies
in the fact that it corresponds to a measure on the cylinder sets <7, in %, and
solves an infinite dimensional moment problem for ext S.

.....

Definition 3.2. Suppose Z is a cylinder set in S with characteristic function
%z- Then
wZ) = extI(xz)

defines a positive finitely additive set function on =Z,.
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We claim that p is actually a cylinder set measure. y is certainly well defined,
for suppose Z;, ,, . ;(B)is a cylinder set for some Borel set B in R". Then

iu(Z)ZeXtIfhfZ ,,,,, fN(XB)zvfufz ,,,,, fN(B)

defines a normalized, regular, Borel measure v, . . on RY.

It remains to verify certain compatibility conditions that ensure x4 depends
only upon the cylinder set and not the manner in which it is represented. Suppose
Z=Zgo(A) and {f}, f5, ....fn} = f: {915 925 ---» gn} = g are two bases for ¥ related
by a real non-singular N x N matrix C, §=Cf. u(Z) is independent of which
basis is used as

extly, . e =extly, o (tcm)-

The second compatibility requirement concerns two subspaces ¥, C¥,, C %%
with bases {fi,....fy} and {f1,....fas fs1> ---»Sv+aes reSpectively. For Fe & of
the form F({-, f1), ..., {+, fy>) we may multiply by the function which is identi-
cally 1 on R™ so that

(Fx1).

,,,,, SN+M

A short calculation ascertains the compatibility of the measures ugo and pyo.
It then follows that u is a cylinder set measure [11, Eq. (4), p. 309].

The relation between u and ext S is a classical proposition from the theory of
the moment problem. One may actually do a little better without any further
work.

Proposition 3.3. Suppose F € &(%) and is measurable with respect to the Borel
sets in Sy \W° for some finite dimensional subspace ¥ C %x. Then

extI(F)= | Fdugo

Sh PO
and in particular

extS(P(fy, foo s fW) = [ Pty by, oo ty) vyt ta, o ty).
RN

Remarks. This representation for extI does not require the countable ad-
ditivity of u on o,

Proof. For F continuous, the validity of the above integral representation is
a standard result in the moment problem [12, Theorem 1.1, p. 3].

Next suppose F =0 and 0 < s, < F is a sequence of simple functions increasing
pointwise to F. By positivity 0 < ext I(s,) < ext I(F) and by monotone convergence

[ Fdpgo= lim | spdpgo < extI(F).
For the converse inequality recall that since F is polynomially bounded there

exists a fixed polynomial P such that for any ¢ >0, there exists a compact set
K C R" depending only on ¢ for which

0=F(1 —yxx) =eP/I(P).



50 J. L. Challifour and S. P. Slinker

Since P is chosen to dominate F we may assume I(P)>0 otherwise there is
nothing to prove. The function Fy has bounded range, so 0< Fyy<b<o0. In
fact, if 2 is a positive polynomial which dominates F then b < sup 2yx < co.
Following Rudin’s proof of the F. Riesz representation theorem [13, Step X, p. 46]
one may deduce the estimate

extI(Fyg) < | Fdpgo+3e+¢”.
extI(F)=extI(Fyg)+extI(F(1 — yx)) < | Fdpgo+4e+¢>.

Hence

When F is a general measurable function in &, the representation results upon
decomposing F into positive and negative parts. The representation also extends
to complex functions.

Remark. Under suitable growth conditions on extS(f?) as a function of p,
positivity of ext § alone will imply strong positivity [18].

3.2. Uniqueness of u

As we shall see in Section 4, the circumstance in which the measure y is unique
provides good technical control over the resulting euclidean field on (¥%, <7, ).
This question is clearly that of uniqueness for the Riesz-Krein extension to &
which requires

zeg’?\u:zgxl(Z):yeﬂ'rlwrzls"t:‘xéyl(y) vxeéa.
In this form, this condition is not particularly useful and is best exploited in terms
of the one dimensional measures v, f € %.

First we shall need to extend a result due to Riesz for the power moment
problem on the real line. A solution, say v, to this problem is called N-extremal
if either of the following conditions are valid [17, Definition 2.3.3, p. 45]:

(a) v is unique,

(b) v is the limit circle case.

The required generalization is the next lemma.

Lemma 3.4. Let v be a normalized N-extremal solution to the one dimensional
moment problem. Then the polynomials are dense in £ ,(R, dv) for 1 <p < oo.

Proof. That the polynomials are dense in ., and .%, respectively under these
hypotheses is due to Naimark and Riesz [17, pp. 43—49]. Suppose wy(t),
k=0,1,2,... denote the orthonormalized polynomials of degree k on Z,(R, dv);
namely,

[ dv() () () = ;5

with wy e £, for 1 <p<oo. Suppose y, is the characteristic function of a Borel
set ACR and {o,} are its Fourier coefficients with respect to the {w,}. Then

Holder’s inequality for 1 <p <2 and Riesz’s theorem give the relation

N

Xa— z Oy Wy
k=0

N

Xa— Z Oy Wy
k=0

=0.

lim
N—o 2

< lim
p N—- o

The polynomials are therefore dense in these Z,.



Euclidean Field Theory. I. The Moment Problem 51

Suppose the polynomials are not dense in & , , 1 <p<2. There then exists

p—1
a non-trivial f'e &, for which

<f,60k>=fdvfa)k=0 k=0,1,2,....

Now as sp{w,} is dense in £, there exist coefficients {c,} such that

N
f= 2 aof =0;
k=0

p

lim
N- o

or rather that

N
llm <f— chwk,wi> :0 i:0,1,2,....
k=0

N-

This requires ¢, ={ f, w,) =0, which is a contradiction. The following criterion
for the uniqueness of x4 now holds.

Theorem 3.5. The measure p is unique if and only if each of the one dimensional
cylinder set measures v, f € %%, is unique.

Proof. The condition is certainly necessary so let us suppose each v, is unique.
Suppose for some finite linearly independent set { fi, f5, ..., fy} = f we have two
solutions of the corresponding moment problem; say for each Borel set BC R,
there are measures

WO (B) = extIP ()02 (B) = ext 1P (1)

for two Riesz-Krein extensions.
Consider a set A=A; X A, --- x Ay in which each A4, CR is a Borel set. For
a given integer m=1, 2, 3, ... choose a polynomial P,, (t,) by Lemma 3.4 such that

”XAk - Pmk“yf Rodvy) = (1/Nm2").
Then ||P,, |~ 2. Define a polynomial in N-variables by
"@m(tla ey tN)z Pml(tl) sz(t2) v PmN(tN) .

After repeated use of Holder’s inequality we derive the following estimate valid
for either i=1 or 2,

extI?(|y — 2,) = f 4, (1) - Han () — 2ty st dV(i,),...,f}\;x ,,,,, -
RN

N
= 2 ae=Pallz [1Palls - 1B floe = 1/2m.
e=1

Consequently for each m=1,2, ...,

VD (A) = v (D] < lext IV (1) — extS(2,(f1s - fv)]
+1extS(2,(f1s - fn) — extI® (g ) < t/m.

Standard arguments imply that v‘f” and v agree on the Borel sets in R".
A most useful criterion for the uniqueness of u is due to Carleman [12, Theo-
rem 1.10].
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© -1
Corollary. The measure p is unique if 'y, [extS(f??)]*? = oo for each fe %.
p=1
The literature on the moment problem provides a number of necessary and
sufficient conditions for the uniqueness of v, in terms of the moments extS(f?).
It is worth pointing out that Theorem 3.5 actually proves that even if the v, are
not unique but only limit circle solutions to the moment problem, nevertheless
the measure u is uniquely determined by a specific choice among these.

3.3. Continuity of u

Following Gelfand and Vilenkin [11] consider a > 0 and the function F(t) =1
for |t| = a and t?/a® for |t| < a. Suppose { f;} is a sequence of functions tending to
zero in %% and u is a measure constructed from a strongly positive state. Then

0 < ul{Te | KT f)| 2 a] < extI(F) < extS,(f7/a?)
lim p[{Te Sl [<T S| 2] =0.

and

This implies that the measure p is continuous [11, Chapter 4, § 1.4] and hence
by a theorem of Minlos [11, Chapter 4, Theorem 3] countably additive on .«7,.
General arguments allow a unique countably additive extension to &/ which we
shall again denote by u. A little more may be obtained from these remarks.

Proposition 3.6. Each strongly positive state on P (%) has a unique, continuous,
positive extension to &.

Proof. As part of Definition 3.1 we have required a strongly positive state to
be continuous on 2 (F%) with respect to the topology of &. As £ is dense in &,
such a state extends by continuity to a unique element of &”. Let us denote both
the state and its extension by extsS.

For the case when fi, ..., fy are functions in &, decomposing each f; into its
real and imaginary parts leads to a decomposition of a polynomial P(fj, ..., fy)
= P, 4+ iP, where P,, P, are real polynomials in functions from . The symmetry
of ext S implies the relation

extS(P* x P)= extS(P? + P?)=0

by strong positivity. Finally consider fe.% and a sequence of polynomials
{P;} CP () such that P,— f in &. Then

lextS(f* x f — P x P)| < [extS(f* x (f — P))|+lextS((f* — Pf) x P)|
-0 as joow
M N
since multiplication in & is jointly continuous on P F(R*")x P F(R*"),
n= n=0
[3, Theorem 1.3.5]. °

3.4. Invariant Measures

As we have seen in § 2, we may assume without loss of generality that there
exist strongly positive satisfying all the extension axioms of Definition 2.1. A con-
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sequence of this is that the class of measures constructed in § 3.1 contains ones
which are invariant with respect to the flow on % induced by the euclidean
group. To see how this comes about let us notice first of all the following structure.

Proposition 3.7. For any (a, R)€iSO(4) define a mapping n(‘a,lR):yﬁﬁ.S”,é by
(T aa,R) f>= gl T f for all fe S, Te F. Then

(@) ™1 is a group homomorphism;

(5) N4, gy is @ homeomorphism of Sy with respect to 6(F g, Sr);

(©) ’7(;,11()&{0 = o;

(d) Ny =

(€) Na'r is measure preserving if and only if 1na'nZl=plZ] for each
cylinder set Z.

None of these facts are hard to verify. For (e), for each (a, R) € iSO(4) define
a measure pi, g on ./ by p, plA]= u[n(;,‘R) A] with a measurable set A. That
W r) = M is a consequence of invariance on cylinder sets and the uniqueness of
extensions from o7, to . The measure preserving nature of the euclidean flow
on ./, returns us to the Riesz-Krein extension and the relation

-1
eXtIfl ..... fN(XB) =extl, (a,R)fl,...a'l(a,R)fN(XB)

for all (a, R)€iSO(4) and Borel sets BCR". An extension of I which achieves
this is to be obtained upon averaging on the euclidean group.

Theorem 3.8. Let M be an invariant mean on ¥, (iSO(4)) and for each (a, R)
€iS0(4) define
AB(a’ R) = eXtIoc‘l(a,R)fl ,,,,, a‘l(a,R)fN(XB) .
Then inv.extl, . (xg)=M[Ap(-)] is a euclidean invariant Riesz-Krein exten-
sion whose related measure, W, is invariant with respect to the euclidean flow.

Proof. The existence of an invariant mean on £ (iSO(4)) follows on general
grounds [14, Theorem 2.2.1], and as Ag(-) is bounded we need only show that
it is measurable. For this suppose ¢ >0 is a C®-function on R¥ with compact
support and [ dtg(t) = 1. Define g,(t) = ¢ " o(t/¢) with ¢ >0 and put yp , = x5*0,(?).
Some properties of these mollifiers follow:

(i) xp.,€ C*(R") for all ¢ >0 and Borel sets B;
(i) 0= yp, <15
(iti) lsig} AB,. = Xp Pointwise.

Now consider on iSO(4) the functions

fore=1/n; n=1,2,3,.... From the continuity of u, we conclude that {4y, ,} is
a sequence of continuous functions for which by dominated convergence satisfies

31_,11; AB,I/n(a3 R)= Ap(a, R).

Apg(+) is then measurable with respect to Haar measure on the euclidean group.
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It is readily verified that inv.extl is a Riesz-Krein extension of I due to the
euclidean invariance of extS.

As a final comment; an amusing property of invariant measures when re-
stricted to cylinder sets is their ergodicity.

Proposition 3.9. There exist no non-trivial cylinder sets invariant with respect
to the translation homeomorphism.

Proof. The first step is to show that for {f}, f>, ..., fy} linearly independent
functions from %%, there exists a, >0 such that the functions {fi,f5, ..., x>
oY) fi, ..., Y (a) fy} are also linearly independent for ||a| >a,. For suppose
we apply the Gram test for linear independence to this second collection of
functions. Typically, the Gram matrix has the following form in N x N blocks

where the entries are g;; = [ dt f;(¢) f;(¢), h;j(a) = [ dt f(¢) fi(t + a). Expanding det G’
by a Laplace expansion on the first N rows produced the relation

detG’' = (detG)? + H(a).

G is the Gram matrix for the first collection of functions and has det G 0, while
H(a) is in #(R*) as a function of a.

Secondly, let Z,,, . .(B) be a non-trivial invariant cylinder set with a suf-
ficiently large that {f,, ..., fy, @ (@) f}, ..., « " *(a) fy} form a basis for a subspace
¥ C % of dimension 2N. Suppose xe B and ye R¥\B and define Te ¥’ by the
relations (T, fi> =x,, {Ta * f,> =y, for k=1,2, ..., N. The Hahn-Banach theo-
rem provides for an extension of T to %, also written T, for which

...... B ey T€Zig, .. 1y (RY\B).

So, Z cannot be invariant under all translation homeomorphisms 7, ;),a € R,

4. The Euclidean Field

The primary objective for our investigation was to learn which extensions of
Schwinger functionals would lead to a euclidean field theory of random variables.
This is now accomplished by one of the standard constructions in probability
theory applied to the measure space (%%, %, u) corresponding to a strongly
positive state. Throughout this section, u will denote a measure for which the
euclidean flow is measure preserving; i.e., g is invariant.

Definition. 4.1. Define a mapping ¢: %z — &(F) by o(f/)(T)=LT,f >V fe %,
T'e S, subject to [1, gy (] (T)=o(f) (W(Z,IR) T) for each (a, R) €iSO(4).

The generalized random process ¢ will be the euclidean field appropriate to
the underlying Osterwalder-Schrader theory. A number of properties for ¢ are
immediate:

(@) ¢ is linear;

(b) @(f)is measurable for each fe %;
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(c) f;—0in % implies ¢(f;)—0 pointwise on Fx;

(d) if f;, ..., fy are linearly 1ndependent then v, .,
distribution for @(f1)s - 0(f);

(e) fora polynomial P(f15f25 o> S35

eXtS(P(f17f2> ”wa)):' §P(¢(f1), Qo(fz), teeo ¢(fN)) d:u;

0 o(f)e L,(Sr, o p) for each 0<p<oco and for such p when f;—0 in
S lo(f)ll,—0. In particular, ¢(f;)—0 in measure.

(g) ¢ is euclidean covariant; namely, 1, g, @(f) =@ (o, g f) for each (a, R)
€iSO(4).

., 1s the joint probability

.....

4.1. Maximal Measures

Let us re-examine the euclidean field theory of § 2 for a strongly positive state.
The relations

WQg=1, WB( 1j‘ X e X fﬁN) Qp= QD(fl)Jl(P(fz)“ (™

for {f1, /5, ..., fx} C %% and elsewhere on () by linearity define an isometry
between #; and the &, (S, <, 1) closure of polynomials in ¢(f). A convenient
representation for this closure, first due to Wiener for Brownian motion, has
been given as follows [15]. If 2, denotes the complex linear span of all polynom-
ials in @(f) with degree <n, form the mutually orthogonal subspaces (homo-
geneous chaos)

’@O=@0"@1291@‘@05"‘9°@n=9n@°@ —

Then P (HR) = U P, and Ay = @ 2, (Z,-closure). One of the interesting ques-
n=0
tions for generalized random processes concerns the nature of J#; as a closed

subspace of &, (%, , 1). For a generalized free field, the extension process leads
to a Gaussian measure u for which the homogeneous chaos is dense in %, [16].
We next give conditions on the measure u for this to be true in the generality
discussed here.

Definition 4.2. Let 1 be a measure corresponding to a strongly positive state
on . u is called maximal if each of the one dimensional measures v, f€ %,
is N-extremal.

Theorem 4.3. Suppose u is maximal. Then polynomials in @(f), f € S, are dense
in &,(Sr» A, p) for 1 <p<co. In particular, #y = L,(S, L, ).

Proof. The proof is similar to the one for Theorem 3.5 after two remarks. It
is easily verified that .« is the g-algebra generated by {¢(f)| f e Fx}. Moreover
o, is dense in o/ in the sense that to each A e .o, ¢ >0, there exists a cylinder
set Z such that for the symmetric difference A4Z, one has ,u(AAZ)<sZ If
Z=Zy, q,,... rv(B), then there is a finite family {Bamx o X By} 0= 1,..., P;
of disjoint Borel sets in RY with each B, a Borel set in R for which

Vi in (BA U Bupyx - XBa(N)) <e?.
a=1
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The method used in Theorem 3.5 may now be modified to approximate each
characteristic function yp_, by a polynomial P, (¢(f) in £,-norm for 2 < p < co.
Corollary. When the measure u is unique, #y = L,(%, L, 1t).

A partial converse to Theorem 4.3 is apparently more subtle, Theorem 4.4.

4.2. Ergodicity

Our discussion of the measure y has not so far involved any euclidean cluster
property. For physical applications, it should be expected that this property will
be extremely important. Let us suppose that the polynomials in the euclidean
field are dense in .%,; for example, u is maximal. Then given two measurable
sets A, Be of with characteristic functions y,, x5; We may determine for given

¢>0 polynomials P(¢(f}), ..., o(fy) Q(@(gy)s ..., ¢(gar) such that
lxa—Pllz<e, lxpg—Qll.<e.
As a consequence, for any translation homeomorphism
[u(An; 1t B) — u(A) w(B)| < de(1 +¢) + |ext S(P x a(a) Q)
—extS(P)extS(Q) .

The conclusion is that the translation flow, or loosely speaking u; is ergodic,
weakly mixing, mixing if and only if the following conditions hold on the strongly
positive Schwinger state

{ T
ergodic — }1m T [ dt extS(P x a(t) Q) = extS(P) extS(Q) ;
T
weakly mixing — hm % [dt|extS(P x a(t)Q) — extS(P) extS(Q)| =
0
mixing — hm extS(P x a(T)Q) = extS(P)extS(Q) ;

for any two polynomials P and Q. Here af(t) = a((t, 6)) which is sufficient for the
whole transition group due to euclidean and #-invariance. The latter is an impli-
cation of Propositions 2.2 and 3.6.

As an illustration of properties for a mixing translation flow, we examine
a converse to Theorem 4.3.

Theorem 4.4. Let u be a measure constructed from a strongly positive state
which has the mixing cluster property. Then polynomials in the euclidean field are
dense in L,(%g, A, 1) if and only if u is maximal.

Proof. 1t is sufficient to look at real functions, so consider «*(a) f € %, and
denote the sub ¢ algebra of o generated by ¢(ax"!(a) f) by Z,. For each ae R?,
%, is the Borel sets on R. If F is a positive or integrable random variable on
(Y%, o, p) indicate the conditional expectation of F with respect to %, by %, [F].

Suppose BCR is a Borel set with characteristic function yz and {f, f1, ..., fx}
are linearly independent functions from %%. Then using the invariance of u and
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the mixing property for the flows 4, : g — F&, a€ R*,

§x8 % [(P(fl)jl (P(fN)jN] dV/
]imw IXB%[QD(fl)jl q’(fN)iN] dva“(a)f

lall =

= lim IXB‘P(fl)jl (p(fN)deva“‘(a)ffl...fN

llall -0

=c [ ypdv,.

The constant ¢ is the expectation of (f;)" ... (fy)™™.

This implies that Z, [@(f) @(f1) ... (fy)*¥]=ce(f)’ or rather since Z, is

the orthogonal projection from %,(%%, %, u) onto Z,(R,dv,) that &, maps
polynomials in the euclidean field onto polynomials in ¢(f). Thus, the latter
polynomials are dense in %, (R, dv,) and by Riesz’s result v, is N-extremal.

Remark. The mixing assumption in Theorem 4.4 could equally well be replaced

by ergodicity.
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16.
17.
18.

19.

References

. Osterwalder, K., Schrader, R.: Axioms for Euclidean Green’s functions. Commun. math. Phys. 31,

83 (1973)

. Borchers,H.J.: On structure of the algebra of field operators. Nuovo Cimento 24, 214 (1962)
. Borchers,H.J.: Algebraic aspects of Wightman field theory. In: Sen,R.N., Weil,C. (Eds.):

Statistical mechanics and field theory. New York: Halsted Press 1972

. Wyss, W.: The field algebra and its positive linear functionals. Commun. math. Phys. 27, 223

(1972)

. Osterwalder,K.: Euclidean Green’s functions and Wightman distributions. In: Velo, G., Wight-

man, A. (Eds.): Constructive quantum field theory, Vol. 25. Lecture Notes in Physics. Berlin-
Heidelberg-New York: Springer 1973

. Streater, R.F., Wightman, A.S.: PCT, spin, and statistics and all that. New York: Benjamin 1964
. Challifour, J.L.: Euclidean field theory. II. Embedding of the relativistic Hilbert space. Indiana

(preprint)

. Schaefer,H.H.: Topological vector spaces. Berlin-Heidelberg-New York: Springer 1971

. Nelson, E.: Construction of quantum fields from Markoff fields. J. Funct. Anal. 12, 97 (1973)
. Powers,R.T.: Self-adjoint algebras of unbounded operators. Commun. math. Phys. 21, 85 (1971)
. Gelfand,I.M., Vilenkin, N. Ya.: Generalized functions, Vol. 4. New York: Academic Press 1964
. Shohat,J. A., Tamarkin,J. D.: The problem of moments. Revised edition. American Mathematical

Society (1963)

. Rudin, W.: Real and complex analysis. First edition. New York: McGraw-Hill 1966
. Greenleaf, F.P.: Invariant means on topological groups and their applications. New York:

Van Nostrand 1969

Kakutani, S.: Spectral analysis of stationary gaussian processes, p. 239. Fourth Berkeley Sym-
posium on Mathematical Statistics and Probability 1960

Segal,I.E.: Tensor algebras over Hilbert spaces. Trans. Amer. Math. Soc. 81, 106 (1956)
Akhiezer, N.I.: The classical moment problem. Edinburgh: Oliver and Boyd 1965

Borchers, H. J., Zimmermann, W.: On the self-adjointness of field operators. Nuovo Cimento 31,
1047 (1964)

Simon, B.: Positivity of the Hamiltonian semigroup and the construction of Euclidean region
fields. Helv. Phys. Acta. (to appear)



58 J. L. Challifour and S. P. Slinker

20. Frolich,J.: Schwinger functions and their generating functionals. I (1973), and II (1974). Harvard
University Preprints
21. Simon,B.: The P(®), Euclidean (quantum) field theory. Princeton: Princeton University Press 1974

Communicated by A. S. Wightman John L. Challifour
Steven P. Slinker
Department of Physics
Indiana University
Swain Hall West 117
Bloomington, Indiana 47401, USA





