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Abstract. We consider a massive, charged, scalar quantized field interacting with an external
classical field. Guided by renormalized perturbation theory we show that whenever the integral
equations defining the Feynman or retarded or advanced interaction kernel possess non perturbative
solutions, there exists an S-operator which satisfies, up to a phase, the axioms of Bogoliubov, and is
given for small external fields by a power series which converges on coherent states. Furthermore this
construction is shown to be equivalent to the one based on the Yang-Kéllen-Feldman equation.
This is a consequence of the relations between chronological and retarded Green’s functions which
are described in detail.

Introduction

Numerous papers have been devoted to the study of the interactions of
particles with external fields, within the framework of quantum field theory.

The formal aspects were well developped twenty years ago, in particular
through the work of Feynman [1], Matthews and Salam [2] and Schwinger [3].
A good summary can be found e.g. in Thirring’s book on Quantum Electro-
dynamics [4].

Mathematically rigorous non perturbative treatments were given in some
particular cases by several authors. Capri [5] has explained lucidly “the reduction
to c-number problem” (cf. also Wightman [6]). Bongaarts [7] has treated the
case of spin 1/2 particles in a stationary external field. Seiler [8], using the results
of a paper by Schroer, Seiler and Swieca [9], proved the existence of a fixed time
evolution operator in the following cases: scalar and pure electric external fields
for spin 0 and spin 1/2 fields. Wightman [6] has given necessary and sufficient
conditions for the existence of a unitary S-operator for arbitrary spins, in the case
of external field coupled with quantized fields which fulfil a first order system
of partial differential equations.

The perturbative aspects of quantum field theory described for instance in
Bogoliubov and Shirkov’s classical book [10] have recently been further devel-
opped by Epstein and Glaser [11], Steinmann [12] and Zimmermann [13].

These authors have proved the existence of an S-operator as an operator
valued formal power series, for arbitrary Wick polynomial Lagrangeans.

The aim of this paper is to exhibit the connection between Bogoliubov’s
version of perturbation theory and non pertubative methods developped by the
above mentioned authors. For the sake of simplicity we shall consider the
problem of a charged scalar boson field interacting with a classical external field.
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Possible extensions to more general cases will be mentioned at each step. The
main problem is to construct a solution of the Bogoliubov axioms as an operator
in the Fock space of the in-field.

In Section I, we first consider S as a formal power series with respect to the
external field. We show (Theorem I.1.1, Section 1.2 and Proposition 1.3.3) that S
is, up to a phase, equal to an explicit function S,(I) of the two-point interaction
kernel “I”. This is, in the present framework, “the reduction to c-number problem”.
It can be seen that “I” is defined, in perturbation theory by an integral equation
[cf. Eq. (ILO.1)].

It seems therefore reasonable, in order to formulate a non perturbative
treatment, to find exact solutions of this equation, which allow to construct
So(I). The actual existence of such suitable solutions will be studied in a number of
cases in Part II [16] of this work.

In fact we shall first define a class of two point functions, which we call N P
kernels, and assuming the existence of N P solutions of Eq. (IL. 0. 1), we shall study
some of their properties:

In particular we explicitly establish the connection between methods using
the hamiltonian formalism [8] the Yang-Killen-Feldman equation [5,6, 14],
and the perturbative theory [1,2,3,4] (cf. TheoremII.4.1, and Section IL5).
As a corollary, the two-points function “I” can be computed by solving the
Cauchy problem for the Klein-Gordon equation in an external field
(Theorem I1.4.1), Remark I1.2.11).

In the case of scalar boson fields, we also show the redundancy already
remarked by Wightman [6], of some of the general necessary and sufficient
conditions given by him [6] for the existence of the S-operator (cf. Proposi-
tion 11.5.2).

In the last section, assuming the existence of an N — P interaction kernel “I”,
we show that S, (I) defines in Fock space, a covariant, unitary and causal up to a
phase, S-operator in the sense of Bogoliubov [10]. We also prove some results
about analyticity of S,(I) with respect to “I”. We construct an interpolating field,
which is solution of the Yang-Kaillen-Feldman equations for which the in and
out field are related by the S-operator S, (I).

This construction explicitly made for a charged scalar field, can be extended
to fields with arbitrary spins if one is careful enough. At each step, we indicate how
this can be done.

It seems that some difficulties appear in the case of fermion fields although
it is possible to define an S-operator (cf. Labonte [15]).

In a forthcoming paper [16], we will show the existence of N — P solutions,
in the cases of spin 0,1/2 and 1 fields, for special choices of the external field.

1. Perturbative Theory
1.1. The Bogoliubov S-Operator

The S-operator, which describes the interaction of a quantum field with an
external field, is easily constructed in the framework of Bogoliubov’s perturbation
theory [10], by applying the Epstein-Glaser formalism [11].
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In the simple case of a charged scalar boson, interacting with a scalar field
and with an electromagnetic vector potential the corresponding (quadratic)
lagrangean density is:

Z1(x:9) = v(x) :0*¢: (%) + i4,(x) :0* 2 (x)

1.1
g:(U,Ao,AI,Az, A3)€ y(IR‘L)XS ( )

and ¢ is the free field describing the scalar bosons (see Appendix 1). Unitarity
holds if v and A4, are real valued.

By applying Wick’s theorems [11,17] (see Appendix 2) one can show the
following theorem (whose proof is given in Appendix 3).

Theorem 1.1.1. Given the lagrangean density 1.1.1, there exists in the sense of
Sformal power series a solution of the causal Bogoliubov axioms such that:

S(g)= (92, S(g) Q) :expi | ¢*(x) I(x, y) p(y) dx dy:. (I.1.2)
Here, “I” is the distribution kernel valued formal power series defined by:
I=A+AAI=A+14,4 (L1.3)

with:
A(x, y) = 8(x — y) (v(x) + A, A*(X)) + i[A,(x) + 4,(0)] *3(x —y)  (L1.4)

and Ay the two-point Green function:
Ap(x)=2n)"* [ &P¥(p* —m* +i0)~ ' d*p. (I.1.5)

Remark 1.1.2. Let y be a free (fermion or boson) field, whose twopoint Green
function is given by:

Sp(x) = eP*P(p) (p2 — m? +i0)"* d*p (1.1.6)

where P is a matrix valued polynomial. Let Z,(x; O) be the following (quadratic)
lagrangean density:
Z,(x30) = ,(x) pp(x): O,(x) (11.7)

where 0, 4(x) e & (R?).
The previous theorem holds if we replace ¢ by y, 4; by Sg, &£, by &£, and
A(x, y) by O(x) 6(x — y).
Remark I.1.3. One can express “I” in term of Feynman graphs (see Fig. 1).
Remark 1.1.4. One can see that:

[d*xd*y:p*(x) p(y): A(x, y) = [ d*x: L°*(x, g): a) (1.1.8)
I(x,y)= ? + % E NPT +%_%+...
n
Fig. 1

where #°*" is the canonical lagrangean for this problem:

1P (x; g): = [0(x) + A, A*(X)] :0* @2 (x) + 4, (x) :(p*é—‘{(PI (x). b)
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We note that £ is different from ¥, because, by definition [11, 17], the latter
has to be of the first order in (v, 4,) =g; £°*" can be recovered upon making the
following choice of renormalization:

(QITo"o(x) " p(y) Q) = —i[0"0"Ap(x — )+ g""6(x — y)]. (L.1.9)

1.2. The Two Point Green Functions

The two point Green function can be defined in the sense of formal power
series by the following equation [3]

Gp=A4p+A;AGp=Ag+GpAA,. (1.2.1)

Its expression in terms of Feynman graphs is given in Fig. 2. It is easy to see that
Gy is equal to

' Gp=Ap+ Ayl 4, (1.2.2)
or equivalently: I— A+ AG.A (1.2.3)
= F . o

Equation (I.2.1) shows us that G satisfies the following Klein Gordon equation

([0, — iA4,(0)] [0% — iA"(X)] + m* — v(x)) Gp(x, y) =6(x — y)
([0, +i4,() [0y + 14" ()] +m* —v(y)) Gxlx, y) = 6(x — y)

with the conditions [3]:

(1.2.4)

if x ¢ (suppg + 17_+), Gg(x, y) propagates only positive frequencies
if x & (supp g+ V™), Gg(x, y) propagates only negative frequencies.

1.3. The Physical Meaning of 1

Let $, be the one particle Hilbert space with energy of the sign of & =41
(cf. Appendix 1). Let us define

I(p,g)=2n"*[ @ >N (x, y)d*x d*y . (13.1)
Let I, be the following operator from &, to 9, (cf. Appendix 1):

LeHp)=2n [ Iepeq)f(@)3@>+m’) 2 dg  (132)

q'Oz(q"2+m2)l/2
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with e=+1, ¢ =+1 and fe$,. Then “I” defines the following operator on
H.DH-
Ly I
I;= <1_+ I__>' (1.3.3)

Proposition 1.3.1. To any order in the external fields 1, .,I__ are bounded
operators, I, _ and I_ . are in the Hilbert-Schmidt class [18-20].

Proof. To order “n”, “I” reads:
n-times A
~ —
L(p,q)=Adp...A4pA(p, q). (1.3.4)

From Appendix 5, Lemma A.5.3 and Corollary A.5.7 we can deduce that
Le AV (myo 1/4)Vm=0 and Vo =0. Using Lemma A.5.4,

M=

Tr(I+ - Ii—)'order“n” =

p

Tr((L, ), (I ), (13.5)

0

Proposition 1.3.1 then follows.
Remark 1.3.2. In the case of fields with higher spins described in Remark 1.1.2,
s the results of Appendix 5 (in particular Lemma A.5.5) allow us to modify Propo-
sition 1.3.1 as follows:
—1I,_and I_, are in the Hilbert Schmidt class.
—1I,, (resp. I__) is densely defined on a domain D, (resp. D_) such that
I..D,CD, (resp. I__D_CD_.). .
_To see this we have to remark that (see Remark 1.1.2) Ym=0Va =0 0O(p, q)
=0(p—q)e N (m a0 if O(x)e L(R*) and we have to use Lemmas A.5.5 and
AS.6.

Proposition 1.3.3. In the sense of formal power series, the operator I is the
building block of the following physical quantities

a) (Q,SQ))? =det(1, , — 1, _(I,._)%). (1.3.6)
b) The probability P,.,- of creation of one pair is given by
P.,-=detd, —1I, I¥ )Tr(I,_I%.). (1.3.7)
¢) The scattering amplitude for the process particle— particle is given by
(@S, +il,4)(p,q). (13.8)
d) The complete S operator is given by:

S=ein0(I):eiwdet(]1++ _I+_Ii<_)l/2 :ei(a+l+-b"+ atls 4 a‘+b‘1__b++b‘1_+a‘):
(L.3.9)
where w is a phase depending on I.

The results of this proposition are well-known [3, 4, 6, 8]. They can be proved
by using the unitary of the S-operator and the definitions of the out-field and the
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out-vacuum
Qui=S"'2=(Q,8Q) e " *-7Q, (1.3.10)

Pout () =871 0(x) S . (13.11)

Remark 1.3.4. Using Nelson’s notations [21] for second quantized operators

one has:
expi(f@® I, ca” +b I _bY)=I(@1,, +il, )®@__+il* 1)) (13.12)

I'A®B) &, ,=(A®"®B%) 9, , (1.3.13)
D, eNHI'®YH L°  (cf. Appendix 1)

with
if

Remark 1.3.5. In a non perturbative framework we shall use the results of
Proposition 1.3.3 to reduce the problem to the proof of the existence of a kernel I
such that I, ,, I__ are bounded operators, and I, _, I_, are in the Hilbert-
Schmidt class.

14. The Interpolating Field
In perturbation theory the interpolating field is given by the formula [11]

oS
X)=8"Yg,J) —— (g, J . L4.1
PO=5"0 ) S @) (L4.)
Here S(g, J) is the Bogoliubov S-operator constructed from the lagrangean density
L'(x;9,J)=Z1(x;9)+ J(x) o(x). (14.2)

Proposition 1.4.1. The interpolating field is given by the formula:
p(x)=<SH|? e T (6(x — y) + ARl (x, ) @(y) d*ye o0 (143)
It satisfies the Yang-Kdllen-Feldman equations [5, 14, 22];

P(xX)=0(x) + [ 4,(x—2) Az, y) w(y) d*y d*z a)
Y(X) = Qou(X)+ [ 4(x —2) Az, ) p(y) d*y d*z. b)

The proof of Eq.(1.4.3) is given in Appendix 3. Let us give the proof of (1.4.4a)

(L4.4)

Ap=A4,— A, =1 -4, A+ 4 )=(1—-4,1) (14.5)[3]
because of (I.1.3) for I.
Thus:
(1—A,A)p=:e"59To. (1 — A, I) 0 $ 219 |<SH? (1.4.6)
where -
I(x, y)=1(y, x)*. (14.7)

Wick’s theorem yields:
(1 —A,1) pete o = iie™lo. (L4.8)

The unitarity of S yields the required result. The proof of (1.4.4b) is similar.
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Remark 1.4.2. Capri [5] and Wightman [6] have used these equations to
construct the interpolating field and the out-field for this problem. Following
another approach, Seiler, Schroer and Swieca [8,9] (see also [6]) solve these
equations for c-numbers function, and prove the existence of the classical time
evolution and S-operator, which is in our formalism (in the sense of formal power
series)

Su=(—A4,4) (1 —A4,4)" . (14.9)
In Capri’s notations [5, 6] S, =T, T, with T, =(1 — 4, A)
Thus, Pout =S010 - (1.4.10)

II. Algebraic Properties of the Two-Point Green Functions

11.0. Introduction

In this chapter we shall investigate the algebraic properties of the solutions
of the defining equations for I (I.1.3).

We shall similarly define three other kernels I, J,, J,,

I=A+AA I=A+14.4 T=A+AA;I=A+T454 a) Lo
J=A+AAJ,=A+J.4,A J,=A+AAJ,=A+J,A,A. b) (1r0.4)

Keeping in mind how the quantum theory relies on the c-number theory and
in view of the results of perturbation theory (Remark 1.3.5) we shall need solutions
of I1.0.1 with specific properties described in Definitions I1.2.1 and I1.2.2. These
solutions will be called N-P kernels (N-P =non perturbative).

We shall also define W-N-P kernels (W = weak) (cf. Definition I1.2.3) and will
establish later [16] that for any external field in €5 (R*) [23] 11.0.1 has one and
only one W-N-P solution. N-P solution however can be shown to exist for some
restricted classes of external fields [8,9, 16].

This section is devoted to the proof of some exact relations between N-P
(or W-N-P) solution of I1.0.1 based on elementary properties of the free two-
point functions.

Some of these relations can be found for instance in J. Schwinger’s work [3],
some others in Wightman’s [ 6] and Seiler’s [ 8] more recent papers (cf. Remark 1.4.2)
and are related to general properties of the Bogoliubov transformations [24].

The main result of this section is the equivalence between the equations
defining I and J,, in so far as the existence and unicity of a solution are concerned
(Theorem I1.4.1). As a corollary (in some sense) it is necessary and sufficient,
in order to solve I1.0.1a) to solve the Cauchy problem for the Klein-Gordon
equation in an external field [6].

Another result is that the necessary and sufficient conditions given by Wightman
([6], Formula4.12) for the uniqueness of the out-vacuum, is automatically
verified for bosons of spin zero and real external fields (Proposition I1.5.2) as
already remarked in [6].

Everything so far mentioned can be extended without modification for fields
with integer spins. For half-integer spin field there are some changes to be made
which are stated at each step.
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11.1. Preliminaries

We first need some definitions.
Let K, L be kernels in &' (IR* x R*). We define the Fourier transform:

K(p,q)=Q2mn)~*[ P~ K(x, y)d*x d*y, (IL.1.1)
the product (if it exists):
o KL(x,y)=[K(x,z) L(z,x)d*z, (I1.1.2)
the adjoint
. K'(x,y)=K(y, x)*, (I1.1.3)
the unit kernel
1(x,y)=6(x—y), (IL.1.4)
the kernel associated with the convolution through a tempered distribution:
T(x,y)=T(x—y). (I1.1.5)
Then: ) =T(x—y)
K=K K+L=K+L KL=KL a)
K=K K'+L'=(K+L)' (KL =LK' b) (L6
(ET’)___(N)T K-1=1-K=K c) o
I=1=tt. d)

The operators K,.(e=+1,¢'=+1) are defined (if these expressions have a
meaning) by:

Kl O=2% | Renco (@4 (147
with w, =(1 + ¢*)'/* and
. |K K,_
K=[K: K*} (I1.1.8)
Recall that
4,8 =—i@2n) 3 [ @ POPpRw, =4_(=§). (IL1.9)
Then we have (in kernel notations)
A=A, —A4_=4,—4, suppd, C{(x—y)eV*} a)
Ap=A,—A, =4, A_ b)  (IL1.10)
Ap=A,+A_=4,+4, o)
At=4, AL=—4, AL=45. (IL1.11)
We will also define [see Eq. (I1.0.1)]
where L=l L=l h=Jr s=ir NIRRT

r-(o 3 | b)
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I11.2. Non Perturbative Solutions (N-P and W-N-P Kernels)

Definition 11.2.1. A kernel K € &' (R* x R*) will be called regular if it defines
a linear continuous map from 0,,(R*) to & (R*) [23, 25].
Definition I1.2.2. A regular kernel will be called W-N-P if
1) K is a bounded operator in H, ®H_,
ii) K, _ and K_, are compact [18—20].
Definition I1.2.3. A W-N-P kernel will be called N-P if K, _ and K _, are
in the Hilbert-Schmidt class [18—20].

Proposition I1.2.4. The kernel A defined in 1.1.4 is N-P.
Proof. cf. Appendix 5 Lemma A.5.3 and A.5.4.

Proposition I1.2.5. Let D be the dense domain in ,@D$H_ whose elements
are functions of & (R3). Then if K is a regular kernel, K is defined on D and

KDcD. (I1.2.1)
Proof. Let f = (?) be an element of D. Then if
oo ) g s O g . (1122

P

One can see that f € /(IR and its Fourier transform f isin 0, (R*) [25]. Therefore,
the regularity of K gives:

Kfe PRY). (I1.2.3)

The definition of K [cf. Eq. (I1.1.7)] tells us that K f is the mass-shell restriction
of the Fourier transform of K f and thus K fe D.

Proposition I1.2.6. a) Let K, ..., K, be regular kernels. Let Ay, ...,4,_, be a
family of tempered distributions chosen in the set {A,,A_, A,, A,, Ag, Azs}. Then
the kernel K, 4,...K,_,4,_,K, is regular.

b) K 4, (resp. A,K,) maps linearly and continuously & (R*) into ¥ (IR*)
(resp. 04, (R*) into Oy (R*)).

Proposition I1.2.7. If one of the Eq.(11.0.1) has a regular solution, this solution
is unique.

Proof. For instance, in view of Proposition I1.2.6 and Eq. (IL.0.1), (1 +14p)
is the inverse of 1 — A 4.

Proposition IL.2.8. I (resp. J,) is a regular kernel (or W-N-P, or N-P kernel)
if and only if I (resp. J,) is.

Proof. Indeed:

I(A)=1(AH"  J(4)=J,4N. (IL2.4)

Definition I1.2.9. The external field will be called “physical” if it has only
real components.
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Proposition 11.2.10. a) The external field is physical if and only if
A=A". (I1.2.5)

b) If the external field is real and if Eq.(11.0.1) have a regular solution, then

these solutions obey : _
L=J' I'=T. (I1.2.6)

Proof. See the Proposition I11.2.8 and the definition of A [Eq. (I.1.4)].
Remark 11.2.11. Let G, be defined by:

G, =4,+4,J.4,. (I1.2.7)
Then, one can easily convince oneself that G, is the solution of the integral equation:
G,=4,+4,AG,=4,+G,A4,. (I1.2.8)

Or equivalently G, is the unique solution of the Klein-Gordon [cf. Eq. (1.2.4)]
with external field, whose support is in (x, y); (x — y)e V*} (Cauchy problem [6]).
One can see that J, can be reconstructed from G, by the formula:

J,=A+AGA. (I1.2.9)

11.3. Unitarity

Proposition IL3.1. Let I,1,J,,J, be regular solutions of 110.1; then
a)
@+il)"'=1—il) a)

A+iJ) *=1—iJ,) b) (I1.3.1)

on the domain D.

b) If the external field is physical, then:

(L +iL) can be extended as a unitary operator on H, @H_ =9,

(1 +iJg) can be extended as a pseudo unitary operator on § with respect to the
metric T

Remark 11.3.2. The details of relation I1.3.1 a) and b) are given in Table 1.

Remark 11.3.3. This proposition can be extended without change to the case
of fields with integer spins. In the case of half-integers spin field, a) is also true.
But in b) we have the following modification

(I +iI) 1is pseudo unitary with respect to I,
(1+iJg) is unitary.

Proof of the PropositionI1.3.1. Following Schwinger [3], and applying
Propositions 11.2.4 and 11.2.6:

A=(1—Adp) I=1I(1 — A5A). (I11.3.2)
Therefore, multiplying to the left by 1 + I 4,, and to the right by 1 + 47I, we obtain:
O0=I1—-T+I(4,+4_)I. (I1.3.3)
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Table 1

1. Q+ily) 1 —ily)=1 _ 2. (A—il) (@ +il)=1 B
(11+ +il, ) (L, ’"ij++)=ﬂ+ —I+—I_-+ (]1+ _il++)(]1+ +il, )=1, _£+—I—+
@+l YA —il_ )y=1_—-1_,T,_ (M- —i )@ +il_y=1_-T_,I_
A +il, I =1, (A_—il_) 1 _iI: - +)=_I—+(ﬂ+ +il, )
(M- +il ~)T—+ =I—+(ﬂ+ _i1—++) (]1+ —il, +)I+—~ =]+—(11— +i1——)

3. M+iJ)M—iJ)=1 4) @—iJ) @ +iJy)=1
(]1+ +iJr++)(]1+_iJa++)=]1+ +Jr+- a—+ (1].+—iJa++)(11+ +iJr++)=11+ +Ja+—']r—+
Mo —id_ YA +ifo )=1_+J_ ., J,_ @+ ide YA —ido =T+ s
W +ide )y o=y (M- +iJ,- ) At idy ) =Jp (e +id4 )
(IL =i ) =, o —iJay +) (]1+“iJa+ T A =Ja+—(11— —iJ,- )

Adding the unit kernel to both sides we immediatly obtain 11.3.1 upon mass-
shell restriction.
Now, if the external field is real one easily finds:

Lcrx J,crJsr—* (I1.3.4)
where I is defined by I1.1.12.

Proposition I1.3.4. Let us assume that the external field is physical:
a) if 1 is regular, then:

0<t,,—I,_I* <1,, (IL3.5)

and I is bounded.
b) If I is N-P then

Odet(d,,—1I,_I¥_ )<1. (IL.3.6)
c) If J,, is regular
Loyt dsdos =1+, I8 21, . (IL3.7)
Therefore this operator has a bounded inverse.

Remark 11.3.5. The result b) shows that Proposition 1.3.3 is likely to hold in
a non-perturbative sense since:

0=<|(Q,SQ)*=det(l, , — I, _I*_)<1. (I1.3.8)
Proof. We have only to remark that, since the external field is physical
I¥_=I1_, J_,=J%_
Bi=I, Ja.=J%,.

By looking at Table I, Proposition I1.3.4 is proved.

I1.4 Relationship between I and J,:

The main theorem is the following:

Theorem I1.4.1. 1) The equations (A) J,,=A+ A4, J,,.=A+J, A4, A have a
unique regular (resp. W-N-P, N-P) solution such that 1, + J,, _J,_, is invertible,
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if and only if the equationsB) [ = A+ AAp I = A+ 14, A,T= A+ Adrl = A+ 1454
have a unique regular (resp. W-N-P, N-P) solution such that 1, —1,_TI_, is
invertible.

2) If the external field is physical, equations (A) have a unique regular (resp.
W-N-P, N-P) solution if and only if equations (B) have a unique regular (resp.
W-P-N, N-P) solution such that 1, — I, _I¥ _ is invertible.

Proof. a) Let us suppose that I and J, are regular solution of (A) and (B)
respectively. Then we find

J=(1+JA)A=(1+J4,)(1 —Adp)]
=(1+J4)(1 —Ad, +AA ) =(1+J4)] (IL4.1)
J=I1+JA,1.

By interchanging the different kernels J,,J,,I,I we obtain similar relations,
whose details, when restricted on the mass-shell, are given in Table 2.

b) Now let J, be a regular solution of (A); If 1, +J,, _J,_, is invertible,
then, in view of the results of Tablel, 1_—iJ,__ and 1, +iJ,, , are invertible
on the domain D.

Therefore we can define an operator I such that the relations of Table 2
hold.

We now define I(x, y) by

Tﬂjim =)@ =id, )7 1) J (=12, 0). (1142)

ri r2

I(p, ) = J,(p, q) + 2in |

By construction and using the Proposition I1.2.5 I is regular and satisfies:
I=I; (+J4)I=J=11+4.J). (I1.4.3)
(1—44,)1+J4,)=(1—A4;). (I1.4.4)

Thus since

I is a regular solution of (B).
Then, we can remark that

@, =1, I )y '=1,+J, J_,. (I1.4.5)
Now, if J, is W-N-P (resp. N-P), I is also W-N-P (resp. N-P).

¢) The converse can be shown by the same procedure.
d) The second part of the theorem is then trivial, by using Proposition I1.3.4.

Table 2

(U —id,_ ) '=1_+il__ J,++ I, =—iJ, I, =—il, _J,_.
I _=J  (L_+il ) =1 —l‘]r——)l—+ _

2. (@, +idyy)” Y=1, —il, , ,_-—I__ iJ o T =il  J.,_
+——(]1 "I++)Jr+- Jo- +_I—+(]1++i']r++)

3. @, —id, ) b=, il L -1 _=—-iJ,_, I, _=—il ,J,,_
Lo o=, +il ) s - _ Ja- +—I Ly l’]a++)

4. A +id,_ ) t=(1_—il__) J‘,++—I++—1J‘l+ I, =il, _J_.,

T+—=Ja+—(n——i1_——) a +_(]1 +1Ja——)1—+




Quantized Fields in External Fields. [ 247

Remark 11.4.2. The results 2) of Theorem I1.4.1 can be restated as follows:
If J. is an N-P solution of (A) and if the external field is physical, then

Ofdet(, —I, I* )=det(, +J,, _J5 ) 1. (I1.4.6)

Remark 11.4.3. Theorem I1.4.1 can be extended without change to the case
or arbitrary integer spin fields. In the case of half integer spin fields (I, I), have
to be exchanged with (J,, J,).

I1.5. The Classical S-Matrix [5, 6, 8]
We suppose here that I11.0.1 b) has a regular solution.
Proposition ILS5.1. Upon mass-shell restriction, the kernel S,=(1—4,4)
(1 —4,A4)"" defines a unique operator S, on DCH, ®H_ (cf. Proposition I1.2.5.)
such that )
Sa=1+iJg. (IL5.1)
Proof. Using I1.0.1, we easily find:
Sa=1+d.—4)J,. (IL5.2)
This relation is sufficient to prove the proposition.

Proposition I1.5.2. If the external field is physical, then, 1, +iJ,, =(S‘cl)Jr +
has a dense image.

Proof. Indeed, in this case, 1, +1iJ, ,, has a bounded inverse (cf. Propo-
sition 11.3.4).

Remark I1.5.3. The result of the previous proposition is a necessary and
sufficient condition for the unicity of the out-vacuum as shown by Wightman
(cf. [6], Eq. (4.12)).

This result can be extended to arbitrary integer spin fields. In the case of
half integer spins, it might turn out to be wrong for strong external field [6, 15].

Corollary I1.5.4. (Seiler [8]).
1) S, is pseudo unitary with respect to I'.

2) We have
I =T =it G- (I153)
Proof. We have only to use Proposition I1.3.1, Table 1 and the relation
Sq=1+iJg.

Remark 11.5.5. For integer spin fields, this corollary always holds. For half
integer spin fields S, is unitary [8] (cf. Remark I1.3.3).

I1I. Construction of the Bogoliubov S-Operator in Fock Space
I11.1. Definition of S(g)

Following perturbation theory it seems natural to define the S-operator by:

So(l)=det(, —1, _I* )"*:expi | o*(x) I(x,y) p(y)dxdy:. (IIL1.1)
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If this expression is well defined, it is expected to be, up to a phase, a re-summation
of the S-operator of the perturbation theory.

We shall, in fact show in this section that if I is an N-P kernel, S,(I) is well
defined on the dense domain of Fock space, generated by coherent states.

Then, if I is the N-P solution of the integral Eq. I1.0.1, we shall use an integral
representation for S,(I) (Section I11.3) and show that S,(I) can be continued as a
unitary operator. Next we shall show that S,(I) satisfies the axioms of Bogoliubov
[10, 11] up to a phase (Section II1.4).

Finally we shall study the interpolating field, defined formally as in perturbation
theory, and show that it is an operator valued tempered distribution, satisfying
the Yang-Killen-Feldman equations [14, 22].

It is unfortunate that this last part can only be generalized to fields with
integer spins in view of the intensive use of coherent states in the computation
of Sy(I).

However, we should like to remark that the existence of Sy(I) as a unitary
covariant and causal operator [10, 11], up to a phase can be shown, also by using
the representation theory of quasi free states, and the characterisation of unitarily
implementable Bogoliubov transformations (cf. for instance Berezin [24], Powers
and Stgrmer [26], Manuceau and Verbeure [27], Van Daele and Verbeure [28]).

This method has the advantage that it allows to treat both cases: boson
fields as well as fermion fields.

But we have prefered to follow a more explicit method which will be used
in Part II [16] of this work to prove the convergence, on coherent states, of the
perturbation expansion for S,(I) in the case of weak external fields.

111.2. Coherent States

Definition 111.2.1 (see Appendix 1). Let f be in $,, G be in H"_. The coherent
state with wave functions f and G is defined as the vector of §

B, g=e" NTGENQ (I11.2.1)

Let us note the formula
(D61 Py o) =€V 1 NHED, (111.2.2)

Proposition [29] II1.2.2. The vector space 9., spanned by the coherent states is
a dense domain of §. Any finite family of coherent states is linearly independent.

Proposition I11.2.3. The application @:(f, G)— ®;  from H,. xH_ to § is an
analytic functionin ., X 9.

Proof. Let us recall [30] that a function x— f(x) from a complex Banach
space E to a denumerable normed space F is analytic in an open set U of E if
and only if (see [30],§3.3)

a) f is continuous,

b) fis locally bounded,

c) there exists a total set H on the dual space of F such that Vae U,VheE,
the function

t—uof(a+th)
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is holomorphic in a neighbourhood of zero in C, Vu e H. The result is then trivial
if we use Eq. (I11.2.2).

Proposition IL.2.4. Let P be a polynomial in two variables X and y. Then we
have:

:P(@*, @) ;g =POb" +f,a" +G) ¥ ¢ (I11.2.3)
where a* + G (resp. b* + f) is defined as the operator valued function defined on
D (resp.on 9_) h—a(h)+<{G,h)1 (resp. H-b" (H)+<H, [ 1).

Proof. Using recursively the canonical commutation relations one finds:

a (F)"b™(9)" @y, =<F, [ <G, 9)" ¥ 5. (II1.2.4)

Equation (I11.2.3) follows by linear extension.

111.3 Definition of Sy(I)
Propositions I11.2.4 and II1.2.2 allow us to define :¢'"1¢: as follows
g0 1o, (p(f,G) = pl@ T+ -b* GG, I+ f> (p(h s .G il ) - (111.3'1)

ia*ly -b*

Therefore, it is sufficient to show the existence of e as an operator densely

defined on Z.. The main result is the following:

Theorem IIL3.1. a) The vector ¢ X*" @,  belongs to & if and only if K
is a H.S. operator with

1K lop <1 (IL3.2)
b) if K,K'eS,={K;ke Z(H_,94), |Klop<1, IKlps < +00} then

w1 (o)
G/ (ITL.3.3)

1%
(U6 fr, T
det(1, — KK'*)
c) The mapping F:(K,f,G)—e“ k0" &, . defined in S,x$H, xH_ with
values in § is analytic.
Let K be a H.S. operator. Then there exist [19,20] two orthonormal basis
(@dienin Hand (I);on in H- such that:

(eia+K’b+ qsf’,G'/eia+Kb+¢j‘,G) —

o) —iK= ) A&¢;®I; convergesin H.S. norm.
i'elN
B) 420 VielN,
) ) (111.3.4)
V) Z Ai = tr(KK*) = [ K|ljs, < + 00
ielN
0) sup Ai=Kllop -

Now, one defines ;" and b;" as follows:
ai =a"(p) b =b"(I). (I11.3.5)
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Then, one has also the following proposition:
Proposition I11.3.2. The following formula holds:
voq oo -EE , dzdz

: T A i(zai +zbt
= s-lim — e 7?4
N—>ooil=_[1 ; I 2in

eleTKbT (I11.3.6)

1
on the dense domain 9, of coherent states.

Proof of Theorem I11.3.1. 1) Let us remark that if K is not a H.S. operator
then X", . does not belong to & as can be seen by computing the one
particle — one antiparticle component.

ii) One will use the following notations:

& = Fock space spanned by (¢, b;') a)

Q,=vacuum of §;. b)
If fe$H, and Ge H"_ one puts:
fi=(@lf)  G=([}]06) ¢)

I11.3.7
@ =exp(—Aa b+ fia7 +Gb") Q. d) ( :

2= F=®T, o
ielN ielN

eia+Kb+¢f,G=® ¢i' f)
ieN

Hence:

iii) One can easily see the following results:
— @, e ifand only if 4, < 1 and

- [®,)2=(1—A%)"'exp <( fi, G, B ﬂ— ( é)> (I11.3.8)

as can be seen from Lemma A.4.2 in Appendix 4.
— Hence, the vector:

iat Kb+ _
e (DI,G— ®¢i
ieN

belongs to § only if |K|,, <1, in view of the formulae II1.3.4 §) and II1.3.8.

— The infinite product [] ||®]|* converges in R, since the sequences (4;);cn
ieN
(ﬁ)ie]N, (Gi)ie]N are in IZON)
— Therefore, the vector (X) @, belongs to &. Indeed, let @y, be defined as:
ieN

‘%F(é 42)@( é Qi) (I11.3.9)

i=1 i=N+1
Then, if M < N, one has:
N
II‘P(N)—‘P(M)HZé(.H H‘EHZ) (1— [ NQIIZ)' (I11.3.10)
ieN M+1

Thus @y, is a Cauchy sequence in §, and is convergent.
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iv) Let &E be the dense subset of €, whose elements are finite-rank operators.

By Lemma A.4.2 (Appendix 4), it can be seen that II1.3.3 holds if K and K’ are
in Sf. Putting E=G,x 9, x9_, EF =S5 x 9, x9", and, x=(K, f, G) € E,

F(x)=é*"X", ;

H(x', x)=(F(x)|F(x)).

One deduces that, (x', x)— H(x', x) is continuous on EF x EF, as can be seen from
Formula I11.3.3. Therefore, H(x', x) can be uniquely continued as a continuous
function on E x E. On the other hand, one also has:

|F(x)— F(x)||*=H(x,x)+ H(x,x')— H(x',x)— H(x,x").  (II1.3.12)

(IIL.3.11)

Thus, x— F(x) is a continuous function on E. Now, F is clearly locally bounded,
and we can see, from Equation 111.3.3 that:

x> (P 6 F(x)) (111.3.13)

is analytic on E. Since &, is total in &, all the necessary and sufficient conditions
hold for the analycity of F (cf. [30], §3.3, or the proof of Proposition II1.2.3).
Proof of Proposition I11.3.2. By the previous proof [see Eq. (II1.3.7)] 10/11).

N
¢t KD — o lim [[ e et b (I11.3.14)

N=wizy

on a dense domain of coherent states.
It is then sufficient to prove (I111.3.4) when

_iKzliqoi@)ri-

But it is easy to verify that, if A,>0: (use Lemma A.4.2 Appendix 4) and
Theorem I11.3.1)

Ve, VGeH_
+pt 1 —ﬂ ila*t + 5 d_d
(dsf,’G,'e—Alai bi @f’G)= /{_j e M (@f”Gl|el(ai z + b} z)(pf’G) Z_ z (111_3_15)
However, Schwarz’s inequality implies:
'(gllei(a.*z +b7z2) (pf,c;)l <||¥| e12Us +izigil? + G +izi L% (I1L.3.16)

so that the integral converges in the strong sense if and only if ;< 1.

II1.4. Bogoliubov’s Axioms for Sy(I) [10, 11]
Theorem II1.4.1. Let I be an N-P solution of the equation
I=A+14, A=A+ Adgl (I11.4.1)

for a physical external field A, such that det(1, —I, _I¥ _)+0. Then:
a) Sy (I) densely defined on &, by

Soll) By, =det(L, — 1, _IE )R G T glan e 20T Pt s +ila0) £,GA - +iT- ) -
(I11.4.2)
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b) So(I) can be continued as a unitary operator.

¢) So(I) is causal up-to-a-phase.

d) S,(I) is relativistically covariant.

Proof. a) Since det(, —1I,_I¥_)>0,I,_ satisfies all the conditions of
Theorem II1.3.1. Therefore a) is proved, since I is an N-P kernel (see Section II).

b) By Eq. (I11.4.2) we find

(So) Pryo| So(I) By, ,) = (€71 2" D T+ =27 B o) pdet(L, — I, _I% )

. (ITL4.3)
with ) ) ) ) ) '
f =(]1++f1++)f0 G =G0(]1—+I.I-—) (ITL.4.4)
and f=Q+il ) fy G=Go(l_+il__)
n=expi({Go, I_ 4 fo> —<Go, I+ f3)) - (II1.4.5)
By Theorem II1.3.1, we find
(5ol Tl So(D) B0 =exp  (f5%. G B Ja ) (1114s)
(4]
with
Be [ 0 —i(I_+)*} + [11+—i13f+ 0'
il_ . 0 0 1_+il__ (I11.4.7)
. (ﬂ+_I+—Ii‘—)_1 i(ﬂ+“I+—Ii‘-)_II+— [ﬂ++il++ 0 }
o —I1*_ I, ) 'rs. @d_-I*_I, )! 0 1_—irx_ |
With the results of Table I, we find
B=1. (111.4.8)

Thus> Vfo/afo € g+’ VGba GO € 5/— :
(SO(I) ‘pfﬁGf, , So(I) ¢fﬁ Go) = (‘pfaca l ¢f660) . (I11.4.9)
On the other hand, it can be seen without difficulty that
So(I)C So(I)*. (I11.4.10)
Thus S,(I) is unitary.
) In order to show the causality property we have to compute Sq(I;) So(L,).

We shall use the integral representation given by Proposition I11.3.2 and the
boundedness of Sy(I;) for real external fields:

So(l) s:lim Ay =s-lim So(1,) Ay (IIL4.11)

if Ay is a sequence of operators.

On the other hand, the strong convergence of integral I11.3.6 allows us to
push Sy (I;) under the integral sign. By computation of several Gaussian integrals
we find, V f,€ 9., VGye H_:

So(l) So(Lz) Pro6, =1S0(I3) Pry,6, (111.4.12)
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with
_ det(l, — I, _I¥, )" det(l, — L, I}, _)'?
- det(ﬂ+_I3+—I§k+—)1/2det(ﬂ++I1+—12—+)
Ltil, = +il )+ L, L) A+ h, ) 2) (I1L4.14)
L+l =_+il,_ )A_+L_ L, )" +L_-) b
L_ow=L_ +0_+il,L_ )A_+L_ L, ) 'L (A, +il ) a)
L=, +@Q+ili, )+ L L) "Ly _(I_+i,__). b)

(IT1.4.13)

and

(I11.4.15)

With the help of the results of Table 1,it can be seen that 1 + I, g is also unitary
and that % is a complex number with modulus 1.

Now, if we construct J; ; from I, s by the formulae given in Table II, we find
as a consequence of Theorem I11.4.1.

A+idy Q) =A+iJ, ) L+, 5). (IIL4.16)

This formula suggests that I is associated with a problem in which the corre-
sponding retarded kernel J, 5 is

L,=0,+h,+J,47;, (I1L.4.17)
where J; ,(i=1, 2) is the solution of
Joo= A+ A4,4,0,=A;+ J; A,A;. (I11.4.18)
Let us now assume that ([10] p. 167, [11])
supp(vy, Ay, )N (V™ +supp(v,, 4,,))=0. (I11.4.19)
Then we easily find
A A,Ay =, ,4,0, =0 A, Ay =A,4,J,,=0. (II1.4.20)

Since we have the same formula by simultaneously interchanging { and 2, 4,
and 4,,

and Ji,4dy,=J,4,5, (I1L.4.21)
Ji,=A+4) A+ 4,05 ,)=1+J;5,4,) (4, + 4,). (I11.4.22)

Therefore, I is a kernel associated with the external field
(v, +v2), (A; , + A43.,)) (111.4.23)

which proves causality up-to-a phase.
d) The covariance of Sy(I) is easy to show. Recall that

@Ay, A)(x)=(,4,"4,) (A~ Yx—a)). (I11.4.24)
@D(x,y)=I(A" (x—a), A" (y—a). (I11.4.25)

Then:

If U,(a, A) is the representation of the Poincaré group in §,, it is clear from I1.1.7,
that in momentum space:

(@A1),, = U,(a, A) L, U (a, A)~* . (111.4.26)
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Therefore, det(1, — I, _I¥_)is invariant, and
I PIe =~ U(a, A) 119 Ua, )71 . (I11.4.27)

Theorem I11.4.2. i) The mapping 1—S,(I) is strongly continuous when we

norm the space of N-P kernel with
[ lIn-p = max {1 4 llops 11~ ~ llops 1+ ~ lers. 1=+ s} -

ii) The mapping (I, f, G)—>det(1, — I, _I¥ )" So(I) @, ¢ is analytic in the
domain ) )
feHsy, GeH_, [ _€S,, [ ,e€CS,, L, eZ9H,), [ _eZ®H.).

Proof. a) it is well known that [20]

I, _—det(l, — I, _I*_)'?

is continuous with respect to the H.S. norm.
b) From the analyticity [30] of

Iy o, )= 1o f
LO)xD: D

and from Theorem I11.3.1, ii) follows.
¢) i) is then a simple consequence of ii).

I11.5. The Interpolating Fields
Theorem IIL.5.1. Let y be the field formally defined by:

w(x) =" Te [ Ay + ApD) (x, y) @ () €112 (I11.5.1)

a) p(f) = [ w(x) f(x) d*x is densely defined on 2,V f € #(R*).
b) w(x) is an operator valued distribution, [32], which is a solution of the Yang-
Kdllen-Feldman equations, on the dense domain 9..

Proof. a) First of all, f—[d*xf(x)(1+ 4g])(x,y) is a continuous linear
map from & (R*) to #(R*), and therefore (1 + 4zI) @ is a good operator valued
distribution. )

On the other hand :'¢"!¢: can be continued as a bounded operator, as
follows from Theorem II1.4.1. Therefore, we have to show that if fe H,,Ge H"_,
then

() 1710, e F  Vhe P(RY). (I11.5.2)

By using properties of the coherent states (Proposition I11.2.4) it is sufficient
to show that
getle-brp o (IT1.5.3)

is in the domain of b™ (or a™) for any wave function f (or G). In order to see this,
recall that the domain of b* (or a*) is the set of vectors ¥ such that

Y s|¥)2< + oo (or SrPI2 <+ oo) : (IT1.5.4)

S, F S,r
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Now, let us put for B>0

1PIE= 2B *I¥I7,. (ITL5.5)
We see that ’
Heia+1+_b+®f,6”123= “eiBa*IJ, _b+¢l/l—3f, VEG”Z (11156)

which, by Theorem I11.3.1 is finite if and only if
11, _llop<1/B. (II1.5.7)

In view of the condition || I, _ ||,, < 1, there exists B, > 1 such that || I, _ ||,, <

1
Therefore Bo
B e 2", 3 (I1L5.8)
is analytic in an open domain containing the closed set B < 1. Therefore

d ia* _ b+
Elle o279 clplp=y =D (r+38) ... |2, <+00. (I11.5.9)

Remark I11.5.2. By the same method we also prove that ¢/ "+ -*" @, . isin the
domain of (™))" (b*)"V m,V n.

b) Now it is easy to compute the matrix elements of y(x) between coherent
states. We have only to use Theorem II1.3.1 and Table I. We find that

(1—4,4) (‘pf',G' lp(x) ¢f,G) = (‘pf',o' [o(x) (pf,G)
(1= 4,4)(P; 6 | p(x) ¢f,G) = (d)f’G’ | Poue(x) ‘pr)
which are the Yang-Killen-Feldman equations [ 14, 22].

(IT1.5.10)
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Appendix I

Fock Space and Two Point Functions

1. Let $ be a Hilbert space. We denote by &' its dual. By Riez’s theorem [18]
we can find an antiisomorphism

J:ix—ox*
from $ to §’, defined by
Vyed xX*y>=(x]y). (A.1.1)
9’ is a Hilbert space with inner product:
')y =" ylI x)g (A.12)

We shall denote also J~!'x’ by x'*, which is not confusing, by Eq. (A.1.2).
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2. In order to construct the Fock space for charged bosons, we need two
Hilbert spaces $, and $_. We shall define § by

&= @S(&)”@(ﬁ:)”. (A.1.3)

Here V means “symmetrical tensor product”.
If @ e § we can write

o= (¢ns)r,seIN2 Qr s€ 5Vr®55/vs (A14)
Q=@ Jpgae  Qoo=1 2,=0 if (9*0. (ALY

3. Creation and annihilation operators for particles or antiparticles are
defined as follows

VFe®,, VfeH., VGeH_, VgeH_

We put:

a~(F)Q=0, b (9)Q=0, a)

[a*,b%]1=0. (A.1.6)
[a™(F),a"(NCLF, fy 1z, [b7(9),b"(G)]CLG,g>1z. b)
at(f)=a (f¥* b" (G =b" (G*)* <)

4. The field is defined if we can find four linear continuous maps defined
on the space of test function £ (R*) u,,u, such that [6,33,34]

Ran(u,)CH: Ran(W’y)C 9% . (A.1.7)
Then V he #(R%)
ph)y=a"Wsh)+b"(u_(h)  a)
p*(h)=a"(us()+b"(u_(h) b)
with the condition (if h— h* is the natural involution in & (R*)).
uy (h*=u.(h). (A.1.9)

For more complete details about covariance see for instance [6, 33, 34].
5. For a scalar field we choose H,=9_=9", =9_ = Z%*(H,, dQ,(p)

(A.1.8)

where 5
={peR =)/ +mi=w,} dQ,(p)= 2@” . (A110)
We have to put: !
Y he #(RY)
up(h)y=u_(h)=p—>Q2n)~ 7 [ e " *h(x) d*x| 0, (A.1.11)
u_(h)y=u,(h)y=p—>Q2n)~>* [ *h(x)d*x|,0-.,
Then
Lo(h), o* (kY] Ci(] h(x) k(y) A(x — y) dxdy) I (A.1.12)
withA=4, —A_ and
4,.(8)= [ e*ir¢dQ, (p). (A.1.13)

(27'5)3’/2
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We then define 4, and 4, by

A=4,- 4, a)
suppd,CV*, suppd,CV~ b) (A.1.14)
O+m?4, =6. <)
Appendix 2

Wick’s Theorems
1. Weak Wick’s Theorem [17]
Let ¢ be a free scalar field. Then

ﬁ m(w— > (

0spisu

— b

(x)Q) [—+ @ —ﬂ)' (x):. (A21)

i=1

1

17

Let now A =(4,(x)); . be a family of test functions, a finite number of which only
are non zero. We define

5.
L= T ) (). (A22)
With @ =% Eq.(A.2.1) can be written in the formal power series sense with
respect to A:

4 ol 5
Pl dt(xsa) :eazgof AL LD 2 TG, () o144 L2 Q) (A2.3)
Formulae (A.2.1, A.2.3) can be generalized without difficulty, by replacing o
by a multiindex (a4, ...,ay) if @ =(¢, ..., @y). If some components describe a
fermion field, the corresponding “coupling” constants 4., have to take values

in a formal Grassman algebra to give the correct signs in (A.2.1).

2. Strong Wick’s Theorem

Let o= («y, ...,®,) be an n-index. Let I}, be the set of graphs with vertices
1,2,...,n such that o; lines meet at vertex “i”

If l is a line of the graph G, we denote by u(l) and v(]) its extremity, with this
convention:

Then we have u()<wv(l).
( ﬂ % (x)Q) > I 4 Gugy—x0w) - (A24)
i= Gel, G

The right-hand side is defined in %’(IR*) as the boundary value of a function
analytic in the tube:
Im(x;—x;.)eVt i=1,..,n—1. (A.2.5)

If G is a tree-graph, the product [] ... is a simple tensor product of distribution
[11,25]. leG
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Formula (A.2.4) can be easily generalised for field with several components
by introducing several kinds of lines and other “propagators”.

3. Wick’s Theorem for Chronological Product [11]

One can formally replace products of fields by chronological products in
(A.2.1) or (A.2.4). Epstein and Glaser [11] have shown that it is possible to define
a T-product such that (A.2.3) holds, and such that (A.2.4) holds for tree graphs
(see also Bogoliubov and Chirkov [10]).

Appendix 3

Proof of Theorem I.1.1
1. We want to compute S(g, J) for the following lagrangean density:

(%, gJ) = v:@*@: +iA,:0%¥0 @1 + T + Jo* + J, 00 + T, 0"0* (A3.1)

with - =
=0,4,) J=0,J1,J,J). (A.3.2)
It is more convenient to write the field in the Petiau-Duffin-Kemmer [35] form:
p=| | pr=[e% 0¥ j=[LJ]1 Jj= 7 (A33)
>+ ’ e J,

and

v i4,
T l-i4, O]
Then, (A.3.1) becomes:
L%, g, D)=j O +P* j+ PrAP:. (A3.4)
2. We can apply the weak Wick theorem [Appendix 2 (A.2.3)]:
S(g,J)=T(expi | Z(x, g,J)d*x)

i§ Lr(x,g,0)d4+ §(+ P*A)(x) =2+ =2 (AP + [) (x)d

=:e 7w T 12, 8(g, D) Q)ls =0

(A.3.5)

(use also Taylor’s formula).
On the other hand, by using the strong Wick theorem for tree graphs (App. 2§ 2
and 3) we can find:

0

(Q18@, D) Q) =i Ge(x, y) jy) dy* (Q1S@,DHQ) 2
250x) (A.3.6)
&f( ) (Q18(g, J) Q) =i | j(x)Gp(x, y) dx* (2]S(g,])Q) b)
where G is defined by:
Gp=Sp+SpAGp=Sp+GpAS;y a) (A37)

Sp(x—y) = (QIT[HX) H*(1) Q)- b)
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Therefore (see Schwinger [3]) the unique solution of (A.3.6) is
(Q]8(g, J) 2)=(2|S(g, 0) Q) e’ I6*7 (A.3.8)

Omitting integrations, we can write, by Taylor’s formula

S(g, J) = QHIOFT Qi § 0¥ Ih+j(A=SpA) ! §+§*(1-ASp)™ '],

...(Q15(g,0) Q) (A.3.9)
I=4A+AG:A.
3. Now, we have to introduce the distribution kernel I(x, y) defined by
[o*Ip= [op*Ip. (A.3.10)

In order to compute I we have to compute Sp. Indeed power counting tells us
that [11]
(QIT(0,0(x) 0,0*(») 2)

is defined up to a counter-term of the form

ag,,0(x—y) aelR. (A.3.11)
By choosing
1
(QIT(0,0(x) 0,0*(y) Q)= 5 (0:0,4p +9,,0) (x — ) (A.3.12)
we find
I=A+AAI=A+14:4 (A.3.13)

th
A(x, y)=[v(x) + A,4"(x)] 6(x — y) +i[A4,(0)+ 4,(»)] 0"6(x—y).. (A.3.14)
And therefore
S(g, 0)=S(g)=:e""1%:(Q|S(g) Q) . (A.3.15)

Remark. This choice of renormalisation is associated with the minimal
coupling for the two points Green’s function.
4. In order to compute the interpolating field we have only to derive (A.3.9)

oS
_1 —
We must remark that:
0 e Ve (f — AA)
570 (1 =8Spd) ' p=(1—-4zA) ' o=(1+4sD) @ (A.3.17)
because
(I+4D)(1 —d4pA)=(1 — A A) (1 + A =1. (A.3.18)

Therefore Proposition 1.4.1 is proved.

Remark. The same calculation can be performed for any free field and any
quadratic lagrangean. It gives us a “preferred” choice of renormalisation for
fields with high spins.
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Appendix 4
Gaussian Integrals

Let E =" with its canonical Hilbert structure. If xe E, let x* € E’ the linear
form on E defined by (cf. Appendix 1. §2)

(x*,y>=(x]y) VyeE. (A.4.1)
Then:
Lemma A.4.1. The following formula holds, provided
A+A4*>0 a)

e—(a,Aﬂ)det(A) ___j' e—<z*,A“ 1z>+i<a,z>+i<z*,ﬁ>dQn(Z, Z*) . b) (A~42)
Hereo e E' and B € E.
do,(z, z*)=d"(Rez) d"(Im(z)) =~ ". )

Remark. If A+ A* >0 then A is regular.
Now let (¢;); .y and (I}); . be two orthogonal basis in §, and $_ respectively.
Let a;, b;" be defined by

af =a*(@p)=<a" 0, b =b"([)=<T,b"). (A43)
Then we have the following result.
Lemma A.4.2. Let A, A’ be in L"), a,o be in C", B, in C". We put:
Y(A, o, B)=exp[ZA;ai bj +Z(a7 + ;:b)] Q. (A4.4)
Then we have
a) Y(Aoa e ifandonlyif 0Zii*<1.

ﬂ —
exp <(06'*, B) [_,17* ;11 J(ﬁ(x*>>

b) (P, o, B P, ap)) =

Proof. To establish formula (IV.4.5) we can use Bargman’s representation [36]
of Fock space with a finite number of degree of freedom.
Then, ¥(4, a, B) is representaed by the analytic entire function

P, 0 p(E ) =exp(CE And + <& o) + < B, 1)) (A4.6)

with e E',n€eE.
The scalar product is given by

(P, §)=[ e~ EEO= P (E p)* Y(E, y) do, (&, E¥) do,(,n¥).  (A4T)

It is then sufficient to use Lemma A .4.1.
Remark A4.3. 1. In Lemma A.4.3 (a'*, ) is the linear form on E x E defined by

<<a'*, ) ( [;;)> — (%, + <, B (A43)



Quantized Fields in External Fields. I 261

2. We also have the formula

( 1 —A)‘l ~ ((11 S IR S Y b i)- (A49)

—2x 1) T \@=aF)TI R @A)

Appendix 5

A Class of Banach Spaces of Kernels

In this Appendix we use the notations of Section II.1.

Definition A.5.1. Let aclR,,MelR,meIN. Let E be a finite dimensional
Banach space. Then .4 "g(m, «, M) is the Banach space of kernels from R* x R*
to E, normed by:

”K”a,m,M = Z Sup
lul, Iv] RY < R
=m

{ [1+(°— ¢ [1+(P-9°T

A +1pP™ (1 +1g)™ 10,0, K (P, )l } (A5.1)

Here for p e R* we denote p = (p°, p); p° € R, pe R® and
ol =(@°2+p*)">. (A52)

Remark A.5.2. The space AN x(m, o, M) is increasing with M and decreasing
with o and m.

Let S,,(x) = P(i0) 4.,(x) where P is a polynomial of of degree ¢ over R* with
values in Z(E) [cf. Eq. (I1.1.10-11)].

Let (A,)u=0,1,2,5 and v be functions in Z(R*). We will put:

Ap.g)=5p -9+ AP0~ +idp- 9 ¢"+¢) a)
A, 9)=y,4*p—q)+(p—9q) b)
where the tilde denote Fourier transform, and y, denote the Dirac matrices.

Lemma A.5.3. The mapping (v, A,)—>A (resp. (v,A,)—>4) from FR**>
to N (m,a, 1/4) (resp. to Nga (m, o, 0) is continuous.

(A5.3)

Proof. Since © and /I“ belongs to & (IR*), [25] we can find for given « and m,
a constant C such that for |u| <m and |v| <m:

n v 2\1/2 2\1/2
0 i 0 _dp.q) <C Inf(((1)+|q(12)a (1+IE| )_-2)1
(@p)* (99) I+@" - 1ri+@E-971
noticing that in (A.5.4) a) one can use decompositions of p, + ¢, as 2p, +(q,—p,)
or as 24, + (p, — q,), so that we get at most a linear growth in |p| or in |g| due to the
fast decrease in p—q.
Using the inequality

(A.5.4)

Inf(lal, [bl)<]/lal |b| (AS.5)
the proof of Lemma A.5.3 is complete.

Lemma A.54. If o>3/2 and Ke Ng(m,a,1/4), then K., and K__ are
bounded operators, and K, _,K_, are in the Hilbert-Schmidt class. Moreover
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the mapping ) ) ) )
K_)(K++5K——9K+—-7K—+) (A‘56)
Sfrom Ny(m, o, 1/4) is linear and continuous.
Proof. a) Let us first examine K, _:
1K+~ s, = C* [ IK(p, =) d2,,(p) d2,(9)
d*pd’q
[+ (@, +0)* T 1 +F-9°T

K2 &p g
SC) Ko 1/4 (f (1+p~2)“)(j [1+(17—?1)2]a)'

Both integrals are equal and converge for o« > 3/2.

b) By a theorem from Dunford and Schwarz [37], one has the following:
Let (S, Z, u) be a positive measured space, and R a measurable function on S x S
such that

< C K2 0,14 | (A57)

esssup [ |R(s, ) du(s) <M esssup [|R(s, )l du(t) <M . (A.5.8)

Then the operator T defined by
g=Tf

(A.5.9)
g9(s)=[ R(s, 1) f(t) du(z)
is a bounded operator in £2(S, , 1), and we have
ITI=M. (A.5.10)
This result generalizes .#?-space inequalities for convolutions. Here we choose:
d*p .
S=R® du(p)=-5- R=K,,
2w,

. a3
[ IRt (@) o SCOYK s 1ja 41012 [ (14 B~ 2%) Qo)™ 2 d*

P=w 2wq
i (A.5.11)
if > 3/2, Eq. (A.5.20) gives
5 : (1 +pf)"* .
€8s sup f K+ (p, ) d2,(q) < C|K||, 4, 1/4 €SS SUP W SC?[K 0,174
(A.5.12)
since on mass-shell
{+pI* =2(1 +p%. (A.5.13)

The proof is complete.

Lemma A.5.5. If o — M >3/2 and Ke AN (m,a, M +1/4) then K, _ and K _ .,
are in the Hilbert-Schmidt class, and there exists a dense domain D, in , (resp.
D_in H_) such that K, . (resp. K__) is defined on D, (resp. D_) with

K,,D,cD, (resp. K__D_CD_). (A5.14)
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Proof. The proof is the same as before. The domain D can be chosen as the
space of ¥™ functions of fast decrease on the mass-shell.

Lemma A.5.6. Let m=1 be an integer, o,  be real positive numbers, M, N

o—1

real numbers such that M + N + =0. Then, there exist a constant C and

indices y and P such that
IKSexLllm,y,p = CllIK o1 I LN m,p.5 - (A.5.15)

If there exist A=, B=0 with

A+B=M+ N+ 051 , sup(@—A,f—B)>3/2 inf(a—A,f—B)=0.
(A.5.16)
Then
y<Inf(x—A4,f—B); P=Sup(M+ A,N + B). (A.5.17)
Proof. a) We need some auxiliary results.
i) The following inequalities hold: V xe R", V¥ y e R"
C 2+ 12 =+ Ix 1) (1 + [1v17) a)
A+ Ix+ I =200+ [x12) (4 + [1yl12) b) (A.5.18)
, 1 /2
if |x]|=1 < , C
e N T R
ii) If x, y, z) are in R”, and 6 = 0 the following inequality holds [38]
1__'_ X — 2\—6 1+ _ 2 -6
A+ lIx=yI)" A+ y—z]*) (A5.19)

SC(l+ Ix =z {4+ Ix = yIP) P+ (L + z— D)%
Indeed, V 6, 3K, such that

And by (la] + b))’ < K,(lal® + bl VaVbeR.

A+ Ix= YIS 1+2(Ix = yI2 + lly =212 S 2001 + [x = yI?) + {1 + [y = zl|*)]
we obtain easily (A.5.19).
iii) If x, z, and y are in R", « =0, f = 0 then if sup(«, f) > —g—
d"y C

A5.20
j(1+IIX—yIIZ)“(1+IIy—Z|lz)” = (14 [x~z|*) Inf(a, B) ( :

as can be seen by application of (A.5.19) and of the Holder inequality.
b) We can without loss of generality, choose the particle mass m to be unity
i) Up to a multiplicative constant, we have in momentum space

KS L(p.g)=c" | K(p,r) P(r) L(r, g) &°F

o, = (1 +7)H2.
oo (P =+
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This expression can be majorised by
' o 0

——KS,L
op* 0q" *

S UK o, mt [N w1+ [PPP (1 + 11V

(A.5.21)
a—1
(1 ] | )M+N+—2—

N P o) I+ @ =0 F (G- (L = 27F

Because r° = w, =1 + [r|> = 2(1 +7?).
Let us apply A.5.19, and remark that (A.5.18b)

1 +72
—— Z2(1 4+ 79). A5.22
Then, if 4 =0, B=0 satisfy (A.5.16), and y and P are defined by (A.5.17) we find,
with (A.5.20) the result for S, =S, .
ii) Let us prove the lemma for S, =S,.
Up to a constant, we have
P(r) _ P(@) 1 1

§ ()= = - . (AS523
5,0) (r° —i0)? — w? oy |r°—i0-w, P-i0+aw, ( )

Thus, KS,L can be split into two parts which can both be majorised in similar
ways.
For instance

K(p,r) P(r) L(r,q) d*r
§ = e . A.5.24
j 2(,0,.(7'0 - lO—CO,.) [rP-ow|21 |r°—£l§1 ( )

We can immediatly majorise the second term of (A.5.24)

d47‘ m@, q, r) - K’_ﬁ(P, q, r)|r°=w,-

_ e 2w, P —w,—i0
[rP-w, =1 [rP—w 21 r r
o vt (A5.25)
KPL(pgPooy | ——t0
+] 2w, L(p.a.n ’wil r°—w,+i0
But
+1
[ (A.5.26)

2y x—i0

and the proof i) for S,, =S, is sufficient to obtain the good majorisation for the
second term of (A.5.25).
The first term of A.5.25 is majorised in the same way because
l m(pa B 7‘) - m'r°=w,
| r0 — w,—i0 |

(A.5.27)

< sup

rP—w. <1

0 > DT ’
E_;KPL(]),(],T) .

It is at this point that we need the derivability of K and L(m = 1). If we remark that

A+ P S Ce(l+7) if [P0 —w, | <1 (A.5.28)
dro
and [ =2 we find the same majorisation as in 1).

[r0—o,|<1
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iii) Now we have to majorise | .- in (A.5.24)

[0~y 21
o o
< C UK o ane 1Ll g (1 PP (1 + g2
e L | S C R e Wb (7 I

a—1
] W+ A4 p—rD) A (L +Ig )
A+@ =P AU+ -1 U+ @ =)V P U+ @G-
In this expression we have used for |r’® — w,| =1 [by (A.5.18) c) and b)]
A+ Y20+
(1 +7)r° —w,—io] = (1 +7)(1 +(°—w,))'?
Cle(1 + [r]?)*/?
< (.
= A+ (4 =) =
Using again (A.5.22, A.5.20) we find the expected result.

iv) If S,, is any other two point function, it can be expressed in term of S,
and S, . Therefore the lemma is shown.

Corollary A.5.7. Let m=1 be an integer, o, be real positive numbers with
o= p. Then:

(A.5.29)

(A.5.30)

“KAexL“m,a,lm é Cte“K“m,a,IM “L“m,ﬁ,1/4 a)
IKSexLlim,a,0= CNK a0l Lllmp,0 b)
Sex = (_ i’yuaﬂ + m) Aex .

(A.5.31)

where
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