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Abstract. It was shown by Araki and Woods that the infinite free Bose gas can be
described by states on the Weyl algebra; they conjectured a certain family of states para-
meterized by temperature and density to be the infinite volume limit of the Gibbs canonical
states. We show here that this conjecture is correct. We show that the volume dependent
canonical states are equicontinuous in the density by a detailed calculation and a com-
binatorial result that gives cancellations. This allows us to develop a method of Kac that
connects the canonical states explicitly with the grand canonical states which are more
easily controlled in the infinite volume limit.

In 1963 Araki and Woods [1] showed that the theory of states on the
Weyl algebra is a natural “quantum mechanics of infinitely many
degrees of freedom” appropriate for the infinitely extended Bose gas.
In this context, they conjectured a simple expression for the equilibrium
state of the infinite free Bose gas at arbitrary temperature and density.
In particular, their expression shows clearly the presence of the Einstein
condensate above critical density. But the reasons for their conjecture
were still based on the usual pre-quantum mechanical arguments of
Einstein, which should be extraneous because the Gibbs canonical and
grand canonical states of the finite Bose gas should simply converge in the
infinite volume limit. So in the present note we give a direct proof that
the Gibbs states do converge in the infinite volume limit. The canonical
states converge to the state conjectured by Araki and Woods.

The main idea for the proof of convergence of the canonical states is
due to Kac [2]. The infinite volume limit of the grand canonical states
is easily calculated and the grand canonical state is a linear combination
of canonical states at different densities. Kac showed that the coefficients
of this linear combination converge to a simple distribution (in the
infinite volume limit) which can be used to calculate canonical expecta-
tions from grand canonical expectations. Kac’s work leaves open the
technical problem of showing convergence of the canonical states
themselves, but proves convergence of a wide class of linear combinations.
In the present note, a slightly wider class of linear combinations is proved
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to converge and an equicontinuity estimate is obtained to prove con-
vergence of the canonical states themselves.

Lewis and Pulé [3] have given a definitive treatment of Kac’s work
within the description of Araki and Woods. Following Kac, they began
with a finite gas in a container of arbitrary shape and boundary con-
dition, and they proved convergence of the grand canonical states.
(They did not identify the canonical state as such but they noted that
this state is related to the grand canonical state by the Kac density.)
For the convenience of the reader, we shall give this part of the analysis
also, but only for the case of periodic boundary conditions where it is
quite simple (because the one particle eigenvalues are exactly known).

§ 1. Introduction and Notation

As usual, let Fock space be the completed direct sum

- @ Fn (1.1)
n=0

where 7@ =C and " =2 _((R?)). Let P, be the orthogonal projec-
tion onto ™ in &. Let & be the incomplete direct sum

1
@ FONEE NCT (1.2)

an

Let the annihilation and creation operators be defined on 2 for fe# " by

(a(f_)W)(n) (xla "',xn): n+ 1 jf_(x) w(n+1)(x3x1> --"xn) dx
1 n
(@ ()™ (xy, ..., x,)= 7 Y Sx) " P(xy, ., %), ., x,) (Omit X)),
j=1

where ™ = P,, for n >0, and zero for n < 0. Then [a(f), a*(9)] = (f, 9)]
on 4 and

#)= 75 ) () (13

is essentially self-adjoint on 9. Let
W(f)=e"), feFW. (1.4)

The W(f) are unitary operators in & satisfying the Weyl relations

WA W)= Wi+ fep| = SIm(f o). (19
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For computations the formula

1 i i~
wp-enl-t}enlef sl o
== L1 epler( )| eeial 5T 00
valid on 2 in the sense of power expansions, is useful.
The concrete Weyl algebra 2 will be the operator norm closure of

the linear span of all W(f) under the important restriction that supp f
be compact so that W(f) is localized:

QIZ{ZCJWUG):Cfecgﬁe%iimp(m)}”. (17)

Thus, A contains the so-called quasi-localized observables. (We could
consider A to be an abstract C* algebra; but this would complicate
notation. Thus we consider U as an algebra of operators on & ; but the
notion of state will be general.)

A state on U is any linear function A — C, denoted 4 — {A) with the
properties

{A*A> =0, {Iy=1, and s—>{(W(sf)> continuous, (1.8)
forall Ae U, seR, and fe% g, (R). It follows that

KA = (4] (1.9)
and (A*) = {A). A state is determined by its generating functional
[ W), feBLm(RY). (1.10)

Furthermore, a functional E(f), f € %%, (R?) corresponds to a unique

comp

state <-» so that E(f)=<(W(f)) if and only if
E(f)=E(-f)

¥ QGE(fi- f)exp{ ~ 5 Im(f )} 20

s— E(s f) continuous

for all f;e€%.,(R), c;eC, j=1,2,...,n, and seR. So it suffices to

comp

consider only the generating functional of a state.
Let V be the cube

V={xeR3:——§— , i=1,2,3}. (1.11)
We also let V' denote the volume

V=1, (1.12)

T*
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Let hy(x) be the characteristic function of ¥ C R®. Let
ay(k)=a(V~*e ™ *hy)

‘ (1.13)
at (k)= a*(V-*e*xp,)
If fe FOWV)= L2V),
af)= Y V- Rayk)
kezT"Z3
()= Y V7 fkak), (1.14)
ke2Ez3

in the sense of strong convergence on &, where
fl=Je*=f(x)dx.
Let #(V)C Z be the Fock space over #V)(V), obtained by replacing R®
by V in (1.1). Write w(k) for the one particle energy at momentum k:
2

w(k)= ;—m m=1. (1.15)

The Hamiltonian and number operator for the free Bosons in a periodic
box V are now defined by

Hyy= 3 (k) as(k) ay(k)

keZL—"z3

Ny= ) af(k)ay(k)

keZL—”Z3

(1.16)

on the domain 2. They are essentially self-adjoint in & (V) and in £.
We now define the canonical state at arbitrary temperature ! and

density ¢ by the formula

. tr(AP,, e PHov)

(A G, ov = >

1.17
tr(P,, e "Hov) (1.17)

if oV is an integer and in general by linear extrapolation:
Ao v == A LAY o, v + ALADG v (1.18)
if o, V < g, V are consecutive integers and
e=(1—-Ae +4¢,, 0=i=1.

We define the grand canonical state at temperature f~! and mean

density ¢ by

tr(AzNv e~ FHov)
tr(zNv e FHov)

(1.19)

CADFGv =<}y
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where z=z(V, B, 0) € [0, 1] is uniquely determined by the condition

NV >g. c.
={— . (1.20)
< V B,z,V
The expectations (1.17)—(1.19) define states on (% (V)), the algebra
of all bounded operators on & (V), which can be extended to states on
RB(F)D U. The restriction to A is needed only in the limit ¥V — co.
If the system is in the state {-)§ 5 y, then the probability of finding

it in the state {->§ , y is just (P, >§ % y, i.c. the grand and the canonical
states are connected by the formula

)

<A>gc§,V = Z <Pe V>lg3.,%,V <A>2.,0,V . (1.21)
Q=O,%’,%,...
Let
Ky(0,0)= ). <(Ppwisvdole—a), (1.22)
g’=0,—’1;,...

so that (1.21) is written
A5y = Ky(0,0) {A)f ,.vde. (1.23)

We shall call K, (-, ) the Kac density at volume V. Kac [2] found that
the V— oo limit of K, is simply

o(e—0) if = 0.(p)
(0 if e<e.(h)

K(g.0)= o 24)
- f
= |- 2t 1 ezew] 1 T
where ¢,(f) is the critical density:
and 2.(B)=G(1, p) (1.25)
dk
G(z p)= | e,;w(,f)_z e (1.26)

for z € [0, 1]. Therefore, if the limits of the states exist, the canonical and
grand canonical states are the same below critical density, while above
critical density the grand canonical state is the Laplace transform of the
canonical states. Because we are considering only periodic boundary
conditions, we will be able to give an especially simple proof of this result
of Kac. This result is the governing idea in the proof of convergence
of the canonical states.
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The infinite volume limit of the canonical state as conjectured by
Araki and Woods, in terms of its generating functional, is

W)= exp{~ % ufw}

exp{ - 5 e,,jj ¥ (2‘1:) | esem 127
exp{ = 3 [ gro— P s 90/ 20— 2P0, 02 ah
where z , € [0, 1] is the unique solution to
0=G(z, p). (1.28)
The Bessel function
Jo(2)/z)= 1‘2 (—2) (1.29)

corresponds to macroscopic occupation of the ground state [1].
Finally, to complete the notation, we note that the infinite volume
grand canonical state will be given by

WPES

W Npe if 2=0lp) (1.30)

= 1 1 1 ~, dk
expl= 4 1717} exp= 5 [ 1P s

exp{— @ ePIFOR). 7200,

§ 2. The Thermodynamic Limit

The main result of this note is the convergence of the canonical state
as the volume becomes infinite:

Theorem 1. For any B,0>0and fe %5, (R,

Wb, ov =<0 21

for any sequence V — co. The convergence is uniform in ¢ in any compact
subset of (0, o). (See (1.18) and (1.27).)
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For the proof we will need a slight generalization of the corresponding
result for the grand canonical states:

Theorem 2 (Kac, Lewis-Pulé). For any f,0>0 and fe@om, R3)
WUREGy=><W(DET 22
for any sequence V — co. (See (1.19) and (1.30).)

The relation between the canonical and grand canonical states,
given by the limit of (1.23), is

W55 =K W(f)j de. (23)

With the Kac density K given by (1.24), (2.3) is a simple Laplace trans-
form above critical density and it holds by definition below critical
density. This relation is useful for calculations. For example, it is trivial
to calculate the reduced density matrices in the grand canonical state
(see e.g. [3]); whence they are obtained in the canonical state via (2.3).
This was the explicit context of Kac’s work [2]. (Kac’s version of Theo-
rem 2 asserts convergence of the grand canonical reduced density
matrices.)

3. The Grand Canonical State and the Kac Density

We need to calculate {(W(f)>§5  and (P, )% 5%, which appeared
in (1.21). We denoted the latter as a distribution of § functions by K (¢, 9)
in (1.22). It has the Fourier transform

A~ —ige ¢ —ii% g.c.
Ky (& 0= Z e <PQV>/3', av=\¢€ 8,5,V (3.1
g=0,%,...

Using (1.6), (1.14) and the commutation relation between a( f) and a*(f),
one obtains

<e—i€g W(f)>;;V (3.2)

A 1 1 A
~Ryepew|- 31 Pfew -5 T —Z— ]
. ST B
with
A _ ppBok)
Rep= [ —— " (33)

ke2Zzs 1 — zePow 'V
where z is determined by the condition (1.20). (This calculation can be
carried out as a trivial generalization of the calculation given in the
appendix of [1].) The object of this section is to determine the V' — oo
limit of (3.3) and (3.2).
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From (3.1) and (3.3) we obtain

N\#* 1 z
(7). 7 I v G4

B2V ke2Z 73

which makes the condition (1.20) explicit.
Lemma 1. Uniformly in z€ [0, 1]

1 z z dk
7 221; ﬂw(k) — —>G(Z ﬂ) j—~—2 W (35)
ke—L—Z3
k¥0

The proof is simple. For example, if we omit from the summations all
terms indexed by k : k'=0 for some i = 1, 2, 3, then the sums are just the
integrals of positive step functions that converge to the integrand of the
right side monotonically from below. The z uniformity is clear since the
step functions approximate the integrand uniformly in z and k outside
an arbitrary neighborhood of the origin. Similarly, the omitted terms
approximate two- and one-dimensional integrals with ™! and L 2
factors; so their contribution converges uniformly to zero. This would
not be valid if the ground state k =0 contribution were present at z=1.
This lemma is more complicated if general volumes V with general
boundary conditions are considered [2, 3].

Now, by (3.4) and (1.20), z is determined by the condition
1 z 1 z
VitV L d

keTl3
k+0

3.6)

0=

Since G(z, ) is strictly increasing in z € [0, 1], we have by the lemma the
possibility of only two cases: For V' — o0,

1
O zoz,<l o =0, i 7<elp)
3.7
) z-z,=1, - ——-F-e, if 2Zep)
where z_, is determined by (1.28): g = G(z,, f) in case (I).
Lemma 2 (Kac). For each g and uniformly in & in bounded sets
Ky(&2)-K( ) (3.8)
nhere (1£6(z.. B} 0 75e(
. exp {i s B} =0,
K¢ 9)= { 3.9
©o {1-(@—oa/(p)ic} " exp{ile(f)}, (1) @Ze.(B) 2

which is the Fourier transform of K(g, @) given in (1.24).
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Proof (Kac). The proof uses only (3.7). Write

N
. 1—z 1 —ze B’V
KV(f’@=———z€Xp *Z IHW . (310)
1—ze? ke2E 73
k%0

The first factor converges uniformly in bounded ¢:

{1‘% Ti‘?)(’f ; %+"')F“’{{11—(5—&(13)):'5}‘*, (I(B

Similarly, the second factor converges to
exp{iG(z,, )},
&
which can be seen by expanding e’V about zero and the log about 1.
Now we come to the last factor in (3.2), which is the exponential of

. €
1 ze 'V 2 1 S n Bl _""% 212
72 ——5—|f(0)l 3V Y Y z"e e | f(K)*.
1—ze keZlzs n=1
k$0

By (3.7), the first term converges to
0, @

1 e-e.
> T=@=ggic’ ™

and, as in (3.5), the remaining terms converge to

1 Z
- i P s

uniformly in bounded &. If we combine this with Lemma 2, we get the
following generalization of Theorem 2:

Theorem 2'. For any p,5>0, fe€%%,,(R), and any sequence V — co

(P win)say
N 1 1 Zy
R R Y e 1 G
L U
1 0— A
exp{ - 5 Ttz If O} ),

uniformly in bounded £. (See (3.7).)
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4. Convergence of the Canonical State

Theorem 2’ is actually a statement about the Fourier transform of
Ky (0,0) <W(f)>5.,,v- We obtain by a trivial calculation that

] —i¢N g.c.
Je K 0.0 W i avde= (e "W pgr,  (G1)
and from (1.24) and (1.27) that '
[ e " K(o,2) <W(f))5., do = [right side of (3.11)] . “4.2)

So (3.11) asserts convergence of (4.1) to (4.2) uniformly in bounded ¢:
(Ky <W ()5, v) (©) = (KSW(f)p) () (4.3)

(with g fixed). Since, by (L9), KW(f))§ ,vI<1 and [Ky(-,0)=1,
(Ky <W(f)5.v) (O < 1. Therefore if h e £'(R?), we have from (4.3) that

[ K KW ()5,0) = [REC(S)5) - (44)
From this we obtain the following:

Lemma 3. For all 5,0 >0 and any sequence V — oo,

Jh(@) Ky (0,0) W ()5, 0 do— [ h(@) K(0,2) <W(f))5,,de  (4.5)

if h has Fourier transform he £ (orif h=1).

The proof that the canonical states converge will be based on
Lemma 3, which we have obtained by the method of Kac, together with
the next lemma which we will prove in § 5. '

Lemma 4. Given >0, fe ‘écomp(R:"), and [a,b] C (0, o0), there is
a constant C such that

d
.E W pev| =C (4.6)

for a.e.gela,b] and all V.
Now we can replace K, by K in Lemma 3 if he €5 ([a, b]):

[ h(@) K(e,2) <W(f)5,0,v do— [ hle) K(e,2) <W(f)fde- (47)

In fact, with Fy,(0) = (W( )5, ,.v» since |Ky| <1,

d
(K00~ K@D} b0 Flo)dol = [ (Rl ~ &2~ K(~E D} €)o-

Sia [ mRyEe

I¢I>R

d
J"IKV( &0~ K(=&.2) 1(hFy) (9



States of Free Bose Gas 99

The second term is dominated by

1 N ; ,
(4 (14872 dE) (10 +Q) (@) dey*
T \lel>R

where the second factor is V-uniformly bounded by Lemma 4 and the
first factor is arbitrarily small for R large enough. The first term is
arbitrarily small for V large enough by Lemma 2 and the fact that

(22 ey L Py o
In case (I): @ <0.(8), K(o,0)=0(0 —0), we have immediately from
(4.7) that
W g.av = WDz (4.8)
In case (II): g > ¢.(B), we can choose h so that
g(e)=K(g,2) h(e) (4.9)

for any given g € €%, ((@.> 0)). So from (4.7) we have the weak con-
vergence

§9() <W(f)5, 0w de— [ g(@) <W(S)5, . do - (4.10)

Finally, for $>0, fe€%n,(R?), and [a,b]C(0, ) fixed, we have
by the inequality [{W(f)>; ,y|=<1 and Lemma 4 that the family of
functions {W(f)> ,.» is precompact in the uniform topology of #([a, b]).
By (4.8) and (4.10) the only possible limit point is {W(f))} , and this
proves Theorem 1.

§ 5. The Equicontinuity Estimate

In this section we will prove Lemma 4.
Using (1.14) in a straightforward calculation (see e.g. [ 1] for the main
part of it), we obtain

i

tr (Py B e“(ﬁf)e-ﬂﬂw) (5.1)

= z Z 1_[ e;ﬂw(k)n(k)( n(k) ... (;;g‘c;;j(k)_,_ 1))

{Zn(k)=N} {j(k)=n(k)} Kk

PP
'(—Eﬁlf(k)l)

-y e o)

En(k)=N} k

2n ) . .
where k ranges over T Z3, N =gV, the first sum is over all functions

of k that are non-negative integral valued with sum N, the second sum
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is over all non-negative integral valued functions j(k) < n(k), and L, is the
Laguerre polynomial of order . By (1.6), the definition of canonical state
in (1.17) and (1.18), and (5.1), the inequality (4.6) of Lemma 4 becomes the
inequality

y Hn e—Bw(k)(n(ka(k))Ln(k)( ¢ |f(k)|2)}
In(k)=N 2N

k
Imk)=N+1
~{esemom e, (2ifwr)l) 62
=< Lo > {n e—Bw(k)(n(ka(k»} ,
- N In(k)=N k
Imk)=N+1
or
e"ﬁw(k)g(k) [ . ( If(k)lz)
Ee)Z2N+1) l:[ ;,.(% N [T Eao
n(k) S g (k)
-1 Lg(k)—n(k)('z_]\? |f(k)|2)] (5.3)

< Co y [[efowe v

- N {Zgk)=2N+1} k Ink)=N
n(k) = g(k)

where the first sum is over all functions g of k that are non-negative
integer valued with sum 2N + 1. So it suffices to prove, for given g, that

[H L,,m( 5o If(k)lz) [T Lo (3% |f(k>42)

Zn(k)=N
n(k) = g(k) (5.4
< e 1,
N Zn(k)=N
n(k) < g(k)
where @ is an arbitrary bijection
Znk)=N Zmk)=N+1
: - . (5.5)
n(k) < g(k) m(k) = g(k)

(Note that n—g — n was such a bijection.)

We shall prove in the Combinatorial Proposition below that there
exists a bijection (5.5) with the property that for every function n there
is a k, such that

{n(k)= onk) k+k,,

n(ko)+ 1= dn(k,). (5.6)
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Also, we will show, for N sufficiently large (depending only on a
bound on g| f(k)|?), that

<1,

n(m( lf(k)lz)
(5.7)

const

<
- N

Lo o O = Loy (55 70

Using (5.6), we rewrite the left side of (5.4):

I Lot O Lo 55 1707

In(k)=N } k+ko
n(k) = g (k)

—L,.mom(% |f(k)[2)} .

By (5.7), this is dominated by the right side of (5.4) since ¢ =a>0. So to
complete the proof we only need to establish (5.6) and (5.7).

To prove (5.7) we notice that the Laguerre polynomials of order /,
Loll—=1)...(0-m+1
LH= Y ). ( )

m=0

(=27, (5.8)

m!?

have the following properties:

L{3)~0eVa= 3 ooy (59)

as [ — o0, as entire analytic functions.

()

for any d 20, I <n, and n = ny(d).

<1, ze[0,d] (5.10)

o L@ =L@ - L), (5.11)

1 z
|l+—1 L., (7)‘ <const, ze[0,d], (5.12)
for any d >0, [ <n, where the constant depends on d. The convergence

(5.9) is clear and (5.12) follows from the convergence of the derivatives;
also (5.11) is well known. We check (5.10): Since |J, (2 ]/)l <1 for z>0,

LZ(T> <1

we have by (5.9) for given ¢ >0 and [ sufficiently large that
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for z € [¢,d]. Choose ¢ >0 so that L,( 7) >—1 and J0(2 ]/-) < ——
for ze [0, ¢]. From the convergence of the derlvatlves of (5.9), we have

d
for sufficiently large I that ELI (i) < - %, z € [0, &]. Therefore, since

1 |

L,0)=1, =<1 for ze[0,d] and /= 1,(d). Finally, for the finitely
many cases [ <l,(d), we choose n,(d) sufficiently large so that |L,(z)| <1

for ze

d

no@d)]’
Finally, (5.6) is given by the following proposition. We make a trivial

change in notation and consider sequences rather then functions on

EF_Zs

Combinatorial Proposition. Given a non-negative integer N and a
sequence of non-negative integers g = {go, gy, ...} such that Xg;=2N + 1,
let

S,={{no,ny,..}:0=n;<g;, Zn;=N, ne Z}
S,={{mg,my, ..} :0=m;<g;, Zm;=N+1, meZ}.
There exists a bijection ® : S,— S, with the property that
2n—(Pn)|=1, (%)

for all {ny,n,,...} €S,

Proof. The proposition is trivial if there are only one or two non-zero
g;sand itis easily checked if N =0, 1, 2. We shall give a proof by induction
on N and the number of non-zero g,’s.

For notational convenience suppose that the non-zero g;’s are

{g(),gl""’gj}' Let

k{h]l={{k,a;,a,,...,a;_y,1}:0=a;Zg;, Za;=h, a,e Z},
givenintegers k, h,and l. Let G = leg,:ZN +1—g¢ —g;. In this notation
we have =l
S, = U k[N —k-1]1,

0=<k=go

0sl<yg;
0SN—-k-I<G

S;= U kIN—k—I+1]l.
0=<k=go
0sl<g,
0<N-k—I+1<G
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Let

S;‘>=( U go[N—go—lJz)u( k[N—k]O)
1=sl=g; 0=<k=go
0<N—go—15G 0<N-k=G

S;2’= U k[N—-k-1]1
0sk=go—1
1=lsg;

OSN-k-I=G

s;,<1>=( U gO[N—gO—H—l]l)u( U k[N—k+1]O)

15l<g; 0=k=go
0<n—go—1+1=G OSN-k+1=G
5/ = U k[N —k—1+1]1.
0sk=go—1
11y,

0SN-k-1+1<G
Then
Sg=S(gl)uS;2), S;:S;(I’US;(Z).
All of the above unions are disjoint (i.e., the sets involved are pairwise
non-intersecting). We shall use induction on j to show that there exists
a bijection @:S{V—>S/" with the property (x) and induction on N to
show that there exists a bijection @ :SP —5,? with the property (x).
Let ¢V and ¢‘® be mappings of sequences given by

¢(1)
{a03 Ay, ey aj} <
¢

gV =9"g,
g?={g,—1,9,, o gi-1,9;— 1}

So g™ has only j— 1 non-zero entries and g® corresponds to N — 1.
Now, by using the above representations of S and S, as disjoint
unions, it is easy to see that

¢SO>S0, PP :SI@ S

{ag+aj,ay,...,a;_1,0}

{ag, ay, ...y a;_y,a;— 1} .

Let

are bijections (x = 1, 2). For example, it is clear that

¢(1):( U go[N—go“l]l>“’( U go+l[N_go_l]0)
1=i=sy, 1=i=g;
0SN—go—15G 0<N—go—15G

and
¢<1>:< U k[N—k]O)W( U k[N—k]O)

0=k=go 0sk=go
0SN—k=<G 0<N-k=G
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are bijections while the images give the disjoint union

( U go+l[N—go—l]0)u< U k[N—k]O)
1=51<g; 0=<k=go
0<N-go—12G 0SN-kZG

= | KIN—K]O=S,u.
0<k=go+tg;
0<N-k=<G

By the inductive hypothesis, there exist correspondences
Sg(a) HS;M

with the property (x). We will show that the property (x) is preserved
under ¢®~1; so we will obtain the desired correspondences

(@) y /(@)
S S,

with the property (x). This is trivial in the case « =2. For the x=1 case
we note that corresponding elements in S, and S, can only belong
respectively to

do+IIN—go—1]0 and go+I[N—go—1+1]0,

Go+1—1[N—go—1+170 and g, +I[N—go—1+1]0
or
U k[N—kJO and U  kIN—k+1]0.
0=<k=go 0=<k=go
0SN-k2G OSN—-k+1<G

In the first two cases, ¢!’ "1 acts by removing [ or I —1 from the 0'" entry
and placing [ or [ — 1 in the j*® entry, and one can see that the property (*)is
preserved. In the third case, ¢V~ is just the identity operation.
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