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Abstract. The problem of the independence of the thermodynamic limit on the bound-
ary conditions is considered in the framework of functional integration. For every domain
and every boundary condition in a sufficiently large class a functional measure is con-
structed and the Feynman-Kac-like formula for the statistical operator written down.
Making use of some volume-independent estimates for the Green function of the heat
equation, the thermodynamic limit along convex domains for general boundary con-
ditions is proved to exist and to be equal to that for Dirichlet conditions.

§ 1. Introduction

Essentially two methods have been used in quantum statistical me-
chanics for including the boundary conditions in the definition of local
hamiltonians. One of them employs the connection between semi-
bounded sesquilinear forms over a Hilbert space and semibounded self-
adjoint operators [1, 2]. The other makes use of functional integration
to write Feynman-Kac formulae for the semigroup of statistical oper-
ators exp(— fH), f = 0. Initially devised to accomodate Dirichlet bound-
ary conditions [3], this method was extended by Novikov [4], who
considered the functional measure associated to the Wiener process in
a parallelepipedic box with elastic reflecting walls and has thus been
able to handle the case of Neumann boundary conditions for such
domains

This paper is concerned with extending the second method for a
larger class of domains and boundary conditions. In Section 2, functional
measures suited for a class of boundary conditions are constructed, fol-
lowing the standard way [5] and using the appropriate Green function
of the heat equation. Different properties of these measures, which follow
from local estimates of the Green function, and the relation with the
measures used by Ginibre [3] and Novikov [4] is established. In Sec-
tion 3, the Feynman-Kac formula is written down and the equality of
the thermodynamical limits for the whole class of boundary conditions
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is proved. The infinite volume limit is to be taken along sequences of
convex domains with smooth boundaries. These conditions can probably
be relaxed, but the proofs would become rather involved. The necessary
estimates of the Green function are proved in an Appendix.

§ 2. Construction of the Functional Measures

Let us consider a bounded domain A CIR’, whose boundary 04
consists of a finite number of connected components which are (v — 1)-
dimensional surfaces of class C®. We are concerned with the Green
function of the heat equation

ou 1
—at—(t,x)—iju(t,x), t>0, xed, (2.1)
with boundary condition:
u(t,x)=0; t>0, xeod (2.2a)
or:
gnu—(t,x)za(x)u(t,x); >0, xedd, (2.2b)

where 0/0n, denotes the derivative along the inner normal, and o is a
non-negative C3-function on 4. Both boundary conditions will be con-
sidered together putting formally ¢ = oo when (2.2a) is to be understood.

The following two theorems summarize the information needed
about the Green function.

Theorem 1 [6]. (i) There is one and only one function, G,(t,x;t,x’),
(named the Green function of (2.1), (2.2)), defined for x,x'€ A and t>t'
(depending in fact only on t—t'), continuous on Ax A for every fixed
t>t' and having the following property:

For every continuous f: A—R,

u(t,x)= [ G,(t, x; t, x) f(x') dx’
1

is the unique solution of Egs. (2.1), (2.2) satisfying the initial condition:
111\1}1 u(t,x)=f(x)  uniformly in 1.
(i) G,(t,x;t,x)=0; t>t, x,x €A,
(i) [ G,(t, x;7,¥) G, (3,5t X) dy= G,(t, x;1, X);
4 t>t>t, x,xe4d,
(iv) [G,(t,x;t,x)dx<1; t>¢, X ed.
A

a(x)= 0 implies equality.
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Let us denote

— "2
GO(t, x: 1, x') = [2(t — £)] "2 exp | — X=X

_ 2.3
the Green function for the whole space, and define the compensating
Green function for (2.1), (2.2), Z,, by:

G, (t,x;t,x)=GO(t, x;t", x) = Z,(t, x;t’, X). (2.4)

Theorem 2 [7]. For every T >0, there are constants C, ¢, ¢" > 0, such
that, for all0<t—t'<T and x,x'€ A
2,

t t
7 < 0 . — " X 25
|Z,(t, x; ,x)I_CG(—c,,x, c,,x) exp[ c 2(t~t’)} (2.5)

where L. is the distance from x' to 0A.

The estimate (2.5) is sufficient for the purpose of this section. It will
become however important later to know that constants C, ¢’ and ¢” can
be chosen independent of the domain A and to give some more informa-
tion on the behaviour of C for T— co. A result of this kind will be proved
in the Appendix.

We shall now outline the construction of the functional measures
related to the Green functions for A, using the (by now) classical
approach presented in the Appendix of [5].

The trajectory space will be:

Q5= [] 4, where A=A forall t.
0stsp
Q, 5 is a compact space in the Tychonoff topology. The Banach algebra
of all continuous real functions on Q, , with the uniform norm will be
denoted €(€2, p). The set of all the functions ¢ : Q4 ;,—IR, such that there
exist 0 <t; < --- <t,< f and a continuous function F : A" — IR for which:

¢()=F(o(t),...,o(t,), w©eQ,,; (2.6

will be denoted %;,(©24,4), and is a dense subalgebra of €(Q, 4. For
every x, y € /, a linear functional on % ,,(Q, ;) will be defined through:

P;;:ﬂ(q)): jdxl Ga(tl’xl;o’ X) jde Ga(t27x2; tla xl) e X
4 4 2.7)
X jdana(tn’ X,,; tn—l’xn—l) Ga(ﬁ’ y3 tna xn) F(xls ...,x,,)
A

where ¢ and F are related by (2.6).

The consistency of this definition follows from the semigroup prop-
erty of G, (Theorem 1, (iii)). Clearly, ¢ =0 implies PZ;?(¢) =0, because
of the non-negativity of G, (Theorem 1, (ii)). By a standard argument,
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this implies the boundedness of PZ;’, which can thus be extended by
continuity to €(, ;). The Riesz theorem [8] asserts the existence of a
unique regular positive measure, P;’y"(-), defined on all Borel subsets of
Q, 5, such that:

Pl (@)= [ P3ldo) (), @eB(Qy). (2.8)

Qa,p

Remarks

1°. We shall denote Gy(t, x;t), x') the Green function for Neumann
boundary conditions (6(x)=0 in (2.2b)). In view of Theorem 1, (iv),
Gy(t, x;t, x') dx are probability measures on A for all t> ¢, x' € A, and
can be interpreted as the transition probabilities of a stochastic process.
Then, the unconditional measure PY can be defined as well.

2°. The standard way of writing the solution of the heat equation
with non-homogeneous boundary conditions in terms of the Green
function [6] allows a proof of the following ordering of the Green
functions:

01(X) S 0,(x) forall xedA implies,
G,,(t,x;t,x) 2 G, (t,x;t,x') forall x,x eA.

In particular, G, is dominated by and Gy dominates all G, in the con-
sidered class. This implies that the same ordering remains true for the
functional measures, in particular:

PEP(A) < P3P(A) < PYF(A); A aBorelsetinQ,, 2.9)

3°. All measures PZ;’ are concentrated on the set of a-Holder con-
tinuous trajectories for every 0 <o < 1/2, which start from x at t =0 and
finish in y at t = B. In view of Remark 2° above, it is sufficient to prove
that the complementary set is P;”-negligible. Because of Remark 1° and
Theorem 2, this proof can be taken over without essential modifications
from [5, 9].

Let P,t’;”’ be the conditional Wiener measure and

1 if w@)eAd forall te[0,f]

2.10
0 otherwise ( )

oy (@)= {

As a, is a P};’-measurable function, a,(w) PY;’(dw) is a measure on
Q, ;- By the same argument, o,4(w) PZ;} (dw) are measures on Q4 4.

Our main result concerning the family of measures constructed above
is the following:
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Proposition1. For every Borel subset ACQ, ;:
[ P& (dw) og(w) = [ PY;P(dw) oy(w) - (2.11)
A 4

Proof. We shall first consider the case 4 =0, ;. Let K, CA be an
increasing sequence of compact sets whose union is A. Let:

1 if w()ekK, forall te[0,f]
0 otherwise .

gn(@) = {

Because every continuous trajectory which does not touch 04 has com-
pact image in A, we shall have:

; — B W.p_
}Lnolo ag, (w)=0o,4(w), Pgf— and PP — ae.

In view of the Lebesgue dominated convergence theorem [8], it will be
sufficient to show that:

| Pildw)ag(@)= [ PE’(dw)og(o)

Q4,8 QR

with K CA an arbitrary compact. Let d=dist(K, 0A4). Let n=1, and

tk=—kl—3——, k=0,1,...,n+1. Let
n+1
(@)= 1 if w()eK forall k=0,1,...,n+1
=00 otherwise .

We have lign o, (@) = oy (). Now:

n

I P;f(dw) oty () = fdx1 ~.dx, n [Go(tk+19 X135 bes Xi)
K"

Q4,5 k=0

— Z o (et 15 X 15 Lo Xi)]
n
= jdxl ...dxn ]._[ Go(tk+1, Xk+1;tk, Xk)+Rn
Kn =

k=0

[ P (dw) o, (w) + R,

Qpr.p

where x, =x, x,,, =y, and we shall show that limR, =0.

The general term in R, has the form:

+ [ dx, ...dx,[... G°G°...G°Z,G° ... G°Z,Z,G° ...]
KYI

2%
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with k + 1 factors Z and n—k factors G°. Taking moduli, extending to
R" all integrals which do not involve Z-factors and using the semigroup
property of G° this will be majorized by an integral containing k + 1
factors |Z| and at most k + 2 factors G°. With the inequality (2.5), [, > d
and

Go(t,x;t, x) <72 G° (%, X; %7, x’) 0<c'£1)

one obtains, after extending again the integrals to R”:
" H!
< 1=V[2 (70 B (n+
RS 2G (—c, ,y,o,x) X wIDTmBT

, d2(n+1) )]"“

~[Cc"v/2 exp(—c 2

=c 7260 (é,y;O, x)

2 n+1
{[1 +Cc ™2 exp(—c” %;1)«)} - 1} —0.

If ACQ, 4 is an arbitrary Borel set, there is a sequence of functions
in %g,(Q,4 ) converging to its characteristic function, and it will be
sufficient to prove:

[ Pildw)ay(o) fl@)= [ PEIdo)ay(0) f(@),  feFhnn(R4)

Q4,p QR

But this follows at once from the first part of the proof and from:

| PG (dw) ay(w) f(w)= f dx, ...dx, F(x;, ..., x,)

4,8

fP;;;(dwl)aA(wl)"' j PSZJ; (A, 4q) g (@,11)
Q4,t: Q4,8-tu

where fand F are related by (2.6), and the similar equality for the Wiener
measure. This finishes the proof.

As expected, for the appropriate particular cases we reobtain the
measures considered by Ginibre [3] and Novikov [4].

Corollary. For every Borel subset ACQ, ; and x,y € A

PEP(A)= [ PFF(dw) oy (o).
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Proof. In view of Proposition 1, one has only to show that the PEP-
measure of the set B of trajectories inside A which do touch 4 for at
least one t € [0, 8] is zero. But this is a consequence of:

PEP(A)<AY,F(A)  for every measurable ACQ,,  (2.12)
which follows from a corresponding inequality for Green functions,

and of:
P,ﬁ‘;”’ (B)=0

which is a well known result on conditional Wiener measure [9].

Remark

4°, This latter property of the Wiener measure is shared also by all
the measures considered here, provided the smooth surface to be touched
but not crossed is required to be a compact subset of A. It is sufficient
to consider PY ;#, where, using Remark 1°, essentially the same proof as
for conditional Wiener measure applies.

Let L>0,ande:R— [— %i 3 defined by:
_Hhr<x< 1
() = x—2nL if 2n—YHL<xZ(@2n+HL, n=0,+1,. (214
Rn+1)L—x if 2n+HL<xZ(2n+3L, n=0,+1,.
. "y L L].
The Green function for Neumann boundary conditions on | — 5 is
Gy(t,x;t,x)= Y  G°t,x;t,u). (2.15)
uee~ 1(x')
Ife': QMHQ[_L i}’ﬂis defined by [¢'(w)] (t) = e(w(2)), then:
22
Pl(a)= Y PFf(e'(4), A measurable (2.16)
uee=1(y)
is the measure employed by Novikov [4].
ProposmonZ For every Borel subset AcQ[ ],ﬂ and x,yeA,
PY;P(4) = PL,(A).
Proof. If A= Q[_il i], s> this is just (2.15). We shall now prove:
22
[ PNdo)f@= [ P(dw)f() (2.17)
Ly X
272r ’

N[b- o]~

u'h o

for all f (@) = F(@(t,), ... 0(t,)) € €n(Q[-L 2] ).
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. . L L
For every continuous function h:| — — -—} —R and zeR

272

[dvG°(t,v;t, 2) h(e()= [ dwGy(t, w;t,e(2) h(w).  (2.18)

R

N,[‘L-Al\)ih

Now, using (2.16), (2.15), and (2.18), one obtains

ﬁal:y(f)= Z [dvl "'dUnGO(tlavl;Oa x) Go(tz, UZ;tlavl)"'

uee"1(y) R

XGO(B Uy, n (8(01),...,8(0"))

= [ dv, ... dv, G (ty,v,50,x) G°(t,, v, £, 0y) ...
i

X Gy (B, y; tyy 6(v,) Fle(vy), ..., e(v,))

=j[_2£V£J"dW1 oo dw, Gy (8, Wy 50, X) Gy (t2, o5 ty, wy) ...
2

X GN(ﬁ’y;tmwn) F(Wla -~~,Wn)
=PI,

which finishes the proof.

Remark
5°. If A is a parallelepiped, periodic boundary conditions can be
imposed for Eq. (2.1), as well. The Green function can be written in terms
of G° as follows:
Gpe(t, X8, X )= ) G°(t, x;t,u), (2.19)

uen~1(x’)

where #:R'—> A is defined in the following way: Divide the whole R"
into translates of A; 5 restricted to one such translate means the inverse
translation. Theorem 1 is still true in this case and also the estimate in
Theorem 2, if |x — x| is replaced by the distance between x and x" in A
considered as a torus. Therefore, G,., defines a measure P2" on Q, ,

which now will be concentrated on the set of continuous tra]ectorles 1n
A with the torus topology. In the same way as in Proposition 2, one can

see that this measure is given by:

Pref(d)= Y PEA(rl(4) for ACQ,,. (2.20)

uen=1(y)
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§ 3. The Thermodynamic Pressure

Suppose that the system consists of n identical particles, obeying
Boltzmann or Bose statistics®, enclosed in the bounded domain A and
interacting via a two-body potential @ :IR*— R satisfying the following
conditions?.

(A) @(x) is an even function of x, bounded from below: &(x)= — b,
and continuous outside a closed set of Newtonian capacity zero. If the
potential has a hard-core: ®(x)= + oo for |x|<a, a>0, continuity
outside the core will be required. Below, both cases will be treated
together, taking a =0 for potentials without hard-core.

(B) The interaction is stable, i.e. there exists B = 0 such that for any
finite family of points x;, ..., x,, € R”

Y P(x;—x;)= —mB.
i<j

We shall in fact need the following much stronger condition:

(B;) There exists a B> 0, such that, for any finite family of points
Xgs Xps ooy X €RY With |x; — x;/Z @, i %]

2. P(xo—x)2 —2B.
i=1

Note that if a =0, then (B,) implies the positivity of .
(C) There exists R >0, such that @¢(x) <0 for |x|=R.
Let Q4 ; be defined as in Section 2, and:

1 if |0'(t)—w/@))>a
a(w) = a(w!,...,0" = for all te[0,B], i*j=1,...,n (3.1)
0 otherwise.
As usually, we consider the following integral:
B
Whx,y)= [ Pgldw)a(w)exp {— {dt U(w(t))} , (3.2)
0

QA" Y]
where x=(x' ...,x"), y=0", ...,y e A U(o@) = Y, D(0'(t) — 0/(t);
n i<j
and P3f (dw)= [] P35 (do') with P3%: defined in Section 2.
i=1
We shall denote:

S,={xeA|x'—xI|>a,Vi+j=1,2,...,n} (3.3)

and $ = I*(A"nS,) the Hilbert space of the system.

! It seems that the functional integral approach is not suited to handle easily Fermi
statistics [9].

2 We list here all conditions to be used below. It should be remarked however that
only condition (A) is used for writing the Feynman-Kac formula. Besides, condition (C)
can be relaxed for the purposes of this paper.
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In view of (A) and the definition (3.1), the integrand in (3.2) is defined
a.e. on S, x S, with respect to P,‘{’y" and the integral converges.

The following facts can be proved in the same way as in [3]:

W#(x,y) is a continuous function of (x,y)eS,xS,. The kernel
W#(x, y) defines a bounded selfadjoint positive trace-class operator of §.
W#(x, y) has the semigroup property:

[dzWP(x, 2) WP (z,y) =W’ (x,)),  xyeS, (3.4)
Sa
and [|W?] < exp[— Binf UX)]. (3.5)

Moreover, W# B>0 is a strongly continuous semigroup and its infini-
tesimal generator H restricted to functions of C? class of compact
support in A" S, is given by — 1 4+ U.

Using (3.2), integral representations of the grandcanonical partition
function can be written down [3, 9]. We shall consider only the case of
Bose statistics, because the case of Maxwell-Boltzmann statistics is
simpler. Then:

|
EA,a'(Za ,B) = Z F

n=0 Mt

0 Zjl + -
5 5 duy [ P3P (dévy) ...

1 = Jie

M8

I

(3.6)

Untin

x {du, [ Pyt (dd, )exp[ u(wl,...,cb,,)],
A

where @, are closed loops of time interval j; 8, obtained by putting together
the elementary trajectories w;,: [0, f1—4, k=1,...,j;, i=1,...,n and:

B
W@y, ..., @)= [ dtU(wyy (1), ..., 05, (8), ..., 0,1 (1), ..., @, (1)) .
0
The finite-volume pressure is:
Pl f)=
SN I77T)

For Dirichlet boundary conditions, the thermodynamic limit is
known to exist under conditions (A), (B), (C) on @ [9]. The existence of
the thermodynamical limit for other boundary conditions and its equality
to the limit for Dirichlet conditions results from the following:

log 24 ,(z, B). (3.7

Proposition 3. Let A, be a sequence of convex bounded domains in
R’, A,— oo (Fisher), whose boundaries 8 A, are C3-surfaces with uniformly
bounded mean curvature. Let a,:04,—-R ., a sequence of functions of
class C3. Then, for interactions satisfying (A),(B,),(C), and for 0<z<e 22/,

im{py, (2 B) = P4, (2 I =0. (3.8)
Proof. The ordering (2.9) implies, for z> 0,
P, (2 D) = P4, 0,2 B) < P4, N (2 B)-
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Then, splitting the functional integrals in (3.6) into the sum of the inte-
grals over the trajectories which do and which do not touch d4,, using
Proposition 1, condition (B,) and rearranging the terms, one obtains:

pAn,N(Z’ B) - pA,-., © (Zr ﬁ)
1 o (ze?BAy)

= BV(4,) j=Zl J

Now

(3.9)

jdu [ PNIFAd)[1—oy, (@)].

An Q4,58

{ PP (da) [1— 0, (@] =Z (B, u;0,u) = Zy (i, u; 0, u)

s i . . .
therefore =Z, (B, u;0,u)+|Zx (B, u; 0, )|
1 @ 2BpYyj
PanN(2 B) = Pa,, (2 H = ﬁV(A ,; (Ze ) jnduZw(jﬁ,u;o,u)
00 (ZeZB/i) (310)
BV(An) Z /{ndu'ZN(iﬁ,u;O,u)l.

Denoting S,(d) the area of the surface {x e A,|dist(x, 04,)=d} and
S, = area(04,), the convexity of 4, implies

S, (d)<S,. (3.11)

Using Proposition Al and (3.11), one obtains:

1
[ duZ,(p,u;0,u)<e’? ———8,
An v—1

20njp) >
wherefrom the first series in (3.10) is majorized by:

ev/2
Sy 9,1 (ze*%).

v—1 2

22xp) 2

The second series in (3.10) can be majorized in the same way, using
Proposition A.2 but the resulting series converges only up to e~ ?E+45,
This shows that, for z<e @8*»4 p —p  vanishes for n— oo as

S,
V4,

The equality of thermodynamic pressures can also be proved for

e”@B+NE < 7 < ¢ 2BF making use of Proposition A.3 as well. Namely,
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one truncates the second series in (3.10) at j,, and uses (A.4) for j <j, and
(A.13) for j>j,, to obtain:
1 ©  (zeBhy

ﬁI/L4n) jZ%

[ du|Zy(ip, u; 0, )|
An

M(B) [ze?BF1in+!
B 1—ze?BH

S ol /fon )
< "9 2 Endadir 2B+ ) B n
= BV Cp 1/ - Jnlze 1+

which tends to zero for n— oo, if j,— 0o in such a way that:

S )
n i, 2B+ )BT
L) jnlze 1r—-0.

Appendix

In this appendix we shall give a proof of the estimates of the Green
function needed in Section 3.

We consider first the case of the Dirichlet boundary condition, which
is a simple application of the maximum principle.

12

Proposition A 1. 0<Z_(t,x;0,x)<e?2mt) "2 e 2

Proof. Z , (t, x; 0, x') is the solution of the heat Eq. (2.1), with vanishing
initial condition and with boundary condition:

Z,(tx;0,x)=G(t,x;0,x); xedd, t>0, xed. (A1)

If 12 = tv, we shall use for estimation the maximum principle:
2
Z,(t,x;0,x)< sup G(r,y;0,x)< sup 2nt)"%e .
0<t=t 0<t=t
yedA
This is an increasing function of t for 12 > 1v, and then:

£

Z,(t,x;0,x)<Q2nt) "2 e 2t (A.2)
If 12 < tv, the positivity of G, and Z , will be used, wherefrom:

0=Z,(t,x;0,x) S G(t, x; 0, x') < (2mt) /2

2

gewﬂ2n0_”2e 2{

(A.3)

Proposition A 2. Let R>0. Then, there are constants 120, C>0,
¢ >0, such that, for every bounded convex domain A CR’, whose boundary
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0A is a C? surface of mean curvature less than 1/R, the following inequality
holds:

Iy
Y > (A.4)

Zy(t,x;0,x)<Ce* ™" exp|—c

Proof. For simplicity, we shall consider only the v =3 case.

From the integral equation for Z, [10], one obtains the following
Neumann series solution:

t
Zy(t,x;0,x)=—=2{do [ dS,G°(t, x; 6,1) d G%(0, 7,0, x)
0 a4 6n,,
o . (A.5)
-2Y [dof dS,,{jdt fas -Go(t,x;r,@’)Mk(r,é;a,n)} G°(0,1;0,x")
k=1 0 a4 s o4 & on,

where: 0
M;(t,¢0,m)= =2 . G°(x,&;0,1m)
ne

My (1, &50,m)= [ dO [ dS, My (c,&;0,0) M (0,(50,m).  (A.6)

4 oA
Estimates for Z, will be obtained by term by term majorizations of the
series (A.5)3. The proposition will follow from the inequality:

k 2
Mo, £ o< —S (c— )2 exp{—h @L} A7)

F(%) 2(t—0)

which will be proved below. It should be emphasized that the constants
C,, h do not depend on A.

First, 1=

M, (@, & o)l =2 27 cos i, €3) 602, &5 0,

(A.8)

& —nl? )
§WGO(T,5,U,ﬂ),

where the last inequality for the cosine of the angle between the inner
normal to 04, #i,, and the vector 577 comes from the boundedness of the
curvature, which implies the existence of a sphere of radius R, tangent
to 0A in & and contained in A. Using:

aa a2

o

e(1—h)

a2
sup —5 ST
p e =
a>0 ta/2
>0
3 As the series (A.’ 5) is alternating, this majorization is very drastic, and is responsible
alone for the factor e*' appearing in (A.4).

a>0, O<h<l (A9

>
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one can replace (A.8) by:

My(z, 85 0,n) < Co (t—a)‘mexp[—hui} (A.10)

I«%) 2(t—0)

where C, depends only on h and R.

In order to obtain the estimates (A.7) for the iterated kernels, we shall
use an induction argument and, at every step, majorize the integral over
0/ by an integral over R and make use of the following identity, which
holds for every «, f € (— 0, 2):

hg—t? hIC~r1|2}
2(t—6) 2(0 — o)
hig —nl*
2(t—0)

fd@ [d*(x—0)""(0—0)Fexp [—

(A.11)
= 2hlB(2—o¢,2—[3) (t—ag)> =7 # exp[—

This will be done by applying parts of 4 on parts of planes containing
the segment &7, in such a way that the surface element be not essentially
diminished and |£-{|, |{ —#| become smaller for the image of {. Let us
describe this process in more detail:

a) One takes a coordinate system with the first axis along &n and

consider: -
5
si=leconlmorz |/ 2

Si={CeaA||ai<c>|;—21i/3—}, i—2,3,

where o;({) is the projection of 7, on the i-th axis. Clearly, S; US, U S; =0A.

b) Fori=2, 3, both connected components of S; will be orthogonally
projected on the coordinate plane perpendicular on the i-th axis. The
surface element becomes at most 2]/5 times smaller and distances
decrease, therefore the integral over S, uUS; will be majorized by 81/§
times an integral over IR%

c) Let S{ be the connected components of S; with + o, ({)=]/2. We
shall consider S;. S; can be treated in the same way. Because of the
convexity of A, ;" lies entirely outside the circular cone with apex ¢&:

s

‘5={ze]llﬂ<t(5,fﬁ)§arcsin‘/% < 7}

Let n be a plane whose angle with f_r; is n/4; D,, D, the half-lines along
which 7 intersects ¢4 and § the intersection of 7 with the 2,3-coordinate
plane. Let d;, d, be the orthogonal projections of D;, D, on the
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2,3-coordinate plane and y = ¥ (d, d,). Let S (n) be that piece of S7
which is contained between the half-planes (d;, D,) and (d,, D,). A rigid
rotation of S;"(n) of angle n/2 around & will be performed, in which
distances between { and ¢ are unaltered and distances between { and #
decrease. Then the rotated surface is orthogonally projected on the
(8, En)-plane, in which distances decrease and the surface element is
diminished by at most a factor 1/%. The integral over S; (r) can then be
replaced as above by ]/% times an integral over R2 But S; can be covered

by at most

2 .
_n] +1 8] (n)’s. Therefore the integral over S, is majorized

2
——;—T—} + 1) times the integral over IR,

o

Collecting the estimates and making use of (A.11), one obtains (A.7).

One more step is necessary to derive (A.4) from (A.7), because x and
x" are interior points. Let x,, x; € 04 be the nearest points to x, x". The
triangle inequality implies I2 + |x, — &2 < 9|x — &|? for £ e€dA, and the
similar inequality for x’. This reduces the integrals over &, 7 in (A.5) to
the form considered above, and the same majorization will apply.

If I, = R/4, then:

8 —x'|?
n G°(0,1; 0, x") éf-ZM—}LGO(G,n;O,X’)
! (A.12)
16Cy _ hi2 In — xol*
< 3/2 X Y

and the integral over #n, ¢ can be majorized as above. If [. < R/4, the
integration over n € 04 will be divided into two parts. An integral over

. Alp—x
Sy = {neﬁAlcos(n,,,nx')g iRi‘} and one over §,=0A4\S,. The

integral over S, can be majorized making use of (A.12). The integral over
S, is treated by projecting on the tangent plane in xj, extending the
integral to IR? and explicitely performing the integrations. Note that in
this last step the use of (A.9) is a too rough approximation.

Proposition A 3. For t,> 0, there is a constant M(t,) >0 depending
only on t, such that, for all t 2t, and all A satisfying the condition of
Proposition A2:

1Zy(t, %30, x)| = M(to) . (A.13)

Proof. From (A.4), it results that, for t =¢,:

Gylto, x50, x) S (2mty) 32 4+ Cettotg 32, (A.14)
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We shall prove, using a known argument [11], that

sup Gy(t, x;0,x") isa decreasing function of t. (A.15)

x,x' €A

Indeed:

% [[Gy(t, x;0,x)]%* dx
A

=k [[Gy(t, x;0,x)]** 1 A, Gy(t, x; 0, x") dx
1

= —k(2k—1) [ [Gy(t, x;0,x)]%* 2 [grad, Gy(t, x; 0, x')]* dx
A

therefore:

2 [ (Gy(t, x; 0, x))** dx]/** <0
at -

and (A.15) follows by letting k — co. From (A.14) and (A.15) one obtains
(A.13) with:

M(ty) =2(2mto)*? 4+ Cettorg 32,
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