Commun. math. Phys. 27, 137—145 (1972)
© by Springer-Verlag 1972

Asymptotic Completeness for Multi-Particle
Schroedinger Hamiltonians with Weak Potentials

RAFAEL JoSF Torio, JrR. and M1CHAEL O CARROLL

Departamento de Matematica, Pontificia Universidade Catdlica, Rio de Janeiro. Brasil

Received March 15, 1972

Abstract. We show that the non-relativistic quantum mechanical n-body Hamil-
tonians T'(k) = T+ kV and T, the free particle Hamiltonian, are unitarily equivalent in the
center of mass system, ie., T(k)= W, (k) TW.(k)™* for k sufficiently small and real.
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real pair potentials, V,, depending on the relative coordinate

x; € R® of the pair i, where V; is required to behave like |x,| ™2 ¢ as |x,| » o0 and like |x,|2*¢
as |x;] —» 0. T(k) is the self-adjoint operator associated with the form sum T + k¥ There are
no smoothness requirements imposed on the V,. Furthermore W. (k)= s-lime'T®e™'7"

t>towo
are the wave operators of time dependent scattering theory and are unitary. This result gives
a quantitative form of the intuitive argument based on the Heisenberg uncertainty principle
that a certain minimum potential well depth and range is needed before a bound state can
be formed. This is the best possible long range behavior in the sense that if kV; £ C,|x;| ~®,
0<b<2for|x|>R,(0<R,<o0)and all C; are negative then T(k) has discrete eigenvalues
and W, (k) are not unitary.

0. Introduction

In this article we treat the scattering and spectral problem for an
n-body system in non-relativistic quantum mechanics with weak poten-
tials. We show that the method of Kato [1] used to show asymptotic
completeness and unitarity of the wave operators for weak potentials in
the two-body case can be applied to obtain similar results in the n-body
case. More precisely we show that in the center of mass system Hilbert
space H = [?(R3"3) the self-adjoint operators T(k)=T +kV (the self-
adjoint operator associated with a form sum) and T (the free particle
Hamiltonian) are unitarily equivalent for sufficiently small, real k. The
potential ¥ =) V; is a sum of pair potentials, V;, which are real-valued

measurable functions depending on the relative coordinates x; e R® of
the pair i. Writing

A; = V', B;=(signV)4;,
the result follows from the crucial fact that the operators 4,(T —z)~' B}
admit bounded analytic extensions for Imz =0, the bound being in-

10*



138 R.J. Torio, Jr. and M. O’Carroll:

dependent of z for Imz+0 and moreover that this is sufficient, i..
compactness is not necessary.
The equivalence of Tand T(k) is implemented by the unitary operators

W,(k).ie, T(k) =W, (k) TW,(k

where W, (k)™' = W, (k)*. The operators W, (k) admit an absolutely
convergent power series expansion in k. Pair potentials behaving like
1/]x;|* ¢ as |x;) >0 and like 1/|x,/>** as |x;|— o0 are allowed (¢ > 0) (see
Theorem 1.1 for the precise conditions). There are no conditions of
smoothness imposed on the potential functions. We also show that the

operators . .
W, (k) = s-lim e/ T®* e~ 1"

t>+ o

Wi(k)_l — f;llm eiTte—iT(k)t — Wi(k)* ,

i.e., are the wave operators of time-dependent scattering theory. Thus the
wave operators exist and their ranges are all H. This result of course also
gives information about the spectrum of T(k), in the center of mass
system; namely, it is absolutely continuous, the singular continuous
spectrum being absent. Thus there can be no point spectrum and we have
a quantitative form of the heuristic argument using the Heisenberg
uncertainty principle on the potential shape and well depth which will
exclude bound states. Furthermore the long-range behavior of our result
can not be improved. What is meant by this is that for pair potentials
which fall off like 1/|x,?, 0<b <2, for |x;] — o0, no matter how small
k>0 is there is an infinite point spectrum if all ¥; are negative. For a
proof of this fact see Simon [2]. Thus the W, (k) can not be unitary since
the ranges of W, (k) are orthogonal to the point spectrum of T'(k).

In Section I we introduce necessary notation and state our results.
In Section II we give the proofs of the results.

For other results on n-body completeness in the general case see
Hepp [3] and for repulsive potentials see Lavine [4]. For n-body spectral
results see Simon [2], Balslev and Combes [5] and Albeverio [6].

1. Results

Throughout this paper we will maintain the notation of Kato [1].
We consider the n-particle self-adjoint Schroedinger Hamiltonian
operator T(k) which formally equals T + kV where T is the free particle
self-adjoint center of mass kinetic energy operator and ¥V =) V,, the

1

potential, is a sum of n(n—1)/2 pair potentials V;, such as i=(Im),
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ILm=1,2,...,n(l<m). Each V, is a real-valued, measurable function
depending only on the difference coordinates, x; € R3, of the pair i and
k is a real parameter. We write V; = B A;, where

A=V, B, =(signV) Vi,

The operators T and A;, B; are defined as maximum multiplication
operators on the Fourier transform of H = I*(R*"~3) and H, respectively.
Thus T is self-adjoint and A;, B; are closed.

In order that the theorem of Kato [1] be directly applicable we
introduce the Hilbert space H = H®H® --- @ H(n(n — 1)/2 summands)
and let V' = B* 4. The operators A and B are defined by

Xu= (X4, X, ..., X yo_yy ) for ueD(X)= ) D(X)CH, X =A(B),
2 i

X; = A;(B;) and are closed linear operators as mappings from D(X)CH
to H'. We point out however that it is not necessary to introduce H' and
the results will still be valid but the Kato proof will then require modi-
fication. The resolvent of the self-adjoint operator T will be denoted by
R(z).

We not state the crucial lemma from which our results will follow.

Lemma 1.1. The norm of the closure, [C;R(z)D;], of the operator
Ci;R(2)D; for Imz %0 where C;, D; = A;, A¥, B;, B¥ has the majorization

ILC:R(2)D | = 2@mye; )/(4m)-(a™ +b7")
Villews [Vill g2 770 (L.1)
Vil [ Vill o gsd®® @27

where i,j are the same pair or not completely disjoint pairs. In (1.1)

a=-3p ' +1>0,b=3¢""'—-1>0,15g<3<p<o0 and m; ' =m;"

+m; Y with j = (kl), k <l. The constant

cy=1if i=j and c¢;=(m+m)m' for k<I,
i=(Im), j=(kl); ¢;;=(m+m)m ' for k<l, i=(km), j=(kl). For i, j
completely disjoint pairs we have

ICiRG)D| = 2(sup|L4R (@) 4[| [sup [[4,R () 4,02

(1.2)
< 2max sup|[[4,R(2) 4,1

where the sup is taken over all z, Imz £ 0.

By specializing theorems 1.5, 3.9 and 4.1 of Kato [1] to our case and
using the same notation as in Lemma 1.1 we have
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Theorem 1.1. For some constant N <o let V be such that
2m.cs
max2(n(n —1)/2) Kﬂc—’) @'+ b"l)}
ij 4rn

31 |7 P 7 e e .
. [“ I/iHLKI/Z(RS) H I/}\qu/z(R3)]a2‘ 1(a+b)‘1 < N

(the factor 2 occurring after max in (1.3) can be dropped for n=2 or 3)
then for any real k with |k| <1/N

a) T(k) is the unique self-adjoint operator determined from the re-
solvent

R(z, k) = R(z) — k[R(z) B¥*] (1 + kQ(z)) ! AR(z) (1.4)

where Q(z) = [AR(z)B*] is a bounded operator from H' to H' and
[0(z)] <N for Imz +0.
b) The operators T and T(k) are unitarily equivalent, i.e.

T(k) = W (k) TW, (k)*

where W, (k) are unitary and are defined by
+ oo
(Weu,v) = (u,v) F(k/2ni) | (AR(A+i0)u, BR(ZFi0, k)*v)dA (1.5)

with u,ve H. W, (k), W.(k)* admit absolutely convergent (in operator
norm) series expansions in k.
¢) The operators W, (k), W.(k)* of part b are the wave operators of
scattering theory, i.e. on all H we have
W, (k) = s-lim & T® ¢~ 1Tt

t>tw

W, (k)* = s-lime' T e i T®"
- t—>+ o

and the scattering operator S = W, (k)y* W_(k) is unitary.

Remarks

1. T(k) defined through (1.4) agrees with the definition of T(k)
defined by the quadratic forms method of Simon [7] as each V; € L3/?(R?)
by (1.3) and I*/*(R®) C R(the Rollnik class).

2. In (1.5) AR(A+i0)u are H' valued functions of A4 and exist a.e.
for —oo<l<oo as boundary values of the analytic vector AR(z)u.
Similar remarks apply to BR(A Fi0, k)*v.

3. For the case n =2 Kato [1] (see Theorem 6.1) showed that Ve R
is sufficient for the conclusions of Theorem 1.1 to hold for small k.
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2. Proof of Lemma and Theorem

Proof of Lemma 1.1. We will make estimates to establish sufficient
conditions on the V; so that the operators

CR(z)D; C,,D;= A;, A}, B;, Bf (2.1)

admit norm bounded analytic extensions, [C;R(z)D;], where the bound
is uniform for Imz 0.
More precisely, we will show

sup|[[C;R(z)D;] |

4 \ 73 —3p it _ 3,1 o 1) L] L2 V. 3p-1
<N\ 2m a; (=3p  + )T Vi B rsy | Vil % oy ()"
e 2.2)
+(4") L g = ) Ve |V e )3«“}
2n1j ij L3/2(R3) L4 (R)
where a;;>0,1 <g<3<p=<ooand mj' =m, ' +m; " for j=(kl), k<.

The constant cj=11if i=j and ¢; —(mk—f-ml)mk"l for k<l, i=(Im),
j=(kD;c;= (mk +mym; * for k<1, i = (km), j = (kl). The expression (2.2)
holds for i, j the same pair or not completely disjoint pairs. Minimizing
the right hand side of (2.2) with respect to the a;; we have

sup [[CR(D ]| £ @mjey) 4m) (@' +b7")
HI/i”LD/Z(RS)H V’-HLP/2(R3)]b2'1(a+b)‘l (22/)
. [HI/I'HL‘J/Z(R% ” I/}“LQ/Z(RS):]aZ*l(a«*—b)*J

where a= -3p ' +1>0and b=3q" ' —1>0.
For i,j completely disjoint pairs we have

sup | [CR()D;]] < 2(sup | [CREIC|) (sup|[[D,R()D,1] |2

(2.3)
< 2max (supH[C,.R(z)Dj]H) .
i,j z
We now make the estimates required to establish (2.2).
Since 4; = A¥ 20, B, = A;U; = U;4; where U, is a partial isometry
it is sufficient to bound the norms || 4;R(z)A,u| where

ueD(4)) = D(4¥) = D(B) = D(B¥).

For the case of i,j the same and i,j different but not disjoint pairs we
reduce the calculation to two body considerations and follow a method
of Kato [1]. For i,j disjoint pairs we reduce the problem to the case
where the pairs are the same.



142 R.J.Iorio, Jr. and M. O’Carroll:

Case 1. i=], i.e., i = (kl). We have
|Aie™ T Au|, = || Aie™ " Aul , (2.4)

where T; is the relative kinetic energy of the pair i. We show that

[Aie™ T Aul|, < @rt/2m) 22 A\ 2wy Jull,, weD(A4y), t>0 (2.5)

where m;! = m; ' +m; ! so that, using the representation

R(zju=if e Tudt, Imz>0;
0

we have for Imz >0

IARE A < [ [ Ave T Ayu dt
0

(2.6)

< | [Ae T A de+ | || Ae™ T Al de

0 an

For Imz <0 we obtain a similar majorization. We obtain (2.2) by sub-
stituting (2.5) with p for the first integrand of (2.6) and (2.5) with ¢ re-
placing p in the second integrand of (2.6). We now derive (2.5). Denote the
coordinates by (x, xz) where x € R is the relative coordinate of the pair
i and xp are the other 3n — 6 coordinates. We have for ¢ >0

(e_iT'tAi“) (x, xg)
= (dmit/2m;) 73 [ exp[ —2my|x — y*/4it] Ay(y) u(y, Xg)dy .

The spatial integrations are understood to be over R* and are to be inter-
preted as limit in mean relations. With v(x, xg) = exp(—2m;|x|*/4it)
- A(x) u(x, xg) we have, using the Hausdorff-Young inequality [1],

[F e ™ ™ Agu) (x, xg)l” dx]'" < Ci(r', o) [f [o(x, xp)l"dx]'" (2.8)
with ¥ 147t =1, C,(r, t) = (4nt/2m)3" ' =279, But
[J e, xg)l"dxT'" < || Al 2o ey [ laCx, xg)I> dx]'72 (2.9)
with r~' =271+ (2p)~ . Thus
§ (A T Agu) (x, xp)Pdx dxg < [ [ |4:(x)1* dx]'
[f lle™" T A (x, xg)|** dx]' dxg

with s™' 4571 =1, 25’ =7, which upon substituting (2.8) and (2.9) in
(2.10) gives (2.5).

Case 2. i+ j but i and j not disjoint pairs. It is sufficient and for
definiteness we consider i =(23), j=(12). In analogy with case 1, (2.4), we

2.7)

(2.10)
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have . ,
[Azze T AU = HAzse_lTﬂAlzu

o u=e Ty (211)

where in this case T; is the relative kinetic energy of the pair j. The relative
coordinates of 1 and 2 we denote by y, € R® and y, plays the role of the
variable x of case 1. We denote the coordinates by (y,, xgz). We have with
“Auu(' » Xg)

[r(R3.dvy) < 90,
v(y1, Xg) = e~|y‘|22m’/4“(A12u) (¥, Xg) (2.12)
m; ' =m; ' +m; ', and from the Hausdorff-Young inequality
”e“iT’tAlzu( s Xg) IF(RYdyy) = Cj(r,> t)“”( s Xp)|| 1 (R3, dyy) (2.13)
where ¥ " +r~! =1. Then
”Azse_iTﬂAu“”% = f |4,/ |(e_iT’tA12“) (1, xp)Pdy, dxg . (2.14)
We use the Holder inequality in y, with s ™' 4+~ =1 to obtain
“AzaeﬁiTﬂAu““% = f U lAzs\zsd)ﬁ]”S U ‘(e“iTﬂAu“)
(01, xp)P¥ dy 1 dxg
< (myo/my)*"° I‘A23“%,2’(R3)Cj(r/a t)?
J ol xp)

with r' = 2¢'. In arriving at (2.15) we have used the fact that 4,5(x, — x4)
= Ay3(mymyy y, + Y bixk), x5, x5 denote the coordinates of 2 and 3,

(2.15)

2
I R3,ay)dXR

1
my, =m, +m,, and where ) b;x% is a linear combination of the other

1

xg coordinates (see Appendix 1 of Simon [2]). Thus we have

lj |A23123dy1|1/s = (my 2/"11)3/5 “Azs“izs(m) .

In the case where A, ; occurs in place of 4,3 we have 4, 3(x] — x3) = 4,
(mzm{ 2y + Z cpc};). Using the Holder inequality again in (2.15) we

obtain
00, x| T2 (k2,050 = [f 141 2u(yy, xR)I"dy, 12"

< [ 1A dy PP fulpy, xp)I™ dy 127
where k™' +k'"! =1. Let k' = 2 then
”A23e—iT’IA12“H§§(mlz/m1)6/q“An“zzﬂ(m)”Au“%‘um)cz("/, K)“u“§ (2.17)
with g =2r(2—r)"" or as |

“Azse_in sz“,nz

<(m 2/m1)3/q HAzsnLq(m) ” Alzqu(Rs)(“m/zmjr 3 H“/"2

(2.16)

W], =luf, we have

(2.18)
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which is analogous to (2.5). Proceeding in the same manner as from (2.5)
to (2.6) we obtain (2.2) for this case.

Case 3. i=j with the pair i disjoint from the pair j. We have for
Imz > 0 with the sup taken over ve D(4)), |v] =1,

|4R(2)A;u| <sup|| (v, Aie' T Au)dt

=sup|| (T, Aie“'(T”TJ)‘Aju)dt\

(2.19)

8 Ot=g Oy

= sup j‘ (A;-keiTth, Aie-i(T-Tj)tu)dl‘
0

1/2

§<sup(§ | 4% eiszvnzdt)l/2> (jf HA,-e-iT.quZdt)

where T;, T; are the relative kinetic energies of the pairs i, j respectively.
From Lemma 3.6, Eq. (3.9) and Theorem 5.1, Eq.(5.3) of Kato [1] we
have (recalling that A,: D(4,) CH— H)
| llAge™ " Tew|2de < 2| w||*sup || A, R(z, T)Afu'|/ || 220)
” Imz+0, ueD(AF), u=+0 '

for k=1iorj, we H so that
| 4iR(2)Aju| < 2[sup | 4;R(z, Ty AFv'| /o[

2.21
CswplA R Azl a2
where the sup in (2.21) is taken over Imz=+0, v'€ D(A¥), u'e D(A¥),
v'#0, ' £0. The resolvents R(z, T,,) in (2.21) are the resolvents of the
operators T,,. By noting that each term in the brackets of (2.21) just
reduces to the type given by (2.6) we arrive at (2.3).

Proof of Theorem 1.1. Since T is self-adjoint it is obvious that all the
hypotheses of Theorems 1.5, 3.9 and 4.1 of Kato [1] are satisfied except
for the T-smoothness [1, Definition 1.2] of 4 and B and that

|AR(z) B*ul < N |u

|, Imz+0, ueDB¥CH. (222)

Thus our proof consists in showing that these two hypotheses are satis-
fied. From Remark 1.10 of Kato [1] we see that T-smoothness of 4; and
B; imply that A and B are T-smooth. From the hypothesis (1.3) we see
(referring to Lemma 1.1) that ||[4;R(z)4;]| is bounded uniformly for
Imz+0. Since A4; = A} 20, B, = A, U, = U, A4, this implies the T-smooth-
ness of A, and B, using Theorem 5.1, Eq. (5.3) of Kato [1].
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Eq. (2.22) is valid since
|AR(z) B*ul| < sup (v, AR(z) B*u)|

< “sll‘lgl[2| v;, A;R(2) B¥u))

< SR, [(3 1ol Bl (3 IAR@BI)

< max |[4;R(2) BY]| (n(n —1)/2) |u]

(2.23)

and by the hypotheses (1.3) the right-hand side of (2.23) is less than
N|ju| for Imz 0.
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