Commun. math. Phys. 22, 238—252 (1971)
© by Springer-Verlag 1971

Invariant Tensors in SU(3)

P. DITTNER

Department of Physics, Queen Mary College, Mile End Road, London, U.K.

Received March 18, 1971

Abstract. The construction of independent SU(3) tensors out of octets of fields is
considered by investigating numerically invariant S U(3) tensors. A method of obtaining
independent sets of these to any rank is discussed and also independent sets are explicitly
displayed up to fifth rank. It is shown that this approach allows us to obtain relations among
the invariant tensors, and useful new identities involving the d;;, and f; , tensors are ex-
hibited.

I. Introduction

In SU(3) or chiral SUB)® S U (3) theories of elementary particles,
the most common multiplets of particles which we have to handle are
the octets or regular representations of S U (3). When dealing with effective
Lagrangians [1], especially with the terms in these Lagrangians which
break the symmetry, and also when considering non-linear transforma-
tions under the chiral group, it is frequently necessary to build S U (3)
scalars and tensors out of these basic octets. In practice this means [2]
that the quantities of importance are the tensors of SU(3)/Z(3) and
henceforth we shall restrict ourselves to this subset of the S U (3) tensors.
In practical calculations it is always of the greatest importance to be
certain that all possible independent tensors have been written down.
In a recent consideration [3] of a model of chiral symmetry breaking,
involving three independent octets of fields, we were faced with just
such a problem, and it was in the attempt to find a general effective way
of dealing with this that the following work arose. This approach allowed
us to handle the very complicated expressions which occur in the second
and third orders in our calculation with relative ease, and this was not
achieved satisfactorily with the usual techniques [2] which we used
when we first attempted this problem. Our analysis consists of coupling
the octets together with invariant SU(3) tensors and for this purpose
we have been able to develop a technique for deriving all these tensors
to all orders. With the higher ranks the method is, as could be expected,
unwieldy, although nonetheless possible in principle, and probably
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within the scope of computer techniques. We have obtained explicitly
independent sets of invariant tensors up to the fifth rank.

In Section IV we have derived the necessary sets of independent
invariant tensors which we required in the work mentioned above, and
which will be extremely useful in similar situations. Section V deals
with the question of choosing independent sets of higher rank tensors
if these should be required, and Section VI contains results which apply
to the construction of tensors from repeated octet vectors. Sections 11
and III describe respectively the basic ideas and methods for checking
independence and obtaining identities on the invariant tensors. Some
identities which have not previously been obtained are found by this
approach and are displayed in Section IV.

Needless to say, this work can readily be generalised to the problem
of forming tensors from the regular representations of S U (n), but since
this would in no way serve to clarify the arguments we confine ourselves
to SU(3) throughout the paper.

11. Numerically Invariant 8 ® 8®....® 8 Tensors for SU (3)

Consider a set of r independent SU(3) vectors A4;, B; ... G,. By
vectors we mean that each transforms as the regular representation of
SU@3), ie.

[QisAj] =ifijkAk (1)

where the Q; are the S U (3) generators and f; ;, are the structure constants.

Suppose that H\? ,:1<a<p(r) are f(r) numerically invariant r®
rank tensors; that is, they are tensors which transform according to the
8, ®8,® - ®8, representation of SU(3), i.e.

[Qp’ Hi(;‘.)..k] = ifpith(;‘.).‘k + ifpjtfii(g)..k +o if;;ktHi(;.)..t (2)

and they are also just sets of numbers which are the same in all SU(3)
frames. This means, of course, that the left hand side of Eq. (2) is zero.
Examples of such tensors are, say, d;; and ¢, for 0(3) or J,;, f;;, and
d;j of Gell-Mann [4] for SU(3). The H{?. , have been chosen so that
they are all independent and we assume that we have also found all
the tensors of this particular rank; we emphasise that this implies all
the independent tensors when we take order of indices into account.
For example, the fourth rank tensors d;;0;, and d;,0;, are therefore
counted as two different tensors; but the third rank tensors f;;;, and
fiix are not counted separately since they are linearly dependent:
fi jk= —fjik-

17*
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If we contract the r independent vectors 4;, B}, ..., G, with the in-
variant tensors H? , we shall form scalars ¢, i.e.

O-(a)':Hi(?.)‘.kAiBj'”Gk Isa=sBr). ©)

Furthermore, since the 4,, ..., G, are independent vectors and since the
IL‘;‘?“,‘ are not only all independent, but also all the invariant tensors
we can form of rank r, the ¢'® will be all the scalars that we can build
out of these vectors (each being used once and only once), and of course
they will all be independent. We therefore deduce that out of r inde-
pendent SU (3) vectors we can form f(r) independent SU (3) scalars,
where f(r) is the number of r*" rank numerically invariant tensors.

Similarly all the independent vectors that it is possible to form out
of the (r —1) vectors B; ... G, will be

V@=H® B,..G, 1Sa<p(r). @)

We can generalise this procedure to the problem of constructing all the
independent k'* rank S U (3) tensors out of (r — k) independent vectors,
and in each case we shall find §(r) independent tensors. Thus, for example,
the number of scalars that we can form out of six independent vectors
is the same as the number of vectors that we can form out of five inde-
pendent vectors, which is in turn the number of second rank tensors
that we can form out of four independent vectors, and so on.

Alternatively we can approach the problem in the following way.
The scalars are the singlet representations of S U (3). Therefore the number
of scalars we can form out of r independent vectors is the number of
times that 1 appears in the decomposition of 8, ®8,®: --®38, into
irreducible representations. Suppose this number is (). Now consider
the k'™ rank tensors formed out of (r—k) vectors; suppose we have
y(r, k) of these. If we consider the irreducible parts of these k" rank
tensors according to

81®82®"'®8k=®23i6i (%)

where ¢ are the irreducible representations of SU(3) and ¢; are their
multiplicities in the decomposition then

v k=Y ek (©)

where 4; is the number of times that the representation o' appears in
the decomposition of

8(k+1)®8(k+2)®"'®8r-

But the number of times that the irreducible representation u appears
in the decomposition of the representation v is the same as the number
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of times that 1 appears in the decomposition of u®7¥v, where v is the
representation adjoint to v. (This can be deduced from the orthogonality
theorems.) Hence A; is the number of times that 1 appears in the de-
composition of

6i®8(k+1)®8(k+2)®"'®8r

since the representation 8 ® 8® --- ® 8 is self adjoint. Therefore Eq. (6)
tells us that y(r, k) is the number of times that 1 appears in the decom-
position of

(@z gio-i)®8(k+1)®8(k+2)®“'®8r'

Using Eq. (5), y(r, k) is the number of times that 1 appears in the de-
composition of

B1®8,® ®8)B8+1)®8+2® ®8,
and this is f(r). Hence,
y(r,k)=p(r) for all k. )

These two different ways of looking at the problem each have their
respective merits. The first shows us that the construction of all inde-
pendent vectors and tensors is trivial once we have found all the numeri-
cally invariant tensors, and the second gives us an explicit method of
counting these tensors.

II1. Relations between Invariant Tensors

Suppose that K;; _, is a numerically invariant tensor of the " rank.
We know that the f(r) tensors H?. , can be taken as a basis of such
tensors. Hence

Ki;. x=xzHP ,  (summation on f) (8)

define
0 =Q*=HY H? , (summation oni,j...k) )

and let
Vo=Kij. (HP . (10)

Then contracting both sides of Eq. (8) with H{_ , gives us
Q¥ xy=y,. (11)

These are equations which we can solve for the x,, because Q*/ and y,
are known quantities which we determine from Egs. (9) and (10). The
Egs. (11) have a unique solution only when Q*f is non-singular and this
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is obviously the condition that our H) , are independent, for a singular
0* indicates that at least one of the H{?_, is linearly dependent on the
others.

IV. Invariant Tensors of the Second, Third, Fourth and Fifth Ranks

We shall now choose specific sets of invariant tensors for the H®
for the lowest few ranks. The last part of section II tells us that the
number of r'® rank tensors is (r) where this is the number of 1’s in the
decomposition of

(®8)=8,08,8 - ®S8,.
First we notice that if we take the convention
(®8) =1 (12)

(which we need for compatibility in (®8)®(®8)*=(®8) "), then
p(0)=1. This, of course, is the completely trivial case. The zeroth rank
tensors arejust elements of the complex field and these are a one dimen-
sional space. The other B(r) can be evaluated by actually performing
the reduction of (®8)" by the method of Young Tableaux for instance.
We list the results below for ranks up to six.

pO)= 1
By= 0
p2)= 1
pB3)= 2 (13)

pd= 38

BS)= 32

p(6)=145.
For the lowest ranks the results are already well known. That S(1)
equals zero is a statement that there is no numerically invariant vector;
that f(2) equals one means that there is one second rank tensor which
we know to be J;;, and f(3) equals two tells us that there are two third
rank tensors. We know that d;; and f;;, are numerically invariant
tensors and we know that they are independent (from their symmetry
properties). We may therefore take

(1)
ij_ﬁjk

I‘L(Jzk) = dijk' (14)
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The statement (2) that H*) and H® are invariant tensors gives the well
known relations

fijpﬁtlp + filpfjkp +fl‘kpfljp =0
fijpdklp + fitpdjkp + fl:kpdljp =0.
From the usual normalisation of f;;; and d,;,, namely,

fiqu;'pq =3 51‘1‘

(15)

dipgdjpg =3 0;
we can calculate
24 0
Qaﬂ(3) = 0 %

and proceed as in Egs. (8)...(11) to calculate identities. For instance,
consider

Kijk = fpiqqurfrkr

then
Y1 :fpiqqurfrkpfijk
=fpiqqur(fpkjfrik+fpkffjrk)
= “y1+(‘35kq)(35kq)
-y, = —36.
V2= foiaSairSorodiie = Foia Sajel ok j@rin + foxidj) = — V2
L.y, =0.
. [24 0] [x, _ [—36}
0 % |x, 0
ie x, =—3 and x, =0. Hence
JoiaSajeSokn=—3fiji: (16)
In a similar manner we obtain
dpiqqurfrkp= —%dijk’ (17)
dpiqdqufrkng ijks (18)
dyigdyjv@ri,=Ad; (19)

where in Eq. (19) 4 is a number which will be fixed when we deduce
an identity similar to Egs. (15) for the d,;, tensors, by consideration of the
independent fourth rank tensors.
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Since f(4) equals eight, there are eight independent fourth rank
tensors. We shall attempt to form these out of outer products of J;
fijx and d;j;, and products with contractions. Consider the set

ij>

x]kl =0; 5kz

ijkl_éikéjl

IJi(;k)l = 5i15jk

I_Ii(;?l = dljm dklm (20)
}Lﬂl &kmdﬂm .
Ukl dljmﬁclm

Hij7k1— ikmf}lm

Ukl dztmf,km

which consists of some of the simplest tensors we can build. Again we
construct the matrix Q*# defined in Eq.(9) and to do this we use the
identities in Egs. (16)...(19).

We find .

64 8 8 0 % 0 0 0]
8 64 8§ ¥ 0 0 0 O
8 8 64 % 4 o 0 0

40 40 200 4041

0= o 0 40 401 200 8 8 g 21

3 3 3 9
6 0 o0 O 0 40 -20 20
0 06 0 0 0 -20 40 -20
L 0 0 0 0 0 20 -20 40]

which explicitly contains the number A from Eq. (19). For general values
of A, 0*#(4) is non-singular. The H, ,‘}’,{, are therefore eight independent
fourth rank tensors, thus by means of our earlier technique, we may
write down any fourth rank numerically invariant tensor in terms of
the eight we have chosen above. First we consider d;;, d;;,, and obtain
the identity

(=70 dijm i+ (1 =T2) digo iy + 8 +772) dis i

P A5
=(~3—)5,~j5k1 ( 3 )5,k5 —346u0.

We then contract both sides of this equation with f;;,
to arrive at

ilm

(22)

and use Eq.(18)
A=—1%.
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Putting this value in Eq. (22) gives
i imim+ Qigom @ jim+ ity Ajrom =5 (8,50, + 05 0,,+ 6,6, (23)
Also if we take for K;;, in Eq.(8) the tensor f,,, f;, we obtain
SiimFjkm = 3 (0:0k1 = 0ix0;) +d; jm i1 — digm@jim- (24)

Egs. (23) and (24) are of course well established identities [2] on f;;
and d,, tensors. It is interesting to note that we have deduced these
relations merely from the symmetry properties of f and d, our count
of invariant octet coupling tensors, and the relations (15) which are the
equations which state that f;;;, and d,;, are invariant tensors.

At this level, the simplicity of this approach has been obscured by
our desire to obtain well known identities from a minimum amount of
initial information. Now that the groundwork has been completed,
however, the more complicated expressions can be deduced with relative
ease. For instance, two identities which are not well known and which
are not easy to deduce from the well known relations are:

36d,;,d,im A d

pig¥qjm
lzdpiqdqjmdmktf;lp = 7dijmﬁ(lm + dikmf;'lm + 9dilmf}km . (26)

If we were to assume knowledge of Egs. (23) and (24) we could summa-
rise our procedure for picking the independent fourth rank tensors as
follows. After writing down all the straightforward outer products of
lower rank tensors (which were H" ... H®) we wrote down all the
products of f;;, and d;; with the minimum number of contractions
(in this case one contraction). Using the Egs. (15), (23) and (24) we were
able to find among these just the required number of independent ones
to give us eight altogether.

For the fifth rank tensors the treatment is exactly the same. The
simple outer products are of the form

=136;;631— 7010, +136; 0, — 6diy 1> (25)

tlp

1 —

Hi(jk)lm = 5ijdk1m
1) _

H{jilm= 04} frim-

ijklm

27

There are ten of each of these (this being the number of ways of choosing
two from five) so we have found H%,, for 1=<0 <20. We look for the
remaining twelve which we require among the set of contracted f and d
tensors with the minimum number of contractions. These are obviously
the tensors of the form

gijpgpktgtlm
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or as we shall write henceforth

of indices which we number in the following way.

(1
2
©)
)
©)
(6)
(7)
®)
©)
(10)
(11)
(12)
(13)
(14)
(15)

First consider the products f°

g9 9
e
where g, stands for either d;;, or f;;.. There are fifteen combinations

ijp
ikp
kjp
ijp
ijp
ikp
ikp
kjp
kjp
ilp
jlp
imp
jmp
ilp
mip

rr

pkt
pjt
pit
plt
pmt
plt
pmt
plt
pmt
pjt
pit
pjt
pit
pkt
pkt

tim
tlm
tlm
thm
tkl
tjm
tjl
tim
til
tkm
thkm
tkl
tkl
tjim
tjl.

(28)

(29)

which we can write as F(1) ... F(15),
Iyl

according to the numbering convention in Egs. (29). Applying Egs. (15)
gives us ten relations among the F(i). These are

F()—F @+F (5=0
FQQ)—F (6)+F (1)=0
F(9)+ F(10)— F(14)=0
F(8)+F(12)+ F(15)=0
FR)—F 8)+F (9)=0
F(5)— F(12)+ F(13)=0
F(4)—F(10)+ F(11)=0
F(7)—F(11)+ F(15)=0
F(6)— F(13)— F(14)=0
F)—F (2)—F (3)=0

(30)
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We deduce that all the expressions to the right in Egs. (30) namely F(5),
F(7),F(14),F(15),F(9),F (i3), F(11)and F (3) depend on their predecessors
and can be discarded. In fact F(14) and F (15) appear twice in this position
and eliminating them from the equations gives

F(12)= —F(2)+ F(4) + F(6)— F(8)— F(10) 31)

in both cases. We may therefore discard F(12) as well; the only inde-
pendent tensors of this form are F(1), F(2), F(4), F(6), F(8) and F(10).

Now consider the expressions D(i):i=1, ..., 15 which are products
of the formd d d . We shall use the equivalence relation
NSTOLE
A~B

to mean that A= B to within expressions we have already chosen as
independent 5' rank invariant tensors. An application of Eq. (23) leads to

D()+D 4)+D (5)~
D@Q2)+D (6)+D (7)~0
D(9)+ D(10)+ D(14)~0
D(8)+D(12)+ D(15)~0
DB3)+D (8)+D (9)~0
D(5)+D(12)+ D(13)~0
D(4)+D(10)+ D(11)~0
D(7)+D(11)+D(15)~0
D(6)+D(13)+ D(14)~0
DA)+D (2+D (3)~0.

These equations for the D(i) are the same as Egs. (30) for the F(i) apart
from the positive sign appearing everywhere and the equivalence sign
replacing the equality sign. Consequently we discard the expressions
D(5), D(7), D(14), D(15), D(9), D(13), D(11) and D(3) because these are
linearly dependent on their predecessors (and perhaps on some of the
Hl(j‘,{,m for 1 <o =20). Again, since D(14) and D(15) appear twice in this
position, we may eliminate them to find other relations. This time we

obtain two independent equations:
D@4 +D (6)+D (8)~0
D(2)+D(10)+D(12)~0.

(32)

(33)

Hence we may discard D(8) and D(12) as well, and deduce that the only
independent tensors of this form are

D(1), D(2), D(4), D(6) and D(10).
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All we have yet to consider are the mixed products of f;;; and d,;
which must be (ddf) or (ffd) in some orders. If the odd one out is not
in the middle of the product g g g , then the other two g, tensors,

NI

which must be either both f tensors or both d tensors, can be written
as a product of two tensors which are the same as the odd one out by
Eqgs. (15), (23) and (24). These expressions are therefore equivalent to the
F (i) or the D(i) and can be discarded. If the odd one out is in the middle,
then the product is either

f-~pdp.tf;.. or d.‘pfp.tdt..‘

The latter can be written using Eqs. (15) as
d,.pf.tdt.p+d..pf.tdt-p

which may be discarded by the arguments above (f ,, the odd one out,
is now on the end of the product in each term). We are just left with the
former expression which we call E (i) according to the earlier notation.
If we apply Egs. (15) to the E(i) we find that they are all equivalent. Hence
there is just one more independent tensor which is a mixed product
of f and d tensors and this we take to be E(1).

Hence an independent set of fifth rank invariant tensors is

z,k,m =0idim  Hijitm=0jm fin
Hm=0udjim  Hitn= 01 fijm
I{i(jklm = 5jk dilm Hz(}k%)m 5kmfij1
tjklm 5:1 jkm z(,zk%n 5lmf;jk
Hm=03dum — H0w= 1y Soki fiim
}:Il(fk)lm 5imdjkz Hukzm ﬁkpfpjtlem
I{ljklm 5 dikl I(Jzksl)m f;}pfplt tkm
uklm 5kl ijm Iil(JZkAim ﬁkpfpltf;jm

ljklm 5kmdul Uklm ﬁqpfplt.ﬁlm
H1O
uklm 5lmdljk I{uklm f;lpfpjtftkm

(34)

l(Jlkllm - 5Ufklm 1(12k7lm f;jpdpktftlm
Hl(jlkzlm - 5ik Jjlm l()zksl)m dupdpktdtlm
Ht(11k3lm jkf;lm l(jzkglm dlkp p}tdtlm
H(Jlk4im bll Jjkm l(_]3k01m dupdpltdtkm

Jklm - 5jlf;km (j3k11m dzkpdpltdtjm
I{:(jlk6lm 5m Jjkl }Iz(szlm llpdp]tdtkm‘
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As before we may write any other fifth rank invariant tensors in terms
of the above set. To do this in general, however, we shall need to solve
thirty-two simultaneous equations. This would give at the same time,
of course, a further check on the independence of the tensors (34), because
by solving these thirty-two equations we would also be revealing whether
0*f was singular or not.

V. Invariant Tensors of Arbitrary Rank

The above methods of dealing with the lower rank tensors are
evidently possible only because of the simplicity of the problem at these
levels. With the higher ranks, it is a hopeless task to try to pick an inde-
pendent set just by manipulating Jacobi identity relations. We shall
therefore indicate a general method by which one can obtain independent
sets of tensors to all orders; this method is of course extremely tedious,
and we suggest it more for the sake of completeness rather than for its
practical value — when attempting to form independent scalars and
tensors out of S U (3) vectors, one will be unlikely to require more than
the contents of the previous section.

We write down a spanning set for the *® rank tensors and choose
from these an independent set in the usual way. Suppose we have already
chosen m independent tensors from the spanning set. We shall call these
HY ,...H%" .. We pick the next simplest tensor, J;; , say, from the
spanning set, and form an (m + 1) dimensional matrix from H®Y, ..., H™
and J as in Eq. (9). If this matrix is non-singular, J is not linearly depen-
denton HY, ..., H™ and we can write H™*V = J ; if the matrix is singular,
J is dependent on HW), ..., H™ and can be discarded. We continue in
this way until we have obtained f(r) independent tensors; then these
tensors must be a basis of numerically invariant r® rank tensors.

VI. Symmetry in Pairs of Indices

Once all the independent invariant tensors have been found it is
a straightforward job to write down all the scalars, vectors or tensors
which can be formed out of a set of S U (3) vectors. In practice, however,
this set of vectors from which we wish to form our tensors may have
vectors repeated and this will lead to less independent tensors than
would have arisen if all the initial vectors had been different. On the
other hand, instead of forming general 8 ®8 tensors, we may only
require certain irreducible parts of these tensors. In each of these special
cases it is useful to know how many independent tensors we expect to
find, and this can be done using our earlier methods. We shall merely
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give brief descriptions of the ideas in these approaches; the proofs run
on the same lines as those in section II.

It is well known that, if we decompose the outer product of two
S U (3) octets according to

8R8=108@8® 10010827,

then those representations that are symmetric under interchange of the
octets in the outer product are the singlet, the symmetric octet and

the 27, ie.
B®8)s=1D8sD27. (35)

In a similar manner we can show that the totally symmetric parts in a
product of three octets are given by

BRE®);=1D8D10DT0D 27D 64. (36)

and that the totally symmetric parts in a product of four octets are
given by
BR8RE®8);=1D8DED27T@®2T®35@®35®64D125. (37)

If we are forming k™ rank tensors out of (r—k) independent vectors,
we know that this is the number of times that 1 appears in the decomposi-
tion of

8, ®8,® - ®S,.

But, if two of the vectors we start with are the same, the number of
independent vectors will be the number of times that 1 appears in

81®82® "'®8(r—2)®(8(r—1)®8r)s
=(®8)"PR(1D8D®27) (using Eq. (39)).

If three are the same, the required number of tensors will be the number
of I’s in
(®8) ’R(BR8R8Y)s=(®8) *R(18D100T0®27®64)

(using Eq. (36))

and similarly if more than one of the vectors is repeated.

We shall illustrate this with the fifth rank invariant tensors, the
number of which is 32. Hence there are 32 independent scalars formed
out of 4;, B;, C, D, and E,,. The number of scalars built out of 4;, B;,
C,, D, and D,, is the number of times that 1 appears in the decomposition
of

8®8RR(1D8D2T) 38)

and this is easily found to be sixteen. It is an amusing exercise to verify
that, if the invariant tensors given in Egs. (34) are in fact contracted against
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A;, B;, Cy, D, and D, then only sixteen independent scalars do emerge.
(The elimination of the dependent quantities is easily done using Eqgs. (30)
and (32).) Also the number of scalars built out of 4;, 4;, 4;, B, and B,,
is the number of 1’s in

BRE8®8);RB®I)s 39)
which is the number in
(1080100102706 R(1®8®27) (40)
which is three. These are, of course,
dijnA;A;A BB, d; ;3 A;A;B A\ B,, d;;, A;B; B, A, A,. 41)

Finally suppose we are forming (8 ® 8);; tensors out of 4, B, and C,,;
there are 32 of these, this being the number of 1’s in

(B:®8)®8®8,®8,. (42)

If we want to know how many of these 32 tensors are in each of the
irreducible representations in the decomposition of (8 ®8),; we merely
write the expression (42) as

(1,98, ®8.®10,010,,@27,)®8,®8,®8,, (43)
and see that the 32(8 ® 8) tensors can be rearranged into two singlets,
eight symmetric octets, eight anti-symmetric octets, four 10, four 10’s
and six 27’s. The singlets and octets can easily be written explicitly — the
two scalars are J;; multiplied by each of the two scalars formed from
4;, B; and Cy, namely

JijkAiB;Cy, dij A;B;Cy (44)
and the two sets of octets are d;;; and f;;, contracted into the set of
eight vectors formed from A4,, B,, and C,. Using the set (20) we may

write
ﬁjk(5kz5mn) 4,B,,C,,
JijxOkmO1n) 4B, C,,
Jijk Ok 61m) Ay B,, C,,
g = Foispony) 4B C,. s
Jijiimpdiny) A1 B,, C,,
Jiik Wity founp) 4By C,y,
Jikimp finp) A1 By Cy,
Jiik@inp fimp) A1 B C,.

and similarly for 8.
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