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Abstract. Suppose that a group of automorphisms of a von Neumann algebra M,
fixes the center elementwise. We show that if this group commutes with the modular (KMS)
automorphism group associated with a normal faithful state on M, then this state is left
invariant by the group of automorphisms. As a result we obtain a “noncommutative”
ergodic theorem. The discrete spectrum of an abelian unitary group acting as automorphisms
of M is completely characterized by elements in M. We discuss the KMS condition on the
CAR algebra with respect to quasi-free automorphisms and gauge invariant generalized
free states. We also obtain a necessary and sufficient condition for the CAR algebra and a
quasi-free automorphism group to be y-abelian.

Introduction

Let A be a C*-algebra, g, a one-parameter automorphism group
of 4, and ¢ a og-invariant state on 4. The state ¢ is said to satisfy the
Kubo-Martin-Schwinger (KMS) boundary condition for >0 if to
each x, ye A, there corresponds a function F(z) holomorphic in the
strip: 0<Imz < f and bounded on 0 <Imz < f with boundary values

F)=9¢(o,(x)y) and F(t+if)=e(yo,(x).

This condition was first introduced into the “algebraic approach”
in [ 5]. Since that time a great deal of work has been done on the boundary
condition. We refer the reader to references [1,6,7,9, 21].

The KMS condition seems to say a good deal about the structure
of the algebra involved. For instance it was shown in [ 17] using Tomita’s
theory [20] that to every faithful normal state p on a von Neumann
algebra M there exists a unique one-parameter automorphism group
(the modular automorphism group) oY satisfying the KMS condition
for B=1. The structure link here is that M is semi-finite if and only if
o) is inner [17]. More recently in [18] it was shown that if one has a
B-KMS state, i, and a y-KMS state, ¢, on a C*-algebra 4, f+7, then
the corresponding representations n, and =, are disjoint, provided one
representation is of type IIL.

* The research of R.Herman was supported in part by NSF Grant GP-11475.



States and Automorphism Groups 143

In this paper we turn to the question of automorphism groups of
a von Neumann algebra M which commute with the modular auto-
morphism group associated with a given normal state on M. This
situation has been considered, for example in [15] and [8]. Under
minimal conditions we find that the given state must be invariant under
this new automorphism group. This allows us to obtain a “non-commu-
tative ergodic theorem”.

In § 2 we analyze completely the discrete spectrum of an abelian
unitary group inducing an automorphism group of M, in the case that
a cyclic and separating vector for M is left fixed by the unitary group.
We show that the discrete spectrum is intimately connected and in fact
solely dependent upon “eigenvectors” in the algebra. Results obtained
here extend those in [15] and [8].

As a concrete situation we choose the CAR-algebra, discusses such
things as KMS, gauge invariant generalized free states and various
notions of asymptotic abelianess in time. As a consequence we find it
is possible to settle a problem of R. Kadison. Our results here partially
overlap with those in [10].

Finally we interpret a result of Powers [12], vis a vis the KMS-
condition.

By the KMS-state, we shall mean a state satisfying the KMS con-
dition for f=1.

The second named author would like to express his thanks to Pro-
fessor H. A. Dye for the kind hospitality extended to him at UCLA.

§ 1. Automorphisms Commuting with Time Evolution

In this section we shall discuss automorphisms commuting with the
modular automorphism group, ¢¢, arising from a KMS state ¢ on a
C*-algebra.

We shall show, in § 3, how to construct the CAR algebra .«/(#)
a quasi-free automorphism satisfying the KMS condition for a gauge
invariant generalized free state (see ahead for definitions). If one chooses
H = £*(R" then it is clear from this construction that it is possible to
find such an automorphism which commutes with the automorphism
induced by space translation.

Let ¢ be a normal faithful state on a von Neumann algebra M.
Define M, = {x € M|p(yx)= ¢(xy) for all ye M}. Then it is known that
M, = {x|of(x)= x} [17].

For a KMS state ¢ on a C*-algebra A if we write M, we mean
M =mr,A) and Z is the center of M. &, is the cyclic representation
induced by . We show in § 3 that it is possible to have M, =% and
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it is this case that will be of interest to us in this section. The existence
of a state ¢ on a von Neumann algebra M such that M, = 2 settles in
the negative a problem made by R. Kadison at the Baton Rouge
conference; to the effect that for every normal state y on a von Neumann
algebra M, M,, contains a maximal abelian subalgebra of M.

To decide when M, =% we have

Proposition 1. Let A be a C*-algebra and suppose ¢ on A is a KMS
state. Then M,=Z iff every positive linear functional yp < ¢, which is
invariant under o is a KMS positive linear functional.

Proof. Since p < ¢@. We may consider y to be a normal state on
M =m,(A)". By the invariance of y, there exists [17] he M, such that
p=hoh If M,=2 then y is clearly a KMS state.

Conversely every element he M, 0<Sh<I gives rise to y=hoh< ¢
where p is invariant. However if y is a KMS state then y=k@k with
ke % by [18]. Since y<@k=h and so M,=Z.

Lemma 1. Let M be a von Neumann algebra and ¢ a normal faithful
positive linear functional on M with modular automorphism group of. If
o is another automorphism of M, let w=q@oo. Then ¥, the modular
automorphism group of y is given by

o/=0"'c’c teR.

Proof. Clearly y is normal and faithful. Thus there is a modular
automorphism group o7 If x, y € M suppose F, ,(z) is a bounded function
analytic in and continuous on the strip 0<Imz<1 with boundary
values:

F.,(0)=0(af(x) y); F. ,(t+i)=0¢(yo?(x)).
Then

Fcr(x),a(y)(t) =@ (U?(O'(x)) 0()’)) =@-° ‘7(0'- lo';po'(x) ,V)
=y(o " 'afa(x)y).

Similarly F,,, ,,t+)=w(yo~'6fc(x)). So that F,,, ,, is the relevant
function assuring the KMS boundary condition for y with respect to
0 '0?0. The lemma then follows by the uniqueness of the modular
automorphism.

We now can prove

Theorem 1. Let M be a von Neumann algebra and ¢ a normal faithful
positive linear functional on M with modular automorphism group c?.
Let ¢ be another automorphism of M leaving the center Z of M elementwise
fixed. Then the following two statements are equivalent.



States and Automorphism Groups 145

(i) ¢ is o invariant i.e. o =a.
(i1) o commute with o?t € R.

Proof. (1)=>(ii): By the lemma ¢?°?, the modular automorphism group
associated with ¢ - ¢ is given by

1

ol ’=0""0l0.

Then the assumption (i) together with the unicity of the modular auto-
morphism group yields the desired result.

(ii)=>(i): Since ¢ and ¢f are assumed to commute, one obtains via
lemma that ¢¥ =¢? where = @-0o. Thus yp being o/-invariant is of-
invariant. According to Theorem 15.2 of [17] there exists k, a positive
self-adjoint operator affiliated with M, such that

p(x)=(xh&o|h&o) .

Here we have assumed that we are on the representation space
and thus ¢ is given by w.,. We have seen in [18] that ¢} is given by

o (x)=0?(h?"'xh™2"), xeM.

Since oV = ¢? it follows that x = h?"xh~ 2" and h is thus affiliated with Z.
Suppose h =+ I. Then there exists k & 0, positive, k€ & such that hk
is bounded and h?k? > k? or h?k? < k?. Then

IRk Eol? = (B*k>&o| Eo) (K2 Eo1Eo) = Ik oI
but

[hk&o)?=(kh&olkhEo)=(k*hE|hEy)
=p(k?) = ¢@-a(k?) = p(k?)
=(k2éoléo)= “kéo”2 .

This contradiction shows h=1 and yp = ¢.
We also have the following addition to

Theorem 2. Let ¢ and y be faithful normal states of a von Neumann
algebra M. If af and oY are the modular automorphism groups of M
associated with ¢ and v respectively, then the following are equivalent:

(1) v is of-invariant;

(i) ¢ is of-invariant;

(ii1) of and of commute for s,teR;

(iv) ¢ and v commute. (¢ + iy and @ — iy have the same absolute
value [17]).

Proof. The equivalence (i)<>(iv)<>(ii) is shown in [17]. The equiv-
alence of (ii) and (iii) follow from Theorem 1 if we take g for that o.
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To conserve the notation to be introduced we state Theorem 3 for
n-abelian systems [4]. Clearly it can be stated for 9i-abelian systems
as well [3].

A group ¥ is said to be amenable if there exists an invariant mean
over ¢ viz; a state n on C(%), the continuous functions on %, such that
n{f(@}=n{fhg)} =n{f(Gh)} for a fixed he 4. We consider the system
{4, a} consisting of a C*-algebra A4 and an automorphism group {a,}.
We suppose that g — o, is a homomorphism of ¢ into the automorphism
group of A4 such that g—y(o,(x)) is a continuous function for each linear
functional y e A*. ¢ is assumed to be locally compact and amenable.
Then {A4, ¢} is said to be n-asymptotically abelian if for each x, ye 4
and ¢ a state on 4

n{p[o,(x),y1)} =0.

As shown in [4] we can now define a map ¢, of 4 into the center of the
double dual. If we deal with a invariant state ¢ one can clearly define
the map ¢, as a map of n,(A4) into the center of M =n,(4)". We note
that in this case, p(x) = (m,(x) &,1&,) and there exists a strongly continuous
unitary representation g— U?(g) such that

To(0,(x) = U(g) 7, (x) U%(g) ™',
U*g) &,=¢,.

If w,, is faithful, it is a standard argument to show that ¢, extends to a
normal faithful projection of M onto the fixed points subalgebra M?
of M, fixed under the automorphism x— U?(g) xU?(g)~'. The fact that
{A, ¢} is n-asymptotically abelian says then that M? C &, the center of M.
We remark that this latter condition is all that we actually need in what
follows.

It is now possible to obtain what one might refer to as a non-commu-
tative generalization of the classical ergodic theorem viz; the replacement
of time averages by space averages.

First we need a lemma. Let {r, #} be a representation of a C*-algebra
A and M_(n) denote the Banach space of all g-weakly continuous linear
functionals on n(4)" = M. Let V(n) denote the subspace ‘n(M,(r)) of A*
where ' is the transpose of 7. V(r) is an invariant subspace of A* and thus
there is a central projection z(r) in the universal enveloping von Neu-
mann algebra 4 such that V(n)= A*z(n). A subspace W< A* is said
to be invariant iffor o € Wand x € A, x ¢ and ¢ x € W, where xp(y)= ¢(yx)
and @x(y) = (xy).

Lemma 2. Let o be an automorphism of A and 7 a representation of A.
Suppose that for each invariant subspace W CV(n)='c (W)= W. There
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exists an automorphism ¢’ of M, leaving the center of M elementwise
fixed, such that o'(n(x))=n(c(x)), x € 4.

Proof. Let A be the universal enveloping von Neumann algebra of A.
Then ¢ extends to an automorphism ¢ of A and 7 extends to a represen-
tation # of A4 such that 7(i(x))=n(x) and #(A) =n(A)" where i is the in-
jection of A into A. The kernel of 7 is (I — z(n)) 4, for if xe A and ¢ is a
normal linear functional on M =mn(A4)" one has

(o, #((I = z(m) x)> = {nlo), (I — z(m) x) = T — z @)V (m), x) =0

since ‘n is an isometry of M,(n) onto V(rm). Moreover 6 preserves the
kernel of 7. If x € ker# then with ¢ as above one sees

(o, 7(6(x))) = {'n(e), &(x)>
= {'o'n(g), x> =<y, x>

where y ='o'n(p) € 'o(V(n))= V(n). Thus p(x)=0 and #(5(x))=0. We
now conclude that there exists ¢’ extending ¢ on M.

By similar arguments, we can conclude o'(z)=z for every central
projection in M.

Here T shall denote a map corresponding to ¢, for an automorphic
representation of the real line, R.

Theorem 3. Let A be a C*-algebra and ¢ a state on A satisfying the
KMS boundary condition with respect to the automorphism group a,; t€ R.
Suppose 6,; g € % is another automorphism group commuting with a,. Let
both g—y(a,(x)) and t > y(o,(x)) be continuous for each linear functional .

Suppose that

(i) {A,0,} is n-asymptotically abelian,

(i) M,=Z and, 5

(i) ‘o, (W)= W for each invariant W< V,, and g € 4 then T(x)=¢,(x)
for each xe M =m ,(A)".

Proof. Let ¢(x) = (m,(x) &,|&,), then @, is a normal faithful state on M.
By condition (iii) and Lemma 2 o, extends to an automorphism of M
fixing its center. Theorem I applies and one has that w, ° g, = w,, one
immediately has that the projection T and &, are normal faithful maps
of M onto the respective fixed points of {¢,:g€ %} and {o,:t€R} in M.
By the n-abelianess we have M¥C %. Condition (iii) yields M¥ =% .
Thus the respective fixed points coincide. One could now appeal to [16]
to finish the proof. However, one knows that ¢,(x)e co[o,(x)]” and
T(x)ecolo,(x)]” viz the weakly (strongly) closed convex hulls of

11 Commun. math. Phys., Vol. 19
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{o,(x)|lg € 4} and {o,(x)|t € R} respectively. Now let &, &, € # then
(&y(0(x)) €11€2) = i (0,0,() £11€5) dp,(9)

where p, is the mean on % corresponding to n. We have

(en((x)) £11¢2) = [ (0,0,(x) £11€5) dpy(g)

9

j g(x —-t{llU—téZ) d.un(g)

g

= (0,(e,(x)) £11&5)
(8 (%) &4 |éz)

since M® C Z = M, Then if Y. 4,0, (x)— T(x) strongly, Y’ 4,=1. We have
1 1
by the continuity of ¢, that

(2 a,w)»s (T(x)=T(x)

the latter follows by assumption (ii) and the fact that M¥ = 2. However
the left hand side is by the previous remarks

3 4yt () = £, (x)

also .
&, (%) =T(x)

asdesired. In the former case of course it is known that e, (x) = T(x)= g (%)

Theorem 4. Let A be a C*-algebra and ¢ and v states on A satisfying
the KMS boundary condition for commuting one parameter automorphisms
groups o and 1, respectively. Suppose that M, = {AI}. If =, and m,, are
quasi-equivalent, then ¢ = 1.

Proof. Let n,(A)"=M, and n,(4)"=M, with the isomorphism &
mapping M, onto M, such that n,=®-r,. Further let

P(x)=(m,(x) &olE,) and  p(x)=(m,(x) £,lE,).

Define a state of M, by ¢'(y)=w,, > ®~'(y), y€ M,. The automorphism
g, and 7, extend to the modular automorphism of M; and M, respectively
so that @ g o &~ ! defines an automorphism &, on M, which is clearly
the modular automorphism for ¢'. Further 6, commutes with 7, on M,.
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Then by Theorem 15.2 of [17], ¢'(y)=(yh¢&,|h&,) where h is positive,
self-adjoint and affiliated with the fixed point algebra M, . However, this
is the scalars so that.¢'=v on M, and thus ¢ =y on A.

§ 2. Some Spectral Properties

We extend here results of [15] and [8] concerning the discrete spec-
trum of certain abelian unitary groups whose induced automorphism
group commutes with the modular automorphism group. More speci-
fically we have

Theorem. Let M be a von Neumann algebra with cyclic and separating
vector &,. Suppose g— U, is a strongly continuous representation of an
abelian group % such that ¢,(x)=U,xU, ' is an automorphism of M.
Further suppose U, &y =&,. If , for a character y of 4, M, = {x € M : g,(x)
=1(g) x} then [M,&o]={{e AUl =y(g) &}

Proof. We make M into a generalized Hilbert algebra [17] by taking
x—x &, with multiplication (x &) (y&y) =(xy) &, and involution (x¢&,)*
=x*¢,. Of course one now has the modular automorphism o,(x)
= A"x A~ " associated with the normal faithful state . and by Theorem
1.1 ¢, commutes with g,.

We apply the theory presented in [17] to our situation. Define for
each &e s two functionals

Q(x)=(x"¢|E,) X eM
and
Pe(x)=(x¢lEo) xeM.

Let 2%(2’) be the set of & e 2*(2°) such that ¢} =0(p, = 0). #* and 2’
are dual cones [17]. We note that %*=2(4%) and 2" =2 (4" %) as
Hilbert spaces.

We prove first that [M?¢)] = {Ee# :U,éE =& where M?
= {xe M:0,(x)=x}. Suppose now that for &, € #* and Uy, =¢&, we
shall show that &, e [M#¢&,]. Then if ¢ is any invariant vector in # we
form ¢3(x) = (x'{| o). ¢ has the polar decomposition ¢} = '@, where
& e and u' e M/, since if ¢;=u'y in the usual polar decomposition,
then one has yp =u'*@}= ¢, .. Defining & =u*¢ ¢ e 2* [17]. Now
@ is invariant under ¢} so by the unicity of the polar decomposition
u'e M'?, the fixed points in M’ for {0,:g€ ¥}, and U ¢, =¢&,. Now
J=A47%*S where § is #-operation; so that J commutes with U,ge%.

*
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Then M'® =J M?J. Moreover ¢ =u', so that
EeM M E] =TI M I M?E,]
= [Mgéo] .

It remains to show that if & € #* and U ¢, =¢, then & e[M?&,].
We do this as follows: define the map h, by: hyx'&,=x"¢;. h, is densely
defined and since &, is separating it is well defined. Further h is a positive
map since:

(hoxEolx"Co) = (x'&;|x"Eo) = (X"*x"¢1[E0)

=05 (x*x) 20,

hy is thus a symmetric densely defined operator so we take its Friedrichs’
extension h. It is straightforward to verify that h is affiliated with M.
Moreover we see that U,h U, ' = h so that h is affiliated with M* or the
desired result &, e [M#&,].

Now let K= {¢e#:U;l=x(g) ¢} and M, be as in the statement of
the theorem. .

Clearly [M,{,]1 <€ K. If ¢ € K we form ¢, and write ¢, = u¢,, its polar
decomposition. Then

Pe(0y(x) =ug;,(0,(x);
hence
(ng UghléI£0):( l(u) 15 léO)
so that

29 () =0, ) gy, 1, (x)

Now U, '¢; € 2% so by the unicity of the polar decomposition we have
&= U“lél and o, '(u)=x(¢9)u. Then & e[M?¢,] and ueM,. This
completes the proof

Jadcyck [8] has obtained the part of this theorem concerning the
fixed points of {U,:ge€ %} by a different method. He obtains the full
theorem under more restrictive conditions.

Since % is amenable let x4 be an invariant mean on %. The map e,
defined by

(,(x) Eln) = fx(g) 0,(x) &|n) du(g)

exists by the continuity of g— U,. Moreover ¢, is strongly continuous.
The matter follows because the map ¢, given by

(£0(x) Elm) = [ (o,(x) &) dulg)

Y
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is the normal projection onto M? and is thus strongly continuous.

Thus, about the subspace M,, we may conclude that { *Z MX}‘W"r\MXO
X*Xo

= (0). A closer analysis of these subspaces would likely yield information

concerning the various types of states defined in [3] and of course deter-

mine whether or not the discrete spectrum of {U,} is a subgroup. The

latter is of course satisfied if in each M, one can find a unitary operator.

§ 3. The CAR-algebra

In order to support our hypothesis in § 1 we discuss, for the CAR-
algebra, gauge invariant generalized free states satisfying the KMS
condition and asymptotic abelianess with respect to time.

Example. Let of =/ (#) be the CAR-algebra over a separable,
complex Hilbert space, 5#. That is the C*-algebra generated by the
identity and elements a(f) where f—a(f) is a linear map of # satis-
fying the anti-commutation relation

a(f)*alg)+alg) a(f)* =@lN) 1,
a(f)a(g)+alg)a(f)=0.

(We follow the mathematical convention for the linearity of the inner
product in the first variable.)

We construct a time automorphism g, of .«/. On the even subalgebra,
of,, of o/ this automorphism is asymptotically abelian in norm. Further
it is shown that one can find a gauge invariant generalized free state
w4 satisfying the KMS condition on /.

The even subalgebra, .7, is that subalgebra of .o/ generalized by
monomials in an even number of f’s, alternatively the fixed points for
the automorphism of </ defined by o, (a(f))= —a(f). An element x is
odd if o (x)= — x.

Suppose now that U, is a strongly continuous unitary representation
of the real line on J# with (U, f|g)—0 as t>oo for each f,ge #. This
of course is satisfied in the particular case that the spectral measure of
U, is absolutely continuous with respect to Lebesgue measure. We
define the quasi-free [10, 11] automorphism o, of .« by o,(a(f))= a(U, f).

Suppose that we have a fixed automorphism group o, of 7. Let
us say that x and y commute asymptotically if

(1)

lim [|[o,(x), y]| =0 where [z, y]=zy—yz.

For a set SC.o/ we write §*° = {x € .&/|x commutes asymptotically with
all ye S}. One easily sees

Lemma 1. If S=S* then S*° is a C*-subalgebra of <.
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Proposition 1. For arbitrary y € o {y}*°2 o,.

Proof. Since x € {y}*¢ iff y e {x}¢ it suffices by Lemma 1 to suppose
that y is of the form a(h) or a(h)* and x is of the form a( f) a(g) or a( f) a(g)*.
One has the equality

[x1x5, y]=x1%,0 —yx;1 X,
=x{xp, ¥y} —{x1, ¥y} X,
where {z, w} =zw + wz.

This fact together with the canonical anticommutation relations
(CAR), (1), and the assumption that (U, f|g)—0 shows that

| Lo, (x1x5), y] =0
whenever

x;=a(f), x,=alg) or a(g*
and
y=a(h) or a(h)*.

For our KMS state we choose a gauge invariant generalized free
state w,. That is one given by

wA(a(fn)* v a(fl)* a(g 1) e a(gm)) = 5nmdet(Agl‘fj)

where 0 < A < I. A state is defined by the above expression and w,(I)=1
[10, 11, 14]. The KMS condition for such states has been discussed in [10].
We do obtain a more specific form for the operator A satisfying the KMS
boundary condition for f=1.

Let 3 be the analytic vectors viz; the manifold spanned by vectors
of the form [ ¢(t) U, fdt where fe # and ¢(t) (the Fourier transform
of @) is infinitely differentiable with compact support. 3 is dense in #
and it suffices to define A there. Since U, is assumed to be strongly con-
tinuous U, = €. We claim A =e " (I + e #)~! works. Clearly 0 A< 1.
Now

F(t)=w4(a(U, f)*a(f))
=(AfIU,f)
and thus (since f'€ J)
F(t+i)=(Afle""eH f).
{See axiom (v) page 3 of [17]}. Now the KMS condition implies that
Ft+i)=w4(alf) aUf)*)
=(f1UN)—(AfIU.f)
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Setting t =0 and equating the two expressions, we obtain

efA=(1-A)
so that
A=e H(I+e H)7!

as stated. At this point one may appeal to [10] to show that this A4 does
indeed give a KMS state. We give an independent proof of this fact below.
The authors should like to express their thanks to Oscar Lanford for
suggesting the above example.

Suppose now that K =e . We verify the KMS condition on the
dense subalgebra .&7,(3), where o7,(J) is the subalgebra of .of (#) gener-
ated algebraically by a(f), and a(f)*, f€ 3. For each o e C define an
automorphism g, of £7,(3J) by

a,:a(f)—>a(K"f)
oy a(fy*—>a(K™"f)*

This is not, clearly, a *-automorphism unless « is real.

To verify the KMS condition we show that if x, ye .oZ,(J) then
w4(xy)=w4(yo;(x)). Consider the set B = {x € (JI)|w4(x y)=w 4(ya;(x))
for all y € o7,(3)}. This set is clearly an algebra. Therefore we will be done
if we verify the KMS condition for a dense set of elements, y, and arbitrary
fields a(f) and a(f)*. A dense set is given by linear combination of
elements of the form

y=a(f)*...a(f)*alg,) ... a(g,).

Note that in dealing with an expression such as a(h;) ... a(h;) one
may assume the {h,} to be linearly independent and conclude that
a(hy) ... a(h)=(dety) a(k,) ... a(k; where {k;} is any other linearly in-
dependent set of vectors in [hy, ..., h;] and h;=Z'y,;k;.

Let F=[fi, ..., f,] and write g;,=g;+ g/ where g.e F and g/ e F*.
Expanding and using the CAR one obtains linear combinations of terms
like a(f1)*... a(f)*a(g) ... algy) algy+ 1) --- algy). Again we may assume
that ¢/, ..., g are orthogonal. Then let g7, ..., g, be part of a basis for
F=[fi,...,f,] so that by re-expressing a(f;)*... a(f,)* and re-labeling
our basic element becomes

a(fy)*... a(f)*alg,)*alg,) ... alg)*alg)) a(hy) ... a(h)
where [fi,....f.], [91s-..91, [hy, ..., h] are orthogonal subspaces.

We now proceed with our proof. There are several cases to be considered
and we shall only work out one. The others can be carried through
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similarly. Consider then a(k), ke 3. a(k)=a(k,)+ a(k,)+ a(ks)+ a(ky,)
where ky e [ fi, ..., fil ka€[g1,...,9;]), etc. It suffices to deal with each
one separately. Suppose then for definiteness that ke[ f}, ..., f,] and
we write our basic element

a(f)* ... a(fy)* alg)* alg,) ... alg*alg)) a(hy) ... a(h)

Since ke[ fy,...,f,] we may assume k= f,. Consider the expression

walalf,) a(f)* ... a(f)*alg,)* ... algy) a(hy) ... a(h))

and note that by form of w, this expression is zero unless n=1+1.
Thus we have

wq(alfu) a(f)* .. alh,- )= (1= a(f)*a(f,) alfu-)*... a(h, )
which, after repeated application of the CAR yields
wqalfo-)* ... alh, - ) — w4 (alf)* ... a(f)*algy)*alg,) ... alg)
- a(h,_)a(f,)

This should equal w,(a(f,)*...a(h,_{)a(K~'f,)). The latter however
equals the determinant of the following matrix

(Ag.lgy) - (Agllgj)(Agllfl) o (Ag.lf)

(Agjl'gl)
(Ahylgy)

(AK"'fg) .. (AK"'flg) .. (AK"1f,[ £)
A=K(I+K)_1 so AK '=I1-4A4,

so using the orthonormality of the vectors in question the bottom row
looks like

—(Aflg)) ... —(Aflg) ... 1= (Af.l 1)

Add to this the expression for w,(a(f,)*...a(h,_,)a(f,)). The only
difference in the two, occurs in the last row, where one has (4 f,|g,)
. (Aflg) ... (Af,lf,). Thus the new matrix is the one displayed above
with all zeros in the last two except for one in the last column. Expansion
about the last row clearly gives us w,(a(f,_)*... a(h,—)) and so we
are done.
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Lemma 2. Suppose

ST fl(sz|g)|2dt—>0 as T—oo.
=T

If w is an invariant state on o/ for the induced automorphism o, then
w(x)=0 for all odd elements x in .</.

Proof. Let x be an odd element with w(x)# 0. We can suppose that x
is a monomial in the fields and that w(x) = 1. Write x = a(f})*... a(f3+1)-
Set K=max; ;<,;+1 [ fill and let ||x[|=0>0. If {e;} is a basis for #,
let #,=[ey,...,e,]. From x we construct a sequence of elements {x,}
such that

(i) x, is odd for all n, x, € o (M}"),

(i) 302 |x,ll,

(iif) |o(x,) = 7-

This will be in contradiction with a result in [11] so w(x)=0. Since
this argument does not appear in print we reproduce it in the appendix.
With .#, as above, consider that

1 2j+1 n

T
(U, f;le)I?dt—0
2T JT zzl kZ f| kl

so there exists a sequence t,,— oo such that

11m| Jiled =0 for i=1,...,2j+1;k=1,..,n

Now pick m so large that
o’ .

U, filedl < K1) (1)

where [=2j+1 and ¢’ =min {9, 1}. We have

o (X)=a(U f)*... a(U f3+1) -
Let U, fi=g:+g: where g; (gj) is the projection of U, f; onto
My (M, ) Thus
o, (xX)=alg,)*... a(921+1)+21 =X,tZ;
Since ||o, (x)|l = || x| = 6 and w(o,, (x)) = w(x) by hypothesis, the inequality

() guarantees that z, is small enough in norm so that (i), (ii) and (iii)
are satisfied. This completes the proof of the lemma.

Proposition 2. The CAR-algebra is weakly asymptotically abelian with
respect to the automorphism o, constructed above.
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Proof. We show, for any ¢ € o/*, that
¢([0,(x),y])»0 as t—o0.
Writing x = x, + X, (the even and odd parts of x respectively) we have

@(lo,(x), y1) = @([o.(x,), y]) + @([o.(x0), ¥]) .

The first term goes to zero since |[o,(x,), y]1| >0 as we have shown
above. For the second term we write

(P([Gt(x0)> y]) = (P(O't(xo) y) - (p(yat(xO))
= y(p(at(xo)) - (py(at(xo))

Thus it suffices to show for any p € .o&/* that y(o,(x,))—0. We note that

this argument has its origins in [4]. The latter is accomplished by assuming

that there exists a sequence t,,— oo such that [p(g, (x,))|=d>0. Since

(U, f19)—0 we may apply the method of Lemma 2 to construct a

sequence {x,} satisfying the conditions (i), (ii) and (iii) of that lemma.
We can now state

Theorem 1. There exists a quasi-free automorphism a, of the CAR-
algebra of (#) and a gauge invariant generalized free state w, on o (H)
such that

(i) o, acts in a weakly asymptotically abelian fashion on of ().
(i) w, satisfies the KMS condition with respect to o,.
(iii) If o,(a(f))=a(U,f) with U,=e'"", then A=e H(I+e H)~1.

Corollary. There is a factor M, and a normal faithful state ¢ on M
such that M, = {A1}.

Proof. Let M =mn, (/)" and ¢ =w,, where w,(x)=(r, (x) Bolo)
=g, ° 7, (x). M is a factor [14]. Since g, acts in asymptotically abelian
fashion M, = {x € M|o,(x) = x} = {41}.

In our example we assumed that (U, f]g)— 0 as t — co. This statement
is stronger than saying that the spectral measure of U, is non-atomic.
The latter is equivalent, by a theorem of Wiener, [22], to

2_1’1: jT|(Ulf|g)]2dt—>0 as T—oo. ()
-T

We should like to thank P. Koosis for pointing out this fact to us. Under
this condition we show that the CAR algebra is n-asymptotically abelian
[see § 1].
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Theorem 2. The spectral measure of U, is non-atomic iff for every
w e * one has

lim 2— f (x,0,()])dt=0 forall x,yes. (t1)

T—w Z

Proof. Let y=1y, + y, and write

T T
§ o(lx, o.(n1)d f o(lx, o,(v.)]) d ey

_1_. =1

2T . 2T
1 T

tap L ollxobo)d

Consider the second term. It equals
1 f )d 1 T
— | oxo,(y)dt— — | w(a, x)dt
T R t yO 2 T _jT ( (yo) )

1 1 7
= 2T _TO'rW1(YO) 2T jatlpz(}’o)dt

where

(@)= 0x(z) = w(x2),
P2(2) = x0(2) = w(z )

and g, denotes the transpose of g,.

T
It is well known that }im % j o, p(yo) = @(yo) Where ¢ is an in-
— 0 “r

variant element of o/* Thus by Lemma 2, ¢(y,)=0. Hence we need
only concern ourselves with the first term in (1).

Arguing as we have previously, it is clear that if (1) holds for fixed y,
and x,, x, €./ and all p e &/* that

T— o0

T
1imit% [ o([x, %2, 0,()] dt =0, forall wew/*.
-T

To complete the proof then we consider x =a(f) or a(f)* and y € </,.
We assume y is an even monomial i.e. y=y,y, ... y,,, where y,=a(f)
or a(f)* j=1,...,2n. One easily sees that

e 001 = 3 (= 50,00 0D i Fio s oY)
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Thus

o _}T“’["’ o,(yndr\

n

N

T
j |{X 0 }i ICO(G [yla s Yiet Yivts oos yZn])| dt

"M“ ||M

IIA

P 3
(~T— 1 lix et K

where K, is mdependent of ¢ and depends only on the norms of the y;
i=1,...,2n

We now note that {x, o,(y;)} is either zero or of the form (f|U, f).
Thus as T—oo the terms in the summation go to zero by hypothesis,
hence the result.

The converse of the theorem is easily verified.

§ 4. The KMS States for Gauge Transformations

In this final section we point out the connection between Power’s
result [12, 13] and the KMS condition on the CAR algebra.

As mentioned above the CAR algebra, is a UHF algebra of type {2"}.
If {e{,i,j=1,2} are the matrix units for the factorization {N,}, then
the state introduced by Powers is @ where 0 <1 <73 and w(el7)=4;;4;
with 4, =4, 4, =1— 4. Moreover w =w|N; @ w|N,®

Suppose now that we construct the gauge invariant generalized free
state w, on the CAR algebra for 0 <1 <3. One sees that w; and w are

1—-2
the same states. Let y =ln( 7 ) According to the discussion in § 2,

w; is then a KMS (for f=1) for the gauge transformation o,a(f)
=a(e" f)=e"a(f).

One can easily interpret the range of values of y to be those gotten
by letting the temperature (1/f) change and thus Powers result in this
case is

Theorem 1. Let o/ be the CAR algebra. Then there exists a continuous
family of KMS states for temperature 0 <T <oo giving rise to non-
isomorphic type 111 factor representation.

Appendix
We reproduce for the reader’s reference a theorem of Powers [11]

Theorem. Let .o/ = o/ (#) be the CAR algebra and suppose ¢ € o/*.
Let 4, C M,C --- SH be an increasing sequence of subspaces with
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UM, =H. Then given ¢>0, there exists n>0 such that |o(x)| < el x|l
for all odd x e of (M})).
We shall need the following

Lemma 1. Let {x;} be an infinite sequence of odd hermitian elements
n

1
R

of (A) one has that —rll— Y fo(x;)| =0 as n—oo.
1

such that {x;, x;} =0. Then —0 as n—o0. So if w is a state on

Proof. If z,= % Z x; compute the 'z, ||? = ||z,z¥| and notice that the
1

off-diagonal terms vanish.

Proof of Theorem. We assume g is hermitian and || <1. By contra-
diction we construct a sequence {x;, |x;| =1,i=1,2, ...} such that x; = x¥,
{x;,x;} =0, i%j and o(x;)= 6 >0 This contradicts Lemma 1.

Then suppose there is g, < 1, such that for each n we can find xe.o/ (/")

x odd with |o(x)| > &, || x||. Since U o/ (M) = of () there exists y € ./ (M,,,)
with y odd and |o(y)| > &,/2 || yl. We multiply y if necessary by an appro-
priate scalar obtaining g(y)> &o/2 |yll. Then let x, =+ y*)/|ly + y*|.
We see that x, is odd, g(x;)>¢&¢/2 and | x| =1.

By hypothesis there exist y € o/ (#,-), y odd such that |o(y)| > & [yl

- . . N

Noticing that [ l(ﬂjmj/,,ﬁ) is dense in .#,, we repeat the above
j=m+

procedure obtaining x,. Continuing we obtain the desired sequence

since “orthogonal” odd elements anticommute.

Added in proof: Professor Stermer, in a private discussion with the second author,
has pointed out that Jadczyk’s method (8] extends to give a simpler proof of the Theorem
in§2.
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