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Abstract. We consider a self-interacting scalar boson field in two-dimensional space-
time with self-interaction given by an arbitrary Wick polynomial of even degree in the field.
It is shown that the field theory can be constructed in a Hilbert space of physical states. The
hamiltonian is a positive self-adjoint operator possessing a physical vacuum. The method
of proof consists of imposing and then removing three cutoffs: a box cutoff, an ultraviolet
cutoff, and a space cutoff. As the first two are removed the resolvents of the cutoff hamil-
tonians converge uniformly and this leads to the self-adjointness of the spatially cutoff
hamiltonian.

§ 1. Introduction and Discussion of Results

In this paper we consider the self-interacting boson field in two-
dimensional space-time with hamiltonian given formally as

I-Iformal = HO + ’1-‘. P((b(x)) dx (11)
where H, is the free hamiltonian for the mass m >0,

P is an arbitrary polynomial of even degree,
P(y)=y*"+byp-yy*" 1+ - + by,

and
A, the coupling constant, is taken equal to 1

in this paper unless otherwise indicated.

From perturbation theory considerations we expect this model,
when rigorously treated, to provide a Lorentz-covariant local quantum
field theory with nontrivial scattering. This is the motivation for this
study in which we take the first steps towards a field theory.

As has been emphasized by Wightman (see, for example, [21]), a
formal expression for the hamiltonian like (1.1) is highly singular and
must be “cutoff” or “butchered” if we wish to use the interaction picture
or to work in Fock space. For instance, a version of Haag’s theorem
[21, § VI] states that either we must destroy the translation invariance
of the density :P(¢(x)): in (1.1) or else we must work with a strange
representation of the commutation relations (and cannot use Fock
space).

* This work was supported by the U.S. Atomic Energy Commission, Contract
AT (30-1)-1480.
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We butcher. Two standard methods are to introduce into the inter-
action hamiltonian a spatial cutoff function g(x) whose physical meaning
is that particles interact only in a bounded region of space, or to place
the world in a large box. For convenience we do both, and, in addition,
impose an ultraviolet cutoff on the momentum the particles are allowed
to have. This last cutoff also makes the hamiltonian less singular; in
particular, it produces an interaction term that is bounded below.
Finally, of course, we must remove all the cutoffs and investigate the
sense in which the cutoff or approximate theories converge, thereby
deducing properties of the theory without cutoffs.

We now describe the spatial cutoff. The boson Fock space & is the
direct sum F=) @ %" where #" is the space of symmetric square

integrable functions of n (momentum) variables. The field at t =0 is
$0) = G 1@ [a (=R +all ) k(1)

where pu(k) = (k* + m?)'/2, and the annihilation and creation operators
are normalized by

La(k), a*(K')] = 6(k —K').

The power of the field, :¢”(x);, Wick ordered by placing creators on the
left and annihilators on the right, lacks meaning as an operator on %,
but is a densely defined bilinear form. However when smeared with g(x),

PP(g): = [ :9P(x): g(x) dx

is a densely defined operator on & (by (1.3) and Lemma 4.1) where we
take g(x) to be an infinitely differentiable function of compact support,
equal to 1 on a large set (— X, X), and satisfying 0 < g(x) < 1. By taking
Fourier transforms we find that

PP(g): = (4m)~P2 i (?) Ja*(—ky) ... a*(—k)

j=0
cak;iq) ... alky) kg + -+ + k) 1.3)
'Hﬂ(ki)_1/2dki~

We replace the formal hamiltonian of (1.1) with the spatially cutoff

H(g)=Ho+ AH,(9) = Ho + 1§ g(x) :P(¢(x)): dx, (1.4)

which is a densely defined operator on £.
The completely cutoff interaction hamiltonian Hj g ,(g) and full
hamiltonian Hy ,(g) are defined in the next section. The subscript V'
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stands for the volume of the enclosing box, and K for the ultraviolet cutoff
on the modes that contribute to the hamiltonian.

By unravelling the Wick ordering it is seen [2, Lemma 5.2] that
H; ¢ y(g) is bounded below, H; g y(g9) = — A(In K", where A is a constant
independent of K and V. (The assumption that P(y) has even degree has
entered here.) We can by a unitary transformation bring Hy ;,(g) into the

form
—A+U(py, ..., Par)

on I*>(RM), where 4 = i + 4 2

’ - op} opr’ _
that are not cutoff, and U is a polynomial that is bounded below. By a
theorem of Jaffe [12, p. 35], we then deduce that Hy ,(g) is essentially self-
adjoint on the domain generated from the Fock vacuum 2,=(1,0,0, ...)
by the cutoff field algebra.

The next step is to remove the momentum cutoffs by letting K and V
approach infinity. In [2] Glimm proved that H(g) is semibounded by
using a method of Nelson [16]. This method consists of studying the
approximate hamiltonians Hy ,(g) in a representation which permits
the use of the Feynman-Kac formula. We employ the same technique
to demonstrate that as K, V—oo, the resolvents of Hyg ,(g), Rk y(2)
= (Hg,y(g9) — z)7*, converge uniformly (Theorem 5.3). This enables us to
prove that H(g), with momentum cutoffs removed, is essentially self-
adjoint on its natural domain of definition, 9 = D(H,)nD(H,(g))
(Theorem 6.3).

Glimm and Jaffe, in a series of papers [5-7], have carried out a
program for the ¢* model in two dimensions, with all cutoffs removed,
in which they verify most of the axioms of the Haag-Kastler scheme
[9, 10], and several of the Wightman axioms [19]. By their methods,
many of which are not restricted to ¢*, we can, as a consequence of our
theorems, remove the spatial cut-off for the P(¢) model and verify a
number of the axioms.

First, we can obtain a dynamics, independent of the cutoff, for
bounded functions of the free fields localized in a bounded region of
space. More precisely, let B be a bounded open region of space, and define
Z(B) as the von Neumann algebra of operators generated by the spectral
projections of all the fields ¢(f) and =(f) where supp f C B and = is the
field canonically conjugate to ¢,

M is the number of modes

i
- (4 n)1/2
We time translate 4 € 2(B) in the Heisenberg picture
0,(A) = &'H@ g~ tHG@) (1.6)

7(x) § e**[a*(~k) —a(k)] p(ky'* dk . (1.5)

11*
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Then by a theorem of Segal [18, Theorem 3] the essential self-adjointness
of H(g) on 2 implies (i) that o,(4) is independent of g(x) provided that
g(x) = 1 on B, and (ii) that 6,(4) € %(B,), where B, is the region B expanded
by t (the speed of light has been taken to be one). A proof of this theorem
is given in [5] except that it is shown only that ¢,(4) € Z(B;) where
B; = R—B, and &' is the commutant of #; the proof is completed by the
duality theorem of Araki, Z(B’) = %Z(B)". Thus the spatial cutoff has been
removed as far as the dynamics of local algebras is concerned, and the
resulting theory is local.

The fact that the resolvents of Hy ,(g) converge uniformly to the
resolvent of H(g) as K, V— oo leads to the existence of a unique vacuum
vector Q, for H(g) (Theorem 6.4). The proof of this statement, which is
given in [6,§ 2], again illustrates how we take advantage of the more
manageable cutoff hamiltonians. The result is first proved for Hg (g)
and then transferred to H(g) by means of the uniform convergence of
the resolvents.

After Glimm and Jaffe (see [6, § 5] and [7] for full details), we now
indicate how the space cutoff g(x) can be completely removed from the
theory with the aid of the vacuum vectors Q,. By Haag’s theorem, the
theory without any cutoffs cannot exist on Fock space and the pheno-
menon of changing Hilbert spaces arises.

Let E, be the ground state energy of H(g), H(9)Q2, = E,Q,. Then as
g(x)—=1 on (—o0, ), E;~—co [8], and (in first order perturbation
theory) Q, converges weakly to zero, difficulties anticipated from Haag’s
theorem. On the other hand we do get better behavior from the expecta-
tion values

w,(4) = (Q,, AQ,), (1.7)

where A4 is in the C*-algebra .« of bounded functions of the local field ¢.
(The self-adjoint elements of o/ are the observables of the theory.) Now
o, is a positive linear functional of norm one in 2/*, the dual of o/; that
is, w, is a state in the sense of C*-algebras. From compactness arguments
we deduce that as g(x)—1, a subsequence of the w, converges:

w, —>wed*. (1.8)

According to the Gelfand-Segal-Naimark construction [15], @ defines
an inner product on a new Hilbert space %, where the operators A of &/
are represented by operators 4,.,. %., is the physical Hilbert space for
the renormalized or cutoff-free theory.

The Heisenberg dynamics (1.6) obtained above gives rise to a dynamics
in 7.

U@)* Aren U (1) = (0:(A))ren
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where U(¢) is a one-parameter strongly continuous group of unitary
operators in %.,. The physical hamiltonian H is defined as the generator
of this group, U(f) = e”"*¥; H is positive and has Q as a vacuum vector,
HQ=0. Q is the physical vacuum. In addition, it is possible to obtain
space translations and a physical momentum operator with the expected
properties. It should be mentioned that in order to accomplish the above
construction, Glimm and Jaffe found it necessary to modify slightly the
definition (1.7) of w, by averaging over space.

In a sense this summary of the physical theory is deceiving because
it ignores how remote the theory is on &%,. We can ask: Is the vacuum
Q unique? Does Q belong to an invariant domain for the fields in &,,?
Does the energy-momentum spectrum permit the application of the
Haag-Ruelle scattering theory? Such questions will ultimately be
answered by means of the tenuous link between the physical theory and
the cutoff theory expressed by the limit (1.8). As a first step towards
controlling this limit, Glimm and Jaffe [6, Theorem 5.2.1] have bounded
the rate at which the vacuum energy E, diverges:

|E,| < const.|supp, g|,

where supp; g is the set of points whose distance from suppg is less
than 1. As a consequence of this estimate, the physical representation
A—A,., is locally Fock [7]; that is, for 4 localized in a bounded region
B of space-time, A4,., = Ug AUF where Uy is some unitary transformation
from Fock space to %.,. In fact, the locally Fock property has already
been invoked in the above construction to produce the convergent sub-
sequence of (1.8) from a convergent subnet and to extend the physical
representation to all of .o7; its practical significance is that it enables us to
define physical fields and to establish local properties of the physical
theory by working in Fock space.

§ 2..The Approximate Hamiltonians Hy y(g) and Q-space

In the remainder of the paper the hamiltonian always includes the
spatial cutoff; however we shall frequently suppress the cutoff function
g in the notation.

If we place the system in a large box of volume V (in one space
dimension the “box” is the line segment [— V/2, V/2]), and impose
periodic boundary conditions on the wave functions, then the momentum
space variables k € R are replaced by discrete variables k € I, where the
lattice

2
rV={k1k=n~—If,n=o, +1, +2, }
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The appropriate Fock space is #, = ). @ %} where 77 is the space

n
of symmetric square summable functions on (I},)"= I} XI}, X - XI}.
For our purposes it is more convenient to regard %, as a subspace of &
consisting of functions which are constant around lattice points; that is,

V=Y, ¥ . )% if ¥lk,.. .k)=Y({kidy-.- [k1v),

where [k], is the lattice point closest to k:

- _T k< ®
[k], =lel}, <l-ks

Let %, be the subspace of %, consisting of functions with support
cutoff at K> 0; that is, ¥, (k;, ... k,) = 0if [k;], ¢ I’y , for some 1 < i<n,
where

Iy ={klkely, |kl =K}.

The annihilation and creation operators in the box we define as

1/2 =n/V
a“,,(k):(;;)/ j &k + D dl @.1)

—zn/V

where k € I', and a* stands for a or a*.
We can now define the fully butchered hamiltonian. The cutoff free
hamiltonian is
Hogxy= ) ulk)agk)ayk).

keI‘K,V

We approximate the field (1.2) and its powers by
bxv(@=2V)7'? Y [af(—K)+ay(K)] Gy (k) u(k) ™72

kelk,v
and

~r r * ®(_

Prrlgh = 2V) /ij(j)m;”ay(—kl)...aV( B ay) s
k) Gy -+ k) L) o )12,

where g, (k) = sz e**g(x)dx.

(For all boxes [=V/2,V/2] containing the support of g, §, (k) no
longer depends on V; in the following we assume that we are dealing
with large enough V and we drop the subscript on gy .)

The cutoff interaction hamiltonian is

H;xv(9) = 0% (9): 4 bany 08 (@) 4 -+ + by 2.3)
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Finally the fully cutoff hamiltonian is
Hg y(9)=Hox,v+Hpkv(9)- 24

We note that af, Hy x v, Hy k. v(9), and Hy ,(g) are operators on the
whole space # but that they leave % ; invariant.

We shall determine the sense in which Hy ,(g) approximates H(g):
as a first step it is easy to verify that Hy ,(g) converges in the sense of
bilinear forms to H(g) as K, V—o0, on the set of states with a finite
number of particles and bounded momentum.

We now introduce “Q-space” [1,2] which is a new representation
of the Hilbert space & in which the interaction hamiltonian H,(g)
becomes a multiplication operator while the free hamiltonian becomes
a differential operator. In this sense the hamiltonian in Q-space is
mathematically more accessible and, in particular, we obtain an explicit
expression for the semigroup e~ "#x.v@ (see the next section).

Physically, Q-space is also a familiar object, for it is obtained by
regarding the fields ¢(x) and n(x), defined in (1.2) and (1.5), as a collection
of coupled harmonic oscillators each expressed in the Schroedinger
representation. More precisely, we expand the cutoff fields in terms of
sines and cosines.

dxv(x)=2V)"1? { Y, (g coskx +q_ sin|k|x) + l/i%] >

keI‘K,V
k+0
nK,V(x)=(2V)‘”2[ Y (p coskx+p_y sinlk[x)+[/§p0}
keFKV
k+0
where for k+0,

qm=%MW”T@e@+w®+@®+vaL
4= 1) [ KD + ay(— k) — a3~ 1K) — ay (KD
P = - 1l [ (—K) — ay () + a0~ ay (K],

-y = 5 1P [~ k) = ay (KD — (kD + ay(~ k)]
and m\1/2
do= @m0+ 0,00 po=i(’y) a0~ a0].

It is easily checked that H, x ,(g) is a polynomial in the g;’s, while

Hoxy= ¥ [o+utyai—u(h].

kelx,v
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The set of p, and g, defined in this way are canonical variables for the
kth harmonic oscillator:

(9, Pl =64, for kk'elyy.
The Schroedinger representation for these oscillators is realized on

I?(R™) where g, is multiplication by g, and p, is the operator i?q_
! k
Here M is the number of oscillators, or number of points in I’ ,. Since
we are interested in the limit M — oo we normalize the total measure on
R to be 1 so that infinite products are well-defined. We introduce
Q(k) = (R, 0x(gx) dgy), the real line with gaussian measure

k) \2
og)dg, = (%) e Wik dg,

Okv= & Q(k), RM with product measure

kelx,v
ok,v(@)dg = ) I a@dda,
elk,v
Oy = (X) Q(k) with product measure
kel

ov(@)dg = kIl 0@ dgy .

By von Neumann’s uniqueness theorem for irreducible representations
of a finite number of canonical variables we know that there is a unitary
equivalence Wy ,, between % ,, and L,(Qy ) which sends g, into multi-
plication by g, in the factor Q (k) and p, into the operator g; /2 —1—% oi?
k
acting in Q(k). We shall be concerned with the limit K, V' —o0. For con-
venience we shall remove the box cutoff with a sequence of boxes whose
volumes are {V,,2V,, ... 2/V,, ...} for some fixed V,. This is not essential
but it allows us, for V < V7, to regard %, as a subspace of %, and @, as a
subspace of Q.. (The final results are independent of the particular
sequence used.) Thus we are dealing with a sequence of spaces and
unitary maps Wy 1 L,(Qk y) = Py, Where for V< V', K < K’ we have
the inclusions % , C F v, Ly(Qx v) CL2(Qk: ), Wi,y C Wy p+; more-
over the sequence %y, is dense in &. This suggests that the Qy ,, converge
to some measure space Q and L,(Q) is unitarily equivalent to &. Such a
unitary equivalence is explicitly constructed in [1]. In fact, its existence
is guaranteed by a theorem of Gelfand and Naimark [15]: the operators
{¢**|oe R, k e I for some K, V} form a maximal abelian C*-algebra
o/ on F and thus there exist a positive measure dv on the set .# of maximal
ideals of the algebra o/ and a unitary map W from L,(.#, dv) onto &#
which diagonalizes «/. Actually we never need the whole space Q = (#,dv).
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We transform the above discussion into the sketch of a proof of a
theorem by stating:

Theorem 2.1. There is a unitary equivalence W between & and L,(Q)
for some (positive) measure space Q,

W: L,(Q)— &%, with the following properties:

(i) the space Q contains Qy and Qy y as factors;

(ii) Wy = WL, is a unitary equivalence between %, and L,(Qy);

(i) Wk,y = Wylr, 0k ) IS @ unitary equivalence between F , and
L,(Qk,v);

@iv) Wyl = Q, where 1€ L,(Qy) is the constant function and Q, the
Fock vacuum;

(v) Wy tq Wy is multiplication by g in the factor L,(Q(k)), k€ Iy,

(iv) Wy ! p, Wy is the operator g '/ % % 0+/? in the factor L,(Q(k)),
k
kely;
(vii) Wy 'Ho xyWy= Y. H,q, where

kelk,v

1/ d\?
Hu(k)= __(—"—> + pu(k) gy,

2 \dgy
acting on L,(Q(k));
(viii) Wy 'k (9): Wy is a polynomial in Qg .
By virtue of this theorem we identify %, with L,(Qy), # , with
L,(Qk.y), Hy v With a polynomial H; g ,(q) in Qg y, and H,  ,, with
the differential operator in L,(Qy y) defined in (vii).

dqy

§ 3. The Feynman-Kac Formula [ 2, 16]

In the Q-space representation there is an explicit expression for the
semigroup e 'Hx.v@ a5 an integral over path space.

Let C be the space of continuous paths g(s) in Qg y, 0 <s<co.
We assign a measure dQy , to C that is intrinsically associated with the
semigroup exp(—tH, x y). As shown in [16], for y € L,(Q(k))

(e™"Huvoy) (q) = § pila, 4) v(q) elg)dq , (3.1)
where
P ' — e g)?
Pi(a, q) = (1 —e 2*) 2 exp —f(—?——é%ﬁwq’z .62

Thus for a path g(s) in Q(k) we define the conditional probability

Prig = qx(t) < g+ dqx| 4(0) = ai} = Pi(qw> 9 €(q1) A -
On Qg y= (X) Q(k) we use the product measure and assign a gaussian

ket‘x,v
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distribution to the initial point ¢(0) to arrive at the following definition:
Let B be the set of paths g(s) in C satisfying g(s;) € B;, 1 £i < N, where B;
is a Borel set in Qg , and 0 = 5, <5, < -+ <sy. Then the measure of B is

§ AQuy= I . 0x(@(0)) dg(0) pz > (q(s1), q(s))
-0x((s2))dq(sy) ... bR " (q(sw-1)s q(sw)) ex(a(s)) dq(sy)
where
pk@d)= I pilawa0- (33)

kelg,v

These sets B generate the g-field of measurable subsets of C.
It is easy to show that H; g € L,(Qx, y) for all p < co (see Lemma 4.3),
that [2, Lemma 6.1]

Iy v () = '.[ Hy g v(q(s))ds (34)

belongs to L,(C,dQy y) for all p<oco, and that
g, vll; S tIHyp g vll;

where j is a positive integer and |- |; is the L; norm in L;(C, dQg y) or
L;(Qk,y) depending on the context.

The Feynman-Kac formula expresses the operator exp(—tH y) in
terms of an integral over path space (see, for example, [12]):

(D, exp(—tHg,y) P) = [ ¢(q(0)) exp(— Ig v (1)) Y (@) dQx,v» (3.5)

where @, ¥ belong to L,(Qy y), or equivalently to Fy .

We shall frequently omit the subscripts on dQy  in a path integral
like (3.5), and by dQ we mean that the integration takes place over the
paths C in some Q. - that contains all the Q spaces involved in the
integrand. Thus in (3.5), @, I, or ¥ may be functions only of the
variables in smaller Q spaces. When variables appear nowhere in the
integrand they are simply integrated out and make no contribution;
this last statement is a simple consequence of the relation

I pia, ) alg)dq =1.
Formula (3.5) may also be written in vector form
(exp(—tHg,»)?) (@) = [ dQ,e” =" O ¥(q(t)) (3.6)

where dQ, is the measure induced by dQ on paths starting at g, g(0) = g;
in terms of dQ, dQ = ¢(q)dq dQ,.
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§ 4. Properties of the Approximate Hamiltonians

In this section we describe the convergence of H; ), as K and
V—o0, and we summarize the properties of Hy , and H; ¢ ,, which are
used in the sequel and which were proved in [2].

Lemmas 4.1 and 4.2 provide estimates for the kernels of H g .
Lemma 4.4 is essentially Lemma 5.3 of [2] except that an error in the
rate of convergence is corrected: the rate is given by the factor (In K)?" /K
of Lemma 4.2, and not by 1/K. This error produces no essential change
in the final conclusions of [2] and these are reproduced in Lemmas 4.6
to 4.8, and Theorem 4.9.

Lemma 4.1. Let
< dk, ...dk,_,

k) = [ i
GO =1 I ey ue—T) .. ai—Fy )

Then

—00.

G(k):O(““'k')") as |k

Ikl

Proof. By a long and direct proof it can be shown that G(k) is actually
O((In|k[)"~*/|k]), but it is simpler to sacrifice a power of In|k| and to use
the modified Bessel function
eikx d k

1 e**dk 1

Kolm) =5 | sy = 7 3, " “n
K, (x) and Kj(x) are well-behaved functions at infinity,
1/2 1
Ko(x)=e P (_n_) [1+0<—>},
o= 2 H
el (T " 1+0 1 )
Ky(x)=—e ™ | ——— +0|—-]|, as |x|—oo0,
o0 (o) [+l .
while
Ky(x) = —ln—;—lx|+y+o(x) as |x|>0. @2)

Here y is Euler’s constant and the term o(x) represents an absolutely
convergent power series.

Since 1/u(k) is in L, for all p> 1, it follows from Young’s inequality
[20,§ 4.2, Lemma y] that G(k) is in L,. Thus by taking Fourier transforms
we find from (4.1) that

0

Gky=a [ e **[K,(mx)]"dx, 4.3)
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where a is some constant. We split up the integral into two parts:

G(k) = G, (k) + G, (k)
1
=a | e ™ Kjmx)dx+a | e *Kimx)dx.
-1 x| >1
Since outside of any neighborhood of the origin K%~ *(x) Kj(x) is abso-
lutely integrable, we can integrate by parts to obtain G,(k)=0(1/|k|). For
G, we substitute from (4.2), integrate by parts, and find that

1

G(k)=a I e ”"‘(ln |x|+y) dx+0<llil)

Now

1 k
fe*x(nxpdx = [ e (ny—InkPdy  (c>0)
0 0

M= *‘l

(r) —Ink)"~" jlf “¥(ny)ydy.

1]

0

o

r

Since (Iny)" is integrable at zero,

k k
[ e ™ (Inyydy=const.+ [e ?(Inyydy
(0] 1

= 0((lnk)),
by integrating by parts. Therefore
1
| e~ ™**(In x)'dx _0( (l‘l‘ck) )
0
(In k)"
6,00 =o ).

and the lemma follows. q.e.d.

Lemma 4.1 implies, in particular, that the kernels appearing in (2.2)
are in L,. It should be mentioned that a weaker form of the next lemma,
namely, F(k, ))=0(41"179), is sufficient for the rest of the paper and can
be proved with less trouble [17].

Lemma 4.2,

) 0 1
Fk, )= dk dk, ... dk,_ '
(2 |k1|§>,1 ! —joo 2 —joo ! plky) plky —ky) ... ulk—k,_y)

n—1
=0<1n/1 A), uniformly in k.
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Proof. Again a direct proof is possible, but by taking Fourier trans-
forms we reduce the lemma to an exercise in advanced calculus.

The proof proceeds as in the previous lemma, except that instead
of (4.3) we obtain

F(k, ) = const. }o e K omx)]" ! f(x, Hdx, 4.4
where
_ dkl ixky
fod= L )

Integrating by parts,

fx, )=

etxkl 1 -2 kl eixk
T f Tak P ix
ix (k) |, ai>2 [H(k)]7 ix

For |x| =1 we can estimate

I B [ A =0(i), @5)

R +
w(d) TAES k% A

uniformly in x. To estimate f(x, 4) for 0 <x <1, we expand:

)1/2

1 1 m?x? 3mx2
= dye?|—— = +~( >—+WL
[ﬂixl Y [y 2y 8\ »* )y

"’dy

— L A
S A=~ 1y|£x,1 ur/) © Iyl>’°’1 (

where the series converges uniformly in y when A>m. Since for r =1,

x2\" dy 1 x2 1 1
L) 5= =%
XA y y r ') r
we find that
flx, A= f —dy+ 0( 5 4.6)
i>x2 Y A

uniformly for x in (0, 1).
The same estimate holds for —1<x<0 since f(x,A)= f(|x], A).
Finally, the function

9= |

[y[>¢

® cosy

dy
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231n£
¢

behaves as (2ln%+ 0(1)) for small &, and
¢ From (4.4), (4.5), and (4.6),

+0< Iz )] for large

|[F(k, A)] < const.

[ IKomx)"~ 10<l)dx

xi>1
1
+] [ e **Kymx)""'g(xDdx +O( 2)
|x| <1 A
. 1
Sconst.| [ e **K (mx)""'g(xA)dx +0<7).
[x| <1

We treat the integral in two parts:

| e Kymx)ytg(xddx =— | _"‘WK</1y) g(y)dy

x| <1 /1 lyl<a
= I K -t d 1 % my\"™! — iky/A
7 omy/Atg(dy+ = [ Ko|—==] g()e ®*dy.
Iyl =1 }'1<|y|<}, A

From (4.2) and the behavior of g(y) at zero, the first term is dominated by
(InAy—? )

n—1

1

A vt

(—21n|y|+const.)dy=0( p

—2In (—b—)]—) + const.
A
The second term equals

1 my)” 1[ 2siny ( 1 )
i K - +0(—
A 1<|£|</1 0( A y y?

_1 f Ko(ﬂ)n—l (_ 2Sj)ny)e—iky/}-dy+0( (111/1)"_1).

e—iky/).dy

A 1<iyi<a A A
Therefore
(InAy1 const. | * my\""! siny ky
< I e .
Pk A)|=0( ) SO () Y o, B g,

We substitute for K, its series and, for simplicity, treat only the worst term,
i n—1 o: k
ie., i j - ln—y— smy ——cos —d y. The other terms are obviously
A{ A y A
dominated by similar arguments. Since

(_m%)"_l - z(”: ‘) (—Inyy (nay=~,
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it remains to prove that
P

h(3, k) = [ (Inyy =2 cos . 4y
1 y A

=0((In4)), uniformly in k.

Since h,(4, k) = h,(4, —k), we restrict ourselves to k=0. We consider
separately the two cases k—A| =1 and |[k—A|<1. For |[k—A| =1, we
write

h(, ) = T (o )+ 1 (2, 1,
where

. sin(ya.) dy

A
hi (A, k)= | (Iny) and a, =1+ %
1

We integrate by parts in the expression for & (4, k), using

® sinan ® siny cos(ay) ( 1 )
- dn=— dn = +0
I = =] T @)

ay
for ay >1. Thus

A A r—1
i20.0= (5 52 o ] - ol e

Since a, > 1, we obtain

B, k) = o( (n 4y

)-l—O((ln}.)"l)

4 d
where we have estimated the integral by const. | (Iniy ™! 7’;— For h~,

1
this method works for k> 24, that is, when |a_|>1; for k in [0, A —1]

U[A+1,24], where % <la_| £1, we argue as follows;

la-| ool
Ko (A k)= (sgna_) gl( |ay|) Sy 4

|a |2 r
—(sgna.) | Z(lny)’ $(—Inja_ |)s()81§:yd

la-| s=

© .
Since || (lny)"s%dy <00,
0

|[h~] £ const. zr: <ln 1 )s=0((lnl)’).

la_|



172 L. Rosen:

Finally, for [k — 1| <1, we write

I, (4, B)| = 5 (Ina )’

1/,1

— |1 tnayy 2

1/2
(where & lies between ky and 1y)

—f(ll)’

1//1

5(1

< const.+ O((In /1)’) .

coskydy{

[cosly +(A—=k)ysinéldy

lIA

1
sin ’ly d ‘+ { lniyFdy
1/

. sin 2 y

d y1 +0((In4)) (by the usual argument)

Thus h,(4, k) =0((In A), uniformly in k. g.ed.
Lemma 4.3. If W= 2"V, v a positive integer,

. [ Ky \
Iy = Hrxwl3 < @npt (2]

where j is a positive integer and K, a constant independent of V, W, K.

Proof. The method of proof is exactly that of Lemma 5.3 in [2], to
which the reader is referred for full details. We observe that

1Hp, g,y — Hrxwl3i= 1(Hy kv — Hy g, w! Qoll®
and thus calculate in Fock space. From (2.3) (b,, = 1),

Hygy—Hpxw= ) bk r(9) — bk wl9)),
and from (2.1) and (2.2), '

:¢a,v<g>:—:¢;,w<g>:=i(;) Y (k). (k)

j=0 kieIx, w

'aW(kj+1) oo ay (k) fo(ky, .. k)

_ 2w \"? Q(Z[kijv) Q(Zki)
fr(kl’ kr)_(W> {H#llz([ki]ﬂ - HMI/Z(ki) :

Taking into account the numerical factors associated with af, we
estimate

where

I(H 1 kv — Hy k, w)Y Qo> < Ko (2nj)! max | £,13/ 4.7)
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where K, is a constant independent of K, V, W,j,r,and | f,|, is the
l,-norm of f,;

r

_ (3 | aEk]) k) Y
= {5, = e~ Thea! |

ke Ik, w

{(2n)r )IDY | 90k Gkl |2}1/z

w kielk,v kgerx,W‘nﬂllz(ki) B ﬂ#”z(ké)|
[kily =k
_ Zn)’ (27rr)2 o gl 2}1/2
<27V — v sup  f——
_{ (V kie;K,V 4 [li]v—gk,- ol nﬂllz(li)

< u(ly)~3?, and by Lemma 4.1, we conclude

R
Since j e C¥, ‘a—, u(ly) 12
1

o 4l ] ,
that —=2"__| e L,. Therefore th
: [811 [T € L,. Therefore the Riemann sums
2my M)
su AT
kie%w( |4 ) [zi],,fk,. ol []u'*()

are bounded functions of ¥, and it follows that || f,|% < K,V ~2 where
K, is a constant independent of K, V, W. Eq. (4.7) then yields the lemma.

. L 2n—1
Lemma 4.4. If LK, ||H,,K,V—HI,L,VH§4§(2nj)’Fs—ﬂ%—

J
where j is a positive integer, and K a constant independent of K, L and V.

2

J

Proof. This lemma is proved in the same manner as the previous
lemma. From (2.2),

r

B 9 — B (@) = Y,

Jj=0

9Q [kily)

r *(_ 9 Kidy)
(,)kfdkl ... dk,a*(—k,) ... a(k,) AR

where the integration extends over the region
R={(k; ... k,)| |k| < KVi, at least one |k, > L} .

The proof continues as before and relies on the estimate of Lemma 4.2.
Corollary. For p<oo, ||[Hy xy—H; 1 wlp,—0as K, L, V, W—o0.

The previous two lemmas lead at once to a better convergence result
for Hy y.

Lemma 4.5, For ¥ e D(H,), we have ¥ e D(H, g y) for all K,V and
Hy x vV Hy¥ as K,V —co. For ¥ in D(N"), where N is the number
operator, we have ¥ in D(H;) and D(H, g y) for all K, V, and

HI,K’VT?HIT .

12 Commun. math. Phys., Vol. 16



174 L. Rosen:

Proof. The verification of the first statement is trivial and uses the
familiar relation |u([k],) — u(k)| < const./V.
To check the second statement, consider a typical term in :¢>"(g),

W=[dk, ...dky,a*(=ky) ... a*(—k) a(kyy,)...alkp) wky, ... Ky,
W(kb seey an = é(zkt) [l’t(kl) e M(an)]_llz >
and its correspondent in :¢",(g):,
Wiy = dk; ... dky,a*(—ky) ... a(kyn) we plk, .. K20),

Wi,y (Kis s ko) = xx(ky) oo xx(K2p)
é(Z [k:1v) [ﬂ([kJV) H([kzn]V)]_llz >

where xy is the characteristic function for the interval [ — K, K]. We use
the inequality |W(N +1)™"|| < const. |w|,, to estimate

(W = Wi ) ¥l = [(W—Wg,y) (N +1)7" (N +1)"¥]
=< const. [w —wg yll, [(N+1)"¥]|,

and this goes to zero by the proofs of Lemmas 4.3 and 4.4. The other
terms in H; are similarly handled. q.e.d.

Corollary. Hy ,» H on D, = D(N")nD(H ).

The following results, which we list here for convenience, are due to
Nelson [16] and Glimm [2].

Lemma 4.6.[2, Lemma 5.1]. exp(—tH, g y) is a contraction operator
on L,(Qgy), 1 =r=oco. For 1 <p andr <oo, it is a contraction from L, to
L, for large t,t = T where T depends on p and r, but not on K and V. If p is
bounded away from one and r is bounded, then T does not depend on p and r.

Corollary [2, Lemma 6.2]. Let re[1,2), ® and ¥ € L,(Qk, y). Then
there is a T independent of K and V such that if t = T, then ®(q(0)) ¥ (q(t))
belongs to L,(C,dQx,y) and |®(q(0)) ¥(@@)l, = [Pl 1Pl

Let Pr denote the probability measure on C defined by dQ: Pr{C} =1.
Then the lower bound on H g, leads to the following estimates for
Ix v (Eq. (3.4)), which are proved in [2, pp. 23—24] except for the correc-
tion implied by Lemma 4.4.

exle/n
Lemma 4.7. Pr{l; , < —X —1} <exp ( —-Kj

1 i where Kl
X(F_ 2n2 )

and K, are positive constants that depend on t but are independent of V
and K.

Lemma 4.8. For each p<o, |exp(—Ig )|, is bounded uniformly
inV, K.
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From Lemma 4.8 and the Feynman-Kac formula follows the main
result of [2]:

Theorem 4.9. The hamiltonian H(g) and its approximations Hy y(g)
are bounded below by a constant depending on g but independent of V and K.

For convenience we redefine H; and H| g by adding in this constant
(Hi—»H;+c¢,Hy g y—Hj g y+c)so that H and Hy , are positive.

§ 5. Resolvent Convergence of Hy v(g)

As positive self-adjoint operators, the Hy ;, generate strongly con-
tinuous contraction semigroups,

Ux,v(t) = exp(—tHg,y)
Uk vyl =1.

We show that the Uy ,(t) converge uniformly for each t as K, V' — oco.
For convenience we are taking the sequence of {V} to be

Vo, Vi =2V, ... V; =2V, ..}
for a fixed V.

Theorem 5.1. For each t = 0, Ug y(t) converges uniformly as K, V — o
to a strongly continuous contraction semigroup U (t).

Proof. We first prove the theorem for large ¢. For vectors @, ¥ in
(J L,(Qx.v), we have by the Feynman-Kac formula (3.5),
K,V

(@, (Ug,y — U,w)¥) = [ 2(q(0) ¥(q(0) (™" —e™"=™)dQ, (5.1)

where W=V and L= K. We apply Holder’s inequality with indices
4/3 and 4,

|(¢a [UK,V(t)_ UL,W(t)] lP)' = “45(‘1(0)) ![’(q(t))[|4/3 e~ v ® — e_IL‘W(t)||4
S|l [1P], lle™ &y —e 2w,

for t = T by the corollary to Lemma 4.6.
Since @ and ¥ of the form L,(Qy y) are dense in # and | Ug ,(t)| =1,
we conclude that

U,y () = UL w(@l < lle™" —e™ =],

To show the semigroups converge it is sufficient to prove the con-
vergence to zero of the differences

le v —e v, and oMy — e IR,

12*
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where one of the two parameters (the volume V or the momentum
cutoff K) is held fixed.

We start with [e” v —e¢ V|, Let ¢>0 be a given arbitrarily
small number. We wish to truncate e =¥ and e~ - when they become
large, so we write, for I = Iy ,, and Iy,

e T=e 10l +M)+e '[1 -0+ M)]

where 6(x), the heaviside function, equals 1 for x >0, and vanishes for
x < 0,and M is a large integer to be determined. By the triangle inequality,

“e_IK’V —_ e_IL’V||4 é ||e—IK’V0(IK’V + M) - e—IL’Ve(IL,V+M)||4
+ eV (1= 0(I,y + M))lls+ lle ™™= 7 (1 = 0L,y + M) -

By Lemma 4.7, each of the last two terms can be dominated by

© . i (L_L) 1/4
A={ Y Ut D4 exp(— K, ke xj 20 n } .
J

i=M

Since this sum is convergent we can fix M so large that 4, Pr{I , < — M},
and Pr{I , < —Mj} are all less than ¢. Then

le™Hv —e™ v, < le” =V Ol y + M) — e =V O(I , + M)ll4 + 2¢.

The integration in this last expression is split into the two regions

{a(9) | g,y — Ip,y| > €} and {q(s) | | g,y — I,y < &}
The first region has measure dominated by

Igy—1I ) 1

fl K,ng Ll dQ < ?”IH[,K,V_HI,L,V”% [2, Lemma 6.1]
¢ 1 2n—1

< t(22n). K, (InK)

= L 4.4).
K (Lemma 4.4)

Thus
{ le ™7 0L+ M) — e =¥ O(L, o, + M)I“dQ}”“
\Ix,v—IL,v|>¢

t@n)!  (nK)P"! }1/4

< {<2eM>4 Ky

82
We choose K so large that this is less than ¢. Then by Schwartz

ety —e™mr],

<3e +{ i le™ 5V (I + M) — e v O(I  + M)|44Q}1/4

Ik, v—IL,v|se

<3e+ IIe""’Vlls{ I 10Uy +M) —6(1""’_’“’)H(IL,V+M)|8dQ}“3

Ik, v —IL,v|se
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According to Lemma 4.8, |le” |y < K,, a constant independent of K,
V. We again split the remaining integration into the complementary
regions {q(s)| Iy, y > —M and I, , > — M} and {q(s)| at least one of Iy
and I , < —Mj}. The second region has measure less than 2¢ by the
choice of M, and in this region the maximum value of the integrand is
e8¢ In the first region the integrand is dominated by (1 — e%)®. Therefore

o™y T v < 3o 4+ K[(1— ) +20¢ 17,

and
|le” &V —e v, 50 as K—oo.

The proof that e~ — e~ x|, -0 as V— o0 is exactly analogous.
The only difference, in fact, comes when we estimate |H; x , — H; x w3
< (2m)!(K,/V)* by Lemma 4.3. Then for V large enough

{ le™ 5. Ol + M) — e—fmwe(IK,WJrM)ﬁdQ}l/“ <e.
Ik, v —Ix,w|>¢

This completes the proof that Uy ,(f) converges uniformly as K, V — o0
for t=T For 0<t<T we obtain convergence by observing that
Uk v(t/2) = [Ug ,(©)]'%, and that if a sequence of uniformly bounded
self-adjoint operators converges uniformly then so do their square roots.
This last statement follows from the fact that polynomials in the operators
converge uniformly, and that on the spectra the square root function can
be uniformly approximated by polynomials.

The remaining assertions of the theorem are trivial to verify. Let
U(t) be the limiting operator, U(f) = 11m Uk, y(t). Then the uniform
convergence implies that

@) U@ =1 since [Ug @) =1;

(i) U@)U(s)=U(t+s) since Ug y(t) Ug y(s) = Uk, p(t +5); and

(iii) U(t)¥ is strongly continuous in t since Ug ,(t)¥ is, and, as a
check of the above estimates shows, Uy i (t)— U(t) uniformly in ¢ in any
finite time interval. For intervals about t = 0 we can directly show strong
convergence uniformly in ¢, by choosing ¥ in the dense set | ] L,(Qk. »)
and noting that from (5.1) v

(@, (Ux,y — UL w) P) < [ 9(qO)ll 1P (@®)lls e~y — e~ T,
= ”q)”2 ”e—tHo,K,V q/”4 ”e—IK’V—e_IL:W”4

S Pl [Pl e ™V —e™="]|,, by Lemma 4.6.

g.ed.
We make use of the notions of graph and resolvent convergence [4].

Definition. Graph or G-convergence.
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The operators C, converge strongly to C,, in the sense of graphs
€20 if

Goo = {(9! 1/»’) l 0= S'li'{ngn’ 6n € D(Cn) and Y= s-li'{n Cngn}

is the graph of a densely defined operator C,,.

Definition.Resolvent or R-convergence.
C,z C if the resolvents R,(2)=(C,—2)"!

converge strongly to an operator R(z) which has a densely defined inverse.

The properties of R- and G-convergence that we require are sum-
marized in the following lemma.

Lemma 5.2. Let C, be a sequence of self-adjoint operators.

(i) If C, 2 Cy, then C, is maximal symmetric.
(ii) If C, Cu, then C, 2 C,,.

(iii) If C,- C on a dense set D, then the sequence has a graph limit,
Cog Cw> and C, is a symmetric extension of C.

(iv) If C,—> C on a dense set D, and if C, 2 Cy, then C,, isa maximal
symmetric extension of C. _

(v) Let C be self-adjoint with core D, that is, (C|p) =C. If C,»C
on D, then C,» C.

Proof. Statements (i), (ii), and (iii) are proved in [4, § 3]. (iv) follows
from (ii) and (iii). (v) is stated as Corollary 1.6 in [14, p. 4297; (v) implies
via (ii) that if 8,—6 € D(C), and C,0, converges, then C,0,— C0.

Let T be the generator of the semigroup U(t) of Theorem 5.1 (see [11]
for the proofs of the properties of T). Then T is obtained from U(t) by
the Laplace formula

(T—27'=[&'U(Rdt, Rez<O.
0
T is a densely defined closed operator with the negative real axis in its
resolvent set.
Theorem 5.3. T = uniform Igi;/lirn Hy y and T is a positive self-adjoint
extension of H|, where D, =D(N")nD(H,).

Proof. The first statement follows at once from Theorem 5.1 and the
Lebesgue dominated convergence theorem applied to the equation,

(T—2)"' —(Hyy 2" = | *[U@®) = Ug y(0]dt, Rez<0.
0
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That T is symmetric is readily seen from the defining equation
(T—x)"'= | eU(r)dt
0

and the self-adjointness of U(t). As a closed symmetric operator with the
negative real axis in its resolvent set, T must be self-adjoint [14, p. 271].

Since Hg yH on D, (Lemma4.5, Corollary), we conclude that
H|D,C T(Lemma52 (1v)) g.ed.

§ 6. Essential Self-adjointness of H(g)
In this section we prove that, in fact,
T=(Hl|g)

where 9 = D(Hy,)nD(H,), so that H is essentially self-adjoint on its
natural domain of definition 2. The idea of the proof is to establish the
existence of a core for T that is contained in 9.

Lemma 6.1. Let & = UL (QL.w)- For all t=0 and for Rez suf-

ficiently negative, H; g y UK v(©), Hy x v Rg y(2), and H g y Ry y(2) all
converge strongly on & as K, V—o0.

Remark. 1t is not much more difficult to prove the lemma on the set
Fy=J L,(QL w) where p>2.
Lw

Proof. We show that H; x ,, Ug ,, converges much as in Theorem 5.1
by using path space integrals, and the convergence of H; g Rk and
H, v Rg y follows readily. By the Feynman-Kac formula (3.6),

(Ug,y(©¥) (@) = § dQ,e” =" ¥ (q(t))
where we take ¥ e L (Q; ) for some L, W'. Let
@ =[HpxyUcv(O) —HyLwU,w(®]¥,
where K £ L, V< W We show that |®||—0 as K, V—o00. Now,

@(q)=[Hyx,v(@ —Hy,,w(g)] deqe_IK’V P(q(®)
+HyLw(g) §dQ,(e” v —e W) ¥(q(1)).

By the triangle and Schwartz inequalities,

1P@I = 1Hyxy —Hyrwla 1Pl [f e(@) dg(f dQge™™¥)*]*

6.1
+Hp L wla 1P]lo S 0(@)dq |f dQ (™" — e 4714, 6D
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Since {dQ, =1 we have by Holder’s inequality that
§dQ,If(aG)I = [fdQ,lf1FT? (6.2)

for p>1. Therefore,
[f o(@) dq(f dQe™™7)*1"* < [ o(q) dq § dQ,e™* =¥ ]'/* = |le™ =7,

A similar estimate for the second term in (6.1) yields
191l < 1Pl LI H g, g~ Hi,Lowlla lle” ™V |14
+ 1 Hppwla le™ v —e™=7,].

By Lemmas 4.3 and 4.7, |H;  wlla = |H} LwQol'* and ||e"™=7|, are
bounded independently of K and V; by Lemma 4.4 (Corollary), and the
proof of Theorem 5.1, |H; gy —H; 1 wl4 and eV —e™ 27|, go to
zero as K, V—oo. We conclude from (6.3) that ||®||—0; that is,
Hj g v Ug y(t) converges strongly on & as K, V—co.

By the Laplace formula,

IH kv Ri,v(2) = Hp, pw R, w(@)] ¥ = [If e @dt| < f e[| @] dt, (64)

where x = Rez.

For each ¢, the integrand in (6.4) approaches zero as K, V— oo by the
previous argument. It remains to bound the integrand by an integrable
function of t. Now,

[dQ e *1v® = (e Q) (g)

where H¢), = Ho x v +4H | g y-
Theorem 4.9 applies to H¢), as well as to Hy ,; for some constant
d independent of K and V, H¢), = —d. Thus,

le™™v],=[fol(q)dq fdQ, e =¥/
— (QOa e—tH(K",)v Qo)l/4

é edt/4 .

6.3

Likewise,
e~y — ey < e |+ fle e,

<2644,
Thus by (6.3) the integrand in (6.4) is bounded by const. xe®*4t; we
choose x sufficiently negative and conclude by the Lebesgue dominated

convergence theorem that H; g , R ,(z) converges strongly on %
Finally, since Ry ,(z) converges (Theorem 5.3),

Ho g,y R y(2) =1+ 2Ry y(2) — Hp g y Ry v (2) .

also converges strongly on &  q.e.d.
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The resolvent convergence of Hy ;, required a substantial proof (§ 5)
and leads to the self-adjointness of H (Theorem 6.3); on the other hand,
the resolvent convergence of H, x » and H; g, and the value of the
limiting operator follow readily from the known self-adjointness of H,
and H,.

Lemma 6.2. As K, V — o0,
HO = R"limHo,K,V = G-limHO,K,V
HI = R'limHI’K,V = G'limHI’K,V .

Proof. In [5, § I11] it was proved that for a ¢* theory, H, is essentially
self-adjoint on D, = (") D(H¢). There is nothing in the proof peculiar to

¢*; all that is used is that H; is a Wick polynomial in ¢. Thus for P(¢),
H, is essentially self-adjoint on D,. The same conclusion holds for the
approximate interactions Hj g y.

According to Lemma 4.5, H; x - H, on D, and hence on D,CD,
as K, V—co. Therefore by (v) of Lemma 5.2, H; = R-limH/ g ,, and by
(ii) of the same lemma, H; = G-limH, g ;.

Similarly, H, is essentially self-adjoint on D, (its set of analytic
vectors is contained in its set of C* vectors) and by Lemma 4.5,
Hy xvsHyon Dy. Thus,

Ho = R'llm HO,K,V = G'hm HO,K, 14 q.e.d.

and

We can now prove that H is essentially self-adjoint on 2. For ¢*
this result can be strengthened to essential self-adjointness on D, [5,§ IV],
but this has not been proved for ¢2".

Theorem 6.3. T=HJ,; that is, H is essentially self-adjoint on
9 = D(Hy)D(H)).

Proof. & (technically, its identification in &) is dense in & since
L, (Qr,w) is dense in L,(Q;, w) and the subspaces % j, are dense in Z.
Therefore € = R(z).% is a core for T [14, p. 166].

We choose z to give convergence in Lemma 6.1. Let ¥ be an arbitrary
vector in €; ¥ = R(z)® where @ € & By Theorem 5.3

Yy = RK,V(Z)‘p—’ ¥,

and by Lemma 6.1, H; g ;, ¥x  and H, ¢ , Wk y both converge. Therefore
by Lemma 6.2, Y e D(Hy))nD(H;) = 2, and we obtain by adding that

(Ho kv +Hpk,v) ¥kv—Ho+H)Y.
On the other hand, Hy ,, R-converges to T and so by Lemma 5.2, (ii),
Ho,x,v +Hyxv) Pk v—TY.
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Therefore T= H,+ H; on ¥ C 9. Taking closures, we find that
T=Tl,=H|,CH|,

and obtain a symmetric extension of a self-adjoint operator. Thus
T=H[, qed.

As a consequence of Theorems 5.3 and 6.3 we can draw a number of
conclusions regarding the spectrum of H(g). Let E, be the infimum of the
spectrum of H(g) = H, + H,(g), where now by H,(g) we mean the original
interaction hamiltonian which has not been redefined by the addition
of a constant (see Theorem 4.9). It is known that E,— —oo as g—1 [8].
Since the arguments of Glimm and Jaffe [6, § 2] extend to the P(¢)
model, we conclude that H(g) has a unique (up to phase) vacuum with
a gap above the ground state energy. We state this more completely:

Theorem 6.4. H(g) has compact spectrum on [E,, m) and E, is a simple
eigenvalue.
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