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Abstract

We consider variations and generalizations of the initial Dirichlet problem for linear
second order divergence form equations of parabolic type, with vanishing initial values
and non-continuous lateral data, in the setting of Lipschitz cylinders. More precisely,
lateral data in adequations of the Lebesgue classes L”, and a family of Sobolev-type
classes are considered. We also establish some basic connections between estimates
related to solvability of each of these problems. This generalizes some of the well-
known works for Laplace’s equation, heat equation and some linear elliptic-type equa-
tions of second order.
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1 Introduction and preliminary definitions

Some historical background and context

Questions of solvability of boundary value problems associated to equations of elliptic and
parabolic type have always been a central topic in the theory of partial differential equations.
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Of particular interest are the generalizations where either the datum or the boundary of the
underlying domain are assumed less regular than in classical results.

In the present work we take up an issue related to this circle of ideas, focusing on esti-
mates associated to initial-boundary problems for second order linear equations of parabolic
type and divergence form over a Lipschitz cylider. These equations have the form

ou(x,t) _

div(A(x)Vu(x,1)) - o

0, xeR"'teR, (1.1)
where both the divergence and the gradient are taken with respect to x variables only. The
n X n matrix A(x) consists of smooth bounded functions, and is assumed to be symmetric,
and to satisfy the ellipticity condition (1.2) below.

It has been a common ocurrence that some techniques originally designed for problems
associated to boundary value problems associated to the Laplace operator are later adapted
to the heat equation. And the same can be said about more general equations of elliptic and
parabolic type. However, the adaptation of techniques that work in the elliptic setting is not
always trivial or straightforward, as the references we are about to mention have shown.

The Dirichlet-type problems that motivated questions of this kind were originally stud-
ied for Laplace equation on C I and Lipschitz domains (see e.g. [19, 12, 7, 8, 20, 30]) and
for second order, divergence form linear equations of elliptic type (see e.g. [16, 27]). Ac-
tually, this last reference is the main motivation for studying the questions we solve herein.
For similar equations of parabolic type, see e.g. [21, 11, 14, 10], and in the setting of non-
cyilindrical domains see e.g. the fundamental works [17, 18] and some more recent work
in [24, 25, 26].

For the initial-Dirichlet problem, one may attach to the parabolic equation (1.1) a
vanishing initial condition, along with a condition on the lateral boundary of a cylinder
Q =Dx|[0,T), where D is a bounded Lipschitz domain in R" and T > 0:

u(x,00=0 forxeD, u(y,s) = f(y,s) for(y,s) e dDx[0,T).

A special feature of the non-classical problem we want to describe, is that f is not necessar-
ily continuous, and so this boundary datum is attained almost everywhere. Hence one im-
poses an extra condition in the form of the boundedness of certain boundary non-tangential
maximal operator associated to u.

Having said this, we emphasize that our argumentations are focused on the maximal
estimates associated to two variations of the previously described problem, described in the
next paragraphs.

We should point out a more recent work [6] that deals with related problems, although
with a different approach than ours.

Initial description of results

Having described some of the historical background, we now start the technical description
of the problems we have been mentioned before.

The main results in this paper describe a couple of particular connections between es-
timates related to the solvability of the initial L” Dirichlet problem and of the initial L?
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regularity problem on Lipschitz cylinders. This type of domains have the form Q = D xR,
where D is a bounded Lipschitz domain in R?, 1 < p,g < co.

In these initial-Dirichlet problems, the datum provided in the lateral boundary S belongs
to an adequate Lebesgue class LP(S), 1 < p < o0, and a Sobolev-type class Wll,’l/ %(S) defined
through (1.7) below, respectively.

For our results we also require the main coefficients of the parabolic operator to be
independent of the time variable (as for instance in [6]). This feature will guarantee that
one may obtain solutions to the adjoint equation from solutions to the original equation via
a reflection in the time variable.

An estimate for a non-tangential maximal function (from now on refered to as the (D),
condition) turns out to be the right estimate to pose the initial L Dirichlet problem (see
(1.5) below). We propose here the condition (R), as the adequate maximal condition (see
(1.8) below) for a initial LY regularity problem.

A rough description of the main results in this work are as follows:

e In our first main result (Theorem 1.3 below), we prove that the condition (R),, implies
the (D), condition, where 1 < p < oo, and p’ = p/(p—1). This result resembles
[16, Theorem 5.4], only that we do not define a regularity boundary value problem
subsumed in the L? regularity condition that we define herein.

e Our second main theorem establishes a partial reciprocal result, which as far as we
know is the first adaptation to parabolic equations of the result in [27]. On way to
describe the result is by saying that if the (D), condition holds along with the (R),
for certain 1 < g < p, then the condition (R), holds. See the Theorem 1.4 for the
precise statement.

The regularity condition (R), adopted in our work contains a definition of a Sobolev-
type space on the boundary of the Lipchitz Qr, and is aimed to generalize for p # 2 the one
introduced in [4].

The adaptations we provide are not straightforward consequences from the situation
for elliptic equations. For instance, unlike the elliptic operator in [16, 27], the parabolic
operator is not self adjoint, and by the evolutionary nature of the parabolic equations, certain
basic estimates for solutions, parabolic measure and Green’s function have a “shift in the
time variable” which requires different argumentations than those for elliptic equations. To
describe more properly the results in this work we introduce some notation and definitions.

Notations and definitions

Now that we have presented the basic description and background for our results, we are
ready to provide more technical material in order to give precise statements of what we
described in the previous paragraphs.

Points in R"*! will be denoted by X = (x,7) = (x’, x,,,7), where the variables x = (X', x,,) €
R xR = R" are referred to as the space variables and t € R is conceived as the fime
variable.

The operator of parabolic type has the divergence form £ = div(A(x)V) —9;, where V

denotes the gradient with respect to space variables only, d; = % and where the coefficients
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form a symmetric matrix of functions A(x) = (a;, j(x)) which are assumed to be smooth, and
to satisfy the ellipticity condition

AEP <Y ai j(0)Es < %|g|2 forall xeR" and & = (£1,6,....6) R, (1.2)

i=1 j=1

and where |£]| denotes the Euclidean norm of &.

As usual, the smoothness assumption for the coefficients of £ is adopted to initially
consider smooth solutions to the equation Lu = 0, that is u € C>! (two continuous deriva-
tives in space variables and one continuous derivative in ¢ variable). Well known limiting
arguments allows us to extend the results to weaker notions of solutions (see e.g. [1, The-
orem 1, p. 634]). The reason is that the only quantitative information that will arise in the
constants of the results and estimates we invoke, comes from the ellipticity constant A, the
dimension 7, and geometric constants of the domain D we are about to specify.

We emphasize that we have assumed that the main coeflicients of the operator L are
independent of ¢. To justify this assumption recall the definition of adjoint solutions associ-
ated to L. These are functions v € C>! which are solutions to the equation £*v = 0, where
L =div(A(x)V) + 9,. Hence, if Lu = 0 on a domain Q then v(x,t) = u(x,—1t) is solution to
L*v =0 on Q, the reflection in ¢ variable ¢ — —¢ of the domain Q.

And even though £* has the same ellipticity coefficients than £, they may be very
different operators. A couple of times in our argumentations we employ auxiliar adjoint so-
lutions arising from the application of this reflection mapping, and in particular, for Green’s
function for £ in Q, we compare a couple of different values in the adjoint variable. This
is also the reason why our proofs work on cylindrical domains.

An open and bounded domain D c R" is a Lipschitz domain if its boundary is given
locally by Lipschitz functions. This means that for every P = (py,...,Pn-1,Pn) € 0D, there
is a new local coordinate system (x’, x;), x’ = (x1,...,X,—1) € R™1 x, € R, and with respect
to these coordinates, one can find

o A rectangle of radius r > 0 of the form

R=R(Pr)= {(x’,xn) Hxi—pil <1yl — pal <2nmpri=1,...,n— 1};

e A function ¢ = ¢p : R"~! — R satisfying |¢(x’) — ¢(y")| < mp|x’ —y’| for certain mp > 0,
with the following significance. In this new local coordinate system (x’, x,,), one has
(1) 2RNOD =2RN{(X',x,) : X, = d(x)}
(i) 2RND =2RN{(X",x,) : x, > (X))

where 2R is the rectangle concentric to R with twice its radius.

By compactness of dD we can choose a finite number of rectangles Ry,--- ,Ry with the
same radius r(y covering dD and a finite number of Lipschitz functions ¢1,--- ,¢y satisfying
the conditions above with an absolute and unique Lipschitz constant m. In fact one can
always take 0 < rg < 1. Once this constant is fixed, one can define local geometric objects
within Lipschitz cylinders, whose definition we recall shortly.
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An infinite Lipschitz cylinder with constants m and ry is an open set of the form Q =
D xR where D is a Lipschitz domain with constants m and ry as described above. We
denote by S the lateral boundary of Q, defined as S = D xXR. On § we can consider the
surface measure o~ given by the product measure do- = do X dt, where o denotes the surface
measure on the Lipschitz domain D and dt is the Lebesgue measure on R.

For r < rg/10 and Q = (g, s) € S we define the Carleson boxes, surface balls and right
and left corkscrew points (in that order) as

Y(Q)={X=,x,0)€Q:|x;—qil<r,i=1,-+,n—1,
(X' 1) < xp < W(X, 1) +4nmr, |s— 1] < r2);
A(Q) =S NY(Q);
ALQ) = (¢ (g’ ,s) +6nmr,s+2r%), A Q) = (¢ .y(q’,s)+6nmr,s=2r%),

The parabolic cubes in R"*! are defined by
QX)) = {Y: (v,s) eR™ s x—yl <1, |t—s] < 1’2}, 0<r<ry.

In order to define the conditions (R), and (D),, we introduce the non tangential ap-
proach regions 'y (Q) ={X € Q:6(X,0) < (1+x)s(X)}NY,,(Q). Here, 6(X) =6(X;S)is the
parabolic distance from X to the lateral boundary S and is given by 6(X;S) := éng o(X; Q),

(S

where the parabolic distance between X = (x,1) € R"! and Y = (y,5) € R"! is 6(X;Y) =
o=yl +1r=s1'/2.

Our main results are stated in the setting of a finite Lipschitz cylinder of the form
Q7 = D x(0,T] with lateral boundary Sy =S X (0,7T], with T > 0 fixed, and where a fixed
parabolic center has been defined as & = (0,7 + 1). This makes it easier to pose as an
adequate definition of an L7 regularity problem adapted to Q7.

Conditions (D), and (R), and statement of the main results

It is well known that a Lipschitz cylinder Q is a regular domain for Dirichlet-type prob-
lems associated to any parabolic operator that satisfies condition (1.2) (for instance us-
ing parabolic capacity, see e.g. [9]). This implies, for instance, that for every contin-
uous function f defined and compactly supported on S, there exists a unique solution
ueC*(Q)n C(ﬁ) such that

LuX)=0 XeQ
{ %%M(Xﬁf(Q) QeSr. (1.3)
XeQ

From this, through the Riesz Representation Theorem, we can define the parabolic measure.
The L-parabolic measure at X € Q is the unique Borel measure w* = wi such that the
solution to (1.3) is represented at X € Q by

u(X) = : F(Q)dw*(Q). (1.4)

We note that by the maximum principle this measure is actually supported on S 7.
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To define solvability of the L? Dirichlet problem for L in €, one requires that the
solution to (1.3) also must satisfy

1) llzr(s ) < cllfllrs,).  Where the constant ¢ > 0 is independent of f. (1.5)

Here (u)* is the non tangential maximal function of u, defined as

) (@)= sup [uX)l. (1.6)
Xel(Q)
When (1.5) holds, we say that the (D), condition holds for L in Qr.

The L? Dirichlet problem associated to parabolic operators as £, even with coefficients
depending on time variable, is by now a well understood topic, see [24]. For instance,
following ideas from related problems associated to elliptic equations, it has been noted that
in order to obtain the estimate (1.5), because of comparability of u* and Hardy-Littlewood’s
maximal operator (see e.g. [24, p. 224-226]), it is equivalent to obtain a reverse Holder
property for the Radon-Nikodym property of the parabolic measure with respect to the
surface measure.

In other words, obtaining the estimate (1.5) becomes a local matter, in the sense that
one must prove an estimate for every surace cube in S 7. For this reason, when proving the
estimate (1.5) we work in the setting of a domain above a graph, as we mention later in this
section.

Based on the definitions of similar problems for elliptic equations from [16], and the
heat equation in [3], we consider an additional regularity condition for this Dirichlet-type
problem associated to Lu = 0 on a finite Lipschitz cylinder Q7. Given the nature of a
parabolic equation we use a Sobolev-type space over S with the usual derivatives in the
(space) tangent directions, and a half order derivative in time direction.

1
The mixed norm space Wll,’2 (§) is defined as the closure of the set

{g=fls: feCyR % (0,000}

with respect to the seminorm

1
1 I3
A =( f (Vianf ) et + f I8ff|”dcr) (1.7)
W, 2 ($) N N

where V,,, f = Vf—v(Vf-v)isthe tangential gradient of f, V f is the spatial gradient of f,
v is the exterior normal unit vector to dD and

| T _ 2 3
a?f(x,s)z(f 7 5) = fo ) dt) .

oo |S—t|2

This definition is taken from [28, p. 1034].

Remark 1.1. The definition of the mixed norm space W,l,’%(S 7) is meant to generalize to
p # 2 the space adopted in [3, p. 352-353] when solving an initial L? regularity problem for
the heat equation. In [4] it is adopted another extension, using parabolic Riesz potentials,
following a definition from [11]. This extension is also adopted by [17, 18] in the setting
of non-cylindrical domains. In any case, for p = 2 the definitions coincide, by Plancherel’s
theorem, as observed for instance in [17, p. 353].
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We say that the (R),, condition holds for L on Qr whenever the following estimate holds

IN(Villzr sy < cllfll 1y (1.8)
Wp (ST)

for each f € C7°(R" X (0,00)) and u the corresponding solution to (1.3). Here, the modified
non-tangential maximal function of a continuous function v defined on Q is defined as

Nv(Q) = Novw(Q) = sup (JC |v|2dY)§, (1.9)
QX)

Xel'e(Q)

where Q(X) = Q-1 s0x)(X) 1s such that Q(X) c Q and a = a(m) > 0 is fixed. We are adopt-
ing the notation ]CQ(X) vdY for the integral average W fQ(X) vdY. Integral averages with
measure different to the Lebesgue measure on R"*! will be used later on in this paper, and
its meaning should be clear from the context. Also, in later arguments N (Vu) will be used

instead of N(|Vul).

Remark 1.2. Given a,f > 0, using standard arguments (see e.g. [29, §6.2-6.4] or the original
argumentation in [15, p. 166]) one may prove that for any function / defined on Q

INe®lrs ) = INg(WILr(s1)-

This will become useful when proving the Theorem 1.3 that we state below.

With all the previous definitions and remarks, we are now in position to make precise
description of our goal in this work. We prove the following two results relating the condi-
tions (R), and (D), under the assumptions stated above.

Theorem 1.3. Let Q be a Lipschitz cylinder and L an operator satisfying (1.2). If condition
(R),, holds for L in Qr 1, then condition (D), holds for Lin Qr, 1/p+1/p" = 1.

Theorem 1.4. Let Q be a Lipschitz cylinder and L an operator satisfying (1.2). Let 1 < p <
oo, and suppose that the condition (R), for L in Qr for some 1 <q<p. If 1/p+1/p" =1
then the condition (D), for L in Qr implies that the condition (R), for L in Qr holds.

The next result is an immediate consequence of these theorems, a well-known property
of the condition (D), and the classical theory of Muckenhoupt weights and reverse Holder
inequalities (see e.g. [24, Theorem 6.1]).

Corollary 1.5. Let 1 < g < co and assume that the (R), condition is satisfied on Q. Then
there exists € > 0 such that the (R) condition is satisfied on Q for every g < s < g +€.

Proof. 1If (R), holds by Theorem 1.3 we know (D), holds, with 1/g+1/q’ = 1. But then
thete exists € > 0 such that (D), holds for s € (¢’ —€,4’). Noticing that s’ € (g,q + €), where
s’ = s/(s—1), by Theorem 1.4 we now know (R); for s € (g,q + €). m|

Sections 3 and 4 are devoted to prove Theorem 1.3, while the remaining sections deal
with the proof of Theorem 1.4. The next section gathers some preliminary results.
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2 Some known results

The constants playing a role in each of the following results depend only on the ellipticity
constant, the dimension and the geometric features of the Lipschitz cylinder €, such as m,
the Lipschitz constant of D.

Theorem 2.1 (Harnack’s Inequality). [23, Theorem 2] Let u be a nonnegative solution of
Lu=0inQg. Let D' be a convex subdomain of D such that § = dist(D’,0D) > 0. Then for
all x,ye D' and0< s <t < T we have

NI
u(y, s) < u(x,r)exp [c(% + th + 1)]

where ¢ = ¢(n, ) and R = min{1,s,6°}.

Theorem 2.2 (Carleson-type estimate). [10, Theorem 0.3] Let Q = (q,s) €S and 0 <r <
rnin{ro, \/E} Then for any nonnegative solution of Lu =0 in Q vanishing continuously on
A(Q,2r), we have

sup u < cu(A(Q))
¥,.(Q)

where the constant ¢ = c¢(n,A,m,rq) > 0.

Theorem 2.3. 21, Lemma 1.1] Let Q = (q.5) € S7 and 0 < r < ymin{ro, V5, VT —s}.
Then, for each X € ¥, 2(Q) we have

WX(A(Q) > ¢
where ¢ = c(n,A,m) > 0.

The Green’s function of L on Q with pole at X = (x,1) € Q is denoted by G(X;Y) and
defined as

GX;Y) =T(X; Y)—f I'Z;Y)dwx(Z) 2.1)
0,Q

where I'(X; Y) is the fundamental solution of L. In the next two Theorems, G(X, Y) denotes
the Green function, for X, Y e Dx{-1<t< T +2}.

Theorem 2.4. [10, Theorem 1.4] Let Q = (q.s) € St and 0 < r < ymin{ro, Vs, VT —s}.
Then, for each X = (x,t) € Qp with s+ 472 <t < T we have

G AQ) < W (A(Q)) < cF"G(X; A (Q))
where ¢ = c(n,A,m,ry, T) > 0.
Theorem 2.5. [10, Corollary 2.3] Let Q = (q.s) € St and 0 < r < $min{ro, Vs, VT — s},

Then we have _
o GEAD)
¢ <——=<c¢

T GEA)
where ¢ = c(n,A,m,ry, T) > 0.
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Theorem 2.6 (Local comparison principle). [10, Theorem 1.6] Let Q € St and u,v be two
positive solutions of Lu = 0 in Y,,(Q) vanishing continuously on Ay, (Q). Then, for each
Xe¥Y:(Q)and0<r< %min{ro, s, VT — s}, we have

uX) _ uALQ)
v(X) T WALQ)

where the constant ¢ = c¢(n,A,m,rq) > 0.

Theorem 2.7 (Holder continuity). [24, Theorem 1.3] Let Lu =0 in Q. Then there exists
a = a(n, ) > 0 such that u € C*(Q). Furthermore, if Q,(x,t) C Q and (z,w),(y, s) € Q.(x,1),

then
=y Iw—sl\" 2
lu(z, w) — u(y, s)| < c('— + —) r( f |vu|2dy)
r Q(x,1)

2
where the constant ¢ = c¢(n, 1) > 0.

There is a version of this result adapted for solutions vanishing on a portion of the
boundary. The form of this result that we now present may be found in [22, Lemma 5], and
the ideas for its proof are the same as sketched therein.

Theorem 2.8. Let Lu =0 in Q vanishing on A (Q) for some Q € S. Then there exist
a=am,)>0and C = C(n,A) >0 such that

[u(X)| < (@) sup u (2.2)
r ¥ (Q)

forevery X € ¥,(Q)

From now on, we will use the notation < or > to write an inequality with constants,
where the constants involved depend at most on known features such as dimension, ellip-
ticity and the Lipschitz character of Q.

Some of the results stated above have a counterpart that holds for adjoint solutions, that
is, solutions to L*v = 0, where L*v = divAVv + v, see e.g. [24, p. 202]. If needed, we
will explicitly mention each of the results that we may use, and at this point we include
an instance of the reflecting-in-time-variable technique that we adopt in a couple of results
later in the paper (see the first few paragraphs of §4 below, as well as the proof of Lemma
5.2).

Theorem 2.9. Let Q € St and vi,v, be two positive solutions of L*v = 0 in ¥,,(Q) vanish-
ing continuously on Ay,.(Q). Then, for each X € ¥, /3(Q) and 0 < r < %min{ro, s, VT — s},
we have

) _ Cvl(ﬂ,(Q))

2(X) v (A(Q))

where the constant ¢ = c¢(n,A,m,rq) > 0.

Proof. Define u;(x,t) = vi(x,—t) for i = 1,2 and —T <t < 0. Then u; are positive solutions
to Lu =01in DX (-T,0), for the same operator L. Inserting u; in Theorem 2.6, we deduce
the desired estimate. O
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Theorem 2.10. Let Q€ S and 0 <r< rnin{ro, \/E} Then for any nonnegative solution of
L*v=0in Q vanishing continuously on A(Q,2r), we have

sup v < cv(A (Q))
¥ (Q)

where the constant ¢ = c¢(n,A,m,rq) > 0.

Finally, we include what might as well be called a local backward Harnack inequality.
We adapt the statement from [2, Theorem 1].

Lemma 2.11. Pick Q = (q.s) € S with 0 < r < $min{ro, Vs, VT —s}. Assume u is a
nonnegative solution to Lu = 0 in V,,(Q) which continuously vanishes on A, (Q) and such
that m, = u(A,) > 0. Then, for 0 <p < %r we have

— M,
UA(Q) < (1 + E) A (Q))

Where Mr = Sup\PQr(Q) u.

We have an application of Lemma 2.11 for very specific solutions in which the factor
(1 + %) may be dispensed of the explicit dependance on u or r. This will prove to be useful
in the next section.

3 Poincaré type inequalities

The first Poincaré type inequality that we state takes place in the boundary of a Lipschitz
cylinder and has nothing to do with the properties of solutions of any parabolic operator.
Rather, it is a first instance where the definition of the norm in (1.7) becomes convenient.
The inequality contained in the following theorem is an auxiliary result to prove Lemma
5.4 which in turn helps to prove Theorem 1.4, and is inspired on a result in [4, p. 17-18]. It
may be of independent interest.

Theorem 3.1. Let f € C7(R" X (0,00)). Then there exists 8 = 5, € R such that for p > 1 and
r < rog, we have

f F(@.5)-BP dor(gs) < 17 f Vianf (@) d (g, )+ 1 f 0% £(q. )P dor(q. 5)
A, Ay Ay

where A, = A (Qop) with Qo € Sr.

Proof. Let Qo = (qo,50) € S . Notice that A, = K, x I, where K, = K,(qo) is a surface ball
with radius  on dD (the boundary of the Lipschitz domain D), and I, = (s — % + 5o + 1?) is
a time-interval. Define

By = Ji flg.9)do(gs) and  B(9)=p(s) = ch f(g.9)dF(q).
Observe that

fAIf(q,S)—,3rquCT(61,S)SfA If(q,S)—,3r(S)quCT(61,S)+fA B ()-Bil'do(q,s)=T+I1.
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By Fubini’s theorem and a Poincaré type inequality for the boundary of a Lipschitz domain
in R” (see the proof of Theorem 5.19 in [16]) we see that

T f Vsanf (@ P dr(g. ).
Ay
To handle 771, we notice that

1B, ~B,(5)] < ch Jf (@0~ (g ) dTdF(q)

V@D-f@ sl , V(L _ 0 ) _
JC{(JC T ) (JiIT s|cdr }d(r(q)

<r JQ 87 f(¢.5)d5(q).

Ay

Finally, integrating over A, and applying Holder’s inequality and Fubini’s theorem we ob-
tain,

q

f 1B =B (N do(g,s) < 1! f JC_ 8? f(q,s)do(q)
A, A |JA,

S L f f~
Ar JA,

1

S L f
Ay

The next result is a sort of weighted Poincaré-type inequality. It originates from the
elliptic result in [16].

q
)| do(q)do(q,s)

q
s)

do(q,s).

O

Lemma 3.2. Let Q be a Lipschitz cylinder, Q = (¢’,qn,s) €S and 0 <r < rnin{ro, \/E} If
ueC?.(Q)NCW,(Q)) andu=0on A(Q,r), then

2
f SXOMRA(X)dX < —
¥,(0) 1-

f SX)VuX)PdX
@ Jv,(0)

foreachO<a< 1.
Proof. Fix X' = (X', x),t) € ¥,(Q). We first note that

’
Xn

u(x’,x,,1)dx,.

u(X") =ux',x,, 1) —u(x',y(x',1),1) = f

Y1) O%n

Setting X = (x’, x,,1), by the Cauchy—Schwarz inequality,

(X)) < f " IVu(X)Idxns( f " 5“(X)|VM(X)|2dxn) ( f " 6“’(X)dx,,) . 3.0
W W W

(x',1) (x',0) (x',1)



46 L. San Martin and J. Rivera-Noriega

If @ > 0, then

o & d x,
f 5 X)dx, < f —
w(x' 1) w1y G — (X, 1))

X, — (X ,1) ~ ro rl-a
:f y"dyﬁfy“dy:l . (3.2)
0 0 —a
By (3.1) and (3.2)
f SYXNA(X)dX' < f ru(X)dX'
¥, (Q) ¥ (Q)
rl—ara
<

X,
< f f SYX)IVuX)dx, d X’
l—a Jy, 0 Jywi

r (X 1) +r (X 1) +r
f f f 8 X)|\VuX)|> d x, dx, do(x',1)
l-aJeoJpwn  Juwn

1"2 (X 1) +r
f f S XI\Vu(X)? d x, do(x', 1)
@ JE,(Q) Jy

(.0

IA

IA

1-
’,.2

- f 8Y(X)|Vu(X)?dX.
l=a Jy, 0
Here, E.(Q) = {(x',t) € S : (X', x,,1) € ¥Y(Q)}. If @ =0, we argue the same way using

(3.1). m]

In order to prove Theorem 1.3 we will go through a series of lemmas and observations
concerning a very precise type of solution of (1.3).

If Q=1(q,s) €St and 0 < r < min{rg, Vs, VT —s}, we define _Q>(r) = (g,s +r?) and
0(r) = (g,5— ). Now, take f € CX(R" x (0, 00)) such that £ = 1 in A(Qo(5r) and £ =0 in
Azr((éo(Sr))C for some Qp = (qo,s0) € S with 0 < 6r < min{ry, /so, VI — so}.

For the remaining of this section and the next one, u will denote the solution to the

Dirichlet problem over the domain QN {-1 < ¢ < 2T}, with boundary datum given by a
function f as described above.

Remark 3.3. Observe that with the notation just introduced, the conclusion of the Corollary
2.11 yields

WAN(Q) SWAL(Q),  p<2r

for Q = (g, s) € St with so+43r < 5 < 59 +200r? and |g — qo| < 7.

Proof. Note that so+43r% < s implies Ag,(Q) C Azr((éo(Sr))C. Clearly M, < 1. By Theorem
2.3, for X € ‘Pr/g((éo(Sr)) we have

X P>y
w” (A(Qo(5r))) 2 1.
As a consequence

u(X) = f Fdo® > XA Do) 2 1.
St

With this at hand, Carleson-type estimate and Harnack inequality (Theorems 2.2 and 2.1)
yield m, = u(A,,(Q)) 2 1, and the proof of the Remark is finished. m|
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Lemma 3.4. Let Q = (q,s) € S 1 with so+43r* < s < 50+200r%. Then, there exists 0 < a < 1
depending on n and A only, such that

JC w(X)dX <c ia JC S(X) " u*(X)d X.
¥(0Q) ™ Je0
Proof. Consider K =Y¥,.(Q)\S ! (Q) where
SalQ) ={XeV(Q):6(X)<ar}, O<a<l. (3.3)

Note that |[K| ~ 72 ~ |¥,(P)|. By the Theorem 2.2, Remark 3.3 and Harnack’s inequality
we obtain

sup u” < u*(AQ)) < u*(A (Q)) S infu® < JC u*(X)dX. (3.4)
¥(0) K K

This and (2.2) imply that for X € ¥,(Q) one has

1% 1/2
u(X) < (@) ( JC uz(Y)dY) . (3.5)
K

r

Since 6(X) = 6(Y), for X,Y € K, we can use (3.4) and (3.5), to obtain

2«
JC W(X)dX < JC JC (@) u>(Y)dY dX
¥, (0) KJk\ T

1 1
<— JC SN u*(V)dY < — JC (V) u*(Y)dY.
™ Jk ™ Jv.(0)

The lemma follows. m]
Lemma 3.5. Let Q =(q,s) € ST with s +437r2 < 5 < 59 +200r% Then we have
f W (X)dX < f W?(X)dX, f Vu(X)PdX < f Vu(X)PdX. (3.6)
Y2, (0) ¥(Q) ¥(Q) ‘P%,(Q)

Proof. The first assertion follows using (3.4). For the second assertion we use Caccioppoli’s
at the boundary inequality to obtain

JC IVu(X)?dX < r 2 JC W (X)dX.
¥, (0) ‘P%,(Q)

With this, the second assertion of this lemma may be derived from the first assertion and
Lemma 3.2 for a = 0. o

Lemma 3.6. Let Q = (q,s) € St with so+43r* < s < 59 +200r2. Then, there exists € =
e(n,A,m) > 0 such that

JC IVu(X)?dX < JC IVu(X)* d X.
¥, (0) Y (O\S (Q)
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Proof. According to Lemma 3.5 and a Caccioppoli’s inequality at the boundary inequality,
we have

1
IVu(X)*dX < JC VuX)PdX < = JC w*(X)dX.
= Jv.0

Y (Q) ¥r2(Q)

From Lemmas 3.4 and 3.2

1 1 1
= W(X)dX § —— S Xu(X)dX < — SY(X)|\Vu(X)* d X.
< Jw,0) rt Jy,(0) r Jw,.(0)

Thus, we have

1 1
JC IVu(X)PdX < — S X)IVuX)PdX + — JC O*X)|Vu(X)* d X
Q) ™ J¥AO\S (O ™ Jsa(0)

< JC IVu(X)I?d X + €* JC IVu(X)*d X
Y (O\S (Q) Sea(Q)

< JC Vu(X)PdX + €* JC IVu(X)>dX.
Y (O\S (Q) ¥, (0)

Finally, choosing € > 0 very small we can hide the second term in the right hand side into
the left hand side, and hence we conclude the desired estimate. O

4 Proof of Theorem 1.3

We retain notations from the previous sections. In particular, recall that we have stated right
before the Remark 3.3 that u denotes a solution over QN {—1 < ¢ < 27T} with a very particular
prescribed data function f. It is convenient now to impose some extra conditions on this
data, namely [V f] < 1 and |f;] < 5.

. . Ll .
We are interested in the norm of f as an element of W, 2(S'7), because once this norm
is computed, the fact that (R), is solvable will provide us a precise estimate of the L” norm
of N(Vu). Indeed, observe that with these new conditions on f, we have

fso—erz( 1 )2 )% 1
< ) dt < -.
s0-29r2 \T" r

1_
(il <SP,
f Wy (S 141)

When attempting to prove that (R), implies (D), using the techniques from [16], one
finds some difficulties when trying to use the Theorem 2.4. Indeed, in the elliptic case
several times it is used the fact that the divergence form second order linear operators similar
to L are selfadjoint. For the parabolic operators this is not the case, and actually the Green’s
function is not symmeteric in its arguments; that is, the order of the argument variables is
essential.

VAP do(Q) < 7, |62 f(xs)
St

This implies that

One way to tackle this obstacle is to use an auxiliary solution v to the adjoint equation
y y ] q
L*v =0, defined in terms of the particular solution u, by a reflection in time change of
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variables, as mentioned earlier. And in the estimates (4.1) below is crucial our use of
Theorem 2.9, thus the independence of the coefficients matrix A from the ¢ variable.

To be more precise, we think of Q as the extended domain D X (—co, 00). For X = (x,1) €
QN {-2T <t < 2T}, define X = (x,7) to be the reflection of X with respect to the hyperplane
for which t = 5o + 252, that is, X = (x,2(so +25r%) —t). Here it is important to recall that
Qo = (g0, 50) € S 1 has been fixed when defining the support of f.

Now define v(X) = u(Y). Observe that £L*v =0 in QN {-2T <t < 2T} and that by the
support definition of f the boundary values of v(x,?) vanish for 2(sgo + 25r%) —t > 59— 2172
or equivalently < so + 7172

Take Q € A/16(Qo) and p < {¢. From Theorems 2.4, 2.5 and 2.9 , we have

W= (A(Q)) . GEAQ) vA(Q)GCEAD)
et T e p WA
VA (D) GE;A (Qp)  VAL(D)

S — S
P V(A(Qo)) P

P TR G ()

s—, .

where we have used the fact that v(ﬁr(Qo)) = u(&(éo)) > 1. On the other hand, similarly
to (3.4) we may conclude

G(E; A(Qp))

.1

v(ﬂp(Q))zu(ﬁp(Q))s(f _uz(Y)dY) .
¥p(Q)

From this and lemmas 3.2 and 3.6 we obtain
1

2
WA < p( £ o dY) . “2)
Yo(O\S (Q)
Plugging (4.1) and (4.2) together, we get
= - 1
(1):' A o) A 2
p r Yo(D\S (Q)
This suggests that we introduce the next two maximal functions:

=(Ap(Q))
p T

— where w is the parabolic measure, and

Mo(Q) = My z(Q) = su

0<p<i¢

Ne@o(Q)= N5p(Q) = sup [f spz(Y)dY)
Xel'o (Q) \JIWs500)(Px)\S esx)(Px)

for ¢ any function defined on Q, and where Py = (x’,¥(x’,1),t) if X = (x’, x,,,1). Notice that
we have included the aperture @ in the notation. The reason will be clear shortly. With this
definitions, (4.3) yields

NE(Vu)(0). (4.4)

w=(Ar(Q0))
Mew(Q) S —— =

In the last step to prove Theorem 1.3, we make use of the following
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Lemma 4.1. For any function ¢ defined on
Nye(Q) s Npp(Q)

for some B =B(n,A,m,ry) > @, where € is as in Theorem 3.6.
Proof. First note that the region
PAQ) ={(x.t) e R xi—gqil <ri=1,n—1,

U(xX' D) —r < x, <y(x',t)+4dnmr,|s—1| < r2}

can be covered with N = N(e,n,m) parabolic cubes of radius 7’ > ec~>r, independently of
r. Hence, for X € I',(Q), as we just observed, we can cover Wsx)(Px) \ S es0x)(Px) with
N parabolic cubes @;, each one with radius ¢ %2e6(X;), centered at points of Wsx)(Px) \
S es0x)(Px). Now, from the fact that e6(X) < 6(X;) < 6(X), it follows that

|‘P5(X)(PX)\555(X)(PX)| ~ |‘P5(X)(PX)| ~ Qi

where the comparability constants depend again only on € and n. As a consequence, for
B> 0 big enough

N
f Py se ) £ IefdY s Nps(©).
W00 (Px)\S eso)(Px) 1 YO
Taking the supremum over X € I',(Q), the inequality is proved. O

To finish the proof of Theorem 1.3, we can apply the previous lemma and (4.4), along
with the Remark 1.2 to obtain by the very definition of M,w that w* << o, because
Np(Vu) € LP(S 7). In fact, W= € Aw(do) (see [24, p. 224]). Now

f (i) do ( ) o )uN(Vu)nmsms(—) YAy
Ag o\ do

i+l rh i+l rh WP’Q(ST+1)

L =
(A ”@(rm—p)h@N dw?) .
~ gl 7 ~ pn+l ~ Ar (o) do >
16

where A = A,(Qp), thus finishing the proof.

A

5 (D) and (R), implies (R),

Let us first make a couple of observations about the behavior of solutions near the boundary.
While the second observation depends on properties of solutions, the first one does not, and
it depends purely on the geometric features of Q7. Here is our first observation:

Lemma 5.1. For any function u such that Vu exists almost everywhere and r < ry, we have,

JC Vu(Y)|dY < JC NVu)(P)do(P) 5.1
Was,(Qo)

A3z, (Qo)

where Qg € S7.
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Proof. Inequality (5.1) can be broken into two assertions:

JC Vu(Y)|dY < JC [Vu(Y)|dY dX, (5.2)
¥2s-(Qo) ¥2s-(Qo) YAX)

JC JC [Vu(Y)|dY dX < JC N(Vu)(P)do(P). (5.3)
W2s-(Qo) Y AX) A32-(Qo)

Taking into account that §(X) ~ 6(Y) if Y € Q(X), (5.2) is proved as follows:

1
IVu(Y)|dY dX ~ JC _ f IVu(Y)lvauo (V) dY dX
:fl’zsr(Qo) JE?(X) Was(00) )™ Jwro,(00)
1
~ —lVM(Y)IXQ(Y)(X)dXdY
:fl’mr(Qo) LZSr(QO) 5(X)”+2

bd JC [Vu(Y)|dY.
Was8,(Qo)

To prove (5.3) we observe that for P = (p’, pn, s) € A32,(Qo)

pn+112nmr pnt+112nmr
NVu)(P) = f N, s)dp > f f Vu(Y)dY dp.
Pn Pn Q(p’ p.s)

Integrating this, we have

pn+112nmr
JC NVu)(P)do(P) > JC JC JC [Vu()|dY dpdo(P)
A32-(Qo) A32,(Q0) Y pn Q(p’p,5)

2z JC JC [Vu(Y)|dY dX.
¥28-(Qo) JAX)

Here is the second observation of the behavior of solutions near the boundary:

Lemma 5.2. Assume that u is a solution of Lu =0 in Q and that u = 0 continuously on
A32,(Qo) for some Qo = (qo,S0) € S 1. Then we have,

1

u(X)| < % ( f Iu(Y)Ide)Z (5.4)
G(E; A12(Qo)) \I¥15:(Q0)

forXeV¥Y %r(Qo), and where X and Qg were defined in page 49.

Proof. Let u; and u; be the solutions of Lu = 0 in W3;, = ¥3,,(Qp) with data f; = max{u,0}
and f> = max{—u,0} on ¥ 6,(Qp) respectively. Note that # = u; —u; in d¥3,,, by uniqueness
u=uy—upin¥s,.

Now we perform again a reflection to X with respect to the time variable of Qy. In
this instance we define v;(X) = u,-(f) for X € ‘P32r(@6) where X = (x,2(s0 + (32)*r%) — 1) if
X = (x,1). By the comparison principle

B s —= N __ym @y i=12
G(E; A12/(Q0))
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for X € ‘P%r(Qo). This is the same as

G(E: X)
G(E; A12,(Q0))

Now, note that by Harnack’s inequality we have

ui(X) S wi(AnAQo)  i=1,2. (5.5)

ui(ﬁlzr(go))sinfu,-s(f uf(Y)dY)zs(JC u?(Y)dY)z i=1,2  (5.6)
K K P18-(Qo)

where K c W;3,(Qp) is an appropiate compact set to the right of ﬁmr(Qo). Putting (5.5)
and (5.6) together we obtain the lemma. O

Back to our main goal, which is to prove Theorem 1.4, we now state two lemmas, whose
proof is provided in the last section.

Lemma 5.3. Let 1 < p < oco. Assume that (D), is solvable in Qr for L. Let u be a
solution of Lu = 0 in Qp that vanishes continuously in Azy, = A32,(Qp) with 0 < 16r <

%min{ro, vs0, VT = so}. Then

(JC IN(Vu)? d(r)]_) S NVu)do. 5.7
Ay

A3y

Lemma 5.4. Retaining the notation from the previous lemma, define
E() ={0 € Ay : Mp, IN(Vi)|?)(Q) > A} (5.8)

Let 1 < g < p < oo and suppose that (D), and (R), are solvable in Q. Then there exists
constants €,y,a > 0 such that

EAD] < dEQD]+1{Q € A : My, (Vian fIQ) > )]
O €A : My, (102 FID(Q) > y ) (5.9)

for A = Ay, where A = (26)_% and
Ay = aJC IN(Vu)| do. (5.10)
A2r

Assuming temporarily these results, we now provide the

Proof of Theorem 1.4. Multiplying both sides of (5.9) by /ﬁ—l’ integrating, and using the
L? boundedness of Hardy-Littlewood operator we obtain

A

P A D
IEADAT " da<e f IEQ)IT " dA (5.11)
Ao Ao

1
+c [VianfIF do+c |07 fIP dor,
Aoy Ay
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with A sufficiently large. Applying a change of variables, and noting that A = i > 1, we
find that

AN ) AA )
2¢ f IEQ)Ai  da< e f IEQ)IA7 7 da (5.12)
Ady Ao

1
+c IVianfIF do+ ¢ |07 fIP do.
Aoy Ay,

Splitting the first integral of the right hand side (5.12), hiding a small term we get

AN ) Ao )
€ f IEQ)IA7 1 da < f IEQ)IA 7 da (5.13)
Ady Ao

1 1 L
+ - \VianfIP do + — 107 fIP do.
€ Aoy € Ay,

From (5.13) and (5.8) we see that

AN ) 4 1
f EQ)IAT T dA s 1Aorldg + | VeanfIPdo+ | 10] fIPdo,
Ady AL Aoy

where the dependance on € has been incorporated to the constants of the inequality. From
here we obtain

AN . 4 L
f BN a0+ [ VenflPdos [ 107 £ dor
0 A2r A2r

Letting A — oo, from (5.9) we get

L 1
f IN(Vu)l” dor < 1A, +f IVianfIP d0'+f |07 fIP do. (5.14)
Aoy Ay Aoy

Substituting the value of Ag in the first term of (5.10), using the hypothesis (R), and then
Holder’s inequality,

P
4

Ag, 1] = |A2r|(a f |N<Vu>|qc1cr)q
A2r

4

q 1 q

SIAer( IVnmfqucr) +|A2r|( Iafflqdcr)
A2r

Aoy

1
< 1Ay f IV an 1 dor + 1o f 02 117 dor
Aoy Ay,
we conclude that

1
IN(Vw)P do < IVianfIF do + |07 fIP do. (5.15)
Aoy Aoy Aoy

Finally, by covering S 7 with a finite number of surface balls, we obtain (R),, and the proof
is finished. O
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6 Proofs of Technical Lemmas 5.3 and 5.4

Proof of Lemma 5.3. 1t is enough to prove the following two estimates:

N(Vu)(Q)s(g)*(QH N(Vwdo(Q),  QeA. 6.1)

A3y,
( Ji (%) @

u\* lu(Y)|
(5] @=, {555 000 =)

Let us begin by establishing (6.1). For Q € A, pick X € I'(Q) with §(X) > r. This way, if
A ={P € A3, : X e I'(P)} then we will have |A| > *!. Hence we have

P ,
dCT(Q)) < NVu)(Q)do(Q) (6.2)

A3y

where

JC IN(Vu)(P)|do(P) > ! (JE |VM(Y)|2d Y)7 do(P)
Asay 1Az2,] Ja\Jawx)

> ( JC IVu(Y)[>d Y)2 ) (6.3)
Q(X)

On the other hand, if 6(X) < r, by Caccioppoli’s inequality we see that

1
1 L

2 1 Y 2
(f |VM<Y>|2dy) sl —n gy
Q) Q3 50 (XDl Q00 6(X)

1 lu(Y)|?
Qa0 Jay,, 00 6077

=

<(3) @  ©a

Now (6.1) follows from (6.3) and (6.4).
We now focus on proving (6.2). By (5.4) one deduces that

u%Y)dY)z(G(E") ) (@) (6.5)

(5) @+ -

1 ( J[
G(E; A12,(Q0)) W15.(00)
for Q € A,(Qp). By Theorem 2.4 we know that

GE Asx(Q) _ &(Asn(Q))
6X) T et

Using this and the adjoint version of Carleson estimate (Theorem 2.10 above) for X €
I'(Q) with 6(X) < r we have

G(E;X) - G(E§ﬂ5(X)(§)) - G(E; Asx)(Q)) < w(Aox) (D))
X T e®m . e®™ @




L? Regularity and L Dirichlet conditions 55

Therefore we obtain,

GE,)\ ~ A(Q _
(Q) @ < sup 1L o1 @) 6.6)
5() O<p<r pn+

dw

do

for Q € A,(Qop). By hypotesis (D), is solvable in Qr, so we know that
1 —_
p » A
d(,)’ < @A(Qo) 6.7)

(JCA,@O) IA(Qo)l

By (6.5), (6.6), (6.7) and the L” boundedness of M, ,(w) (where this last maximal operator
is the same we defined at the end of section 4) we get

A

(5) (Q)]p dcr(Q))l% <

1 s p
s[f [__1—~(JC uz(Y)dY) (G(“") ) (Q)} do-(Q)}
A G(E;A12(Q0)) \J¥15,(00) 6(-)
1 > _ ;
S _——~( JC u*(Y)d Y) ( JC (M ()(Q))P d(T(Q))
G(E; A12-(Qp)) \I¥15(Q0) A,

1 ) 2 dw\’ ’L’
S————— JC u (Y)dy f~ — | (@)do(Q)
G(E; A12:(00)) \J¥15,(00) A(Qo) \dOT
. 1 _ ( JC (Y) dY)Z w(Ar(go))
G(E A, (Q0)) \J¥1s:(Q0) 1A-(Qo)l

1
< - u (Y)dy
F\J¥5,.(00)

where the last two inequalities are consequence of Theorems 2.4 and 2.5 respectively. We
can continue this sequence of inequalities making use of Poincaré’s inequality in Lemma
3.2 with @ = 0, and obtain

( Ji (5) @

By Caccioppoli’s inequality at the boundary, and arguing as in (5.6) we get

1
P

! dcr(Q))F < ( f IVu(Y)Ide)z ) (6.8)
¥18-(Qo)

1
2 2
(JC |Vu(Y)|2dY) sr_l(f uZ(Y)dY) <r ! sup |ul
W18-(Qo) ¥19-(Qo) ¥19-(Qo)

<r! JC uN|dY < JC [Vu(Y)|dY. (6.9)
W23,(Qo) W23,(Qo)

The proof is complete once we put together (6.8),(6.9) and apply (5.1). O
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Proof of Lemma 5.4. Let € > 0 be a small constant to be chosen later. By the weak (1,1)
estimate for the maximal operator Mu, we have |E(1)| < €|A,| for A > Ay if we choose @
big enough. Now we apply the Calder6n-Zygmund type decomposition (as described for
instance in [27, p. 210]) and obtain a collection of disjoint cubes {Qy}; contained in A, such
that E(1) = | J, Qx and each @ is maximal. We may also choose € small enough so that
64Qk C Ay,

The key statement of this proof is that there exist constants €,y,a > 0 such that if @y is
a cube that satisfies

Fi = {Q € Qs My, (Vian fIN(Q) < y4, MAQ,(IGI% F19(Q) < 7/1} #0 (6.10)

then
IE(AD) N Q| < €l@ul- (6.11)

From this, setting C, = [y F, we have

[EADNCal < ) IEADN QL < € ) 1Ql = el EQD)
k k

and (5.9) follows. To prove (6.11) we notice that for Q € @

M, IN(Vu)l)(Q) < max { Mo, (IN(Vu)|?)(Q),BA} . (6.12)
For € small enough A = (2¢)™%/? > f3, and so in view of (6.12), we get

IEAAD N Q| < 1{Q € Q : Mag, IN(V)|)(Q) > AA}. (6.13)

Now, for each k consider the1 smooth function ¢y K R"! — R such that ¢; = 1 in 64Q,
o = 01n (66Q))°, |Voil < 1Qk|™ =T and |(¢hp):| S |Qx|™ 7. Let v be the solutionto Lv =0 in
Q7 with boundary data ¢ (f — ;) where a; = 324@ fdo. Letp > p. By (6.13), we obtain

[E(AD)NQi| <

Al
{0 Mo INTu-Tw010) > 255

Al
{0ea: MaaINTWINO > 25}

1 - 1
5 = f IN(Vu—-Vv)lPdo+— INVvlldo=T+11. (6.14)
(Ad)7 V2 A Jrq,

First, let’s handle 7 7. By hypotesis (R), is solvable, which yields

+

1 1 1 q
115 — |an¢(f_ak)|qd0'+—f Np(f-ax)| do=IIT+IV.
A4 Jsoa, A4 Jsoa,
From the Poincaré inequality in Theorem 3.1, we can see that
1 1
1717 <— Vianflldo+ — —a)Viandl?d
Al 660, [pVianflTd o Al 660, I(f — ) Viandl?d o
1 —
S 0\ f|qd0+—le|mf |f —aulldo
Al Jesq, " Al 66
1 L
< — \Vianflid o+ — 0’ f| do-.
Al Josar " AL Josa I
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In order to bound 7V, we first notice that

1 _ _ _ 2 %
0% (i f—ak))(q,s):( f, ¢ (f — ar)(g,T) — ¢k (f — ai)(g, 9)| dr)

It —s[?
- 2 B ) ,
< {f (|¢k(q,7—)|2 |f (g, 7)— f(q,9) U ) - anl? loe(q,T) — dr(q, 5)| ) dr}
: Tt |7 = sI?
- 2 3 . o
< |f(61,T) f(q’ s)l dar + |f(q, S) _ a,kl f |¢k(61,7') ¢k(61, s)l g
I [t —s|? N P—

<02 f(q. )+ Q™| £(q.5) — il

where I is the projection over the ¢ axis of 66@Qy. Consequently,

1 1
I(Vs—f Vi flid o+ =
Al Josq, " A2 Josa,

The estimates for 771 and 7V together with (6.10) give,

vIQk
S —.
IT < 1

1 9
o2 f| do-

Now, let’s handle 7. Note that the hypotesis (D),, and well-known properties of the L”-
Dirichlet problem implies (D)5 for some p > p. Also observe that u — v — @ is a solution
with boundary data (f —a;)(1 — ¢) and it vanishes on 64Q;. By (5.7) we find that

P
I< lz—lel(JC IN(Vu—Vvk)IdO')
(Ad)¢ 64Q

< 'mki {(JC IN(Vu)quO')E+(JC IN(Vvk)qucr)E}
(A7 64Qy 64Qy

2
< '—Qk'( f Wunfiacs
(A7 66Q 66Qy

Y
o> f da')

where the last inequality is due to (R),. Using (6.10) again,

I< Q.

?
Ad

Finally, since A = (26)_%,
EANNQ < [yel ™+ | eyl

We fix € > 0 so small such that e~ < 1, and then we choose y > 0 such that ye%_l <1 and

(6.11) follows. O
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