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Abstract

This article is devoted to the study of the nonlinear eigenvalue problem
~Apu = AulPu in Q,

p)
|Vu|”_2a—z + B 2u= A’ 2u on 8Q,

where v denotes the unit exterior normal, 1 < p <coand A,u = div(|VulP~2Vu) denotes
the p-laplacian. Q c RY is a bounded domain with smooth boundary where N > 2
and B € L*(0Q) with 8~ := inf,cs0B(x) > 0. Using Ljusternik-Schnirelman theory,
we prove the existence of a nondecreasing sequence of positive eigenvalues and the
first eigenvalue is simple and isolated. Moreover, we will prove that the second eigen-
value coincides with the second variational eigenvalue obtained via the Ljusternik-
Schnirelman theory.
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Keywords: Nonlinear eigenvalue problem, p-Laplacian, Ljusternik-Schnirelman theory,
Variational methods.

1 Introduction

In this work we study the eigenvalue nonlinear problem

—Apu=AulPu inQ,

(1.1

VP22 4 BlulP~2u = AulP>u  on IQ,
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where v denotes the unit exterior normal, 1 < p < oo and A u = div(|VulP~?Vu) indicates
the p-Laplacian. Q c R" is a bounded domain with smooth boundary where N > 2 and
B € L= (0Q) with 87 := inf 50 8(x) > 0.

Many authors studies eigenvalue problems for the p-Laplacian under different boundary
conditions Dirichlet, Neumann, Robin, no-flux and Steklov (see for instance [1], [6], [5],
[9], [14], ...).

In this paper, we extend those results and we study the abstract eigenvalue problem (1.1). Its
particularity lies in the fact that the spectral parameter A is both in the differential equation
and on the boundary. It is well known that an eigenvalue problems play a very important
role in the studying of linear and nonlinear problems. Therefore, our results in the present
paper would be useful to the study of problems of the form

=Apu = f(x,u) in Q,

p)
|Vu|p_28—u + Bl u=g(x,u) on IQ,
4

where f(x,u) and g(x,u) interact, in some sense, with the spectrum of (1.1).
This paper is motivated by [8], where the author study the Generalized Steklov-Robin spec-
trum of the following linear problem (with possibly singular (m, n)-weights)

—Au+c(x)u = Am(x)u in ),

0
—u+0'(x)u = An(x)u on 0Q
ov

and prove the existence of an unbounded and discrete spectrum. Moreover, the first eigen-
value is simple and its eigenfunction is of constant sign.
The paper is organized as follows. In section 2, we use a version of Ljusternik-Schnirelman
theory to prove the existence of nondecreasing sequence of positive eigenvalues (4,)) — +oo
of problem (1.1). In section 3 we prove some regularity results on eigenfunctions. In section
4, we prove that the first eigenvalue A, characterized by

Ay = inf {fqulpdx+f ﬁ(s)lulpds:flulpdx+f Iulpds:l}
ueWlr@Jq oQ Q oQ

is simple and isolated. Moreover any associated eigenfunction to a positive eigenvalue
A # Ay does change sign in QU JQ. In section 5 we prove that the eigenvalue A, is actually
the second eigenvalue, i.e., 4, > A; and

Ar = inf {/l : A1s an eigenvalue and A > /11}.

2 Existence of Ljusternik-Schnirelman Eigenvalue Sequence

Definition 2.1. A pair (1,1) € WHP(Q) xR is a weak solution of (1.1) provided that for all
ve Whr(Q)

f \VulP~2VuVvdx + f ,8(s)|u|”_2uvds:/l( f lulP~2uvdx + f Iulp_zuv’ds). (2.1)
Q 0Q Q 0Q
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Such a pair (u, 1), with u nontrivial, is called an eigenpair. A is an eigenvalue and u is
called an associated eigenfunction.
By choosing v = u in (2.1), it follows that all eigenvalues A are nonnegative.
It will be shown that if 9Q is of class C'” with 0 < y < 1, then eigenfunction of (2.1)
belongs to C l"’(ﬁ) for some a > 0. Hence, Vu exists on dQ, and the boundary conditions
of the problem (1.1) make sense. The following lemma ensures that if an eigenfunction u is
smooth enough, then u solves the corresponding equation.

Lemma 2.2. Let (u, ) be an eigenpair; i.e., a weak solution of (2.1) such that u € W>P(Q),
then (u,A) solves (1.1).

Proof. Let (u,1) € W»P(Q)xR* be an eigenpair of (2.1). By the first formula of Green, it
follows from (2.1), that

0
f (A u)vdx+ IVulp_z—uvds+f BSulP2uvds = /l(f Iulp_zuvdx+f Iulp_zuvds),
Q P dv a0 Q a0
for any v € WP(Q). Thus taking any v € C(°(€2) we obtain
f (Apu+ Aul’u)vdx = 0,
Q

which implies —A,u = AluP~%u in Q. Furthermore, since the range of the trace mapping
WP (Q) < LP(OQ) is continuous and compact, we have

9
f VulP2 2Ly do + f BlulP2uvds = 2 f lulP~2uvds,¥v € LP(OQ).
00 v F) 00

Therefore, [Vu|P~23% + BlulP~>u = AlulP~>u, on 6€. O

Let X := WP(Q) be the Sobolev space equipped with the norm

lallg := ( fg IVulPdx + fa Q,B(s)lulpds

which is equivalent to the usual WP(Q) norm

||u||::(f|Vu|”dx+f|u|pdx)l/p.
Q Q
(see [15)).

Now we are going to apply the Ljusternik-Schnirelman principle (see [17, 18, 3]) to estab-
lish the existence of a sequence of positive eigenvalues for our eigenvalue problem.
Define on X the functionals

)1/17

F(u)=fa(x)|u(x)|pdx+f b(s)|lu(s)|Pds 2.2)
Q 0Q

Gu) = f (VUCOP + (0P )dx + f ()P ds, 23)
Q oQ
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where a € L*(Q) and b,c € L*(0Q) such that a,b,c > 0. Consider the following eigenvalue
problem F’(u) = uG’(u), u € S g and u € R where S¢ is the level

Sg={ueW(Q): Gu)=1}.

For any positive integer n, denote by A, the class of all compact, symmetric subsets K of
S ¢ such that F(1) > 0 on K and y(K) > n, where y(K) denotes the genus of K, i.e.,

Y(K):=inf{keN:3Jh: K — R"\{O} such that h is continuous and odd}.

F and G satisfies assumptions (H1)-(H4) in [6]. Then by [6, Theorem 2.1], we conclude
that there exists a nonincreasing sequence of nonnegative eigenvalues {u,} obtained from
the L-S principle such that i, — 0 as n — oo, where

Un = sup inf F(u)
HGA,,”EH

and each y, is an eigenvalue of F’(u) = uG’(u). Now, by choosing appropriate functions
a,b,c and applying [6, Theorem 2.1] , we have the following :

Theorem 2.3. Let F,G be the two functionals defined on W'-P(Q) in (2.2), (2.3) with a(x) =
b(x) =1 and c(x) = 1 +B(x). Then there exists a nondecreasing sequence of nonnegative
eigenvalues {A,,} of (2.1) obtained from the L-S principle such that A,, = #in —land A, — +o00
as n — +oo, where each u, is an eigenvalue of the corresponding equation F’(u) = uG’(u)
that satisfies py > po > ... > pg > ... > 0 and limy_, 4o iy = 0

Proof. F(u) and G(u) become

F(u):flu(x)lpdx+f lu(s)|Pds
o) 0

Glu) = f (VUG + (P )dx + f (1+B(sNlu(s)Pds.
Q oQ

Then F’(u) = uG’(u) is equivalent to

ulP2uvdx + lulP2uvds
Jua]
Q 0Q

,u(fIVulp_zVqudx+flulp_zuvdx
Q Q

lulP2uvds + ,B(S)Iulp_zuvds)
0Q

+

0Q

for any v € WhP(Q); or

1
f IVul?2VuVydx + f Bl uvds = (= - 1)( f ulP~2uv dx + f ul’~uvds)
Q oQ H Q aQ

for any v € WHP(Q).
The last equation means that u is a weak solution of (1.1) associated to the eigenvalue
lll —1. Combining (2.1) and the existence of the L-S sequence principle [6, Theorem 2.1],

weobtain&n:yl—l—>+ooasn—>+oo. O
n
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3 Regularity Results on Eigenfunctions

In this section we shall prove boundedness of eigenfunctions and use this fact to obtain
Ch(Q) and C' (ﬁ) smoothness of weak eigenfunctions of the problem (1.1).

Let Q be a bounded domain in RV with C! boundary and 1 < p < +co. First, we will show
that eigenfunctions are in L™ (Q).

Theorem 3.1. Let (u, ) be an eigensolution of the weak formulation (2.1), then u € L™ (Q).

Proof. By Sobolev’s embedding theorem it suffices to consider the case 1 < p < N, oth-
erwise we would be done. We will use the Moser iteration technique (see [11]). Let us
assume that # > 0. For M > 0 define vy;(x) = min{u(x), M} and ¢ = vﬁff“l for k > 0, then
V¢ = (kp+ l)vﬁj’VvM. It follows that ¢ € WLP(Q) N L®(Q) and vylso = min{ulsq, M}. Tak-

ing ¢ as a test function we have
2 kp+l
/lf |u|? 2uvﬂfl7+ dx
Q

+ A Iulpfzuvﬁffl ds
oQ

(kp+I)LW”'p_zV”-WM"ﬁ)dx"Lfag’g(s)m'p_z”vzﬂds

which implies that

kp+1 f k+1 f —2 kp+l f
Vv P dx+ ONul?“uy P ds< 2 u(k+1)pdx+ u(k+1)pds ,
S0 Q| kel mﬂ( NulP~2uv! ( Q| | HQ| | )

Letting M — +o0, and using Fatou’s lemma we obtain

kp+1
Pt f Vi P dx + f ,8(s)|u|<k+1)pds</l f || ¥DP dx + Iul(k+1)Pds),

k+1)[7 80

kp+1
(k+l)P

kp+1 f ket ket 1) (k+1) (k+1)
Vi P dx + O VPas) <A | uW* PP dx+ 2 [P ds,
(k+ 1)”( Q agﬁ ) Q 80

Since < 1 for any k > 0, we conclude

thos kp+1  feryp k+1yp k+1
Gy S A g+ A (3.1)
Now by the multiplicative inequality and the Moser iteration [10, 11, 12] of the form
] 500y < Elledl” + C@Nlutll ) < Clludly + C@Nlutll ) Ve >0, (3.2)
we obtain
118 o0 < €C MG+ C@N M, ), Ve >0, (33)

for a some positive constant C”.
Combining (3.1) and (3.3) we obtain
( kp +1
(k+1)r

= A£C Yl < A+ CEDIEE, o
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—AeC’ > 0; then

Since € — 0, we may assume that (k+1)p

1
llullg < (A(1+C (&) x ) ull s . (3.4)

kptl
(k+1)P

By Sobolev’s embedding theorem, there exists a constant c¢; > 0 such that
e i@ < erll g,

and then 1
lluall vy < €y lull, (3.5)

here we take p* = p1fp<Nandp =2p,if p=N.
For any k > 0, we can using calculus find a constant ¢, > 0 such that

1
(A1 + Ce)x ka—O)Wm <e.
&y A8
Thus
llall s ) < C“‘ VATIIMIIL<A+1>p<Q> (3.6)

Choosing k; such that (k; + 1)p = p*, then taking k = k; in (3.6), it has

I7Est \/k
”u”L(’qH)ﬁ*(Q) < Cll+ ¢, " ”u”Lp Q-

Next we choose k; such that (kp + 1)p = (k; + 1) p*, then taking k = k» in (3.6), we have

k2+1 \/k2+

||u||L(k2+l)1’*(Q) <c ||”||L(k1+1)p -

By induction we obtain

\/k,, +1

llell ey < €7 € lull g+ 00 ()5

where the sequence (k,) is chosen such that (k, + 1)p = (k,—1 + 1)p*, ko = 0. It is easy to see
that k, + 1 = (%)", hence

o 211\/,7
)

e
lleall L+ e 2y < €, " lleell o+ () -

As - < 1, there exists C > 0 such that for any n = 1,2,.

|M||L(kn+1>p*(g) < C”””Lp*(g),

with 7, = (k, + 1)p* — +co as n — +oo.

Now we will prove by contradiction that u € L*(€2). Suppose u ¢ L™ (L), then there exists
€1 > 0 and a set A of positive measure in Q such that |u(x)| > C||u||L,,*(Q) +e&; =K, for all
x € A. Hence

lim infljull ) > lim inf( f K’”) = liminfKJA|""™ = K > Cllull* -
n—oo n—-oo

A n—oo
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which contradicts what has been established above.
If u (as an eigenfunction of (2.1)) changes sign, we consider u*. It is well known that
ut € WhP(Q). We define for each M > 0, vys(x) = min{u* (x), M}. Taking again ¢ = vﬁf}“ as
a test function in W'?(Q), we obtain
A( f P2t Vi
Q

lut|P~ 2u+vﬁf1’+1 ds).

0Q

(kp+1)fIVM+|P—2VM+Vvade+f B(S)W L 2+ kp+1ds
Q

+

Proceeding the same way as above, we conclude that u* € L*(Q). Similarly we have u~ €
L=(Q). Therefore u = u* —u~ € L(Q). m]

Let Q be a bounded domain in RV, 1 < p < co. Consider the degenerate elliptic equation
—Apu(x) = f(x,u(x)) in Q, 3.7

where f: QxR — R is a Carathéodory function.
A function u € Wllo’f (Q) is called a weak solution of (3.7) if

fqulp_ZVqudx= ff(x, wvdx Vv e Cy(Q).
o) o)

The following result was established by DiBenedetto [4] and Tolksdorf [13].

Theorem 3.2. Let u be a weak solution of (3.7) and let g(x) = f(x,u(x)) a.e. x€ Q. If
g € L1(Q) with g > p , then u € CH*(Q) for some a > 0. In particular, the result holds if
geL™(Y

Combining Theorem 3.1 and Theorem 3.2 with g(x) = [u(x)|P~2u(x) in Q, we obtain

Theorem 3.3. Ifu e WLP(Q) is an eigenfunction of (2.1), then u is in C"*(Q) for some
a>0.

Having proved that any weak eigenfunction of (1.1) is in L*(€2), we now can use bound-
ary regularity results for solutions of degenerate elliptic equations in Liebermann [7] to
obtain that u is in C1*(Q). We state the results as follow

Theorem 3.4. Let Q be a bounded domain in RN with C'Y boundary with 0 <y < 1. Let u
be a bounded weak solution of the problem

-Apu=g(x) inQ,
(3.8)
IVulP~2%% = d(x,u) on 0Q,

with |lulle < M. If g is in L™ (Q) with ||gll < K and ® satisfies the condition
|D(x,2) = Py, w)| < L(Ix = yI" +|z=wl”), |®(x,2)| < L,

forall (x,z) and (y,Lv) in 0QX[—M, M]. Then there exists a positive constant @ = a(y, N, p, M, K)
such that u € C*(Q) and

”u”Cl,a(a) S C()’, N’ pa M, Ka L’ Q)
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We recall that a weak solution u in WH?(Q) of (3.8) satisfies
f \VulP>VuVvdx = f gvdx+ f O(x,u)vds Yv e WHP(Q).
o) Q Q

We observe that if we take ®(x,u) = (41— ﬁ)lulp‘zu then @ satisfies the hypotheses of Theo-
rem 3.4 for any 0 <y < min{p — 1, 1}. Therefore if 9Q is of class C'” with 0 <y < 1, then
eigenfunctions of (1.1) is in C1*(Q) for some a > 0.

4 Simplicity and Isolation of the First Eigenvalue

In this section we will prove that the first eigenvalue 4; is simple and isolated. Moreover,
any associated eigenfunction does not change sign in Q. In all that is to follow, we assume
that Q is a bounded domain in RN with C!"” boundary, 0 <y <1, and 1 < p < +c0. By (2.1),

we have
o Jo IVl dxt [ Bolul? ds
Ay = inf . 4.1
weX\O) [0 |ulP dx+ [o ) ulP ds

Proposition 4.1. The eigenfunctions associated to A are either positive or negative in Q.

Proof. Let u; be an eigenfunction associated to 4;. We have that || is also a minimizer.
It follows from the Harnack inequality that |u;| > 0 in Q and |u;| > 0 is in C 1"’(ﬁ) for
some a > (0. Thus if there exists xy € 0Q such that u;(xp) = 0, then by the Hopf lemma
(see [16, Theorem 5]) we obtain %(xo) < 0. But the boundary condition |Vu|p_2%

—~Blul”~2u + AlulP~2u impose that 241 (xy) = 0. This contradiction implies that Jus| > 0 in Q
which proves the proposition. O

For the proof of the simplicity of 1; we use the following “Picone’s identity” proved in
[2].

Lemma 4.2. Let v > 0,u > 0 be two continuous functions in Q differentiable a.e. Denote

u? ub~! 2
Lw,v) = |Vul’+(p-1D—|VWf — p—|VW|P""ViVu,
VP yp-1

20, W
R(u,v) [Vu|P — |Vv|]P~ V(?)Vv.
-

Then (i) L(u,v) = R(u,v), (ii) L(u,v) > 0 a.e. and (iii) L(u,v) = 0 a.e. in Q if and only if
u = kv for some k € R.

Theorem 4.3. The first eigenvalue Ay is simple, i.e., if u and v are two eigenfunctions
associated with Ay, then there exists k such that u = kv.

Proof. Let u,v be two eigenfunctions associated to 1;. We can assume without restriction
that u and v are positive in Q. For any & > 0 we apply Picone’s identity to the pair u,v + &.

We have
f L(u,v+e¢e)dx = f R(u,v+e)dx
o) o)
4.2)

ul
- ($)uPds+ A fupdx+/l f upds—valp_szV ——)dx
fagﬁ "o oo Q ((V+8)p_1)

0

IA
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Notice that re )p - € WP(Q) is admissible in the weak formulation of v. Then it follows

from (4.2) that
—f ,B(S)u”ds+/11fupa’x+/11f u”a’s+f ﬁ(s)(L)p_lu”ds
Q Q Q a0 v+e

-1 1
_ /llfg;(v-‘:-g)p updx—/l]fa‘g(vig)p uPds

By the Dominated Convergence Theorem, which also holds in L”(9Q2) and letting £ — O it
follows that L(u,v) = 0. Then by Lemma 4.2, there exists k € R such that u = kv. O

Proposition 4.4. Let v be an eigenfunction associated with a positive eigenvalue 1 # A4,
then v changes sign in Q.

Proof. Suppose that v does not change sign in €, then we can assume that v > 0 in Q. Let
u be an eigenfunction associated with 4;. Making similar computations as in the proof of
Theorem 4.3, we obtain

0 < ,B(s)upds+/llfupdx+/11f u”ds+f ﬂ(s)
0Q

1
- AL(ﬁ)p u”dx—/lf(;g(ﬁ)p ufds

Letting € — 0, we get
0< —/l)(f updx+f upds)
Q oQ

which is impossible since 4 > A; and fQ uPdx+ fag uPds > 0. Therefore, u changes sign in
Q. m]

)p_lupds

Remark 4.5. A1 is the unique positive eigenvalue associated to an eigenfunction that does
not change sign in €.

Proof. Let v an eigenfunction associated to A > 0 with a constant sign in €2, then we can
assume that v > 0 in Q. let u be an eigenfunction associated with 1;. Making similar
arguments as in the proof of Proposition 4.4, we obtain

OS(/ll—/l)(Lupdx+‘f;Qu1’ds)SO
C

which implies that 1 = A;. O

Theorem 4.6. Let u be an eigenfunction corresponding to A > Ay, then u changes sign on
QU IQ. Moreover there exists a constant C > 0 such that

1
QN {u < 0} P/P" +10Q N {u < 0| ~2/7" T (4.3)
1
QN {u > 0)1PP" +18Q N (u > 0} PP > e (4.4)
where p* and p?= (N l)p if1 <p<Nandp*=2p=p°if p>N. Here |A| denotes

the measure of a subset A.
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Proof. Let u be an eigenfunction corresponding to A > A;, then by Proposition 4.4, u
changes sign on Q. Suppose that u does not changes sign on 0(2, then we can assume
that u < 0 on Q. Using u* as a test function in (2.1), we obtain that u™ is also an eigen-
function associated to A. Since u™ # 0 in Q, then using Remark 4.5, we conclude that 1 = A;
since u* has a constant sign. This is a contradiction.

To prove the inequality (4.3), We use u~ as a test function in the weak form of (2.1) satisfied
by u. Then we have

™15 = A1 ) + 1 )
Now, by the Holder inequality we have

p L

L _r
[~ IIﬁS/IIQﬂ{u<O flu | dx) + A|0Q N { u<0 » f lu~ |P ds .

By the Sobolev embedding X < L” (Q) and X — L’ (0Q), there exists positive constant
Cq,C,, such that

[

=P p =P
oo S Cillullyand 5 < Collulig

2()

Thus ;
- . 1-L
Il < ACHQN{u < OH' ™7 u [l +AC21QN {u <O} 7 llu”1If,
which implies that

1

QN {u < O} PP 4100 N {u < 0))1=P/7" > e

where C = max{C;,C>}. When p > N, we choose p* = 2p = p? and we argue as before
using the embedding X < L?’(Q) and X < L?(0Q). A similar argument works for the
inequality (4.4). ]

Theorem 4.7. The principal eigenvalue Ay is isolated, that is, there exists & > 0 such that
in the interval (11,1 + 0) there are no other eigenvalues of (1.1).

Proof. Assume by contradiction that there exists a sequence of eigenvalues 4,, of (1.1) with
0 < 4, \J 4;. Let u, be an eigenfunction associated to 4,. Since

0<f|Vun|pdx+,8f Iunlpds=/ln(f|un|pdx+f unl? ds),
Q 0Q Q Q

we can define
Uy

 (olunl dx+ [ lunl ds)'™””

v, is bounded in W'?(Q) so there exist a subsequence (still denoted v,) and v € W'P(Q)
such that v, — v weakly in WhP(Q) and strongly in LP(€)). Moreover

flvnlpdx+f [valPds =1.
o) Fle)
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On the other hand

flelpdx+ﬁf |v|pds§1iminff|anlpdx+,8f [valPds = Ay
o) 0 n—e o o0

and then by (4.1) we get
f |Vv|Pdx +ﬁf Pds = 44
Q aQ

and then v is an eigenfunction associated to A;. Using proposition 4.1 we obtain v > 0 or
v < 0. In the case v > 0 (the other case is analogous) we conclude from the convergence in
measure of the sequence v, towards v that

|2, — 0 and [(0Q,)7 | = 0 4.5)
where
Q, ={xeQ:u,(x) <0}, and (0Q,)” :={x € IQ : u,(x) < 0}.
But (4.5) contradicts estimate (4.3). O

5 On the Second Eigenvalue

In this section we will show that the eigenvalue A, obtained via L-S theory is actually the
smallest eigenvalue of the spectrum that is greater than the principal eigenvalue 4;. We
need the following lemma.

Lemma5.1. [17] Let (k,q) e N* XN and let A€ R. If Ak = Ajy1 = ... = Akyq, then y(K) > g +1
where
K :={ueS¢:uisan eigenfunction associated to A}

The above lemma is proved by applying a general result from infinite dimensional
Ljusternik-Schnirelman theory.

Theorem 5.2.
Ay =inf{Ad: A is an eigenvalue and A > A}

Proof. Firstly, note that y(K;) = 1 where K| is the set of eigenfunctions associated to A;.
Thus by Lemma 5.1, 4; < 4. Now, it suffices to show that there is no eigenvalue a such
that 1 < @ < Ap. By contradiction, we assume that « is an eigenvalue associated with
an eigenfunction u. Since a # A;, we deduce that ™ # 0 and u~ # 0. By multiplying
respectively by u* and u~, we obtain

||u+||£ = af|u+|pdx+a/f lut|Pds
Q o)
5.1
||u_||;; = aflu_lpdx+af lu~|Pds.
o) o)

Let F, = span{u®,u”} be the sub vectorial space of X spanned by ™ and u~ and K, =
S N Fy where
Se={ueX:Gu)=1}.
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Let au™ + bu~ € K5, we have

1 G(au® +bu")

f (I\V(au* +bu™)P +|(au™ + bu_)lp)dx+f (1+B(s)|(au™ +bu")Pds
Q 00

jal”( f IVutPdx + f Bt 1ds) +1al”( f it 1P dx + f lu*17ds)
Q 0Q Q o0Q

Ib17( f \Vu |Pdx + f Bl 1ds)+ b f lu™|Pdx + f lu7ds)
Q 0Q Q oQ

Combining with (5.1), we obtain

+

|al? - bl
Ial”llu+llllﬁ+—IIu+II||Z+Ipr||u ||||ﬁ+—|| i

—_
Il

1
P, 1P P, 1P
(Ial?lle G + 1171”15,

and
flau++bu_|pdx+f laut +bu"|Pds = Ialpf|u+|dx+|blpf|u_|dx
Q oQ
+ Ialpf |u |ds+|b|pf lu”|ds
= Ialpllu+llp Iblpllu II,_;
3 1
T oa+l’
Thus
1
— = m1n |v|de+ |v|pds) mmF(v)
a'+1 vekKyp 50
< sup mmF(v)
HEA veH
3 1
L+l
which implies that @ > A,. This is a contradiction. O

Remark 5.3. The proof of Theorem 5.2 shows that A, is actually the smallest eigenvalue
of the spectrum that is greater than 1;. Moreover, it shows the isolation of the principal
eigenvalue A; by a direct way without using estimates in Theorem 4.6.
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