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1 Introduction

Fractional differential equations can be extensively applied for various disciplines such as
physics, mechanics, chemistry and engineering, see [12, 16, 17, 18]. Recently, boundary
value problems (BVP for short) for fractional differential equations have been addressed by
several researchers. Some recent work on boundary value problems of fractional order can
be found in [1, 2, 3, 4, 5, 6, 8, 11] and the references therein.

In this paper, we consider the BVP

{ ~Dj.u(n) = ftu@®.u' (1), 0<t<l,2<a<3, (1.1)

u(0)=u'(0)=u’(1) =0,

where D, denote the standard Riemann-Liouville fractional derivative of order  and f :
[0,1]xRXR — R is a continuous function.

To the best of our knowledge, exists few papers concerned with the nonlinear fractional
differential equations with first-order dependence derivative. In [13] Kosmatov studied the
existence of at least one positive solution using the Leray-Schauder Continuation Principle
of the BVP

{ Dj.u(r) = f(tu(n.u'(@), 0<t<l, l<a<2, (1.2)

u(0) =u(l) =0.

By means of fixed point theorem for the mixed monotone operator, Zhang [20] studied the
existence of the following higher-order singular BVP

{ D u(®) +q() f(t,u(), 1 (©),...,u"2(0), 0<i<l, n-l<a<n, (13)

u(0)=0, u'(0)=u'(1)=0.

In [19] Stanek discussed the existence of positive solutions for the singular BVP

(1.4)

Dg.u(t) +q(@0) f(t,u(t),u’' (1), D'u(r)) =0, 0<t<l,2<a<3,0<u<l,
u(0) =1/ (0) = ... = u"2(0) = u" (1) = 0.

In [10] El-Shahed established the existence and nonexistence of the problem

(1.5)

Dg.u@®)+Aa@) fu() =0, 0<i<l, 2<a<3,
uQ)=u'0)=u'(1)=0.

Very recently Moussaoui and Ntouyas [ 14] investigated some new existence and unique-
ness results for nonlinear fractional differential equations with four-point nonlocal inte-
gral boundary conditions by applying fixed point theorems, and gave some extensions to a
boundary value problem with first-order dependence derivative.

In this paper we prove some new existence and uniqueness results for a class of BVPs
(1.1), by using fixed point theorems. Our results extend and supplement the results men-
tioned above. Thus, in Theorem 3.1 we prove an existence and uniqueness result by using
a fixed point theorem of Boyd and Wong [9] for nonlinear contractions, while in Theorem
4.1 we prove existence of two positive solutions via iteration process. In Theorem 5.1 we
prove the existence of solution of a double perturbed boundary value problem for fractional
differential equations, by using a fixed point theorem of Krasnoselskii-Nonlinear Alterna-
tive type [15], which extends some results proved by Benchohra, Djebali and Moussaoui in
[7]. Finally the paper close with some illustrative examples.



BVP for a class of fractional differential equations 17

2 Preliminaries
For the reader’s convenience, let us recall some basic definitions and preliminary results of
fractional calculus and fixed point theory.

Definition 2.1. [16, 18] For a continuous function g : [0,00) — R, the Rimann-Liouville
derivative of fractional order a > 0O is defined as

o oL fd\" " gy ~
D0+g(t)_—r(n—a)(dt) j(;—(t—s)"—”—lds’ n=la]+1,

where [a] denotes the integer part of the real number .

Definition 2.2. [16, 18] The Riemann-Liouville fractional integral of order « is defined as

1L (" gs)

80> @) y w-sr

ds, a>0,

provided the integral exists.

Lemma 2.3. (see [6]) Let @ > 0, if u € C(0,1) N L(0, 1), then the general solution of the
Jfractional differential equation D, x(t) = 0 is given by

x() =1t Vet P+ entN T

wherec; €R, i=1,2,...,N.
In view of Lemma 2.3, it follows that

Lemma 2.4. (see [6]) Assume that u € C(0,1)N L(0, 1) with a fractional derivative of order
a>0.Then
I3, Dgx(t) = x(t) + et oot 2+ L+ oyt 2.1)

forsomec;ieR,i=0,1,2,...,N—1.

The following lemma was proved in [10].

Lemma 2.5. Let g : [0,1] — R be a given continuous function. Then a unique solution of
the boundary value problem

Dg.x(t)+g(®) =0, 0<r<1, 2<a<3,
(2.2)
x(0)=x"(0)=x"(1) =0,
is given by
1
x(r) = f G(t,s)g(s)ds, (2.3)
0
where .
— (1 -2 21, ifo<t<s<l,
Gsy=1 1Y (2.4)

B[99 rosssis1,
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It is obvious that
G(t,s)=>0, G(1,s)>G(t,s), 0<t, s<1.

For more details on fractional calculus we refer to [12, 16, 18].

Now we present some results from fixed point theory. Firstly we recall Boyd and
Wong’s lemma, after we give the necessary definitions.

Definition 2.6. Let E be a real Banach space. A nonempty closed set P C E is said to be a
cone provided that

(i) au+bve P forallu,ve P andall a>0, b >0, and
(i1) u, —u € P implies u = 0.

Definition 2.7. Let E be a Banach space and let ' : E — E be a mapping. F is said to be a
nonlinear contraction if there exists a continuous nondecrasing function ¥ : R* — R* such
that ¥(0) = 0 and W(¢) < £ for all £ > 0 with the property:

|Fx—Fyll <¥(lx=yl), VYx,yeE.

Lemma 2.8. (Boyd and Wong) [9]. Let E be a Banach space and let F : E — E be a
nonlinear contraction. Then F has a unique fixed point in E.

Next we recall the following fixed point theorem of Krasnoselskii-Nonlinear Alternative
type, for the sum of a contraction and a completely continuous map due to Ntouyas and
Tsamatos [15].

Lemma 2.9. Let (X,||-||) be a Banach space, By, By be operators from X into X such that
B\ is contraction, and B, is completely continuous. Assume also that

(A) There exist a sphere B(0,r) € X with center 0 and radius r such that for every y €
B(0,r)
r(1=7y) 2 [1B10 - Boyl|.

Then either

(a) the operator equation x = (B + B2)x has a solution with ||x|| < r, or

(b) there exist a point xo € dB(0,r), and A € (0,1) such that xo = 1B (%) + AByxg.

3 Existence and uniqueness of solutions

In this section we give an existence and uniqueness result for the BVP (1.1) by using Boyd
and Wong’s fixed point theorem.

Theorem 3.1. Assume that
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lur — us| Vi —val
H t,uy,vy)— f(t,ur, <h(t +hy(t ,te(0,1), ui,vy,un,
(H) |f(t,u1,v1)— f(t,u2,v2)| 1()H*+|u1—u2| 2()H*+Iv1—vz| 0, 1), uy,vi,uz
va €R, where hy,hy : (0,1) = R*, hy,hy € L1(0, 1) with
% a
H = _r(a)(|h1|L‘+|h2|L‘)-

Then the boundary value problem (1.1) has a unique solution.

Proof. In view of Lemma 2.5 we define the operator F : C'([0,1],R) — C'([0,1],R) by

1
Fu(r) = fG(I,S)f(s,u(S),u'(S))ds, 3.1
0

where G(t, s) is give by (2.4).
Let us consider the Banach space E = C ! ([0,1],R) endowed with the norm,

lully = sup [u(®)]+ sup |u' ()] = llullo + ||’ llo.
1€[0,1] t€[0,1]

Let the continuous nondecreasing function ¥ : R* — R* satisfying W(0) = 0 and ¥(¢) < ¢
for all £ > 0 defined by

_ B¢
W) = TrE VE> 0.
Let u,v € E. Then
h h
| (s, u(s),u’(s)) = f(s,v(5),V/(s))] < %‘P(Ilu —vlh).

‘We remark that

1
t < — t 1
IG(t,9) < F@) Vt,s €[0,1],
oG a—-1
—(t —_ ' 1
‘at(,S) <T@’ t,s€[0,1], t#s,

so that

|Fu(t) — Fy(D)|

IA

! lu(s) —v(s)| |’ (s) = V' ()|
fo G, 9) [h O e o P T e e —v’(s)I]ds

llze —Vlly
H* +lu—vll’

1
m(lhﬂu +1halp1)

' 6G
—(t,
foat( 9

a—1
< m(lhllu +1halr)

and

[(Fu)' (1) = (Fv) ()

IA

() H* +u(s)—v(s)| +h2(S)H* + [ () =V ()]

llee — vl
H* +lu—vl

lu(s) — v(s)| | (s)—V'(s)| ]ds

Then ||Fx— Fy|l; <¥(|lx—yll;) and F is a nonlinear contraction and it has a unique fixed
point in £, by Lemma 2.8. This complete the proof. O
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4 Existence and iteration of two positive solutions

Our aim in this section is to use the monotone iterative technique to study the existence of
two positive solutions of the boundary value problem (1.1).
In the Banach space E = C!([0,1],R) we define the cone P C E by

={ueE u(t) >0}
We will prove the following existence result.

Theorem 4.1. Assume that f :[0,1]XR, XR — R, is a nonnegative continuous function
and there exists a > 0 such that

(S1) f(t,uy,vi) < f(t,ug,vy) forany0<t<1,0<u; <up<a, 0| <l <a;

a—1

(S2) max f(t a,a) < 3 for some constant H| > 3F(a)

(S3) f(t,0,00#0, 0<tr<1.

Then the boundary value problem (1.1) has two positive solutions.

Proof. We define the operator 7 : P — E by

1
Tu(t) = f G(t, $)f (s,u(s),u’ (5))ds, 4.1)
0

where G(t, s) is given by (2.4).

Then, from the definition of 7, it is easy to prove that 7 : P — P. In what follows, we
will prove that T is a completely continuous operator. The continuity of 7 is obvious from
the continuity of the nonlinear function f. Now, it is easy to prove that the operator 7 is
compact, by using the Arzela-Ascoli theorem. Then, T : P— P is a completely continuous,
and each fixed point of T in P is a solution of BVP (1.1).

We denote

P,={ueP; l|ull <a}.

Then, in what follows, we first prove that 7 : Fa — P,. IfueP,, then [lull; < a, we have
0 <u(r) < max |u(r)| < ||lull; <a,
0<r<1
| ()] < max |u' (1)] < [lull < a.
0<i<l1
So by (S1), (S2) we have

0<f(tu(t)u(t))<f(taa)<maxf(taa)< for 0<r<1.

3H*

In fact,
ITull; = max{max |Tu(t)|, max [(Tu) (1)]}.
1€[0,1] 1€[0,1]
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Then we have

1
Tu(r) < fo Gt 5)f s, u(s). 1 (5))ld's

1 a
< = <a,
(@) 3H;
and
: '10G :
I(Tuy ()] < E(t’ $)f(s,u(s),u’(s))|ds
0
a—1 a
< —— ' —<a.
(@) 3H;
Thus, we obtain that
ITully <a,
which proves that T : ﬁa - I_-’a.
Let
(1) ezl a1y o0<r<1
w, = -, ~ ) SIs 13
0 [(@) 3H;

then wo(t) € P,. Let wy = Twy, wy = Twy = T?wy; then denote wyy; = Twy, = T"wy,
n=1,2,.... Since the operator T : P, —» P,, we havew, € TP, C P,, n=1,2,... Since

wi(t) = Twy
- Gl sl
< % : 3H, <wo®, 0<t<1,
and
Wil = 1(Two) ()l
< j(;l ‘aa—f(t, $)f (s, wo(s),wy(s))|ds
< % : 3LHT=|wg)(r)|, 0<r<1,
we obtain [lwilli < llwolli. So
wa () = Twi()) <Two(t) =wi(), 0=t<1,

w5 ()| I(Tw1) (O] < (Two) ()] = Wi, 0<t<1.
Hence, by induction, we have

Wart (D) Swu(), W, @OI<Iw,], 0<t<1, n=12....
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Because the operator 7" is completely continuous, then (wy,), is sequentially compact. Thus,
there exists (wy, )k C (W), such that w, — w* with w* € P,. Since (w,), satisfies the
above mentioned monotonicity, we assert that w,, — w*. Applying the continuity of 7" and
Wit1(8) = Twy(t), we get Tw* = w*. Thus w* is a positive solution of the BVP (1.1).

Let vo(r)=0, 0<r<1,thenvy(r)€P,. Let vy =Tvy, va=Tv; =T%vy; then denote
Vpe1 = Tvy =T"vg, n=1,2,.... Since the operator T : P, — P,, we have v, e TP, C P,,
n=1,2,.... Since T is completely continuous, (v,), is sequentially compact. Since v;(t) =
Tvy(t)=T0€ TP, C P,, we have

vi) = Tvo(®)=T0() >0, 0<t<l1
MOl = [(Tvo) OI=KT0)(1) 20, 0<t<]1.
So
w@ = Tvi)=TO0(@) =vi(), 0<r<]1,
MOl = [(Tv)' OI2T0) ()] =vi(®), 0<t<I1.

By an induction argument similar to the above we obtain
Vet (D 2 v (1), O =V, 0<r<1l,n=12...

Thus, there exists v* € P, such that v, —> v*. Applying the continuity of 7 and v,4{(¥) =
Tv,(t), we get Tv* =v*. Since f(£,0,0) #0, 0 <t <1, by (S3), the zero function is not

solution of the BVP (1.1). Thus v* is a positive solution of BVP (1.1).
It is well known that each fixed point of T is a solution of the BVP (1.1). Hence, we
assert that w* and v* are two positive solutions of the BVP (1.1), and the proof is completed.
O

S Existence of solutions for double perturbed BVPs

In this section we shall prove the existence of solutions of the following double perturbed
fractional boundary value problem

{ —Dg.u(t) = g(t,u(t),u’ (1)) + h(z, u@®),u’' (@), 0<t<l, 2<a<3,

w0)=u'(0)=u'(1)=0. (5.1)

This result extends a result proved in [7].
Let us introduce the following hypotheses:

(H1) The function g: [0,1]XxRXR — R is Carathéodory and there exist py, p» € LY([0,1],R,),
such that
lg(#,u1,v1) — g(t,u2,v2)l < p1(Dluy — uz| + p2(H)lvi — val

for almost each 7 € [0,1] and all u;,vy,uz,v2 €R;

(H2) the function /4 is continuous and there exist a function g € L'([0,1],R,) with q(®) >0
for each ¢ € [0,1] and a continuous nondecreasing function ¢ : Ry — (0, +00) such
that

|h(t,u,v)| < g (Jul + |v])
for each r € [0, 1] and for all u,v € R;
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(H3) Assume that % (Ip1lpr +1p2lp1) < 1, and there exist b > 0 such that
a

s [l wb) +¢°]
1 - (Pl + P2l

1
) with g*zf 2(5,0,0)ds.
0

Now, we present our main result of this section.

Theorem 5.1. Assume that assumptions (H1)-(H3) hold true. Then the perturbed BVP (5.1)
has at least one solutions in C 1([0, 1]1,R).

Proof. In view of Lemma 2.5 we define the operator T : C!([0,1],R) — C([0, 1],R) by
1
Tu(t) = f G(t,s)[g(s,u(s),u’(s)) + h(s,u(s),u’(s)]ds, (5.2)
0
where G(t, s) is given by (2.4).

Consider the Banach space E = C 1([0,1],R) endowed with the norm ||u||; and define
two operator By, By on E by

1

1
Blu(t)=f G(t,5)g(s,u(s),u’(s))ds, Bzu(t):f G(t, $)h(s,u(s),u’(s))ds.
0 0

Let u,v € E and ¢ € [0, 1]; then by (H1) we obtain

1
fo G(t, )|g(s,u(s),u’(5)) — g(s,v(s),V'(s))lds

[Biu(t) — Biv(t)| <
1
@ (1l +Ip2lp) =V,
and
’ 7 1 aG ’ /7
(Biu) (1) = (Byv) (1)] < fo = (69)]g(s,u(), /() = g5, v(5), V' ()| s
-1
< %uplm+|pz|u)||u—v||1.

Then by (H3) we obtain

a
Biu—-B < —V||1, with =— + <1.
IBiu—Bivlli < nllu—vili, w n @) (Ip1lpr +1p2lpr)

1. e. By is a contraction.
Now, for proving that B; is continuous, let x,, x € E with x,, — x, that is

Ye>0, dng e N*, (n>ng = ||lx,— x| <é&).
For each ¢ € [0, 1], we have

1

|B2xn(1) = Bax(1)] < @

1
fo 1h(s, Xn(5), (x,) (5)) = h(s, x(5), X" ($))lds,
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[(B2x,)' (1) = (B2x)' (1) < f (s, x,(5), (x,) () = h(s, x(5), X' (5))Ids.

1“()

Thus we have

1B22x (1) = Bax(D)l < mf 1A(s, xa(s), (xXn) (5)) = h(s, x(5), " ()llods.
Since the convergence of a sequence implies its boundedness, then there exist a number
k > 0 such that

llxalli <k, llxlly <k, ¥Yre[0,1]

and thus £ is uniformly continuous on the compact set {(¢,x) € R* xR, ¢ € [0,1], ||x|l; <k}.
Thus ||Bx, — Bax||i <&, ¥Yn>ng. Then B; is continuous.

For proving that B; is totally bounded, we consider the closed ball C = {x € E;||x||; <R},
and by (H2) we prove that B,(C) is relatively compact in E. We have

|B2x(1)] <

A

f |h(s, x(s),x" (s)lds < ﬁ@-’/(R)Iqlu

f (s, (). (5))lds < mwm»qm,

F( )
[(B2x)' (1)

IA

1"()

and thus ||Bax]|; < mw(R)qu 1. Then By(C) is uniformly bounded. Also we have

|B2x(12) — Bax(t))

IA

1
'J/(R)j(; lg(IG(12,5) = G(11, 9)lds,

oG oG
[(B2x)' (12) = (B2x)' (11)] =5 1228~ - (h,5)/ds.

IA

1
lﬁ(R)fO lg(s)l

Then B»(C) is equicontinuous because the right-hand side tends to O as #; — . By the
Arzeld-Ascoli Theorem, the mapping B, is completely continuous on E.

Now, let b being defined in (H3), and we consider the sphere B(0,b). For x € B(0,b),
we have

I1B10+ Baully = sup |B10+ Baul+ sup [(B10)" —(Bau)'|.
1€[0,1] 1€[0,1]

Then
|B10+ Bou| < @ )[f lg(s,0, 0)|ds+|Q|L”70(”u(S)”1)]<%[8 +lglpyd)],
1
I(B10) = (Bau)'| < e )[f lg(s,0, O)IdS+Iq|L'¢(IIM(S)II1)] < ﬁ[g +lqlp g (b))

and consequently

I1BiO+ Boull; < ﬁ[g +lglpy(b)] <b[1 —mﬂpﬂu +|P2|Ll)}
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Therefore the assumptions of Lemma 2.9 are satisfied and a direct application of it
yields that either the conclusion (a) or the conclusion (b) holds. We show that the conclusion
(b) is not possible.

By contradiction, we assume that there exist A € (0,1) and u € dB(0,b), with

1w =B, (%) +ABou.

Then we have

lua(2)]

1 1
1 f G(t,s)g( ”(;) ”(s))d + 1 f G(t, )h(s, u(s), u'(s))ds

f G, s>(|p1<s>| ‘ ()’Jrlpz( .|

“ fo G(t, (sl )ds

IA

1
Dds + /lf G(t,5)g(s,0,0)ds
0

IA

1
@ [Pl +1p2lp) ey + gl (D) + 8]

and

l 1
W (0 fo P 1, 905,10, 1D f % (1, )hts,u(s), 0 ()

] 1
u(s) () 9G
bl fo E(r,s)(lpl(sn-‘7|+|pz(s>|- > Ddsm fo 7 (1:)8(5,0,0)ds

1'6G
W f )l )ds
0 t

-1
D Ul + ool +lgl o b) +&°1.
(@)

IA

a *
Thus [lull; < ) [(p1ler +1p2lp) lull +1gl1¥(b) + g7]. Hence

oy gl v (D) + g7
1= (ptlp +p2lp)

b=llull; <

This contradicting the condition in (H3). We conclude that the second alternative of Lemma
2.9 is not valid. Then we conclude that assertion (a) is satisfied. Then the double perturbed

BVP (5.1) has at least one solutions in C'([0, 1], R). O
6 Examples
Example 6.1. Consider the following fractional BVP
1 1 !
5/2u(t)  |u@)] N @I i1 0<i<l,
1+ H*+u()| (+1t) H*+|uw' ()l (6.1)

u(0) = u'(0) = u'(1) = 0.
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5 , 1 |u(1)] 1 |’ (2)]
ere @= 5 JOu) = s ol T A0 H 0]
201n?2
Clearly H* = —— we have:
Y 3V T (1+1)
) , H* ||ul =l Hluw'| =]V
| (t,M,M)— (t,V,V)| S h (t) +h (t)
/ / O @+ O @ @ )
H*|lu—v| H* ' —V'|
< @) + ha ()
(H*)? + H*(|ul + [v]) (H*)? + H*(lu’'| + v'])
| — v [u" =]
< mi—"1 =t
- 1()H*+|u—v|+ S

Thus, by Theorem 3.1, the boundary value problem (6.1) has a unique solution.
Example 6.2. We consider the following BVP

u(t) u' (1)
4 6
u0)=u'0)=u'1)=0.

DYl u(t) =1+ —= . 0<t<l,

(6.2)

o) , @)
4 6 i 5
Choose a = 2, and H* = 1. Then H* =1 > —— = —. Also, f(t,u,v) satisfies:
I'l@) +n
(D) f@u,v)) < f(tbug,vy) forany 0<r<1, 0<u; <u; <2, 0<|v| <l <25
2) max f(t,2,2) <2;

0<t<

3) f(t,0,0)iO, 0<t<1

5
Here a = 7 and f(t,u,v) = £+

So, by Theorem 4.1, the BVP (6.2) has two positive solutions.

Example 6.3. We consider the following double perturbed BVP for fractional differential
equations with first-order dependence derivative

o (0 + w0
Put) =2 (u@)) + 1’ @) + ( 1+ [u(t) + ' (1))

uw0)=u'0)=u'1)=0.

, O<r<l,
) (6.3)

Here
lu(?) + v(1)| )

5 ERPCY B e ARG AN
gtu,v) =" (u@|+ @D,  h(t,u,v)=t (1+|u(t)+V(t)| ‘

It is clear that (H1), (H2) are satisfied with p;(f) = p»(t) =12, q(¢) = and Y(&) = ff E=

|u(t)| + o’ (t)|. Finally there exists b = 2 > 0 that (H3) is satisfied. Then by Theorem 5.1 the
double perturbed BVP (6.3) has at least one solutions in C 1([0,11,R).



BVP for a class of fractional differential equations 27

References

[1]

(2]

[5]

[6]

[7]

[8]

[10]

[11]

[12]

[13]

[14]

R. P. Agarwal, M. Benchohra and S. Hamani, Boundary value problems for fractional
differential equations, Georgian Math. J. 16 (2009), 401-411.

R. P. Agarwal and B. Ahmad, Existence of solutions for impulsive anti-periodic
boundary value problems of fractional semilinear evolution equations, Dyn. Contin.
Discrete Impuls. Syst., Ser. A, Math. Anal. 18 (2011), 457-470.

B. Ahmad and S. Sivasundaram, Existence and uniqueness results for nonlinear
boundary value problems of fractional differential equations with separated bound-
ary conditions, Commun. Appl. Anal. 13 (2009), 121-228.

B. Ahmad and J.J. Nieto, Existence of solutions for nonlocal boundary value problems
of higher order nonlinear fractional differential equations, Abstr. Appl. Anal. 2009, Art.
ID 494720, 9 pp.

Z. Bai, On positive solutions of a nonlocal fractional boundary value problem, Non-
linear Anal. 72 (2010), 916-924.

Z. Bai and H. Lii, Positive solutions for boundary value problem of nonlinear frac-
tional differential equation, J. Math. Anal. Appl. 311 (2005), 495-505.

M. Benchohra, S. Djebali and T. Moussaoui, Boundary value problems for doubly
perturbed first order ordinary differential systems, Electron. J. Differ. Equ., Vol. 2006
(2006), No. 11, pp. 1-10.

M. Benchohra, S. Hamani and S.K. Ntouyas, Boundary value problems for differential
equations with fractional order and nonlocal conditions, Nonlinear Anal. 71 (2009),
2391-2396.

D.W. Boyd and J.S.W. Wong, On nonlinear contractions, Proc. Amer. Math. Soc. 20
(1969), 458-464.

M. El-Shahed, Positive solution for boundary value problems of nonlinear fractional
differential equation, Abstr. Appl. Anal., vol (2007), Article ID 10368, 8 pages.

S. Hamani, M. Benchohra and J. R. Graef, Existence results for boundary value prob-
lems with nonlinear fractional inclusions and integral conditions, Electron. J. Differ.
Equ. Vol. 2010 (2010), No. 20, pp. 1-16.

A A. Kilbas, H.M. Srivastava and J.J. Trujillo, Theory and Applications of Fractional
Differential Equations, North-Holland Mathematics Studies, 204, Elsevier Science
B.V., Amsterdam, 2006.

N. Kosmatov, A singular boundary value problem for nonlinear differential equations
of fractional order, J. Appl. Math. Comput. 29 (2009), 125-135.

T. Moussaoui and S.K. Ntouyas, Existence and uniqueness of solutions of a boundary
value problem of fractional order, Commun. Math. Anal. 12 (2012), 64-75.



28 D. Foukrach, T. Moussaoui and S. K. Ntouyas

[15] S.K. Ntouyas and P. Ch. Tsamatos, A Fixed point theorem of Krasonoselskii Nonlin-
ear alternative type with applications to functional integral equation, Diff. Egn. Dyn.
Syst. 7 (1999), 139-146.

[16] 1. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

[17] J. Sabatier, O.P. Agrawal and J.A.T. Machado (Eds.), Advances in Fractional Cal-
culus: Theoretical Developments and Applications in Physics and Engineering,
Springer, Dordrecht, 2007.

[18] S.G. Samko, A.A. Kilbas and O.I. Marichev, Fractional Integrals and Derivatives,
Theory and Applications, Gordon and Breach, Yverdon, 1993.

[19] S. Stanek, The existence of positive solutions of singular fractional boundary value
problems, Comput. Math. Appl. 62 (2011), 1379-1388.

[20] S. Zhang, Positive solutions to singular boundary value problem for nonlinear frac-
tional differential equation, Comput. Math. Appl. 59 (2010), 1300-1309.



