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Abstract

Observing that the logarithm of a product of two elliptic operators differs from the
sum of the logarithms by a finite sum of operator brackets, we infer that regularised
traces of this difference are local as finite sums of noncommutative residues. From an
explicit local formula for such regularised traces, we derive an explicit local formula
for the multiplicative anomaly of {-determinants which sheds light on its locality and
yields back previously known results.
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1 Introduction
The determinant on the linear group GI(C") reads
detA = etr(logA)

where tr is the matrix trace and log is the multivalued inverse map of the exponential map-
ping exp : gl(C") — GI(C") on the Lie algebra of nx n matrices with complex coefficients.
When the logarithm is defined by a Cauchy integral along a contour around a given spectral
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cut of the matrix, the determinant is independent of the choice of spectral cut [14]. It is
moreover multiplicative as a result of the Campbell-Hausdorff formula and the cyclicity of
the trace, namely:

det(AB) = etr(logAB) _ etr(logA+logB) = detA detB.
In contrast, the /-determinant
det;(A) = e

is not multiplicative. Here A is an admissible elliptic classical pseudodifferential operator
(with appropriate spectral cut) acting on sections of a vector bundle E over a closed n-
dimensional manifold M and {4 (s) is the zeta function associated with A, which corresponds
to the unique meromorphic extension of the map s — Tr(A™*) given by the L>-trace of A™*
defined on the domain of holomorphicity Re(as) > n where a is the order of A. It presents a
multiplicative anomaly

det;(AB)

" det(A)det,(B)
studied independently by Okikiolu in [22] and by Kontsevich and Vishik in [15].

The multiplicative anomaly of {-determinants was expressed in terms of noncommuta-
tive residues of classical pseudodifferential operators in the following situations:

M (A,B)

e by Wodzicki [34] (see also [16] for a review) for positive definite commuting elliptic
differential operators,

o by Friedlander [8] for positive definite elliptic pseudodifferential operators,
e by Okikiolu [22] for operators with scalar leading symbols,

e by Kontsevich and Vishik [15] for operators sufficiently close to self-adjoint positive
pseudodifferential operators.

e The multiplicative anomaly was further studied by Ducourtioux [4] in the context of
weighted determinants also discussed in this paper.

The noncommutative residue (see formula (2.7)) introduced independently by Guillemin
[10] and Wodzicki [34], which defines a trace on the algebra C£(M, E) of classical pseudod-
ifferential operators acting on smooth sections of the vector bundle E, is local in so far as it
is the integral over M of a local residue res,(A) which only depends on a finite number of
homogeneous components of the symbol of the operator A. Consequently, the multiplica-
tive anomaly is local.

Locality of the multiplicative anomaly for {-determinants relates to the locality of reg-
ularised traces' of the difference

L(A,B) :=log(AB)—logA —log B,

IRegularised traces are linear extensions to the algebra C£(M, E) of the ordinary L2-trace on smoothing
operators, which are non tracial since the L?-trace does not extend to a trace on the algebra C£(M, E).
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on which we focus in this paper, investigating their local feature which follows from the
vanishing of the residue of L(A, B).
To see these links, one first observes that regularised traces of L(A, B) correspond to the
multiplicative anomaly of another type of regularised determinants, namely weighted de-
terminants (see [4])

det2(A) = ¢"C00e ),

defined via a regularised trace tr (see Definition 4.6) which uses the regulator Q, called
a weight 2. They differ from £-determinants by a local expression involving the Wodzicki
residue, as can explicitly be seen from the relation (see [4] Proposition II1.1.7):

detg(A) _ e—zflares[(logA—g log Q)z]

det2(A) '
where a is the order of A, g the order of Q. Consequently, the multiplicative anomaly for
{-determinants differs from the multiplicative anomaly for weighted determinants by a local
expression so that log M(A, B) - tr2 (L(A, B)) is local.

On the other hand, one infers the locality of regularised traces tré(L(A, B)) of L(A, B)
from the vanishing of the noncommutative residue of L(A, B) (see (6.1)), a property shown
in [29] which implies the multiplicativity of the residue determinant. Indeed, since all
traces on the algebra of classical pseudodifferential operators on a closed connected man-
ifold of dimension larger than one are proportional to the noncommutative residue [34], it
follows that L(A, B) is a finite sum of commutators of classical pseudodifferential opera-
tors. Combining this with the expression of regularised traces of brackets in terms on the
noncommutative residue (see (4.9)), yields the locality of regularised traces tr®(L(A, B)) as
finite sums of noncommutative residues.

Explicitly, in Theorem 6.2 we show that for two admissible elliptic operators A, B with
positive orders a and b, such that the product AB is also admissible, there is an operator
W(t)(A,B) := 4 L(A’,A"B) depending continuously on 7 such that (see (6.3))

dt|1=0
1 T
0g(A"B) logQ))dT‘
at+b q

1
trQ(L(A,B)):f res(W(T)(A,B)( (1.1
0

The multiplicative anomaly for weighted determinants derived in Proposition 7.3 fol-
lows in a straightforward manner. From (1.1), in Theorem 7.6 we then derive an explicit
local formula for the multiplicative anomaly for operators A and B with positive orders a
and b (see equation (7.4)):

! log(A"B) logB
log M(A,B) = j; res(W(T)(A,B)(O§T+ - Oi ))dT

. L(A,B)logB 10og’AB log’A log’B
res - - -
b 2(a+b) 2a 2b

and similarly with the roles of A and B interchanged. When the operators A and B commute,
L(A, B) vanishes and formula (1.2) yields back Wodzicki’s formula:

log’AB N log’A  log? B)

(1.2)

log M(A, B) = —
g Mc(A.B) reS(Z(a+b) 2a T 2b

2 A weight is any admissible elliptic operator in C£(M, E) with positive order.
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The r.h.s in the first line of (1.2) comes from a regularised trace trB(L(A, B)) described
in (1.1) with weight Q = B. The r.h.s in the second line of (1.2), which corresponds to
log M/(A,B)— tr¢ (L(A, B)), arises from a combination of two types of local terms; (i) local
residues resx(longB), resx(long) and res x(logz B) arising in formula (7.3) for the zeta
determinants established in [24]; (ii) the local residue res,(L(A, B) log B) arising in a “defect
formula” for regularised traces (4.6) also established in [24], applied here to the regularised
trace tr®(L(A, B)) with regulator B. Since the operator

L(A,B)logB 1log’AB log’A log’B
b 2(a+b) 2a 2b

turns out to be classical (see Lemma 7.5), combining these local residues yields a well-
defined noncommutative residue.

Our approach to the multiplicative anomaly of /-determinants is inspired by Okikiolu’s
in [22]. Before actually computing the multiplicative anomaly, she first showed in [21] that
for operators A and B with scalar leading symbols,

L(A,B) ~ Z Cc®(logA,log B),
k=2

i.e. that L(A, B)— ZZ;% C®(logA,log B) is of order < —n, thus generalising the usual Campbell-
Hausdorft formula to classical pseudodifferential operators with scalar leading symbols.
Here C®(log A,log B) are Lie monomials given by iterated brackets>.

Under the assumption that the operators have scalar leading symbols, the iterated brack-
ets arising in the Campbell-Hausdorff formula have decreasing order, allowing to implement
ordinary traces after a certain order. In our more general situation, the leading symbols are
not necessarily scalar and the iterated brackets arising in the Campbell-Hausdorft formula
hence do not a priori have decreasing order which is why we use regularised traces instead
of the ordinary trace and study regularised traces of L(A, B). Okikiolu’s proof in the case
of operators with scalar leading symbols is largely based on the observation that the trace
of the operator L(A, B) — ZZZ; C®(logA,log B) only depends on the first n positively ho-
mogeneous components of A and B where #n is the dimension of the underlying manifold
M; this allows her to work with a finite dimensional space of formal symbols. Interest-
ingly, in our more general situation regularised traces of L(A, B) still only depend on the
first n positively homogeneous components of A and B. Precisely, given a weight Q and
two admissible operators A and B in C{(M, E) with non negative orders, we show that (see
Theorem 5.3)

d d
Z i@ - 249 —
dttr (L(A(1 +1S),B) = dttr (L(A,B(1+15)) =0, (1.3)

3Their precise definition is:

1S (=1t (Adp)?1(Adp)P! -+ (Adp)¥i(Adp)P ! O
w2 2. :

e J . apl-ajl Bl B!
=1 Y ai+Bi=k, ;B0

cOPQ) =

with the following notational convention: (Adp)%(Adp)’i~!' Q = (Adp)®~! P if B; = 0 in which case this
vanishes if a;; > 1.
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for any operator S in C{(M, E) of order < —n.

The proofs of Theorem 5.3 and Theorem 6.2 both use the fact that differentiation in # com-
mutes with regularised traces on differentiable families of constant order, a fact we prove in
Proposition 4.8.

To conclude, this approach sheds light on the locality of multiplicative anomalies for
regularised determinants (weighted determinants on the one hand and {-determinants on
the other) in so far that it relates it to the cyclicity of the noncommutative residue and hence
to the multiplicativity of the residue determinant via the locality of regularised traces of
L(A, B), which are interesting in their own right.

2 The noncommutative residue

We recall a few basic definitions concerning classical pseudodifferential operators on closed
manifolds, set some notations and define the noncommutative residue introduced by Wodz-
icki in [33, 34].

Let U be an open subset of R"”. Given a € C, the space of symbols S%(U) consists of
functions o(x,£&) in C*(U X R") such that for any compact subset K of U and any two mul-
tiindices a = (ay, - ,a,) € N", 8= (B1,---,B,) € N" there exists a constant Ck,p satisfying
for all (x,&) € KXR”

05000 (6,8)| < Crap(1 +1ED P, @1
where Re(a) is the real part of a and |8| =81 + -+ + Bn.

If Re(a;) < Re(ap), then S“(U) c S*2(U).

The product x on symbols is defined as follows: if o1 € S (U) and o € S“2(U),

iyl
( ;)‘ 801 (5, E)L02(x,€) 2.2)

TixoAXE~ )

aeN"

i.e. for any integer N > 1 we have

—p)ll
( Ci)‘ 6?0‘1(X,§)6z0'2(x,§) € Sa1+a2—N(U)‘

Tix (%)= Y
la|l<N
In particular, o x 0 € S4+2(U).
We denote by S™(U) := NecS“U) the algebra of smoothing symbols on U, by
S(U) := {Usec S*(U)) the algebra generated by all symbols on U.
A symbol o in §%(U) is called classical of complex order a if there is a smooth cut-off
function y € C*(R") which vanishes for |£] < % and such that y(¢) = 1 for |£] > 1 such that

T(5E) ~ D XE) T j(5,) (2.3)

j=0
i.e. if for any integer N > 1, we have

N-1
T8 =0 = Y x(E)oa-j(x,6) €SN, (24)
-

J
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where o,_(x,&) is a positively homogeneous function on U X R" of degree a — j, i.e.
Ta j(X, 1) = 1oy j(x,€) for all t € RY.

Let CS%(U) denote the subset of classical symbols of order a. The symbol product of
two classical symbols is a classical symbol and we denote by

CS(U) = <U CS”(U)>

acC

the algebra generated by all classical symbols on U.

The noncommutative residue of a symbol o € CS (U) at a point x in U is defined by

esi@)i= [ @), dse 5)

X

where STU C T U is the cotangent unit sphere at the point x in U, dsé = #dgéf is the
normalised volume measure on the sphere induced by the canonical volume measure on R"
and where as before, (-)_, denotes the positively homogeneous component of degree —n of
the symbol.

Given a symbol o in S (U), we can associate to it the continuous operator
Op(o): CX(U) - C™(U)

defined for u € C;°(U)- the space of smooth compactly supported functions on U— by
Oper 0= [ otnement

where d¢ := =L d¢& with d¢ the ordinary Lebesgue measure on 75 M ~ R”" and u(¢) is the
) ry g x

Fourier transform of u. Since
(Op(@u)x) = f f I E G (x, Euly)dEdy,

Op(0) is an operator with Schwartz kernel given by k(x,y) = f elx)€ o(x,&)dé, which is
smooth off the diagonal.

A pseudodifferential operator A on U is an operator which can be written in the form
A = Op(o)+ R where o is a symbol in S (U) with compact support in the variable x, and
where R is a smoothing operator i.e. R has a smooth kernel. Its symbol o4 ~ o is defined
modulo smoothing symbols. If o is a classical symbol of order a, then A is called a classical
pseudodifferential operator of order a. The composition of two classical operators A; and
A, with symbols o4, and o4, and orders a; and a; respectively, is a classical operator A1A,
of order a; + a; with symbol 4,4, ~ 04, * T 4,.

More generally, let M be a smooth closed manifold of dimensionnand 7: E - M a
smooth finite rank vector bundle over M modelled on a linear space V.
An operator A : C*(M,E) —» C*(M,E) is a (resp. classical) pseudodifferential operator of
order a if given a local trivialising chart (V,¢) on M, for any localisation

Ay = xiAx, : C2(V) - C2(V)



34 M. F. Ouedraogo and S. Paycha

of A where Xﬁ', € C°(V), the operator ¢.(A,) := #A,¢~! from the space C2(¢(V)) into
C=(#(V)) is a (resp. classical) pseudodifferential operator of order a.

Let C£4(M, E) denote the set of classical pseudodifferential operators of order a.

If Ay € C¢“(M,E),A; € Ct*2(M,E), then the product A1A; lies in C£4*2(M,E) and we
denote by

CUM,E) = <U (M, E)>

aeC

the algebra generated by all classical pseudodifferential operators acting on smooth sections
of E. Let us also introduce the algebra

Cl(M,E) := ﬂ Ct(M,E)
acR

of smoothing operators.
The noncommutative residue is a linear form on C£(M, E) built from the noncommuta-
tive residue density at a point x in M defined (with the notation of (2.5)) by

Wres(A)(x) :=resy(04) dx;  with  res,(04) := f try ((0a(x,8))_,) dsé. (2.6)
M

X

This turns out to be a globally defined density on the manifold and gives rise to the non-
commutative residue of an operator A € C{(M, E) (see [33, 34] and [10])

res(A) := Lwres(A)(x) = L (fs*MtrX((O-A(x’f))_") d‘f) dx. 2.7

x

The noncommutative residue vanishes on operators of order < —n and is local in the sense
that it only depends on a finite number of positively homogeneous components of the sym-
bol of the operator.

It was proved by Wodzicki [34] (see also [17], [11], [27])*, that when the manifold M is
connected and has dimension larger than one, any trace on the algebra C{(M, E) i.e., any
linear form which vanishes on operator brackets, is proportional to the noncommutative
residue. Consequently (see e.g. [17])

YA e COM,E) (res(A)=0= A€ [ClM,E),C{(M,E)]). (2.8)

We shall henceforth assume that the manifold M is connected and has dimension larger
than 1.

4The uniqueness was proved in Wodzicki’s thesis written in Russian but the main ideas of the proof can be
found in [17]. Guillemin further studied the uniqueness of the noncommutative residue in a broader context in
[11]. An alternative proof of the uniqueness can be found in [27], which also encompasses the one dimensional
case. It uses arguments similar in spirit to those underlying the proof in the boundary case carried out in [7]
and those underlying the proof of the uniqueness of the canonical trace on non integer operators carried out in
[20].
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3 Logarithms of operators: log(AB) —logA —log B

We review the construction and properties of logarithms of elliptic operators and prove (see
Proposition 3.9) that the expression log(AB) —logA —log B is a finite sum of commutators
of zero order classical pseudodifferential operators.

An operator A € C{(M, E) has principal angle 6 if for every (x,&) € T*M \ M x {0}, the
leading symbol (o4 (x, f))L has no eigenvalue on the ray Ly = {re?®, r > 0}; in that case A is
elliptic.

Definition 3.1. We call an operator A € C{(M, E) admissible with spectral cut 6 if A has
principal angle 6 and the spectrum of A does not meet Ly = {re’?, 7 > 0}. In particular such
an operator is invertible and elliptic. Since the spectrum of A does not meet Ly, 6 is called
an Agmon angle of A.

Remark 3.2. In applications, an invertible operator A is often obtained from an essen-
tially self-adjoint elliptic operator B € C{(M, E) by setting A = B + mp using the orthog-
onal projection mp onto the kernel Ker(B) of B corresponding to the orthogonal splitting
L*(M,E) = Ker(B)®R(B) where R(B) is the (closed) range of B. Here L>(M, E) denotes the
closure of C*°(M, E) with respect to a Hermitian structure on £ combined with a Rieman-
nian structure on M.

Let A € C4(M, E) be admissible with spectral cut 8 and positive order a. For Re(z) <0,
the complex power Aj of A is defined by the Cauchy integral [30]

i
A= — 2(A— Q)" 1
5= 5 rrﬁ/lg( D7 lda, 3.1)

where A, = |A[Fe’2@e with 6 < argd < 6+ 27

Here
[ro=T,,UT7,UT), (3.2)
where
Ty=lpe’,0>p>r},
2, = (e 00> p 2 1),
and

Fie ={re",0-2nr<1<6}

is a contour oriented clockwise along the ray Ly around the non zero spectrum of A. The
positive real number r is chosen small enough for the ball B(0,r) centered at zero with
radius 7 not to intersect the spectrum of A i.e., B(0,r)NS p(A) = 0.

The operator Aj is a classical pseudodifferential operator of order az with homogeneous
components of the symbol of Aj given by

i

Taz-j(Ag)(x,€) = o

f by j(x,€,2)dA.

rrﬂ
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Note that the components b_,_; are the positive homogeneous components of the resolvent
(A-AD7'in (f,/l%). In particular, its leading symbol is given by

(04:(0) " = ((Gae DY,

and hence A}, is elliptic.

The definition of complex powers can be extended to the whole complex plane by setting
Aj = AkAg‘k for k € N and Re(z) < k; this definition is independent of the choice of k in N
and preserves the usual properties, i.e. Aj A% = A7"2, Aé = A/, for j € Z. In particular, for
j =0, we have Ag =1

Remark 3.3. For a real number ¢, A and A} have spectral cuts 6 and #6; for ¢ close to one,

(A)), = (A)); and hence, (A})’,) = A7 so that

logy(A") = 0,(AL)%

8ol = (9Z(A;Z)|Z=0 = tlogyA.

The complex powers of operators depend on the choice of spectral cut, namely we have

Proposition 3.4. [32, 35, 26] Let 6 and ¢ be two spectral cuts for an admissible operator
A in C€(M, E) such that 0 < 0 < ¢ < 8+ 2n. The complex powers for these two spectral cuts
are related by ‘

Ai— AL = (1-67) Ty 4(A)AS, (3.3)

where the sectorial projection of the operator A (see Section 3 in [26] and references
therein) is defined by

1
Iy p(A) =A (—. f Ata-p™! d/l]
2l7T Fr,e,¢
where the contour .
1—‘r,q&ﬁ = r‘i’g U {reﬂ,e <t< ¢} UFi’qj

(with Fi’ 4 defined as above replacing 6 by ¢) corresponds to the boundary of the set
Argg = [pe',co>p>r, O<t<¢). (3.4)

Remark 3.5. Formula (3.3) generalises to spectral cuts 6 and ¢ such that 0 < 6 < ¢ + 2kn <
6+ (2k + 1)rr for some non negative integer k by

A5 — AL = 8 L+ (1= 7Y Ty 4 (A)A, (3.5)

If the set A, g4 defined by (3.4) delimited by the angles 6 and ¢ does not intersect the
spectrum of the leading symbol of A, it only contains a finite number of eigenvalues of
A and Iy 4(A) is a finite rank projection and hence a smoothing operator. In general (see
Propositions 3.1 and 3.2 in [26]), I1g 4(A), which is a pseudodifferential projection, is a zero
order operator with leading symbol given by 7T9,¢(O'L(A)) defined similarly to Iy 4 replacing
A by the leading symbol o-ﬁ of A so that:

1
L Ly._ L -1, L -1
THigga) = To6(T4) =0 (Zinfr Aoy =) d/l],
0.0
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where we have set o’é(x,é—') = (op(x, §))L forany (x,&) e T*M\ M x {0} and any B € C{(M, E).

Let us now define the logarithm of an admissible operator A in C{(M, E) of positive
order a and with spectral cut 6. There are various ways of doing so, one of which is to first
define log,(A)A~! as the bounded operator on any H*-closure H*(M,E), s € R of the space
C*™(M, E) of smooth sections of E (see e.g. [10]) by:

1
logy(A)A™ = — f logg() A (A-A)"tda,
27 Jr,,

where the contour I',.¢ is defined in (3.1), and then to set:

logy(A) = (logy(A)A™") A.

Since the complex powers of the admissible operator A give rise to a holomorphic family
(Ag)RC(Z)< 0 of bounded operators on H*(M, E), we have logaAA‘1 = (6ZA§)Z:_ e where the
differentiation takes place in the algebra B(H*(M, E)) of bounded operators on H*(M, E).
Consequently, for any « in the domain of A we have

logy A(u) = (logy(A) A~ A)(u) = ((aZAg) » A)(u) = ((azAg)Z:O)(u).

7=

By construction, log,A is a bounded linear operator from H*(M,E) to H*"“(M,E). Alter-
natively, for any positive €, we observe that the map z +— A of order a(z - €) defines a
holomorphic function on the half plane Re(z) < € with values in 8(H*(M, E)) for any real
number s and we set:

logyA = A7 (9:(A57))_, =45 (@(é fr Hag—f A=) cm))l : (3.6)
r =0

For any positive € the operator log,(A)A™¢ = A7 log,(A) lies in B(H*(M, E)) for any real
number s. It follows that log, A, which is clearly independent of the choice of € > 0, defines
a bounded linear operator from H*(M, E) to H*"“¢(M, E) for any positive €.
The operator logy A actually defines a pseudodifferential operator on C*(M, E), whose or-
der is smaller than any positive number. It is not anymore classical, as we shall see below.

Just as complex powers, the logarithm depends on the choice of spectral cut [21]. In-
deed, differentiating (3.3) with respect to z at z = 0 yields for spectral cuts 6,¢ such that
0 <0< ¢ <2 (compare with formula (1.4) in [21]):

logyA— log¢A = =2inllg 4(A). 3.7

Formula (3.7) generalises to spectral cuts 8 and ¢ such that 0 < 6 < ¢ + 2kn < (2k + 1)r for
some non negative integer k by

log,A— log¢A = 2ikm ] —2inlls 4(A). (3.8)

As aresult of the above discussion and as already observed in [21], when the leading symbol
0'£ has no eigenvalue inside the set A, 4 delimited by I',.g 4 then Iy 4 which is a finite rank
projection, is smoothing.

Logarithms of classical pseudodifferential operators are not classical since their sym-
bols involve a logarithmic term log|é| as the following elementary result shows (see also
Lemma 2.4 in [21]).
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Proposition 3.6. Let A € C{(M, E) be an admissible operator with spectral cut 0. In a local
trivialisation, the symbol of log,(A) reads:

Tlog,4)(X, &) = alog [E]] + o7 (x,€) (3.9)

where a denotes the order of A and 0"8 a symbol of order zero.
Moreover, the leading symbol of 0'8 is given by

(o) (x, &) = log, (aj (x, é)) Y(x,&) € T*M\ M x{0). (3.10)

In particular, if o has scalar leading symbol then so have 0"3 and o, 44 for any other
spectral cut ¢.

Proof. To simplify notation we drop the explicit mention of the spectral cut 8. Given a
local trivialisation over some local chart, the symbol of Aj has the formal expansion o ~

2j20 bifz)_j where a is the order of A and bifz)_j is a positively homogeneous function of

degree az— j. Since loggA =A (6ZA§_1) , we have
=0

l-

Tlogyd ~ TAX T (g.451)
z=0

Suppose that & # 0; using the positive homogeneity of the components, we have:
b(Z_l) ( )_l |aZ—a—jb(Z—1) i
az—a—j X&) =& az—a—j X |€;|
and hence

O:bg_,)- (x.6) = aloglellél™ b ) (x, é) L (x, é) :

It follows that

z- - as o 3
( . biz_l(}_j(x,g))lz:o = alog|¢| b o+ (azbiz—la)—j (x’ |§_|))|ZO'

Hence (aZAé_l)l-:o has symbol (6Zb(1‘1)(x,§)) . of the form a log|&| 041 (x,€) +Ta(x, &) with

l2=

74 a classical symbol of order —a whose homogeneous component of degree —a — j reads:

i - 3
(TA)—aej(x,6) = €] (azbiz—z)—j (x, E))Izo i

Thus the operator log, A = A (ﬁzAé_l)
where

| has a symbol of the form a log|£|+ oo(logy A)(x, &),
z=0

s _)lal
o005 AN~ 3 3 O ot B () (50
k=0 i+ j+|al=k )
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is a classical symbol of order zero. Its leading symbol reads

ok(x,8)1e (azb‘ai‘f;(x, é))m

f z-1
o)
6 |z:0
log, 0'5 (x, |—§|)

for any (x,&) in T*M \ M x {0}. O

o5 (loggA)(x,£)

This motivates the introduction of log-polyhomogeneous symbols (see e.g. [17]), to
which the local noncommutative residue easily extends.

Definition 3.7. A symbol o € S(U) is called log-polyhomogeneous of order a and type k
for some non negative integer k if there is some smooth function y on R" which vanishes
around zero and is identically one outside the unit ball, such that

o(x,&) ~ ZX(f) (O'(X’f))a—j

J=0

where for any non negative integer j,

k
(406 ) = D (Ca(ED, i (x.€) loglel V(x,8) e T U,
=0
with o7y_j;, 1 =0,---, k are positively homogeneous of degree a — j.
The local noncommutative residue at a point x in U defined in (2.5) extends to log-polyhomogeneous
symbols by:

resx(O')::f (o(x,8)_, dsé. (3.11)
StU

Powers of the logarithm of a given admissible operator combined with all classical
pseudodifferential operators generate the algebra of log-polyhomogenous operators [17].

A log-polyhomogenous operator A of type k is a pseudodifferential operator whose lo-
cal symbol o 4(x,£) in any local trivialisation asymptotically is log-polyhomogeneous of
type k.
Let us denote the set of such operators by C£“K(M, E) and its union over all non negative
integers k by C¢**(M,E) = UZO:OCf“’k(M, E). In particular, a classical pseudodifferential op-
erator is a log-polyhomogeneous operator of log-type 0 and C£“°(M, E) = C¢“(M, E). The
product of a log-polyhomogeneous operator of type k and a log-polyhomogeneous operator
of type [ is log-polyhomogeneous operator of type k+! so that, following [17], we can build
the algebra C{**(M, E) = (Ugec kez., Ct“k(M, E)) generated by all log-polyhomogeneous op-
erators.
For an operator A in C£**(M, E), one can define the local noncommutative residue at a point
x in M similarly to the case of classical operators by:

res, ()= [ wnoax). dsé
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However, unlike Lesch’s extended noncommutative residue on log-polyhomogeneous op-
erators [17], the locally defined residue density res,(A)dx is not expected to patch up to a
globally defined residue density.

However, it does for logarithms of any admissible operator A in C£(M, E) and we have [29]:

res(logA) = —al4(0) (3.12)

where £4(0) is the constant term in the Laurent expansion of the unique meromorphic ex-

tension {4 (s) of the map s — Tr(A™*) given by the [?*-trace of A~* defined on the domain of

holomorphicity Re(as) > n°>.

In [29], Scott showed the multiplicativity of the associated residue determinant
detreg(A) := 002D,

He actually proved a stronger statement, namely that given two admissible operators A, B
such that their product AB is also admissible, the following expression

L(A,B) :=log(AB)—logA —logB

has vanishing noncommutative residue.

Remark 3.8. Strictly speaking, one should specify the spectral cuts 6 of A, ¢ of B and ¢ of
AB in the expression L(A, B) setting instead

L9,¢,l//(A, B):= 10gw(AB) —logyA - 10g¢ B.
Then by (3.7)
LA, B)~ L7V (A, B) = 2in (Tly.yr (AB) ~ Tl (A) =Ty (B))..

Since the noncommutative residue vanishes on pseudodifferential projections by a result of
Wodzicki ([32]; see also [2]), it follows that

res(L(A, B)) = 0. (3.13)

Up to a modification of the operators A and B, one can actually choose fixed spectral cuts 6
and ¢ by the following argument of Okikiolu [21]:

L9’¢"//(A,B) — Lﬂ,ﬂ»l//—(9+¢)(ei(ﬂ—9)A’ei(ﬂ—ti))B)'

Indeed, if A, B, AB have spectral cut 0, ¢, respectively, then A’ = ¢™9A and B’ = /"9 B
have spectral cut 7 and A’ B’ has spectral cut i + 27— 6 —¢. So we can assume that d = ¢ =7
without loss of generality.

Keeping in mind these observations, in order to simplify notations we assume that A and B
have spectral cuts 7 and drop the explicit mention of the spectral cuts.

It follows from (2.8) that
L(A,B) € [C{(M,LE),C¢(M,E)], (3.14)

so that L(A, B) is a finite sum of commutators. The following proposition provides a refine-
ment this statement.

5This actually is an instance in the case A(z) = A~¢ of the more general defect formula (4.6) derived in [24].
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Proposition 3.9. Let A, B be two admissible operators, which w.l.o.g. are assumed to have nt
as spectral cut (see Remark 3.8), such that their product AB is also admissible with spectral
cut . Then L(A, B) is a finite sum of Lie brackets of operators in CC°(M, E):

L(A,B) € [CEO(M,E),C*(M, E)].

Proof. Let us check that L(A, B) lies in CKO(M, E). If has order a and B has order b then
AB has order a + b, we have

OLAB = OlogaB(X,€) — Tloga(X,&) — Tlog (X, &)
= (a+b)logléll + 0P (x,€) - alogléll — o (x,6) = b log ¢ — o (x,£)
~ ohBx,E -0 (x,O) - oh(x,6) (3.15)

so that the operator L(A, B) is indeed classical of order 0 and by (3.10) it has leading symbol
given for any (x,&) in T*M \ M x {0} by

(UL(A,B)(x,f))O = logdﬁB (x, |—§|) - logUI/; (x, é) - IOgO'Ié (x, é—|) =: L(o{;,dé) (x, é)

Here as before, (Té stands for the leading symbol of the operator C.

Applying the usual Campbell-Hausdorff formula to the matrices Uﬁ (x, é—l) and Ué (x, é—‘)
and implementing the fibrewise trace tr, yields: ‘ ‘

try (logo’fw (x, é) - logoﬁ (x, é—l) - logo-é (x, |—§|)) =try (L(o-f‘,oll;) (x, él)) =0.

It follows that any leading symbol trace Tr{)\(C) = A((try(o¢))g) (see e.g. [25]) on the
algebra Ct*(M,E), where A is a linear form on C®(S*M) and the index 0 stands for the
positively homogeneous component of degree 0, vanishes on L(A, B):

Tr* (LA, B)) = A(trs (0714,5))) = 0.

Thus both the noncommutative residue and leading symbol traces vanish on L(A, B). By the
results of [18] (see the proof of Theorem 4 formula (16)), in dimension larger than one the
zeroth Hochschild homology

HHy(C’(M,E)) = CEO(M,E)/[CEO(M, E),C*(M, E)]

of CEO(M,E) is isomorphic to C® C*(S *M) via the map A — (res(A),o"S). An alternative

proof was given in [27] Corollary 5.4. Hence, any operator in C£°(M, E) with vanishing
residue and leading symbol traces lies in [COM,E),C%(M, E)]. Tt follows that L(A, B) lies
in [CEO(M,E),C%(M, E)]. O

4 Properties of weighted traces

Since traces on C{(M, E) are proportional to the noncommutative residue which vanishes
on smoothing operators, the L>-trace on smoothing operators does not extend to the whole
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algebra C{(M, E). Instead we use linear extensions which we call weighted traces, of the
ordinary L?-trace on smoothing operators to the whole algebra C£(M,E). We review ba-
sic properties of weighted traces and prove (see Proposition 4.8) that the canonical and
weighted traces as well as the noncommutative residue commute with differentiation on
differentiable families of operators with constant order. Weighted traces arise as finite parts
of canonical traces of holomorphic families of classical pseudodifferential operators.

Let us recall the notion of holomorphic family of classical pseudodifferential symbols taken
from [24]. It leads to the same notion of (weak) holomorphic family of classical pseudodif-
ferential operators (see Definition 4.3) as the one defined in [15] by means of their kernels
(see also [12] for the related notion of gauged distributions).

Definition 4.1. Let Q be a domain of C and U an open subset of R”. A family (0(z)),cq is
a holomorphic family of End(V)-valued classical symbols on U parametrised by Q2 when

1. the map z — a(z) with a(z) the order of o7(z), is holomorphic in z,

2. z + 0(z) is holomorphic as element of C®(U x R")®End(V) (here ® denotes the
Grothendieck completion) and for each z € Q, o(z2) ~ Z‘]’.‘;O X 0(2)a(z)-j (for some
smooth function y which is identically one outside the unit ball and vanishes in a
neighborhood of 0) lies in CS*@(U)®End(V),

3. for any positive integer N, the remainder term o y)(z) = 0(z) — Z?/: _01 0 (2a(z)-j 18
holomorphic in z € Q as an element of C*(U XR") ® End(V) and its k-th derivative

(x,€) - o) (@D)(x,€) = 0% (o) (D)(x,£))

lies in S *@~N+¢(U)®End(V) for all € >0 locally uniformly in z, i.e the k-th derivative
Gfa(N)(z) satisfies a uniform estimate (2.1) in z on compact subsets in €.

In particular, for any integer j > 0, the (positively) homogeneous component o) j(z) of
degree a(z) — j of the symbol is holomorphic on Q as an element of C*(U XR")® End(V).

It is important to observe that the derivative of a holomorphic family o7(z) of classical
symbols is not classical anymore since it yields a holomorphic family of symbols ¢’ (z) of
order a(z), the asymptotic expansion of which involves a logarithmic term and reads [24]:

7 @E) ~ Y (@) (10glEl o @O + 0 1o@D(E)  V(x.) T U\UX{0}
Jj=0

for some smooth cut-off function y around the origin which is identically equal to 1 outside
the open unit ball and positively homogeneous symbols

T j0 @) = 17977 . (m,(z)_,,-(z) (x, é))

To(0)-j1@D(x,6) = &' (D) Tar)- (D)(x,€)

of degree a(z) — J.
The regularised cut-off integral on symbols we are about to introduce is an essential
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ingredient to build linear extensions of the L?-trace.

The integral fB OR) tr(o(x,&))dé¢ of the trace of a symbol o € CS (U)Q End(V) over the ball
B.(0,R) of radlus R centered at 0 in the cotangent space 77U at a point x € U, has an

asymptotic expansion in decreasing powers of R which is polynomial in log R so that the

cut-off integral which corresponds to the constant term in this expansion

f tr(o(x,8)) d¢ := fpp_,e0 f tr(o(x,8)) d&
T:U B.(0,R)

is well defined. It coincides with the ordinary integral whenever the latter converges.
We now recall the properties of cut-off integrals of holomorphic families of symbols.

Proposition 4.2. 1. [15] The cut-off regularised integral ff; y x (0()(x,8)) d& of a holo-
morphic family o(z) of classical pseudodifferential symbols on a neighborhood U C
M of holomorphic order a(z) is a meromorphic function in z with simple poles. The
residue at a pole zq for which o’ (zg) # 0 is given by:

Res;=, f tre (0(2)(x,8)) dé = - 1es(07(20))- 4.1

1
T:U @' (z0)

2. [24] Furthermore, if its holomorphic order is affine and non constant %, its Laurent
expansion has constant term at 7 given by

.., Jg tr (@, &) dé f (0 (20)(x.8) dE — ——res, (o7 (z0).  (4.2)

1
@' (20)
Here we use the local residue extended to log-polyhomogeneous symbols (see (3.11))
since the derivative o’ (z9) of a holomorphic family of classical symbols o(z) with
order a(z) at a point zg is expected to be logarithmic with the same order.

Let us now carry out these constructions to the operator level.
For any A € C{(M, E), for any x € M, the following expression defines a local density:

wiv(A)(x) :=TR(A)dx := (F try (oa(x,€)) df) dx. 4.3)

X

It patches up to a global density on M whenever the operator A in C£(M, E) has non integer
order or has order < —n so that the Kontsevich-Vishik canonical trace [15] (see also [17]):

TR(A) ::waKV(A)(x):: LTRX(A)dx 4.4)

makes sense.
The canonical trace can be applied to holomorphic families of classical pseudodifferential
operators with varying complex order.

Definition 4.3. Let (A(z)).co be a family of classical pseudodifferential operators in C£(M, E)
with distribution kernels (x,y) = Ks(;)(x,y). The family is holomorphic if

%Here and in what follows, we assume that the order of the holomorphic family is affine and non constant
so that applying the fibrewise trace, formula (1.50) of [24] boils down to the following one.
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1. the order a(z) of A(z) is holomorphic in z,

2. in any local trivialisation of E, we can write A(z) in the form A(z) = Op(o;) + R(2),
for some holomorphic family of End(V)-valued symbols (0(z));eq Where V is the
model space of the fibres of E, and some holomorphic family (R(z)).eq of smoothing
operators i.e. given by a holomorphic family of smooth Schwartz kernels,

3. the (smooth) restrictions of the distribution kernels Ky, to the complement of the
diagonal A ¢ M X M, form a holomorphic family with respect to the topology given
by the uniform convergence in all derivatives on compact subsets of M x M —A.

Example 4.4. Given an admissible operator A € C£(M, E) with spectral cut 6, a family z —
A;T‘“ for 4 € R is a holomorphic family of /DOs. In particular, A(z) = A;* is a holomorphic

family. Note that the derivatives A’(z) = —logyAA,* are not classical operators.

Integrating the formulae in Proposition 4.2 along the manifold M yields the following
result on the level of operators.

Proposition 4.5. 1. [15] The canonical trace TR(A(2)) of a holomorphic family A(z)
of classical pseudodifferential operators in CE(M,E) of holomorphic order a(z) is
a meromorphic function in z with simple poles and residue at a pole zo for which
a’(z0) # 0 is given by:

Res,—;, TR(A(z)) = -

! res(A(zp)). 4.5)
a’(20)

2. [24] Furthermore, if its holomorphic order is affine and non constant, its Laurent
expansion has constant term at 7 given by

fp,-,, TR(A(2)) = f dx(TRx(A(ZO))_;resx(A/(ZO))) (4.6)
M a'(z0)

Applying these results to a holomorphic family A(z) := A Q™° where A is any operator
in C€(M, E) and Q an admissible operator in C£(M, E) with positive order and spectral cut
7 a, we infer (see e. g. [15], [23], [3] and references therein) that the map z — TR (A Q%) is
meromorphic with simple poles.

Definition 4.6. Given an admissible operator Q with positive order, which we call a weight,
the O-weighted trace of an operator A in C{(M, E) is given by:

tr2(A) := fp,_oTR(A 0;°) := lim (TR (A Q7% —Res.—o (TR(A—Q‘;Z)) :
' and Z

where « is a spectral cut for Q.

Applying (4.6) to the family A(z) = A O,° yields the following “defect formula” [24]:

w2(A) = f (TRX(A)—M) dx, 4.7)
M

7For further use, we need to distinguish the spectral cut & of Q from the spectral cut 6 of A.
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where ¢ stands for the order of Q. In particular, for A = [ we get back (3.12):

1

Whereas weighted traces are not expected to be local in general since they involve the
whole symbol of the operator, the difference of two weighted traces is local in so far as it
involves a finite number of homogeneous components of the symbol via the noncommuta-
tive residue. Weighted traces depend on the choice of weight and are not cyclic in spite of
their name.

Proposition 4.7. ([3], [19])

1. Given two weights Q| and Q, with common spectral cut a and positive orders q1, q»

we have
loga/ Q2 _ loga/ Ql ))
q2 q1 ’

r21(A) — 22 (A) = res (A ( (4.8)

which is a local expression.

2. Forany weight Q in C6(M, E) with order q and spectral cut a, the operators [A,log, O]
and [B,log, Q] lie in C¢(M, E) and
0 1 1
try ([A,B]) = —eres (A[B,log, Q]) = gres (B[A,log, Q]). 4.9)
In particular, if Q = A or Q = B, or if the sum of the orders of A and B has real part
< —n, then tr2 ([A, B]) = 0.

The following technical proposition shows that the canonical and weighted traces as
well as the noncommutative residue commute with differentiation on families of operators
of constant order, a fact that we will use to derive the multiplicative anomaly of determi-
nants. Differentiable families of symbols and operators are defined in the same way as were
holomorphic families in Definitions 4.1 and 4.3 replacing “holomorphic in the parameter z”
by “differentiable in the parameter .

Proposition 4.8. Let A, be a differentiable family of C{(M, E) of constant order a.

1. The noncommutative residue commutes with differentiation

d ,
Eres(A,) =res(A;), 4.10)

where we have set A, = d%A,.

2. If the order a is non integer, the canonical trace commutes with differentiation

d .
S TR(A) = TR(A)). 4.11)
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3. For any weight Q with order q and spectral cut «,

d ,
TG (A) = ug(A). (4.12)

Proof. Using (2.4) we write the symbol o4, of A; as follows:

N-1

T4, (66) = D XE) (4 (566 +(04) ) (%:).

=0

1. By assumption, the map ¢ - try ((O'A,(x, 5))_,,) is differentiable leading to a differen-
tiable map ¢ — fy 2y ((O’A[(X,f))_n) ds & after integration over the compact set S ;M

with derivative: ¢ — fs; 2y (0a,)_, ds&, where 04, = 04, stands for the derivative of
04, at t. Thus, the map ¢ - res(4,) is differentiable with derivative given by (4.10).

2. By (4.3) and (4.4), to prove formula (4.11) we need to check the differentiability of
the map ¢t — ﬁr 4 0x074,(x, &) d§ and to show that

4 tryoa, (x, &) dE = f tryoa, (x, &) dE.
T:M

dt, M

The cut-off integral involves the whole symbol which we denote by o := 04, in
order to simplify notations. Since the family o, has constant order, N can be chosen
independently of 7 in the asymptotic expansion. The corresponding cut-off integral
can be computed explicitly (see e.g [24]):

fT*Mtrx(O',(x,g))df = f * tre (@) (. 8)) dé

+

Z L o XOu( (1)

1
- Z —j+n jl;—l trx((o't)a—j (X,CU)) dsw.

a
Jj=0,a—j+n+0

The map ¢ — fT O ((a’,)(N) (x,g)) d¢ is differentiable at any point #y since by as-
sumption the maps ¢ — try ((O't(x,.f))(m) are differentiable with modulus bounded
try ((d’,(x,f))(,v))| < Cl¢R¥@=N by an L' function provided N is chosen
large enough, where the constant C can be chosen independently of ¢ in a compact
neighborhood of fy. Its derivative is given by ¢ — fT O ((d‘,)(N) (x, f)) dé. The re-
maining integrals '

from above

L | IX(f)trx((m)a_,-(x,f)) ¢ and f () amj (5, 0)) ds

lwl=1
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are also differentiable as integrals over compact sets of integrands involving differen-
tiable maps ¢ — tr, (((Tt(x,f))a_ j). Their derivatives are given by

L | 1x(§)trx(<vr,>a_,-(x,f>) d¢ and f e ((01)g—j (%, 0)) ds .

lwl=1

Thus, the map ¢ — fﬁ Mtrx(a'A,(x,f)) dé¢ is differentiable with derivative given by
Fooa 60, (2.6) dE.
3. By the defect formula (4.7) we have
0 1
w2y = | dx|} troanédi- - tre (4, 1og, 0(%:8))_ dsé
M T:M q Jsm n

which reduces the proof of the differentiability of # — trg (Ay) to that of the two maps

ro f treo,(5,€),dé and 1+ f tre (oA, 10g, 0(X.€))_ dsE.
T:M SiM -

Differentiability of the first map was shown in the second item of the proof. Let us
first investigate the second map. By (2.2) we have

—p)lal
(Tame), = Y S @a) B (o).,

||+a—j—k=—n
By assumption, the maps ¢ - (074,),,_ ; are differentiable so that the map
= try (O-A, log, Q)—n dsé
StM

is differentiable with derivative

o [ (o), 0856 = [ o 0), (1O

StM

Integrating over the compact manifold M then yields the differentiability of the map
t— trg (A;) with derivative given by

1 .
fM dx (fT ;Mtrx(J'Ar(x,f) ag - . fs » (4, 1og, Q(x,g))) dsé =t2(A,).

5 Locality of weighted traces of L(A, B)

Combining (3.14) with (4.9) yields the locality of weighted traces tr¢(L(A, B)) as a finite
sum of noncommutative residues, independently of the choice of spectral cut.
In this section we show that weighted traces of L(A, B) only depend on a finite number
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of homogeneous components of the operators A and B (see Theorem 5.3), a fact reminis-
cent of a similar property observed by Okikiolu in [21] in the case of operators with scalar
leading symbols.

We know from the results of Okikiolu [21], that the resolvents (A, — A)~! form a differen-
tiable family of operators with parameters. The following lemma which tells us that the
logarithms log,, A, built from these resolvents, form a differentiable family therefore comes
as no surprise.

Lemma 5.1. Let A; be a differentiable family of admissible operators in CO(M, E) with
constant spectral cut 6.
Their logarithms log, A; form a differentiable family of pseudodifferential operators and for
any positive integer K we have
K
d =D

—logyA; =

o~ k+1

" adf, (A)A; "V + Rk(A,.A) (5.1)

where we have set A, := %A, and
. i . . k-
R(AnAp) =~ f logy A [(1-A)~",adf (A)|(A-A)*"da. (5.2)
Ty

Here Ty is a contour around the spectrum as in (3.2).

Remark 5.2. If A, commutes with A, then % logyA; = A,A7L.

If A; has scalar leading symbol and order ay, then for fixed ¢, the operators adﬁt(At)A;(k+l)
have decreasing order ord(A;) —a, —k as k grows so that (5.1) yields an asymptotic expansion

in operators of decreasing order.

Proof. Since the spectral cut is constant, we drop it in the notation setting log A; = log, A;.
By (4.3) in [21] we first observe that for any ¢ in a compact neighborhood K, of some real
number #y, one can bound the modulus of the order a(#) from above by some integer k, in
which case

AC>0, VieKy, A=) sk <17,

where || - ||5,¢ stands for the operator norm of bounded operators form the Sobolev closure
H*(M, E) to the Sobolev closure H* (M, E) of C*(M, E). Moreover, (A, — )" is differen-
tiable at 7y with derivative given by:

d

o A —D = Ay =D A (A - D!
tlt:to

where we have set A, = di

g A;. This follows from the identity
=1

A=A (A=A = —(t—10) (A=A A (A-A)7,

A-A
where we have set A, := —— tO’O )

For operators A; of zero order this leads to
d

i d i :
— logA,=— | log,d— (A, - 'di=—— | log,A(A, — D) A, (A, =)~ "dA.
dt| Og t 271_ fljg 0g9 dt| ( t ) 27_[_ r, Oge ( 1o ) l‘o( Iy )

1=t 1=t
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In order to generalise this to higher order operators, we need to consider the family (see

(3.6)):

1ogAtA;1=§fr logg A4~ (A, - 1)1 dA
[

for which we can also write:

d _
di. (logA, A7) .

i _ y _
= -5 | logyaa YAy =D A, (A, - DA
T Ty

i d
— | log, 227" = (A, -07da
3 08y dt|/:10( =4

This leads to the expected formula

d d -1 —1 .
dt), logd, = dr)., (logA A7) A, +(log A A') A,
i i N )
= -3 logg A" (A = ) Ay (Ag = D)7 Ay dA
m Jr,
" zi logg 4™ (A, = D' Ay d2
m Jr,
i ) N )
- o logy 14 1 (A= : Ay (A=) ! (A= (A=) da
m Jr,
i o )
= —2— logg/l(Ato—/l) IAI()(A[O_/l) ld/l.
7 Jr,
On the other hand,
[(A-4,)7" Ay |
= (/l_Alo)_] [AIO’AtO](/l_AtO)_]
= A=A +adk () (A-4)7 +[@- a0 ad} ()] a-20)7
K
= Z adf;,o (A)(A=An) D 4 [(/l —A) adfro (A,O)] (A=A K.
k=1
Hence,
d ; N .
E|/:10 logAt - E Ty loge A [(Ato B /l) ’At()] (Al() - /1) dA
i ) )
o T, logy 1A, (Ayy, =) 2dA
g i
= Zadf\ (Ato)—f loge/l(/l_AtO)—(k+2) di
e 2 Jr,

i _ , k-
- 5 logg/l[(ﬂ—Ato) "adf (A4;)|(A-A) " da.
T Ty 0
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Iterated integrations by parts then lead to

K

—  log(Ay) Z

rro —

adig,o (AiAL "D+ Re(Ag. Ay,

with

2n
which in turn yields (5.1). O

. i _ ; K-
Ri(Ay.Ay) 1= =~ | logga [(A—At()) Lad} (Ay)|(@-A,) 1A,
Ty

The following result is reminiscent of an observation made in [21] (see also [29]),
namely that only the first » homogeneous components of the symbols come into play for
the derivation of the Campbell-Hausdorff formula for operators with scalar leading sym-
bols; the weighted trace of L(A, B) presents a similar feature in our more general situation.

Theorem 5.3. Given a weight Q and two admissible operators A and B in CO(M, E) with
non negative orders, the weighted trace tr2(L(A, B)) is a local expression as a finite sum of

noncommutative residues, which only depends on the first n homogeneous components of
the symbols of A and B:

ditrQ(L(A(l +1S),B) = itrQ(L(A B(1+t8))=0 VS e C5(M,E), (5.3)

where CL<™" (M, E) = Ure(q)<-nCl*(M, E) stands for the algebra of classical operators of
order with real part smaller than —n.

Proof. e On the one hand we know that L(A, B) is a finite sum of commutators of clas-
sical pseudodifferential operators [P}, Q;]. By (4.9), each weighted trace tré([P 01
is proportional to res(Q i[Pj,log, Q]) so that tr2(L(A, B)) is indeed a finite sum of
noncommutative residues.

o Let us check that requirement (5.3) is equivalent to the fact that tr@(L(A, B)) only
depends on the first n homogeneous components of the symbols of A and B.
Given an operator S in C{(M, E) of order < —n and an operator A in C{(M, E) of order
a, we first observe that in any local trivialisation the first » homogeneous components
of the symbols of A and A(1 +5) coincide since AS has order with real part smaller
than —n. Conversely, if the first n homogeneous components of the symbols of two
classical operators A and B of orders a and b coincide, then a = b. If furthermore
B is invertible, the first n homogeneous components of the symbol of B~! defined
inductively using (2.2) by:

(op1)_p= (op)p ™",

|
(0p1)pj=—oB)) Z & a). 95 (0B)p-1 0% (0p-1)_py

k+l+|el=j,l<j

coincide with that of the symbol of A~! since the terms corresponding to j < n only
involve homogeneous components (0g),_x = (0°4),_x and (op-1)_,_; with k and / no
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larger than n. Consequently, by (2.2) it follows that S = A~! B has order < —n. Thus,
showing that the expression tr?(L(A, B)) only depends on the first n homogeneous
components of A amounts to showing that tré(L(A + S, B)) = tr2(L(A, B)) for any
classical operator § whose order has real part smaller than —n.

We are therefore left to prove that < trQ(L(A(l +1tS ) B) = 0. A similar proof (which
we omit here) would yleld rQ(L(A( B(1+1S)) =
Applying (4.12) to the operator A; = LA(1+1S), B) we have

d d
240 o)
dttr (L(A(1+1S5),B) =tr (dtL(A(l + tS),B)).
Since
L(A(1+1S),B)— L(A,B) =1og(A(1 +1S)B) —log(AB) —log(A(1 +1S)) +1logA,
we have
iL(A(l +1S),B) = ilo (A(1+tS)B)— 4 (log(A(1 +1S)))
dt =g 08 a8 '
Proving (5.3) therefore amounts to showing that
d d
EtrQ (log(A(1 +1S)B)) = EtrQ (log(A(1 +15))). (5.4)

We apply Lemma 5.1 to the family A, := A(1+S)C whose derivative reads A, = AS C.
We shall show that %trQ (log(Ay)) is independent of the choice of the operator C, a
fact which when applied to C = B and C = I, yields (5.4).

When ¢ varies in a small compact neighborhood of some fixed point #y, the opera-
tors A, have a common spectral cut which we drop in the notation. Using (5.1) and
implementing the weighted trace tr¢ yields

4 tr¢ (logA,) (5.5)
d |t 10

= (A, A+ Z( trQ(adg (A A ) + 2R, Ay )

for arbitrary large K and with remainder term

Ri(Ay,Ar) = _ﬂf logA [(A-A,) ™" adk (Ato)] (A=A, ®Daa.  (5.6)
By (4.9), for any positive integer k we have

trQ(ad’;,tO(A,O)A;f"*‘)) - trQ(adA,o(adgjol(A,o))A;o("“))
tI’Q (l:AIO’ad,]Z?O] (A.tO)A;)(k-H)])

1

- —res(adjg YA AL “‘*”[A,O,logQ)
q

0.
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The vanishing of the residue follows from a simple order counting.

Indeed, since A,, = A(1 +1,S)C has order a+c and A,, = ASC has order a+ s+ c
(here s is the order of S, a the order of A, ¢ the order of C), it follows that the
operator adﬁ:ol (AtO)A;)(k“) [A;,,log O] has order

(k—D(a+c)+a+c+s—(k+1)(a+c)+a+c=s,

whose real part is smaller than —n as a consequence of which its residue vanishes.
A similar order counting shows that

r? (Rx(Ay. Ary))

i L kel B}
= —trQ([Ato,E fr Hlog/l(/l—A,o) Lad{ ™! (Ay) (1-Ay) (K“)d/l))

1 i L Kelf _
- —5res((ﬂjl;log/l(/l—Am) ladﬁol(A,o)(A—Am) (K“)d/l) [A,O,logQ])
= 0.

Hence, only the first term on the right hand side of (5.5) survives and we have

% 2 (log(A(1 +15)C))

=1

w?(ASC A0+ zOS)C)—l)

w?(AS(1+18)'A™")

independently of the choice of C. Setting back C = B and C = I therefore yields (5.3),
thus ending the proof of the theorem.
O

6 A local formula for the weighted trace of L(A, B)

We derive an explicit local expression for the weighted traces tr*(L(A, B)) and tr®(L(A, B))
of L(A, B) (see Theorem 6.2). Our approach is inspired by Okikiolu’s proof of the Campbell-
Hausdorft formula for operators with scalar leading symbols. In the case of operators with
scalar leading symbols, as it was noticed and used by Okikiolu, as from a certain order in
the Campbell-Hausdorff expansion, one can implement ordinary traces since the iterated
brackets have decreasing order. In our more general situation, such a phenomenon does not
occur so that we use weighted traces instead.

Proposition 6.1. Let A and B be two admissible operators with positive orders a and b in
CLl(M, E) such that their product AB is also admissible. We have the following identities for
weighted traces:

4 trB(L(A", BY) = 0, tr (L(A", BY)) = 0

dt|=0 dt =0

as well as for the noncommutative residue:

d
4 L(A",B")) = 0.
g A BD)
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Proof. Let us prove the result for the B-weighted trace; a similar proof yields the result for
the A-weighted trace. By Proposition 4.8, weighted traces and the residue commute with
differentiation on constant order operators so that

d d
Z 0 t _ .0 t
oo (L@’ BY) =tr (—dt [_OL(A ,B“))

lr=0
resp.

d d
— L(A",B")) = — (LA, BY .
7 |tzores( ( )) res( dl|z:0( ( ))

But

d d
Z LALBY=Z
(A", BY) 7

d
log(A'B*) — —
dt|=0 =0 og( ) dt

logA’.
|t =0
We therefore apply Lemma 5.1 to A, := A’B* so that Ag = B, including the case u =0
for which A, = A" and Ag = I. Since Ay = logAB* and AgA;' = logA, implementing the

weighted trace trf yields

|t

d B t pu

i (loga’B"))
& (-1

= trB(logA) + Z mtrB(ad’;,, (logA B*) BH*+D) 4 trB(Rx (B, log A BY))
k=1

for arbitrary large K, with remainder term

Rx(B*,logA B*) —2L f log A [(a— B! adk.(logA B“)] (A-BH~" KD g
7T F(Z

—ad¥, (é fr log A (A~ B logA BY] (A—B“)_(K”)d/l),

since (B—A)~! commutes with B*.
For any positive integer k, by (4.9) we have
wP(adf (ABY B D)) = P (adpi(adfy' (A BY) BHEHD))
=t (adp (adfy' (A B*) BHED))

1
= res (adf.' (A B*) BV [B¥,log B])
= 0,

since B* commutes with log B. A similar computation shows that tr®(Rg(B*,log A B*)) = 0.
Thus

d B 1 _ (B
d_t|,=otr (log(A B")) =tr” (logA).

It follows that ditl,:otrB (log(A’B*)) = tr® (log A) independently of u so that

EIt:otr‘g (L@, B") =0.
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Similarly, replacing the weighted trace tr? by the noncommutative residue res and using the
cyclicity of the noncommutative residue, yields

d
— L(A",B*)) = 0.
L)

o
The following statement provides a local formula for the multiplicative anomaly of the

zeta determinant. It also shows that the residue of L(A, B) vanishes and therefore yields
back the multiplicativity of the residue determinant derived in [29].

Theorem 6.2. For two admissible operators A, B € C{(M, E) with positive orders a and b
such that their product AB is also admissible, we have

res(L(A,B)) =0. (6.1)
Moreover, there is an operator
d t T
W(@)(A,B):=— L(A,A'B) (6.2)
dti=0

in CL°(M, E) depending continuously on T such that

(6.3)

1 T
trl(L(A, B)) = f res(W(T)(A, B)(IOg(A B)_logQ)) e
0

at+b q
where Q is any weight of order q.

Proof. By Proposition 6.1, we know that d%l tzOres(L(At,B)) = di”[:otrQ(L(A’,B)) =0. We
want to compute

d d d d
— L(A',B) = — LA™, B d — o2WwA,B)=— o2LA",B)).
dt|t=rreS( ( » dt|t=0reS( ( ) an dt|i=r s ) dt|i=0 (L »

For this we observe that
L(AB,D) - L(A,BD) = —log(AB) —log(D) + logA +log(BD) = L(B,D) — L(A, B)
Replacing A by A’, Bby A” and D by B, we get
LA™, B)— L(A",A"B) = L(A",B)— L(A",A") = L(A", B).

Implementing the noncommutative residue, by Proposition 6.1 we have:

d d d
—  res(L(A",B) = — res(L(A""",B))= — res(L(A",A"B)) = 0.
dt 1=r (& ) dti=0 (& ) dti=0 (& )

[t

Hence 1

res(L(A, B)) = %I res(L(A’, B))dt +res(L(I, B)) = 0, (6.4)
0 t=1
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since L(I,B) = 0.
If instead we implement the weighted trace tr¢, we have:

d d
—  t2L(A,B) = —
2, LALB) =

|t

r2(L(A™7, B)) = 4 tre(L(A’,A"B)).
=0 dti=0

|t It

Since A and B have positive order so has A" B, so that applying Proposition 6.1 with
weighted traces trA"? yields:

d d
o t _ (0] t AT
— tr*(L(A'B) = — w*(LAA'B
dt|t:Tr (L(A'B) dt|z:or (L( )

_ 4 A "B(L(A",A"B))
dt|=0

d t T T ¢ T
T o (LA ATB) -t B(L(A", ATB)))

d T
= _— 0 t T _ B ‘ -
- dtlt:o(tr (L(A",A™B)) - tr" " B(L(A", ATB))).

Applying (4.8) to Q1 = Q and O, = A™B, we infer that

4 (r9(L(A", A"B)) — " P(L(A, A" B)))

dt=0

d log(A™B) 1

2 res (L(A’,ATB)( 0gA’B) OgQ))
at+b q

dt|=0
log(A™B) _logQ
ar+b qg )

res (W(T)(A, B) (

where ¢ is the order of Q and where we have set W(7)(A, B) := %I t:OL(A’ ,A"B). Since
L(1,B) =0, we finally find that

r2(L(A, B)) = tr(L(A", B)) - tr2(L(A", B))
1 T
_ f res(W(T)(A,B)(log(A B)—loiQ))dT. (6.5)
0

ar+b

7 Multiplicative anomaly for determinants revisited

We first observe that the multiplicative anomaly for weighted determinants studied in [4]
has logarithm given by the weighted trace of L(A, B), as a result of which it is local. We
then derive an explicit local formula for the multiplicative anomaly of { determinants, using
the local formula derived previously for weighted traces of L(A, B).

An admissible operator A in C£(M, E) with spectral cut 6 and positive order has well defined
Q-weighted determinant [4] (see also [9]) where Q in C{(M, E) is a weight with spectral
cut a:

detZ(A) = " 102,
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Here the weighted trace has been extended to logarithms as before, picking out the constant
term of the meromorphic map z — TR(log, A Q%) which can have double poles in contrast
to the case of classical operators studied in Section 3.

Remark 7.1. The weighted determinant, as well as being dependent on the choice of spectral
cut 6, also depends on the choice of spectral cut a.

Since the weighted trace restricts to the ordinary trace on trace-class operators, this
determinant, as the J-determinant, extends the ordinary determinant on operators in the
determinant class.

Lemma 7.2. Let 0 <6 < ¢ < 21 be two spectral cuts for the admissible operator A. If there
is a set A, 4 (see 3.4) which does not intersect the spectrum of the leading symbol of A then

det () = detS(A).
Proof. Under the assumptions of the lemma, the set A, 4 ¢ defined as in Proposition 3.4, con-

tains only a finite number of points in the spectrum of A so that log, A —logy A = 2inII 4(A)
is a finite rank operator and hence smoothing. Hence,

det?(A
rg (4) _ etrQ(log¢A—log9A) _ etrQ(zinng,¢(A))
det, (A)
ezimr(ng,(ﬁ(A)) — p2imrk(Iy4(A)
where rk stands for the rank. O

The multiplicative anomaly for Q-weighted determinants of two admissible operators
A, B with spectral cuts 8, ¢ such that AB has spectral cut ¢ is defined by:

detg (AB)

M, (AB)i= ———
oo det2(A) det2(B)

which we write MZ(A, B) for simplicity.

Proposition 7.3. Let A and B be two admissible operators with spectral cuts 0 and ¢ in
[0,2n[ such that there is a cone delimited by the rays Lg and Ly which does not intersect the
spectra of the leading symbols of A, B and AB. Then the product AB is admissible with a
spectral cut  inside that cone and for any weight Q with spectral cut, dropping the explicit
mention of the spectral cuts we have:

7.1

1 T
log M2(A, B) = f res(W(T)(A,B)(IOg(A B _ log"Q))dr.
0

at+b q

Weighted determinants are multiplicative on commuting operators.
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Proof. Since the leading symbol of the product AB has spectrum which does not intersect
the cone delimited by Lg and Ly, the operator AB only has a finite number of eigenvalues
inside that cone. We can therefore choose a ray  which avoids both the spectrum of
the leading symbol of AB and the eigenvalues of AB. By the above lemma, the weighted
determinants detHQ(A), detg(B) and dets(AB) do not depend on the choices of spectral cuts
satisfying the requirements of the proposition.

Since

log M2(A, B) = logdet?(AB) —logdet?(A) —log det?(B) = tr’(L(A, B)),

the logarithm of the multiplicative anomaly for weighted determinants is a local quantity
(6.3) derived in Theorem 6.2.
To prove the second part of the statement we observe that

[A,B] =0= L(A,B) =0. (7.2)

Indeed, let I" be a contour as in formula (4.12) along a spectral ray around the spectrum of
AP B for some fixed to, then

: d
L [10g2L  @aB-1'da

d
—  log(A'B
Og( ) 27 T dt le=rq

dt

1=1()

- 2Lf1og/1(AfOB—/1)—1 log AAB(AYB—2)""dA
T Jr
- 1ogAA’032LflogA(AfOB—ﬁ)—zdﬁ since  [A,B] =0
T Jr

= —logAA’OBzLf/l_l(A’OB—/i)_ld/l by integration by parts
7TJr

= —logA A®B(A"B)™!
= —logA.

Similarly, we have %I log(A") = —logA so that finally
=1

4 L(A’,B):i log(A’B)—% log(A")

dt|., dt)., =1
vanishes. It follows that L(A, B) = 01 %lt— LA, B)dr =0.
Since L(A, B) vanishes when A and B commute, weighted determinants are multiplicative
on commuting operators. m]

Let us now turn to the multiplicative anomaly for {-determinants, relating it to weighted
traces of L(A, B). An admissible operator A € C{(M, E) with spectral cut 6 and positive order
has well defined {-determinant:

det(,é)(A) = e_évf,x,e(o) — etrg(logeA)

since {4 0(z) := TR(A,*) is holomorphic at z = 0. In the second equality, the weighted trace
has been extended to logarithms as before, picking out the constant term of the meromorphic
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map z — TR(logyA O7%) (which can have double poles) with the notations of section 2.
Recall from [24] that

1
logdet(,g(A):f [TRx(logHA)—z—resx(logéA) dx (7.3)
. u P

where a is the order of A and where TR, dx and res, dx are respectively the canonical trace
density (see (4.3)) and the noncommutative residue density (see (2.6)) defined previously,
extended to log-polyhomogeneous operators. This expression corresponds to minus the
coeflicient in z of the Laurent expansion of TR(A7?).

The {-determinant generally depends on the choice of spectral cut. However, it is in-
variant under mild changes of spectral cut in the following sense.

Lemma 7.4. Let 0 < 6 < ¢ <21 be two spectral cuts for the admissible operator A. If there
is a cone A4 (see 3.4) which does not intersect the spectrum of the leading symbol of A
then

det(,g(A) = d6t§’¢(A).

Proof. By (7.3), and since log¢A —log, A = 2inllg 4(A) is a finite rank operator and hence
smoothing under the assumptions of the proposition, we have

det; 4(A) o [TR ((log, A)- 5 res.(log} A)| dx— [, [ TR (log, A)- - res (log} A) | dx
det; g(A)
B Jyu| TR (log, A-logy A)— 1 res (log] A-log] A)| dx

- . fM[TRX(zmne,d,(A))—ﬁresx((logwﬂoggm2i;rr19,¢(A))]dx
Pim Ty p(4)- 4=res((log, A+log, A) Tpe(A))

eZin rk(ITp 4(A))
= 1,

where we have used the fact that the noncommutative residue vanishes on smoothing opera-
tors on which the canonical trace coincides with the usual trace on smoothing operators. O

The ¢-determinant is not multiplicative ®. Indeed, let A and B be two admissible opera-
tors with positive order and spectral cuts 6 and ¢ and such that AB is also admissible with
spectral cut . The multiplicative anomaly

det; 4 (AB)
detg’g(A) detm (B) ’

M§’¢’¢’ (A,B) :=

was proved to be local, independently by Okikiolu [22] for operators with scalar leading
symbol and by Kontsevich and Vishik [15] for operators “close to identity” (see the intro-
duction for a more detailed historical account).

For simplicity, we drop the explicit mention of 6, ¢,y and write M, (A, B).

Even though the operator loggA is not classical we have the following useful property.

81t was shown in [18] that all multiplicative determinants on elliptic operators can be built from two basic
types of determinants; they do not include the {-determinant.
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Lemma 7.5. Let A, B be admissible operators in C((M, E) with positive orders a,b and
spectral cuts 6 and ¢ respectively and such that AB (which is elliptic) is also admissible
with spectral cut . Then

1
logfbAB— —

K(A,B) := 5

logg log¢

1
2(a+Db) 2b

has a symbol of the form
~njél(o” -0 — o) + o

for some zero order classical symbol O'g , Where we have written Tjoga(x,&) = alnlé|l +
o"é(x, &) for an admissible operator A of order a.
In particular, both operators L(A, B) loiA —K(A,B) and L(A, B) lofB — K(A, B) are classical

operators of zero order.

Proof. By formula (3.7), another choice of spectral cut only changes the logarithms by
adding an operator in C£%(M, E) so that it will not affect the statement. As usual, we drop
the explicit mention of spectral cut assuming the operators have common spectral cuts.

An explicit computation on symbols shows the result. Indeed, since ooz (x,&) ~ aln|é] +

oy (x,€), we have

Ulong(x’g) = UlogA*UlogA(x,é:)

a* In?|E|] + 2alnlé| o (x,&) + 0 (x,€) - T (x,£)
|a]

L3 ), o (x,8) 10 (x,E).

a#0

¢

This yields:
ok(68) ~ lE(oP-of-of)(x.8)
7P (&0 (x,8)+ Z — 0ty (@D (. 6)

+
2a+b) Lia

—_—

——O'A(x & (6, — Z — oG (L HDToG(x,€)

ar#O

T ()l (x,8) - Z — 0L (Do (x.E)

ar#O

from which the first part of the statement follows.

On the other hand, it follows from (3.15) combined with (3.9) that the operators L(A, B) 1°§A
and L(A, B) IOEB both have symbols which differ from the symbol In|£| (0’6‘3 - 0'6‘ - O'g ) (x,8)
by a classical symbol of order zero, from which we infer the second part of the state-
ment. O

The following theorem provides a local formula for the multiplicative anomaly inde-
pendently of Okikiolu’s assumption that the leading symbols be scalar.
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Theorem 7.6. Let A and B be two admissible operators in CE(M, E) with positive orders
a,b and with spectral cuts 6 and ¢ in [0,2n[ such that there is a cone delimited by the rays
Lg and Ly which does not intersect the spectra of the leading symbols of A, B and AB. Then
the product AB is admissible with a spectral cut  inside that cone and the multiplicative
anomaly Mz’(p’w(A, B) is local as a noncommutative residue, independently of the choices of
0,¢, and  satisfying the above requirements.

Explicitly, and dropping the explicit mention of the spectral cuts, there is a classical opera-
tor W(t)(A, B) given by (6.2) of order zero depending continuously on t such that:

log M/(A,B)
1
log(A™B) logB
= W(t)(A,B - d
fores( (T)(A, )( > b T
L 2 2 2
res (A,B)logB log”"AB N log”A N log” B
b 2(a+b) 2a 2b
1
log(A™B) logA
- f res(W(T)(A,B)( 0gA’B) _log ))dT
0 at+b a
L(A,B)logA 1og’AB log*’A log’B
- 7.4
res( a Xa+b) | 2a 2 74)
When A and B commute the multiplicative anomaly reduces to:
log M(A,B) = -rtes ! lo 2(AB)—ilo 2A—ilo ’B
s = 2a+b) ° 2a % 7T 2p 8
ab logA logB 2
= - . 7.5
2(a+b)res[( a b ) (75)

Remark 7.7. For commuting operators, (7.5) gives back the results of Wodzicki as well as
formula (II1.3) in [4]:

res (log2 (AP B‘“))
2ab(a+b)

log M(A, B) =

Proof. As in the proof of the locality of the multiplicative anomaly for weighted determi-
nants (see Proposition 7.3), the independence of the choice of spectral cuts satisfying the
requirements of the theorem follows from Lemma 7.4.

Combining equations (7.3), the defect formula (4.7) applied to the operator L(A, B) and
weight B with equation (6.3) applied to Q = B we write:
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log M/(A,B)
= logdet;(AB) —logdet,(A) —logdet;(B)

= f [TR(L(A, B))
M

1 1 1
— (2(a s, resy(log” AB) — Zresx(log2 A)— %resx(logz B))] dx

= (A, B)+ f

lresx (L(A,B) logB) (7.6)
vlD

1 1 1
B (2(a T by O (long B) - Zresx(log2 A)- %resx(log2 B))] dx

1 T
_ f res(W(T)(A,B)(log(A B)—logB))dr
0

at+b b
L(A,B)logB log’AB log?A log’B
s res(( YlogB log og og )

b T 2a+b) 22 2

which proves the first equality in (7.4). The second one can be derived similarly ex-
changing the roles of A and B.
When A and B commute, by (7.2), the operator L(A, B) vanishes so that (7.6) reduces to:

1
log M;(A,B) = tr?(L(A, B)) + f 5 res, (L(A, B) log B)
M
- ;res (longB) - ires (log2A)— ires (log2 B)|| dx
2a+b) " 2a 2

log?’AB log’A 1log’B
= -—res - -

2(a+b) 2a 2b

ab logA logB 2
= res — .
2(a+Db) a b
O
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