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Can adaptive estimators for Fourier series
be of interest to wavelets?
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There is a firm belief in the literature on statistical applications of wavelets that adaptive procedures
developed for Fourier series, labelled by that literature as ‘linear’, are inadmissible because they are
created for estimation of smooth functions and cannot attain optimal rates of mean integrated squared
error convergence whenever an underlying function is spatially inhomogeneous, for instance, when it
contains spikes/jumps and smooth parts. I use the recent remarkable results by Hall, Kerkyacharian
and Picard on block-thresholded wavelet estimation to present a counterexample to that belief.
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1. Adaptive estimation for Fourier and wavelet series

Consider a problem of data-driven wavelet series estimation of spatially inhomogeneous
curves (which may have both smooth parts and jumps, spikes, etc.) under a minimax mean
integrated squared error (MISE). Wavelets are relative newcomers to the world of orthogonal
series, and, in contrast to classical Fourier series, they have no problem approximating jumps,
spikes, etc.

The creation of wavelets sparked a heated discussion in the mathematical literature on
wavelet transforms and Fourier transforms; see the illuminating paper by Strang (1993).
Unsurprisingly, a similar discussion was sparked in the statistical wavelet literature with the
emphasis on the possibility of using adaptive procedures developed for Fourier series. The
judgement of the wavelet literature, which refers to these estimators as ‘linear’ adaptive,
was unanimously negative; see, for instance, the discussion in Donoho and Johnstone
(1994; 1995) and Donoho et al. (1995). The main theoretical argument of the wavelet
literature is that adaptive Fourier estimators, with the Efromovich—Pinsker (EP) block
shrinkage estimator being the main example, mimic linear pseudo-estimates (which are
based both on data and an underlying class of function) that do not attain an optimal rate
over classes of spatially inhomogeneous functions. ‘Thus, adaptive linear methods cannot
attain the optimal rate either’, conclude Donoho and Johnstone (1995, p. 1200). Moreover,
their numerical experiments show that using the EP estimator with a wavelet basis in place
of the Fourier basis and with the block size specially chosen gives a disappointing
performance.

Such a theoretical conclusion and the supporting numerical results look very reasonable
(after all, the nature of wavelets and Fourier systems is absolutely different), and 1 know of
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no article or book where they have been contested. On the other hand, why is the wavelet
literature so sure that data-driven estimators developed for Fourier series mimic these
inadmissible linear pseudo-estimates? Is this due to that label ‘linear’? Furthermore, what
happens if in the EP estimator one simply changes a Fourier basis into a wavelet basis
(without any other modifications)? To answer these questions and shed light on the issue, let
us recall the basics of the minimax theory of data-driven Fourier series estimation. (Note
that in what follows it is essential to distinguish between the improvement in estimation of
spatially inhomogeneous functions obtained by using a wavelet basis in place of a Fourier
one, which is not at all the point of the paper, and the comparison explored between
different adaptive procedures for wavelet series estimators.)

2. Minimax paradigm of data-driven Fourier series estimation

First of all, let us recall three classical steps in exploring a minimax data-driven Fourier
estimation.

1. Finding a lower bound for the minimax (over a given function class .77) risk.

2. Finding an upper bound for the minimax risk which should asymptotically coincide
with the lower bound. Typically a pseudo-estimate, based both on data and .77, is used
to establish the upper bound.

3. Finding a data-driven estimate — based only on data — which attains the lower bound.
The best-known data-driven estimators mimic oracles which are based on data and
estimated curves. (Note that the use of the underlying curve instead of the function
class .7 differentiates the oracles from the pseudo-estimates used in step 2.)

It was a matter of mathematical luck that for smooth functions the pseudo-estimates used
in step 2 were linear, that is, for a filtering model — linear filters with coefficients
depending on .77, for nonparametric regression — linear combinations of responses with
coefficients depending on .7, etc. On the other hand, it was discovered in the 1980s that
linear pseudo-estimates could not be rate-optimal whenever an underlying curve was not
smooth; see the original article by Nemirovskii ef al. (1985) and a comprehensive review in
Hérdle et al. (1998). This fact simply tells us that in step 2 other pseudo-estimates should
be used to support the lower bound; nevertheless, it has become the main argument in the
wavelet literature in favour of rejection of data-driven methods suggested for Fourier bases.
To assess the validity of such an argument, let us recall the EP estimator, which is a sharp
minimax estimator suggested for Fourier series during the 1980s.

3. Efromovich—Pinsker estimator

This section is based on Efromovich and Pinsker (1984). A square-integrable signal f(7),
0 <1<, is observed in a white Gaussian noise and an observation Y,(f) satisfies
dY,(f) = f(t)dt + on~'/? dw(r) (recall that results for the filtering model are typically valid
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for other nonparametric models including equidistant nonparametric regression and density
estimation where # is the sample size).

Let {¢;, j=1,2...} be a Fourier basis in L,[0,1]. Then f(f) = Z;C:ﬂgjq’j(t)a where 0;
are Fourier coefficients. Thus the filtering problem is equivalent to estimation of the Fourier
coefficients based on observations Y; =6, + n~'/?0&;, where &; are independent and
identically distributed standard normal. Note that at this stage the underlying basis is
irrelevant, so it may be a wavelet basis as well.

The EP estimator attempts to mimic the linear oracle f >k*(t) =% =W *Y;,(f), where

= 62/(02+0 n~'). Note that argmin, E{(cY; -0} = w] thus the linear oracle
dommates all other oracles of the form f(t)—zj Ai()Y0,() including all known
threshold ones. This simple fact is interesting in itself because, at least in the world of
oracles, thresholding is not optimal.

Unfortunately, it is impossible to mimic the linear oracle using a statistic because it is
too intelligent (it knows all the 05), so a slightly less intelligent oracle should be used.
Thus, let the blocks {T4,, Ty, ...} be (possibly) a sequence of partitions of the indices
{1, 2, ...}, and then consider the block-linear oracle

= Z[m/@k +02n D> V(o). (1)

JETm

Here ®, =L knl > €T 9 and Ly, is the cardlnallty of Ty,. Apparently, this oracle dominates
any other oracle of the form () = Zk 1A jer, Vi ().

The block-linear oracle has several nice features. For smooth functions, under very mild
assumptions on the choice of blocks and S,, it mimics the linear oracle. In its turn, the
block-linear oracle may be mimicked by a statistic (data-driven estimate) which is called the
EP estimate,

Sn

J@0) =Y [0/(O+ 07 n HIOk > dion™") > Yip1). )

k=1 JETn

Here ©; = max(L;n > = (Y5 2 _062n71), 0) is the positive part of the unbiased estimate of
O (thus, it is an admissible estlmate) and /(-) is the indicator. Note that the EP estimator
shrinks the observed Y; towards the origin by the product of two well-known factors: the ratio
between powers of the input and output signals on the block frequencies, and the hard-
threshold factor.

Statistical properties of the EP estimator which are important for our discussion are
formulated in the following proposition. To shed light on assumptions, note that the
integrated squared error (ISE) of the block-linear oracle (1) is

J (¥ — f(OF de = ! Z LA+ 3 1@, @)

k>S,

where Ay, = 04,/(O4, +02n~"). Write a A b for min(a, b).
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Theorem 1. Consider a non-constant square-integrable signal f. Let the threshold levels dy,
of the EP estimator (2) be bounded, Lkndin > ¢y >0, and, for some a<l,

Sn
Z exp{ — Ly, max(ady,(d, A 1)/8, (ad, — 1)/2)} < C* < . 4
k=1

Then for some finite constant C the MISE of the EP estimator is no larger than a constant
times the MISE of the block-linear oracle (1), that is,

1 1
E{J (f(n —f(t))zdt} < CE{J (F* (1) - f(t))zdt}. )
0 0
Moreover, if the threshold levels decay — more precisely, if
N 2
Z di} LA = o(1) Z Lion A (6)
k=1 k=1

and Zi":lLknA/m — 00 as n — oo — then the EP estimator sharply mimicks the block-linear
oracle, that is,

1 ~

1 A~
E{L(f(t) —F)y dt} <+ 0(1))E{L(f*(t) —f)y dr}. ™

This assertion was established in Efromovich and Pinsker (1984) for a more general
model ¥;=60;+0 n/ 28_,’ where the noise &; had only eight finite moments. In this case
assumption (4) should be replaced by 3%, L;!d> < C*. To establish (5) and (7) for the
Gaussian model, use the exponential inequality

P((':)k >dn!, 0 <cdn!) <
min(3 exp{—Li,(1 — ¢)d((1 — e)d A 1)/8}, (1 = ¢)din) ™" exp{—Lin((1 = )i — 1)/2}),

which holds for sufficiently small ¢ >0, in Lemma 3 of that paper in place of the Chebyshev
inequality. Also note that the proposition holds for any orthonormal system of functions.

4. The Hall-Kerkyacharian—Picard block-threshold wavelet
oracle

Let ¢ and v denote father and mother wavelet functions and let f have the wavelet
expansion f(f) = Ziﬁalajokquok(t) + ijj()z%{];ol 01y i (1), where ¢ (1) = 22927t — k),
Y (1) = 27227t — k) and a i, O are the corresponding wavelet coefficients whose natural
estimates are &y = [ ¢ x(1)dY,(7) and O = [ Y ()dY,(2). Hall et al. (1995; 1998) made
the remarkable discovery that a block-thresholded oracle is asymptotically minimax over a
wide class of both smooth and spatially inhomogeneous functions including all practical and
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test examples studied in the wavelet literature such as ‘blocks’, ‘Doppler’, ‘jumpsine’,
piecewise smooth functions with increasing number of pieces, etc. The oracle is

2/0—1 J* 20/ Ly .
F0= 3 dupun+ 3 1( N B s ot ) S 0yt (®)

J=Jo s= k€ Tjsn k€ Tisn

Here 2/0~! < p!/@N*D <20 and N is the wavelet regularity; Ty, = {k : Ly(s — 1) <

k< L,s}, in which L, is the length of blocks on the jth resolution scale; J * = |log, n]; |x]

is integer part of x; and ¢* is a positive constant. There is a wide variety of blocks which

imply rate optimality, for instance, logarithmic blocks; see also Cay and Brown (1998).

Furthermore, Cay (1999) established rate optimality of block thresholding over Besov spaces.
Theorem 1 implies the following corollary.

Corollary 1. Consider a non-constant square-integrable function f. Let the threshold levels
dj, be bounded, Lj,,df.n >co>0, and, for some a<<l,

_]*
> (@) Linyexp{— Lin max(adju(dju A 1)/8, (adj, — 1)/2)} < C* < 0. )

J=Jo

Then the MISE of the wavelet EP estimator,

2001 J* 2/,
f(y= Z k(D + Z +0 e ( s ) > bupin,  (10)
]s

J=Jjo s=1 k€ Tisn

is no larger than a constant times the MISE of the oracle (8), that is,
o 1
E{Jocfm - f(y))zdt} < CE{L(f*(t) - f(t))2}- ()

For instance, (9) holds if d;, = d >3 is a constant and L;, = [In(n)|. Thus, if a block-
threshold oracle is spatially adaptive (rate minimax) then the wavelet EP estimator is
spatially adaptive as well. If 02 is unknown then a traditional robust median-scale estimate,
based on {6,+,}, is used. Furthermore, as in Cay (1999), the estimator is pointwise rate-
optimal. Also, as in (6)—(7), sharp mimicking is also possible.

5. Numerical study

Donoho and Johnstone (1995, p. 1216) correctly conclude that using the ‘linear’ adaptive
estimators LPJS and WaveJS is disappointing. Bear in mind that the EP estimator (2) is a
prototype of these estimators and that they are similar to (8) with some specific
parameters. In short, numerical examples show that these estimators perform essentially
worse than SureShrink, which is the benchmark of the term-by-term threshold-adaptive
estimates.
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I will explain below why these two ‘linear’ estimators perform so badly, but first let us
look at two particular cases of the EP estimator which illustrate its robustness. Let us refer
to the first one as the EP estimator with ‘increasing L and d = 0’ because it has block sizes
Ly, = b,21U=i/3] and zero threshold levels dj, = d = 0; here b, is the largest power of 2
(2%, where k =1,2,...) which is at most logy(n). Note that this EP estimator has no
thresholding factor. Let us refer to the second estimator as the EP estimator with ‘constant
L and d =15 because it has L;, = b, and dj, =5. There is nothing special in these
particular parameters, I simply want to show a broad spectrum of the possibilities.

These EP estimators are compared with the default SureShrink estimator supported by the
toolkit S+WAVELETS™. This toolkit allows one to consider equidistant nonparametric
regression problems, thus I consider such a model with #n observations, j, being the default
one (six finest scales are considered by the default), and the default Symmlet 8 wavelet is
used. Two particular underlying regression functions are the classical ‘Doppler’ and
‘jumpsine’ of that toolkit. Figures 1 and 2 show particular cases of estimation of these two
functions for n = 1024 and signal-to-noise ratio (snr) equal to 3. The EP estimates appear
to perform exceptionally well in comparison with SureShrink.

But how stable are these properties if one repeats these simulations over and over? To
answer this question, let us define an experiment as a combination of an underlying
function, sample size n and snr. Consider our two functions, n being 512, 1024 and 2048,
and snr being 3, 5 and 7. Suppose that for every experiment: (i) we carry out 100
independent Monte Carlo simulations; (ii) we calculate the sample mean (over these 100
simulations) of the ratio of the ISE of each of our EP estimators in turn to the ISE of
SureShrink; (iii) we calculate the sample mean (over these 100 simulations) of the ratio of
the number of non-zero wavelet coefficients used by each of our EP estimators in turn to
the number of non-zero wavelet coefficients used by SureShrink.

Step (ii) allows us to compare the estimates in terms of ISE, whereas step (iii) allows us
to compare the data-compression properties of the estimates. Note that if the ratio is smaller
than 1 then the EP estimator is better than SureShrink, and vice versa if greater than 1. The
results are presented in Table 1.

These results confirm the preliminary conclusion, made by inspection of particular
graphs, that the EP estimator may be of interest to wavelets. Also note that the first EP
estimator (the one with no thresholding) performs exceptionally well in terms of ISE but
slightly worse than both the second EP estimator and SureShrink in terms of data
compression (the latter is not a surprise). On the other hand, the second EP estimator is
comparable with SureShrink in terms of ISE and yields a much better data compression.

Recall that the only goal of this numerical study is to show that data-driven estimators
developed for Fourier series may be of interest to wavelets. The results presented clearly
indicate that this is the case.

Finally, T promised to explain why the ‘linear’ adaptive estimators suggested by Donoho
and Johnstone perform so badly. The main reason is that they use L; =2/ (a resolution
scale is considered as a block) together with dj;, = 0 (no thresholding factor). As a result,
all wavelet coefficients from a resolution scale are shrunk by the same factor, and thus the
disappointing outcome is straightforward. In short, while there is a wide choice of
reasonable parameters for the EP estimator, extremes should be avoided.
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NOISY DOPPLER
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Figure 1. Estimation of noisy Doppler signal (n = 1024, signal-to-noise ratio 3) by three estimates

shown by solid lines. The dashed line shows the underlying signal.
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NOISY JUMPSINE
00 02 04 06 08 10
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Figure 2. Estimation of noisy jumpsine signal (n = 1024, signal-to-noise ratio 3) by three estimates
shown by solid lines. The dashed line shows the underlying signal.
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Table 1. Sample means of ratios between an EP estimate and SureShrink for the case
ISE and the case of data compression. Each element in the body of the table has two
entries: the top entry is the sample mean of ratios for the EP estimator with increasing
L and d =0, and the bottom entry is the sample mean of ratios for the EP estimator
with constant L and d = 5.

n 512 1024 2048

snr 3 5 7 3 5 7 3 5 7
ISE

‘Doppler’ 0.84 055 047 057 045 046 043 046 048

1.03 056 047 077 047 051 053 050 0.53
‘jumpsine’ 090 09 111 082 087 1.02 0.76 0.87 0.95

1.03 120 136 111 113 131 087 1.06 1.07
Data compression

‘Doppler’ 143 175 135 1.14 104 09 0.75 080 0.70
0.8 1.08 092 0.73 079 064 062 057 049
‘jumpsine’ 1.41 1.49 195 087 1.21 1.40 076  1.01 1.12

061 077 088 042 062 075 038 051 074

6. Conclusion

I have shown that known adaptive procedures developed for Fourier series may be of interest
to wavelet series as well. In particular, changing a Fourier basis into a wavelet basis in the EP
estimator implies rate-optimal estimation of spatially inhomogeneous functions. Moreover, for
the case of reasonable sample sizes these estimators may compete with classical wavelet
estimators in terms of visual appeal, approximation and data compression.
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