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DYNAMICAL L-FUNCTTONS AND HOMOLOGY
OF CLOSED ORBITS
ATSUSHI KATSUDA AND TOSHIKAZU SUNADA

The phenomenon which we shall present in this note may be illustrated,
in short, by the following diagram.
Dirichlet L-function

density theorem for primes in
arithmetic progression

i

i

Dynamical L-function

density theorem for closed orbits
in homology class
In the dynamical case, however, the "ideal class group" (= the first integral
homology group) might have infinite order, so that some extra phenomena
will be seen.
To fix our terminology, we let {</>,} be a smooth, transitive Anosov flow
[4] on a closed manifold X. We assume that 4>t has the weak-mixing property [17]. We denote by h the topological entropy of </>t, and by ju a measure
of maximal entropy on X, that is, an invariant probability measure whose
metric entropy h^ equals h. It is known that there exists exactly one measure with ftp = h [20]. The canonical winding cycle O, which measures
the average of "homological" direction in which the orbits of the flow are
traveling, is defined by
<D(a>) = [ (co, Z) dju,
where co is a closed 1-form, and Z is the vector field generating the flow.
Since <!>(exact forms) = 0, the linear map O yields actually a homology
class in H{(X,R) = Hom(Hl(X,R),R) (see [16]).
We now classify closed orbits of the flow by means of the homology
classes, and count the number of them. More generally, given a surjective
homomorphism y/ of H\ (X, Z) onto an abelian group H, we set for each
a e H and positive number x,
n(x, a) = {p; closed orbits with y/[p] = a and /(p) < x},
Il(x,a) = #n(x, a),
where [p] denotes the homology class of p and /(p) the period. From
now on, we shall identify the dual H^ = Hom(/f, Z) with a subgroup
in Hl(X, Z) via the transpose of i//. Set b = rank//.
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THEOREM 1 (DENSITY THEOREM). Let (j)t be a transitive, weak-mixing
Anosovflow and h the topological entropy. If the winding cycle O vanishes
on H\ then the counting function Yl(x, a) has the following asymptotic
behavior,
ehx

n

(D

(*>")~ C x i + (»/2)

as x goes to infinity. Here the constant C is positive, not depending on a,
and described in terms of some dynamical quantities {see (3)).
The following shows that the condition on the winding cycle above is
necessary to guarantee asymptotic behavior as in (1).
THEOREM

2. If® does not vanish on H\ then for every positive integer

N,
n(x,a)
.
/ _N.
N
=
°(x
)
(*î°°)ehx
The density theorem says that closed orbits are equidistributed in a
homological sense. The following theorem asserts that closed orbits in
each homology class are equidistributed spatially.
THEOREM 3 (EQUIDISTRIBUTION THEOREM). Let g e C°°(X). Under the
same conditions as in Theorem 1, we have

(2)
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REMARK. (2) holds only if O vanishes on H\ In fact, the right-hand
side of (2) equals <b(œ) if we put g - (œ,Z). On the other hand, if
co G 7/t, then fp(co, Z) = fpco does not depend on p € n(x, a), so that the
right-hand side of (2) equals

a-)

n(x,a)-' £

/(p)-

p€n(x,a)

which goes to zero as x î oo.
For a finite group H, the condition in Theorem 1 is always valid since
Hf = (0). In this special case, the density and equidistribution theorem
have been established by Parry-Pollicott [12, 13], Parry [11], and Adachi
and Sunada [3].
A typical example of Anosov flows with vanishing winding cycle (on
the full cohomology group) is the geodesic flow on the unit tangent sphere
bundle on a negatively curved Riemannian manifold. Thus Theorem 1
generalizes the density theorem for constant negatively curved spaces given
by Phillips and Sarnak [14] and Katsuda and Sunada [8].
The proof of the above theorems relies heavily on some analytic properties of the dynamical L-functions, which are defined by
L(s.X) =

U.(l-XlP\e-aliP))-1.
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where x £ Hom(//i(X,Z), C/(l)). It is known that L(s,x) converges absolutely in Re s > h, and that there exists an open domain D containing
{Res > h} such that L(s,x) is extended to D as a nowhere vanishing
meromorphic function. Furthermore we observe that there exists a smooth
function s = s(x) defined on an open neighborhood of 1, the trivial character, such that s(l) = h and s(x) is a unique (simple) pole of L(s, x) near
s - h. Since L(s,x) is holomorphic in Re s > h, we find that R&s{x) <h.
Therefore the function Res(x) attains its maximum at # = 1, so that
VRes(x) = 0 at / = 1 and Hess^=iRe^(^) is a negative semidefinite
quadratic form on Hl(X,R).
To express Hess Re s (x) in terms of dynamical quantities, we introduce
the covariance form ô on Hl(X,R) defined by
ô(œ,co) = lim - ƒ dii{x) I ƒ (œ,Z)(<pTx)dT - t®(œ) ) ,
'—°° t Jx
\Jo
)
(see Denker and Philipp [5] for existence of the limit).
4. Hess^i ResQr) = -4n2S, andVIms(x) = ^> at x = 1.
REMARK. In case of geodesicflows,s(x) is real.
The null space of ô is characterized in
THEOREM 5. ô(œ, co) = 0 if and only iffp co = /(p)O(a;) for every closed
orbit p.
In view of this theorem, it is easy to deduce that the following three
conditions are equivalent.
(1) ô is degenerate,
(2) there exists a nontrivial character x such that L(s, x) has a pole on
the line Res = h,
(3) ES®EU is integrable (see [15] for the notation and meaning). Therefore the flow is topologically conjugate to the suspension of an Anosov
diffeomorphism, and each a € H\ (X, Z) contains only finitely many closed
orbits.
An obvious but important remark is that KerOn (Null space of a) = (0),
so that if O vanishes on H\ then S is nondegenerate on the subspace
H^ ®Rc Hl(X,R). An important point of the proof of Theorems 1 and
2 is to examine the singularities of the function
THEOREM

where dx denotes the normalized Haar measure on the character group
H c Hom(H\(X,Z), f/(l)). In the course of the argument, it turns out
that the constant C in Theorem 1 is equal to
(3)

(2Il)-V2vol(H)-lh-1.

Here vol(/f ) is the volumn of H with respect to the Lebesgue measure
induced from the metric ô on T\H = Hf <g> R .
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If Af is a locally symmetrie space of negative curvature, then the Lfunction associated to the geodesicflowon the unit tangent sphere bundle
UM is connected with the Selberg zeta function, whose singularities are
completely described by the spectrum of the twisted Laplacian A^ acting
on sections of the flat line bundle associated with the character x- This
leads to the equality
h

(h1

S(X) = J + (J-MX))

\1/2

>

where Ao(x) denotes the first eigenvalue of Ax. Employing a perturbation
technique for Ao(#) (see [8]), we get
PROPOSITION.

Let rj be a harmonic l-form on M. Then
*(iriF,n*iy)=, \
f M2,
f vol(Af) J M

where II : UM —• M is the projection map.
It should be noted that II induces an isomorphism
II* : Hl(M,R) ~ Hl(UM,R),
and that the measure // coincides with the canonical smooth measure on
UM.
Details will appear elsewhere.
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