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ON T H E 2-DECOMPOSITION NUMBERS OF Sp(4,g) 

DONALD L. WHITE 

Let G be the finite symplectic group Sp(4,</), where q is a power of an 
odd prime p. In this note we provide the 2-decomposition numbers of G 
(with some ambiguity in the principal block); that is, the multiplicities of the 
characteristic 2 irreducible Brauer characters in the reduction modulo 2 of 
the ordinary irreducible characters. It is hoped that explicit results such as 
these and related results of Shamash [3] and Hiss [2] will yield some insight 
into the general problem of determining the modular representations of finite 
groups of Lie type in characteristics other than the defining characteristic of 
the group. 

The ordinary character table of G was computed by Srinivasan [4], and we 
use the notation of that paper for the characters. The ordinary characters fall 
naturally into indexed families corresponding to families of conjugacy classes. 
Similarly, the 2-blocks of G fall into families corresponding to families of 
classes of semisimple elements of odd order in the dual group G* of G. There 
is a one-to-one correspondence between the individual blocks and classes of 
these elements such that the decomposition matrix of each block is exactly 
the same as that of the principal block of the dual of the centralizer in G* of 
elements in the corresponding class. 

The decomposition numbers are shown in the tables below. The details of 
the distribution of characters into blocks appear in [5] and are omitted here 
for simplicity. Instead, we indicate from which families the characters in a 
given block are taken, and give the number of characters in the block from 
each family. 

The notation in the tables is as follows: 

q-l = 2nm, q + l = 2n'm' 

where m and m' are odd integers, 

d = n + n' 

is the 2-part of q2 - 1, e = ±1 is such that q = e (mod 4), and a = 1 + e. 
The entry labelled x in Table 4 is 1 if q = 3, but in general is known only to 
be an integer, 

0 < x < {q - l) /2. 

The blocks of types 61,62,63,64, and 65 are exactly those with abelian 
defect group (and, consistent with Brauer's height conjecture, exactly those 
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in which every character is of height zero). In each case either the defect 
group is cyclic or the direct product of a cyclic group and the center (of order 
2), or the inertial index of the block is 1. It follows that each of these blocks 
contains exactly one Brauer character and all decomposition numbers are 1. 
(See Feit [1, Theorem V.9.13 and Chapter VII].) 

The decomposition numbers of the principal block &o and blocks of types 
^67^89^1 and &III are more difficult to obtain. The primary technique used 
in the proof is the restriction of characters to a subgroup of odd order, namely 
a Sylow p-subgroup U of G. It is shown that if 

{ ^ : y = l,...,/(&)} 

is the set of Brauer characters in a block b of one of these types, then there is 
a set {tpk : A: = 1 , . . . , r} of ordinary irreducible characters of U, with r = 1(b) 
or / (6) — 1, such that the multiplicity of ifrk in the restriction of <pj to U is 
Ojk> It follows that if x € 6 is an ordinary irreducible character, then the 
first r decomposition numbers relative to x are simply the multiplicities of 
the x/jjç in the restriction of x to U. Thus we obtain all but at most one 
column of the decomposition matrix for each block. Using various properties 
of the decomposition numbers we are able to determine the matrix completely 
except in the case of the principal block, where some ambiguity remains in the 
final column. All Brauer characters are known except those corresponding to 
columns 2 and 3 in the principal block, although it is known that these are 
conjugate under a diagonal outer automorphism. 

Details of the proof may be found in [5] and will appear elsewhere. 

6i (^Y^ b l o c k s ) : degrees 

(<72-l)2 

chars. 

Xi 1 

no. of 
chars. 

2 

h 
' ( m - l ) ( m ' - 1 ) 

blocks 
) 

degrees 

Q 4 - l 

chars. 

X2 1 

no. of 
chars. 

2d 

*>3( 
( m - l ) ( m - 3 ) 

8 
blocks 1 : degrees 

(g2 + l ) ( 9 + l ) 2 

chars. 

X3 1 

no. of 
chars. 

2 2 n 

« . ( < * 
- l ) ( m ' - 3 ) 

8 
blocks 

) -
degrees 

(9
2 + l ) ( g - l ) 2 

chars. 

X4 1 

no. of 
chars. 

22 n ' 

/ ( m - l ) ( m ' 

V 4 
- 1 ) blocks degrees 

<7 4 - l 

chars. 

X5 1 

no. of 
chars. 

2d 

TABLE 1. Blocks with abelian defect groups. 
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&67 ( — 5 — blocks j : 

degrees 

(q2 + l)(q-l) 
q(q* + l)(q-l) 

9 4 - l 
tf + l){q-l)» 

chars. 

X6 

X7 

X2 

X4 

1 0 
1 1 
2 1 
0 1 

no. of 
chars. 

2n' 

2n ' 
2 d - i _ 2"'-i 

2 n ' " 1 ( 2 n ' - 1 ) 

6g9 f — 5 — blocks J 

degrees 

(q* + l)(q + l) 
<K<72 + 1)(«+1) 

9 4 - l 
( ç 2 + !)(<,+I)2 

chars. 

X8 
X9 
X2 
X3 

1 0 
1 1 
0 1 
2 1 1 

no. of 
chars. 

2n 

2n 

2 d - i _ 2 n - i 

2 n " 1 ( 2 n - l ) 

TABLE 2. Blocks of types 667,6gg. 

6i ( — - — blocks j : 

degrees 

(q* + l)(q-l) 
(g2 + l ) ( g - l ) 2 / 2 

(fl9 + l ) ( f l - l ) a / 2 
(<74-l)/2 
( 9 4 - l ) / 2 
q(q* + l)(q-l) 

(g2 + l ) ( 9 - l ) ( 9 + £) 

chars. 

6 
&22 

ö i 
6 i 
&22 

ei 
f X5 if e = 
1 X4 if ^ = -.} 

1 0 0 
0 1 0 
0 0 1 
1 1 0 
1 0 1 
1 1 1 

a 1 1 

no. of 
chars. 

2n ' 
2n ' 
2 n ' 

2n ' 
2 n ' 

2n ' 

2 n , ( 2 d ~ 2 - l ) 

*m ( & f ^ blocks) : 

degrees 

(<7
2+i)(«7+i) 

( ? 4 - l ) / 2 
(«? 4- l ) /2 
(«a + l ) ( « + l ) 9 / 2 
(92 + l)(<7+l)2 /2 
q(q2 + l)(q+l) 

(<Z2+ !)(<? + l)(« + e) 

chars. 

6 
& 
0 1 

e« 
e42 ö 

ÏX3 if e = 
1 X5 if £ = -M 

1 0 0 
0 1 0 
0 0 1 
1 1 0 
1 0 1 
1 1 1 

a 1 1 

no. of 
chars. 

2n 

2n 

2n 
2 n 

2n 

2 n 

2n(2d"2 - 1) 

TABLE 3. Blocks of types 6i,6ni. 



44 D. L. WHITE 

degrees 

ï 
(ç» + l ) ( ç - l ) / 2 
(«2 + l ) ( « - l ) / 2 

«(9
2 + l ) ( ç - l ) / 2 

<z(g2 + l ) (</ - l ) /2 
(«2 + l ) ( ç + l ) / 2 
(</2 + l ) ( 9 + l ) / 2 

9 (9 2 + l ) ( 9 + l ) / 2 
9 ( 5 2 + l ) ( 9 + l ) / 2 

9(?2 + l) 
92(ç2 + l ) / 2 
?2(?2 + l ) / 2 

(«2 + l ) / 2 
(«72 + l ) / 2 

« 2 ( 9 2 - l ) / 2 
<Z2(92-l)/2 

( 9 2 - l ) / 2 
( 9 2 - l ) / 2 

9 (9+ l ) 2 / 2 
9 ( 9 - l ) 2 / 2 
9(92 + l ) / 2 
9(92 + l ) / 2 

Q4 

Q*-l 

(?2 + l)(<Z+e)2 

(«a + l)(«+«) 
9(92 + l )(9+e) 
(<72 + l )(«+e) 

9 (g 2 + l )(9+e) 
(g

2 + l ) ( g + l ) ( 9 + e ) / 2 
( 9

2 + l ) ( 9 + l ) ( 9 + £ ) / 2 
( 9

2 + l ) ( 9 - l ) ( « + e ) / 2 
(g

2 + l ) ( ? - l ) ( 9 + £ ) / 2 

chars. 

ÏS 
Si 
$ 2 

$ 3 

* 4 

* 5 

$ 6 

* 7 

$ 8 
$ 9 

01 
02 
03 
04 
05 
06 
07 
08 
09 
010 
011 
012 
013 
X2 

g^TI 
X3 
X8 
X9 
& 
^3 

«41 

É42 

«il 
*42 

£ = - 1 
X4 
X6 
X7 
ei 
Ci 
& 2 

& 1 

^22 

Öi 

1 
0 
0 
0 
0 
2 
2 
2 
2 
2 
1 
1 
1 
1 
0 
0 
0 
0 
2 
0 
1 
1 
1 
0 

4a 
2a 
2a 
2a 
2a 
2a 
2a 
0 
0 

0 0 
0 0 
0 0 
1 0 
0 1 
0 0 
0 0 
0 1 
1 0 
0 0 
0 1 
1 0 
0 0 
0 0 
1 0 
0 1 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
1 1 
1 1 

1 1 
0 0 
1 1 
0 0 
1 1 
0 1 
1 0 
1 0 
0 1 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
1 
0 
0 
1 
1 
2 

2a 
1 

a + 1 
a 
a 
a 
a 
0 
0 

0 
1 
0 
1 
0 
0 
1 
1 
2 
1 
0 
1 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 
1 
0 

2a 
a 
a 
1 

a + 1 
1 

a + 1 
a 
0 

0 
0 
1 
0 
1 
1 
0 
2 
1 
1 
1 
0 
0 
1 
0 
1 
0 
1 
1 
0 
1 
0 
1 
0 

2a 
a 
a 
1 

a + 1 
a + 1 

1 
0 
a 

0 
1 
1 
X 

X 

0 
0 

x+1 
x+1 

1 
X 

X 

0 
0 

x + 1 
x+1 

0 
0 
0 
1 
1 
0 

2 z + l 
2x 

2(z+e) 
1 

2x+e 
1 - e 

2x+a 
x+1 
flM-1 

x+e 
x+e 

no. of 
chars. 

2 d - 3 

( 2 d ~ 2 - l ) ( 2 d - 3 -
2 d - 2 _ 1 

2 d ~ 2 - l 
2 d - 2 _ ! 

2 d - 2 _ 1 

2 d ~ 2 - l 
2 d ~ 2 - l 
2 d ~ 2 - l 
2 d " 2 - l 

-1) 

TABLE 4. The principal block b0. 
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