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THE TOPOLOGY AND GEOMETRY OF EMBEDDED
SURFACES OF CONSTANT MEAN CURVATURE

WILLIAM H. MEEKS III

The mean curvature function H on an oriented surface M in R3 is defined
at a point p in M to be

H(p) = 1(M1(p) + A2(p))

where A1(p) and A2(p) are the principal curvatures of M at p. When H is
constant, M is called a surface of constant mean curvature. A surface is said to
have finite type if it is homeomorphic to a closed surface with a finite number
of points removed. An important problem in classical differential geometry
is the classification of properly embedded finite type surfaces M of constant
mean curvature in R3.

If M is a closed embedded surface of constant mean curvature, then it
follows from Alexandrov [1] that M must be a round sphere. The classical
examples of properly embedded surfaces with zero mean curvature are the
plane, the helicoid and the catenoid. Surfaces of zero mean curvature are
usually called minimal surfaces. The remaining classical examples of properly
embedded surfaces of constant mean curvature were found by Delaunay [4].
The Delaunay surfaces are surfaces of revolution.

Recently Hoffman and Meeks [6, 7] have found examples of properly embed-
ded minimal surfaces which are homeomorphic to closed surfaces of positive
genus with 3 points removed. Callahan, Hoffman and Meeks [3] have found
other examples with more ends. An annular end E of a properly embedded
surface in R3 is a properly embedded annulus E in M where E is homeomor-
phic to S x [0,1). When M has finite type, then every end of M is annular.
Hoffman and Meeks have developed a theory to deal with global problems
concerning the geometry of properly embedded minimal surfaces M and, in
particular, they show that most annular ends of M converge at infinity in R3
to a flat plane or to the end of a catenoid.

Recently N. Kapouleas [8] in his thesis has shown that for every positive
integer k > 2, there exists a properly embedded surface M}, of finite type with
nonzero mean curvature and with k£ ends. He also has constructed higher-
genus examples.

As in the case of minimal surfaces, the annular ends of a properly embedded
surface of nonzero constant mean curvature have a special geometry and play
an important role in global theorems.
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THEOREM 1. If M is a properly embedded surface of nonzero constant
mean curvature, then each annular end of M stays a bounded distance from
some ray. (A ray r is a point set of the form {t-v |t € R*} for some vector
v€R3)

THEOREM 2. If M is a properly embedded surface of nonzero constant
mean curvature, then M 18 not homeomorphic to a closed surface with exactly
one point removed. In particular, M is not a plane.

THEOREM 3. If M s a properly embedded surface of nonzero constant
mean curvature and M i3 homeomorphic to a closed surface punctured in 2
points, then M stays a bounded distance from a straight line.

THEOREM 4. If M s a properly embedded surface of nonzero constant
mean curvature and M s homeomorphic to a closed surface punctured in 3
points, then M stays a bounded distance from a plane.

THEOREM 5. Suppose F is a C?-foliation of R® where each leaf of F is
a surface of constant mean curvature. Then F consists entirely of parallel
planes.

The above theorems are proved by studying stable minimal disks in one of
the complements of the surface in R3. The curvature estimates of R. Schoen
[12] play an essential role in our analysis. The proof of Theorem 5 also
depends on results by B. Palmer [10], A. Silveira [11] and Barbosa, Gomes,
and Silveira [2].

REMARK. We conjecture that if a properly embedded surface M of con-
stant mean curvature is contained in a half-space of R3, then M has a re-
flective plane of symmetry which is parallel to the boundary plane of the
half-space. The validity of this conjecture has profound consequences when
combined with Theorems 2 and 3 given above. The validity of the conjecture
and Theorem 2 imply that a properly embedded surface M of constant mean
curvature which is homeomorphic to a closed surface punctured in 2 points
must be a Delaunay surface, and hence, M is homeomorphic to an annulus.
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