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THERE ARE ASYMPTOTICALLY FAR FEWER 
POLYTOPES THAN WE THOUGHT 

BY JACOB E. GOODMAN1 AND RICHARD POLLACK2 

The problem of enumerating convex polytopes with n vertices in Rd has 
been the object of considerable study going back to ancient times (see 
[4, §13.6] for some remarks about the history of this problem since the nine­
teenth century). While significant progress has been made when the number 
of vertices was not too much larger than the dimension [4], little had been 
known above dimension 3 in the general case despite considerable efforts: if 
ƒ (n, d) is the logarithm of the number of combinatorially distinct simplicial 
polytopes with n vertices in Rd, the sharpest asymptotic bounds previously 
known for /(n,d) were 

cinlogn < /(n, d) < C2nd^2 logn, 

with the lower bound due to Shemer [7], and the upper bound following 
from the (asymptotic) Upper Bound Theorem of Klee [5], leaving a wide gap 
between the two bounds. (Here, and in the sequel, we take the view that d 
is fixed and n —• oo; thus all constants depend on d.) The purpose of the 
present note is to announce a considerable narrowing of this gap: 

THEOREM, cinlogn < /(n,d) < C3nlogn. 

The proof of the new upper bound is based on results of Milnor [6] and 
Goodman-Pollack [2]. An outline follows; details, as well as a related result 
on the number of combinatorial equivalence classes of labelled point configu­
rations, will appear in [3]. 

Step 0. Instead of considering isomorphism classes of simplicial polytopes, 
we consider isomorphism classes of labelled simplicial polytopes, i.e., polytopes 
whose vertices are numbered, modulo only those isomorphisms of the simpli­
cial structure which respect the numbering. This introduces a factor of n! 
(or less, depending on the order of the symmetry group), hence—by Stirling's 
formula—does not affect the result. 

Step 1. We suppress the simplicial structure of each poly tope under con­
sideration, and consider only the order type of its set of vertices P i , . . . , Pn ; 
the order type of a configuration of n points in Rd is its equivalence class 
under the relation 

{ P i , . . . , P n } ~ { Q i , . . . , Q n } 
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if and only if 
{Pl0,...,Pid} and {Q l 0 , . . . ,Q i d} 

have the same orientation for every d + 1-tuple io , . . . , id- The order type of a 
configuration determines the sets of vertices which form the facets of its convex 
hull [2], hence—in this case—the entire simplicial structure of the original 
polytope. Moreover, by perturbing the vertices slightly, we can assume that 
they lie in general position. Thus the problem of finding an upper bound for 
ƒ (n, d) reduces to the problem of bounding the function g(n, d), the logarithm 
of the number of distinct order types of simple labelled configurations of n 
points in Rd. 

Step 2. To each labelled configuration S = {(x1), • . . , {xn)} of points in Rd 

we associate a point (x) G Rd n . The order type of S can then be viewed as a 
mapping 

u>: R d n - * { - l , 0 , l } ( - î i ) , 

with (jj defined by 

1 xl xd 
o;((x1) , . . . , (xn))= |sgndet 

I 1 J(d) . . . 
d ' ' l < t ( 0 ) < - < i ( d ) < n 

(see [2] for details). To say that S is simple means that 

w ( 5 ) e { - l , l } U > ) , 

i.e., none of the determinants above vanishes at the point corresponding to S. 
Each of these determinants is a polynomial of degree d in the dn variables 

Xl,..., XJ, so if we multiply them we get a single polynomial 

P(Xl,...,X5) of degree d(£j, 

whose zero locus V corresponds precisely to the set of nonsimple configura­
tions. Let U be the complement of V. Then a connected component of U is 
a full isotopy class of simple configurations, i.e., a maximal set such that any 
two can be deformed, one into the other, by a continuous family of configura­
tions all having the same order type. In particular, g(n, d) is bounded above 
by the logarithm of the number of connected components of U. 

Further reductions, in which the strong inequalities which define U are 
replaced by suitable weak inequalities, bring about a situation in which we 
can apply the following theorem of Milnor on the cohomology of semialgebraic 
sets. 

THEOREM [6]. If a set X C R m is defined by polynomial inequalities of 
the form 

/ i > 0 , . . . , fp>0 

of total degree d = deg(/i) H h deg(/p), then 

rank iTX < (l/2)(2 + d)(l + d ) m - 1 . 
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In particular, this implies that the number of connected components of our 
set U is bounded above by 

(2+dU1))(i+rfU1))
dn-1-

from which the main result follows. 

The argument above shows that the constant c% can be taken to be d2(l-\-
l/d). This has recently been improved to d2{\ + o(l)) by N. Alon [1], using a 
clever modification of the argument outlined here, who shows moreover that 
the bound continues to hold even if the assumption that the polytopes are 
simplicial is removed. 
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