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NEW RESULTS FOR COVERING SYSTEMS 
OF RESIDUE SETS 

BY MARC A. BERGER, ALEXANDER FELZENBAUM AND AVIEZRI S. FRAENKEL 

We announce some new results about systems of residue sets. A residue 
set R C Z is an arithmetic progression 

R = {a,a±n,a± 2n,...}. 

The positive integer n is referred to as the modulus of R. Following Znam 
[21] we denote this set by a(n). We need several number-theoretic functions. 

p(ra)-the least prime divisor of a natural number ra, 
P(m)-the greatest prime divisor of ra, 
A(m)-the greatest divisor of m which is a power of a single prime: 

A(ra) = max{d G Z: d\m, d = ps, p prime}, 

/(ra) = Ylj=i sj(Pj ~ 1) + 1> where ra has the prime factorization ra = 
Si Si 

g(m) = r i j - i U + XJ) ~ E i = i x3 ~ !> w h e r e 

Z^k=o Pj 

Pj 2^k=o Pj 

and m has the above prime factorization, 
<p(ra)-Euler's totient function, 
[x]-the greatest integer in x. 

Recent general surveys on systems of residue sets are Porubsky [21] and Znam 
[26]. Results and problems on residue sets appear also in Erdös and Graham 
[14] and Guy [16]. 

1. Disjoint covering systems [1, 2, 3, 6, 9, 10]. These are systems D = 
(a i (ni ) , . . . ,a t(nt)), t > 1, which partition Z. The multiplicity of a modulus 
n = rik is the number of sets in D with that modulus. The multiplicity of D 
is the maximum multiplicity of its moduli. 

THEOREM 1. The multiplicity of any modulus n = rik is at least 

(1) mi = min A ( -, r ) . 
ni^n \{n,ni)J 

The multiplicity of D is at least 

(2) m2 -
N 

+ 1, 
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where N = l.c.m.(ni,... ,n f). 

If n is maximal in the sense of division, that is, 

n\rii => n = rii, 

then mi > p(n). Thus (1) includes the Znam-M. Newman result [13, 19, 24] 
and (2) proves the Burshtein conjecture [11]. We have generalized (2) to the 
setting of coset partitions. Precisely, 

THEOREM 2. Let (C i , . . . , Ct), t > 1 be a coset partition of a finite su
per solvable group G. Then at least 

•p(N)<p(N)] 
m — N 

of the C{ have the same cardinality, where 

\G\ 

+ 1 

N 
gx.d.{\Cil...,\Ct\y 

Observe that m > p(N) so that this implies the conjectures of Herzog-
Schönheim [17] for the case of supersolvable groups. 

We have classified all disjoint covering systems which have precisely one 
multiple modulus, the multiplicity of which is at most nine. Up to permuta
tion, the moduli of such a system must be 

m =2\ l<i< r; n{ = k-r2
r, r + l<i<t 

where r > 0 and there are 12 possibilities for ( / i , . . . , k-r), aside from the 8 
trivial cases l\ = • • • = lt-r, 2 < t — r < 9. The list of 12 appears in [9]. This 
includes the results of Porubsky [20], Stein [22] and Znâm [23], and proves a 
conjecture of Porubsky for the case of multiplicity 7 [20]. 

2. Incongruent covering systems [5]. These are systems D = 
(ûi (ni ) , . . . , at{nt)), t > 1, which cover Z and for which the moduli n{ are all 
distinct. 

THEOREM 3. If the moduli ni are all odd then g(N) > 1, where N = 
/.c.m.(ni,... ,nt). 

We show that g{N) < 1 whenever X^=i Ylt3=i Pjk < 1» which is 
Theorem A conjectured by Churchhouse [12]. We have generalized this to 
the setting of coset partitions. 

THEOREM 4. Let (C\,..., Ct), t > 1, be a coset cover of a finite nilpotent 
group G of odd order. If g(\G\) < 1 then at least two of the Ci have the same 
cardinality. 

Observe that 

»(»><ite-Ép-^-i. 
so these theorems put necessary conditions on the prime factors pj. In 
particular, this is a generalization to nilpotent groups of the main result 
(Corollary 2) of [12]. 
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3. The covering function [2, 7]. Given a system D = (a i (n i ) , . . . , 
at{nt)), its covering function 7p: Z —> Z is given by 

Tp(k) = the number of sets ai(rii)containing A:. 

THEOREM 5. LetD = (o i (m) , . . . ,a t(n t)) and P' = (oi(ni) , . . . ,a£,(n£,)) 
eac/i Ziave multiplicity strictly less than p(N), where N = Z.c.m.(ni,... ,n$, 
n i , . . . ,n j / ) . TTien 

Tp - Tp/ =• P = D'. 

This generalizes Theorem 2 of Znam [25] for incongruent covering systems. 

THEOREM 6. If Tp is constant modulo M, then each maximal modu
lus n = Uk (maximal in the sense of division) has multiplicity at least 
min(p(n),M). 

This is a different generalization of the Znam-Newman result [13, 19, 24], 
since Tp = 1 whenever V is a disjoint covering system. 

4. Minimal covering systems [8]. These are systems 

D = (oi(ni) , . . . ,o t(n t)) , 

t > 1, which cover Z but contain no proper subsystem which covers Z. 

THEOREM 7. The number of sets ai(ni) satisfies t > f(N) where N = 
/.c.m.(ni,... ,n t ) . 

This extends the results of Korec [18] and Znâm [25]. 

5. Generalized arithmetic progressions [4]. These are systems of the 
form 
(3) 

D= | n — + A :pi,qi G N, ( # , $ ) = 1, ftGR, i = l , . . . ,*, n G z i . 

THEOREM 8. Let p\ < p2 ^ * • * < Pt- /ƒ (3) is a disjoint covering system, 
then 

(a) p t_i = p t ; 
(b) t > 3, pt-i/qt-i ^ Pt/qt => Pt-2 = Pt-i = Pt-

Part (a) generalizes the result of Mirsky, D. Newman, Davenport and Rado 
[13] (which is a special case of the Znam-Newman result), since qt-i — qt = 1 
implies equality of the two largest moduli. Part (b) proves the weak conjecture 
in [15] for the case where at most two of the moduli are nonintegral, and the 
strong conjecture for the case where precisely one modulus is nonintegral. 

6. Proofs. The main proof techniques in this area have been based on 
function theory and roots of unity. Most of the above-mentioned results 
have been obtained by developing a new elementary geometric-combinatorial 
method. In particular, our proof of Theorem 1 seems to be the first genuine 
direct combinatorial proof of the Znam-Newman result. 

Define the lattice parallelotope 

P{n; b) = {c = (c i , . . . , cn) e Zn: 0 < ct < b{ (1 < i < n)}, 
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and let a — CFN — {0 ,1 , . . . , N — 1} be the cyclic group under addition mod N. 
Let N — ps^ • • • p\l be the prime factorization of N. Define two bijections from 
o/v into two parallelotopes. 

Let k E o and j G { 1 , . . . , /} . Further, let 

k = kj (mod p^) , 0 <kj < p*.', 

and let kj — YliLo ai P*j3 * De t n e Pj-^Y representation of kj with 0 < 

a\j) <p3 {l<i<Sj). 
The high-dimensional parallelotope function 

is defined as follows. Let $W(k) = ( 4 i } , . •. ,a;y_i). Then 

*(ib) = (*(1>(ifc),...,*W(fc)). 

The low-dimensional parallelotope function \P — ^l^\o —• P( / ;p j 1 , . . . ,pf') 
is defined by 

*(Jk) = (*^(ik),... ,*W(fc)), 

where ^(J)(fc) = J]!=ö aJ; Pj" ( t n e a ! a s defined above for kj). 
The main idea of the proof method is indicated for a disjoint covering sys

tem D = (a i (ni ) , . . . ,at(nt)), which is but a coset partition of &NI where 
N = l.c.m.(ni,... ,nt). Using $ or \I>, this coset partition becomes a cell par
tition of the parallelotope P. Properties of such partitions have been identified 
and proved, and they translate back into results about residue sets. 
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