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We have studied the following problem.
Given a compact symplectic manifold (M,w) and a C*® family of C*

symplectic transformations f., when is it true that there exists another family
of C*° diffeomorphisms g, such that

(*) ge © fo = feoge?

The motivation, of course, is canonical perturbation theory, where fo is
supposed to be “well understood”, and we want to use this knowledge to get
information about similar systems. Typically, fo is an integrable system, but
there are nonintegrable systems whose behaviour is also known in great detail,
and one could consider perturbation theories for them. Indeed, particular
perturbation theories have been considered for geodesic flows in surfaces or
manifolds of negative curvature [G.K.2.3; C.E.G].

Our results show that there is a very satisfactory answer when fo—and
hence f. for small e—have some hyperbolicity in them.

DEFINITION. We say f. is a globally hamiltonian isotopy (G.H.I.) when

dfe/de = ﬁ‘e o fe,

F. being a globally hamiltonian vector field of hamiltonian F, with vanishing
average (similarly for local hamiltonian isotopies, L.H.I.).

Since F, determines f., if we only look for g which are G.H.IL. starting at
the identity, (x) is equivalent to

€ Fe=Ge—Ge°fe—11

This is roughly equivalent to the use of generating functions in classical
theory to rewrite equations between diffeomorphisms as equations between
functions. Generating functions cannot be defined in all manifolds, whereas
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G.H.I. can. Whenever generating functions can be defined, it can be shown
that a family admitting them is a G.H.I., and vice-versa under smallness
conditions which are natural for perturbations, so the theory is strictly more
general.

Notice also that (*) is a linear cohomology equation, so we believe that
this formalism should also be useful in many other computations.

For example, Nash-Moser techniques would allow finding solutions when-
ever we can solve—e.g., by Fourier analysis—the equation for ¢ = 0 with tame
estimates.

When there is enough hyperbolicity, we can solve (x*) for any ¢ and prove
regularity of the solutions, improving the classical Livsic result [L1]. From
this we are able to solve (%) directly. The relevant results are the following.
(See [L1; L2; G.K.1], for previous results in this direction).

THEOREM 1. Let f be a transitive C*° Anosov diffeomorphism on a com-
pact manifold M, and n a C* function satisyfing Z,]::Ql n(fkz) = 0 for all
points = such that fN(z) = z. Then there exists a C™ function ¢ such that
Y—1of=mn. If both f and n vary in a C* fashion with a parameter € € R™,
so does 1, assuming that ¥ (zc) is C* for some C*® curve z..

SKETCH OF THE PROOF. Since

k—1

P(fFz) = v(z) - Y n(f=),

1=0

an explicit formula can be given for the value of ¢ at points in the stable
manifold of a periodic point in terms of its value at the periodic point and the
values of 7 at the orbit of the initial point. This allows the computation of
derivatives of ¢ of arbitrary order along stable directions. A similar argument
shows that v is also of class C* along any unstable manifold.

If the stable and unstable foliations were smooth, we could form ellip-
tic operators with derivatives along stable and unstable directions, and the
smoothness of ¥ would follow from the elliptic theory of linear differential op-
erators. In the general case the problem of the regularity of ¥ can be reduced
to a question about the domains of definition of elliptic linear differential op-
erators with Holder continuous coefficients. We do not know how to solve
this problem in general, but an improvement of Anosov’s argument proving
absolute continuity of the stable and unstable foliations (see [A]) reduces our
question to the case of a positive symmetric operator. In this case Schauder
theory proves the regularity of .

The C* dependence with respect to parameters can be proved by formal
differentiation of the given equation, giving rise to a new equation of the same
type, whose solution can be integrated. In this process it is essential to show
that equations like ¥, — ¥ o fo = e can be written as ¥ — e o fo = 7.
with some regularity with respect to the parameter. This is a consequence of
Moser’s proof of the structural stability of Anosov diffeomorphisms [S].
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As a corollary we have

THEOREM 2. let f be as above. Assume there is a continuous invariant
measure of density p > 0. Then p 1s C*°.

Using Theorem 1 we can prove

THEOREM 3. Let f. be a G.H.L, each f. being a transitive Anosov duf-
feomorphism on a compact manifold. The following are equivalent:
(a) 3gc € G.H.I. such that fc o g. = ge © fo.

(b) ¥z € Pery(fe), N7' LI Fe(fiz) =0.

Moreover, under the additional assumption that (I — f)ox is an isomor-
phism in the first cohomology class, these are equivalent to

(c) 3ge € L.H.I. such that f. 0 g. = ge © fo. Moreover, in this case, any ge
as above is a G.H.I.

If we assume that (M, w) admits a prequantization [K|, then action invari-
ants of periodic orbits can be defined. These invariants are independent of ¢
if and only if (a) or (b) holds.

It is a well-known conjecture [B] that the assumption before (c) is always
true. If this conjecture were right, the problem of conjugacy under L.H.I.
would have a very neat answer because we have:

THEOREM 4. (a) Assqme fesge € L.HI. and f. 0g. = ge o fo. Then
the cohomology class of i(Fe)w 1s in the image of (I — fox). (b) Conversely,

assume that the class ofi(i})w 18 tn the tmage of (I — fou). Then there exists
he € L.H.I. such that (h;'o feohe) € G.H.I.

An analogue of Theorems 3 and 4 can be developed for hamiltonian flows
that are Anosov on each energy surface. Its proof is based on an analogue of
Theorem 1 for flows, so that, under the compatability conditions, we can solve
the cohomology equation on each energy surface, and the differentiability with
respect to the energy is proved, considering it as a parameter. The proof of the
analogue of Theorem 1 for flows is very similar to that for diffeomorphisms.
We need differentiability of the conjugating homeomorphism with respect to
parameters in the Anosov theorem. This can be achieved by giving a proof of
the Anosov theorem by the implicit function theorem along the lines of the
proof of J. Moser [M].

Therefore, the methods can be adapted to discuss conjugations by G.H.I.,
and further modifications also allow the inclusion of time changes for each
energy surface.

For both types of conjugation we compute necessary and sufficient condi-
tions and action invariants as in the case of diffeomorphisms.

For analytic families of analytic diffeomorphisms, it is also possible to de-
velop an asymptotic perturbation theory. It can furthermore be shown that,
if the eliminations can be carried out to all orders in ¢, then Theorem 2(b)
holds, and hence there is a C* g, solving (*).

Detailed proofs of the above results will appear elsewhere.
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