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DELIGNE HOMOLOGY AND ABEL-JACOBI MAPS

BY HENRI GILLET

The purpose of this note is to announce a functorial description of the
Abel-Jacobi homomorphisms of [7] by means of a theory of cycle classes
taking values in Deligne homology, which is part of a Poincaré duality theory
satisfying the axioms of [3] on the category of all schemes of finite type
over C. One consequence of this approach is that the cycle class map is an
edge homomorphism in the coniveau spectral sequence, and so conjectures
on the structure of the Chow groups, such as Bloch’s conjecture [2], can be
interpreted in terms of the vanishing (or not) of differentials in this spectral
sequence. This formalism, because of its distinction between homology and
cohomology, may also give a good framework for studying specialization
questions. Deligne cohomology was originally defined by Deligne for X a
proper smooth variety (or manifold) over C:

(27i)9

HP(X,D(Q)) = HP(XG-",Z — OX e Qg(—l)’
8o there are exact sequences for p > 0:
0 — JP(X) — H??(X, D(p)) - HgeP(X) — 0

(JP = pth Griffith’s intermediate Jacobian [7]; HgeP(X) is the group of integral
(p,p) cohomology classes). A description of these groups may be found in (5]
together with a construction of cycle classes in them. The extension of the
theory to noncompact, possibly singular, varieties, or even simplicial schemes,
was obtained independently (and probably first) by A. A. Beilinson [1). The
definition of Deligne homology was inspired by El-Zein’s and Zucker’s use of
currents to prove the covariant functoriality of the Abel-Jacobi maps in [5].
J. King has also proved naturality of the Abel-Jacobi maps by more explicit
methods [8]. However, neither [5] nor [8] describe theories with the full range
of formal properties described here.

Let V be the category of schemes of finite type over C, V* the category of
closed immersions Y — X in V with morphisms Cartesian squares as in [3],
and V., the category of proper morphisms in V.

THEOREM 1. There is a Poincaré duality theory with supports on V, i.e.,
a pair of functors taking values in the category of bigraded abelian groups, one
contravariant on V*,

¥ - X) > P HY (X, D(q)),

p,q
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the other covariant on V),
X - @HP(X ,D(q)),
X
equipped with cap products

HY(X, D(q)) ® Hp(X, D(s)) = Hy—p(Y, D(s — g)).

These functors satisfy the azioms of [3], and, in addition, have the properties:
(1) If X s smooth and proper over C, then H*(X,D(*)) are the groups
defined by Deligne.
(2) There are long ezact sequences
L HX,0)
FiHEY(X,C)
Hr+1 (X ’ C)
F—*H,4(X,C)
which are natural in (Y — X) € (V*) and X € (V).
(3) If X 1s irreducible of dimension d, there is a canonical class n(Y) €
H4(X,D(d)) such that

— HY (X, D(q)) - HY (X, Z(g)) =

— H,-(X, D(s)) - Hr(X9 Z(S)) -

Had(X, D(d)) = In(Y).
(4) There are cup products for (Y — X), (Z - X) in V*,
HY(X,D(g)) ® H(X, D(s)) > HYR (X, D(g + 9)),
compatible with the cap products.

COROLLARY. There are short sequences for X €V,
0 — JP(X) - H?P(X,D(p)) » HgeP(X) — 0
and
0 — Jp(X) — Hap(X, D(p)) — Hap(X, Z(p)) N F~P Hpp(X, C) = 0,

where JP and J, are the cohomolog}/ and homology versions of Griffith’s inter-
mediate Jacobians (H?P(X,D(p))= H2?(X, D(p))).

THEOREM 2. (i) For X € Ob(V) and n € Z, there are spectral sequences

E (X, n)= 5@ Hpq(z, D(n)) = Hp4o(X, D(n)),
ZEA(p)

EY(X,n)= @ HI?(z,D(n)) = H?(X,D(n))
zeX(p)

(x®, X(p) are the sets of points of codimension and dimension p in X, respec-
tively) such that E2 (X,p) = CXp(X) and EYP(X,p) = CHP(X) (the Chow
groups of X [6]). The edge homomorphisms E2 (X, p) — Hay(X, D(p)) there-
fore define cycle class maps CHp(X) — Hjp(X, D(p)) which are covariant for
proper maps. By duality, if Y is codimension p on a smooth X, there i3 a cycle

class n(Y') € H2(X, D(p)).
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(ii) If X 1s smooth there are isomorphisms
ERI(X,n) ~ HY(X, X4(D(n))),

where X9(D(n)) is the Zariski sheaf associated to Deligne cohomology. In
particular:
CHP(X) ~ HP(X, X*(D(p)))

(iil) If X 14s proper and smooth, the cycle class map of (i), when restricted to
cycles homologically equivalent to zero (CH*(X)~0) gtves a map, for p <0,

CHp(X)~o — Jp(X)

which agrees with the Abel-Jacobi map of [T] and which, by (i), is a natural
transformation of covariant functors.
(iv) The cycle class maps, for X smooth not necessarily compact,

n: CH*(X) — @ H**(X,D(p))

form a natural transformation of contravariant ring-valued functors. In
particular, the Abel-Jacobi maps CHP(X)~o — JP(X) are compatible with
pullbacks.

COROLLARY. For X a smooth projective surface over C there is an exzact
sequence coming from E;(X,2):

H3(X, D(2)) — HX, X3(D@) 5 CHY(X) 03 7(X) = 0.

Hence the obstruction to n being an isomorphism gas conjectured in (2] when
pg(X) = 0) is the nonvanishing of the differential do+>.

SKETCH OF PrROOFS. If u: Z. — 7. is a normal crossings compactification
of a smooth simplicial scheme and Y. =7.— Z., set (see [4] for the notation
regarding forms with logarithmic poles)

Dy (Y )(s) = C(RuZ @ n‘;%y.)“”“—'ﬁ"'Ru*QZ,) (1,

where Ru, is computed using Godement resolutions. Then define H?(Z., D(s))
to be H?(Z., D (Y .)(s)). For X in V, H?(X,D(q)) is defined as H?(Z.,D(q))
for Z. a proper smooth hypercover of X, while H%(X, D(q)) is constructed
using the mapping cone of a map of hypercovers covering the inclusion (X —
Y) - X. If X is proper and smooth, Deligne homology is defined using
currents as in [5]. For X proper and possibly singular, we take the double
complex of currents associated to a hypercover of X, and for X nonproper,
X — X a compactification, we take H,(X,D(q)) = Hp(X,X — X;D(q)). Cap
products are defined using residues. Theorems 1 and 2 then follow using the
techniques of [3 and 4], except that contravariant functoriality is proved as
it is for most theories of cycle classes by reducing to the case of intersections
with Cartier divisors.
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