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There is a basic connection between the study of combinatorial group theory
and Riemann surfaces which arises as follows: If S is a compact Riemann
surface of genus g > 2, then its universal cover is U, the unit disc in the
complex plane, and S can be represented as U/T" where I' is the group of
covering transformations. I' is generated by 2g transformations aj,..., a,,
b,..., b, which satisfy the relation 1% [a,,b,] = 1. Here [¢,d] = cdc™'d"'
and a, and b, are Mobius transformations which leave U invariant. The group
I' is an example of a planar discontinuous group and I is said to represent S.
The single relation above gives a finite presentation of I' with 2g generators.
The situation for noncompact surfaces is more complex, but similar.

The book under review begins with combinatorial group theory and devel-
ops that part of combinatorial group theory which is relevant to Teichmiiller
theory and the theory of Riemann surfaces. Teichmiiller theory and Riemann
surfaces is an interesting field to work in because it lies at the intersection of so
many fields: complex analysis, topology, algebraic geometry, differential geom-
etry, combinatorial group theory, and geometric topology. Most of the basic
theorems in the subject can be proved using the methods of any one of these
fields. When one translates from the language of one field to that of another,
different aspects of the theory become either more or less clear and elegant.

An example of where the combinatorial approach is especially nice is the
application of the Reidemeister-Schreier methods to the theory of automor-
phisms of Riemann surfaces: A homeomorphism of a Riemann surface induces
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an outer automorphism of the fundamental group of the surface and an
automorphism of the first homology group (which is the abelianized fundamen-
tal group). An automorphism 4 of S (i.e. a conformal self-map) corresponds to
a self-homeomorphism of finite order. Using analytic methods, Hurwitz proved
that an automorphism which induces the identity on homology must be the
identity [6]. This result has many generalizations. Accola [1] used differentials
to obtain a strong generalization. Marden, Richards, and Rodin [12} also
obtained strong generalizations using analytic methods. Grothendieck and
Serre [4] used algebraic methods to prove that if 4 induces the identity on the
first homology group with coefficients in Z, for any »n > 2, then A is the
identity.

All of these results tell what an automorphism of a Riemann surface cannot
do. They are of the form: “If an automorphism 4 has such and such an action
on homology, then # must be the identity.” On the other hand, applying
Reidemeister-Schreier methods to the appropriate group-theoretic situation,
one can actually write down the matrix of the induced action on homology for
an automorphism of prime order [3]. This explicit matrix representation
implies many of the classical results.

If 4 is such an automorphism, and L(H) the group of all lifts to U of & and
its powers, then L(H) is a finite extension of I'" and T is isomorphic to the
fundamental group of S. L(H) is a finitely presented group whose presenta-
tion is related to I' and to the fixed point structrue of 4. The action of 4 on the
fundamental group of S corresponds to the action of L(H) by conjugation on
I'. Reidemeister-Schreier theory allows one to obtain a finite presentation for a
subgroup I' of finite index in a group L(H) with a known presentation, and
thus to calculate the conjugation action. This is a straightforward algebraic
calculation, and the corresponding action on homology comes from merely
abelianizing.

Zieschang, Vogt, and Coldeway treat this from an even broader perspective,
applying Reidemeister-Schreier to any pair of groups to obtain the most
general possible results along these lines including Zimmerman’s generalized
Riemann-Hurwitz formula [15].

This book is not only for people interested in Riemann surfaces. It will also
be read by two other audiences. The first consists of people concerned with
combinatorial group theory per se. There are two well-known books in this
area, one by Magnus, Karrass and Solitar [11] and the other by Lyndon and
Schupp [7]. The original German version of this text [14] had a large influence
upon the latter book as acknowledged by its authors in several places. For an
excellent summary and historical perspective on the problems of combinatorial
group theory which will also place this book in that perspective see Gilbert
Baumslag’s review of the first book [2].

The second audience consists of those people who wish to see an account of
the classification of all planar discontinuous groups. These groups are also
known as noneuclidean crystallographic (NEC) groups. These are discrete
groups generated by real Mobius transformations with determinant 1 together
with orientation-reversing reflections and glide reflections. This book provides
a unified treatment of the classification which originally depended upon the
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work of many authors writing from different points of view. These authors
include Macbeath, Wilke, Hoare-Karrass-Solitar, and Zieschang (see [8, 9, 13
and 5]). The generality needed for arguments involving all NEC groups (and
not just Fuchsian groups) at times obscures the simplicity of the combinatorial
approach to Riemann surface theory.

From the perspective of the book a planar discontinuous group arises as
follows: A surface is a connected two-complex where each directed edge
appears at least once and at most twice in boundary paths such that for any
two edges and any initial point P there is a star around P beginning with one
edge and ending with the other. A planar net is an open surface, E, where each
vertex has a finite star and each simple closed path bounds a disc. There is a
certain notion of automorphism of a planar net (a mapping which preserves
faces, edges, and vertices in such a way that boundary relations are preserved
and such that each part of the net has a preimage). A planar discontinuous
group is an equivalence class (E, G) where E is a planar net and G is a group of
automorphisms of E. (Here equivalence means that one pair can be obtained
from another by certain chains of “extensions” and “reductions”.) Intuitively,
a planar net is a tiling of the plane and a planar discontinuous group is a group
for which a tile is a fundamental domain.

The book begins with the elementary theory of free groups and graphs and
proceeds through 2-dimensional complexes and combinatorial presentations of
groups. It then turns to surfaces and gives a nice exposition of covering
surfaces, intersection numbers of curves (one topic which cannot be treated
algebraically to my knowledge) and mappings. The classification of planar
discontinuous groups and the theory of automorphisms of such groups follows.
The final two chapters are devoted to the complex analytic theory of Riemann
surfaces and planar discontinuous groups and the topological theory.

Short historical summaries explaining both where some of the work origi-
nally appeared and recent developments are to be found at the end of many
sections of the book. These summaries place the roughly four hundred items in
the bibliography in perspective and make interesting reading. However, the
authors have not attempted to list a complete bibliography or to accurately
assess every article.

The book assumes only very basic knowledge of group theory and complex
analysis and can be read by any graduate student. Each chapter contains a nice
series of exercises. The book is an English translation and an expansion of an
earlier text by the same authors and emerged from notes taken by E. Vogt
at lectures delivered by H. Zieschang. It also contains contributions by
D. Coldeway and J. Stillwell. Stillwell has done a good job of translating the
original German text.
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Ergodic theory is concerned with the action of a transformation T or group
of transformations G on a space X. The space X usually has some measure-
theoretic, topological, or smooth structure which T or G preserves. Typical of
the kinds of questions asked is the early recurrence theorem of Poincaré, which
states that if 7 preserves a finite measure then almost every point in any set of
positive measure must return to the set under the action of 7. The much deeper
convergence theorems of von Neumann and Birkhoff triggered considerable



